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Abstract. Reasoning in systems integrating Description Logics (Ditptogies
and Datalog rules is a very hard task, and previous studies steown undecid-
ability of reasoning in systems integrating (even very $ahpL ontologies with
recursive Datalog. However, the results obtained so fastitoie a very partial
picture of the computational properties of systems comigilL ontologies and
Datalog rules. The aim of this paper is to contribute to catepthis picture, ex-
tending the computational analysis of reasoning in systatagrating ontologies
and Datalog rules. More precisely, we first provide a set ofdébility and com-
plexity results for reasoning in systems combining ont@sgpecified in DLs
and rules specified inonrecursiveDatalog (and its extensions with inequality
and negation): such results identify, from the viewpointle expressive abil-
ities of the two formalisms, minimal combinations of Deption Logics and
Datalog in which reasoning is undecidable. Then, we prasentresults on the
decidability and complexity of the so-callegstricted(or safg integration of DL
ontologies and Datalog rules. Our results show that: (1utirestricted interac-
tion between DLs and Datalog is computationally very hamehew the absence
of recursion in rules; (2) surprisingly, the various "safes’ restrictions, which
have been defined to regain decidability of reasoning innteraction between
DLs and recursive Datalog, appear as necessary restsaign when rules are
not recursive.

1 Introduction

Background The problem of adding rules to ontologies is currently a lesearch
topic, due to the interest of Semantic Web applications tda/¢he integration of rule-
based systems with ontologies. Most of the approachessrithid concern the study
of Description Logic (DL) knowledge bases [3] augmentedhwitles expressed in
Datalog and its nonmonotonic extensions [9].

DLs are currently the most used formalisms for building érgees, and have been
proposed as standard languages for the specification ofogige in the Semantic
Web [26]. DLs are a family of knowledge representation fdismas based on first-order
logic (FOL). In fact, almost all DLs coincide with decidalftegments of function-free
first-order logic with equality, and the language of a DL carsben as a restricted FOL
language over unary and binary predicates and with a céedrfdrm of quantification
(actually, DLs are equipped with a special, variable-frgetax). Notably, DLs have
been designed to optimize the trade-off between expreabiliies and complexity of



reasoning, hence the computational properties of DLs haea lextensively studied
[3].

From the knowledge representation viewpoint, Datalog medwow “complemen-
tary” to DLs. Indeed, with respect to DLs, Datalog allows €ming predicates of ar-
bitrary arity, the explicit use of variables, and the abitif expressing more powerful
queries. Moreover, its nonmonotonic features (in pardiguhe negation-as-failure op-
eratornot) allow for expressing default rules and forms of closed{d/ogasoning.

Problem studied Unfortunately, reasoning in systems integrating DLs anthlog is
a very hard task, and well-known previous results have showdecidability of reason-
ing in systems fully integrating (even very simple) DL omtgles with Datalog rules.
In fact, in general this combination does not preserve @dxlidy, i.e., starting from a
DL knowledge base in which reasoning is decidable and a satle$ in which rea-
soning is decidable, reasoning in the knowledge base a@utdin integrating these two
components may not be a decidable problem.

To avoid undecidability of reasoning, practically all d¢alble approaches to inte-
grating ontologies and rules impose (either at the symtamtiat the semantic level)
specific conditions which restrict the interaction betwéaa rules and the ontology.
Such restrictions were mainly introduced to keep reasodéuidable in the presence
of recursion in Datalog rules.

However, the results obtained so far [20,11, 18, 23, 27,@&dtually constitute a
very partial picture of the computational properties oftegss combining DL ontolo-
gies and Datalog rules. In particular, the computationapprties of systems combin-
ing DL ontologies and the class abnrecursiveDatalog rules are mostly unknown.
The only known studies related to this topic are the workcamriN [20], which has
shown decidability of nonrecursive positive Datalog witle tDL ALCNR, and the
studies on conjunctive query answering in DLs (see e.g 4,22, 14, 15]), which are
indirectly related to integrating Datalog and DLs (sincejoactive queries can be seen
as nonrecursive Datalog programs consisting of a singé.rul

Contribution The aim of this paper is to contribute to fill this gap, extenpihe com-
putational analysis of reasoning in systems integratinglogies and Datalog rules.
More precisely, our contributions can be summarized asvid|

— We first provide a set of decidability and complexity res@ittsreasoning in sys-
tems combining ontologies specified in (different clasfg®bas and rules speci-
fied in (different classes ofjonrecursiveDatalog (and its extensions with inequal-
ity or negation). Such results identify, from the viewpoirfithe expressive abili-
ties of the two formalisms, minimal combinations of Destidp Logics and (hon-
monotonic) Datalog in which reasoning is undecidable. A many of the results
obtained is reported in Figure 2 (Section 4).

— Then, we present new results on the decidability and coritplek the restricted
integration of DL ontologies and Datalog rules. In partaoulve consider the so-
called “weakly DL-safe” interaction between rules and Dltalagies [28], which
is currently one of the most expressive decidable comhmnatof DLs and rules:



we extend the framework of [28] to deal with both negation &f fedicates and
the presence of inequality, and provide new decidability @mplexity results for
such a class of weakly DL-safe Datalog rules.

Besides constituting one of the first refined computationalyses taking into ac-
count the expressive power of both the DL language and tleelaniguage (the only
similar study which we are aware of is [20]), the above rasirtply the following
consequences:

— the unrestricted interaction of DLs and Datalog is compaoitetly very hard even in
the absence of recursion in rules. This contrasts with theig¢opinion (suggested
by the results in [20]) that the presence of recursion ingid@ecessary in order to
rise the undecidability issue in their combination with Ditologies;

— surprisingly, the “safeness” restrictions, which haverbdefined to regain decid-
ability in the interaction between DLs and recursive Dagalappear as necessary
restrictions even when rules are not recursive.

Structure of the paper In Section 2, we briefly recall the basics of Description losgi
and Datalog. In Section 3, we formally define syntax and sé¢iceof systems integrat-
ing DLs and Datalog. In Section 4, we consider the full ingign of DLs and rules,

and present a set of undecidability and hardness resultedsoning in systems fully
combining DLs and Datalog rules. In Section 5, we focus onkiyeaL -safe systems,

which are based on a restricted form of interaction betwdendnd rules, extend them
to the presence of inequality atoms, and present a compugtnalysis of reasoning
in such systems. Finally, we conclude in Section 6. Due teefiaits, in the present
version of the paper we provide proof sketches of the thesrem

2 Description Logics and Datalog

In this section we briefly introduce Description Logics anat&log.

Description Logics We now briefly recall the basics of Description Logics (DLejla
introduce the following DLs: (i) three prominetiactable DLs, i.e., DL-Litegprs,
DL-Liteg and&L; (ii) the “classical” andnoderately expressin@L ALC; (iii) two very
expressivdLs, i.e.,.SHZQ andDLR. We refer to [3] for a more detailed introduction
to DLs.

We start from an alphabet of concept names, an alphabet ®fnahes and an
alphabet of constant names. Concepts correspond to unadjcates in FOL, roles
correspond to binary predicates, and constants corresgoriDL constants.

Starting from concept and role hamesncept expressiorand role expressions
can be constructed, based on a formal syntax. Different Desbased on different
languages concept and role expressions. Details on thepband role languages for
the DLs considered in this paper are reported below.

A concept inclusiorns an expression of the forf; C C5, whereC; andCs are
concept expressions. Similarlyrale inclusionis an expression of the forii; C R,
whereR; andR; are role expressions.



I DL I concept expressions | role expressions TBox axiomg]

DL-Literprs Cru=A | IR R:=P | P~ Cp CCr
Cru=A Ri1C Ry

DL-Liter CrL==A|3R R:=P| P~ Cr CCr
Cru=A|-Cr|3R R C Rs

5£ C’:A|C’1HCQ|3PC’ =P 01202
ALC C:=A|CinNCy|-C|3P.C R:=P C1 CECe
C1 C Cy

SHIQ C:=A|-C|CinNC2|(>nRC) | Ru=P| P~ Ri1 C R
Trang R)

Fig. 1. Abstract syntax of the DLs studied in the paper.

An instance assertiofis an expression of the form(a) or P(a,b), where A is
a concept nameP is a role name, and, b are constant names. We do not consider
complex concept and role expressions in instance assgrsorce in this paper we are
interested in data complexity of reasoning (see Section 4).

A DL knowledge base (KB} a pair(7,.A4), whereT, called theTBox is a set of
concept and role inclusions, ant called theABox is a set of instance assertions.

The DLs mainly considered in this paper are the following:

— DL-Litegrprs, which corresponds to the “DL fragment” of RDFS [1], the stize
language for RDF (see also [16]);

— DL-Liter [5], a tractable DL which is tailored for efficient reasoniagd query
answering in the presence of very large ABoxes;

— £L[2], a prominent tractable DL;

— ALC, a very well-known DL which corresponds to multimodal lodig, [3];

— SHZQ, a very expressive DL which constitutes the basis of the OWtilfy of
DLs adopted as standard languages for ontology specificatithe Semantic Web
[26].

The syntax of the above DLs is summarized in Figure 1, in withehsymbolA
denotes a concept name and the synmibalenotes a role name (in addition to concept
and role inclusionsSHZ Q also allows for TBox axioms of the form Tra#3), which
state transitivity of the rolé).

We will also mention the DIDLR [7], which informally extendsSHZ Q (without
transitive roles) through the usefary relations, and for which decidability results on
query answering are known (we refer to [7] for details on ymax of DLR, which is
quite different from the other DLs due to the usage of retfetiof arbitrary arity).

The above mentioned DLs verify the following ordering wiéispect to their relative
expressive power (see [3] for detail®)L-Litegrprs C DL-Liteg € SHZQ C DLR;
andéL C ALC C SHIOQ.

We give the semantics of DLs through the well-known transigis,; of DL knowl-
edge bases into FOL theories with counting quantifiers (3pe [



o1(T) U por(A)
V. pfOZ(Cla ) - pfol(CQa )
prot(R1 E Ra) =V, y.pp01(R1, 2,y) — proit(R2,2,y)
prol(Trang R)) = Va,y, z.p501(R, 2,y) A prot(R, Y, 2) — proi(R, x, 2)
proi(A, z) = A(x)

prot((T,A))
)=
)
)=
) =

Pfot(—C, x% = —pfo1(C, )
)=
)=
r) =
)=
Y) =

pfo1(Ch E Cy

prot(C1 M Co, ) = prot(Cr, ) A pror(Co, )
prot(IR, ) = Jy.prot(R, 2, y)
Prot(AR.C, ) = 3y.pror(R, z,y) A pror(C,y)
prol((= n RC),
pfol(Px Yy
prol(P

= 3( yp)fol(R x y)/\pfol(c Y)
Py, x)

An interpretation ofC is a classical FOL interpretation fpg,; (), where constants
and predicates are interpreted over a non-empty intetetdomain which may be
finite or countably infinite. Actually, in this paper we addpe standard names as-
sumption, i.e.: (i) we assume a countably infinite set of tamssymbolsl; (i) the
interpretation domaim\ is countably infinite and is the same for every interpretgtio
(iii) the interpretation of constants ifi is the same in every interpretation and is given
by a one-to-one correspondence betwéeand A. Such an assumption is necessary
for the nonmonotonic semantics defined in Section 3: howevempoint out that all
the results presented in this paper under the first-ordeasges (i.e., the results for
FOL-satisfiability) also hold in the absence of the stanaentes assumption.

A modelof a DL KB K = (T, .A) is a FOL model ofps,; (K). We say thatC is
satisfiableif /C has a model.

Disjunctive Datalog In this section be briefy recall disjunctive Datalog [9]nd¢ed by
Datalog™, which is the well-known nonmonotonic extension of Datalith negation
as failure and disjunction.

We start from a predicate alphabet, a constant alphabeg sadable alphabet. An
atomis an expression of the form(X), wherep is a predicate of arity: and X is
an-tuple of variables and constants. If no variable symboliegin X, thenp(X) is
called aground atom(or fact). A Datalog™" rule R is an expression of the form

a1 V...Va, «— Bi,...,Bm,notyi,...,not v, t1 #t4, ..., tn #t, (1)

where eachy;, (;, v; is an atom, each;, t., is either a variable or a constant, and
every variable occurring itk must appear in at least one of the atomys. . ., G,,,. This
last condition is known as thRatalog safenessondition for variables. The variables
occurring in the atomay, . . ., a,, are called thdead variable®f R. If n = 0, we call
R aconstraint

A Datalog™” program is a set of Datalog rules. If, forall R € P,k = 0 and
h = 0, P is called apositive disjunctive Datalogrogram. If, for allR € P, n < 1,
k = 0andh = 0, P is called apositive Datalogorogram. If there are no occurrences



of variable symbols in a rul®&, thenR is called agroundrule. A groundprogram is a
program containing only ground rules.

Thedependency grapbf a programP is a graph whose nodes are the predicates
of P and in which there is an edge frgm to p- if there is a ruler in P such thatp,
occurs in the body of andp; occurs in the head of. A programP is recursiveif its
dependency graph contains a cycle. Otherwfises callednonrecursive

The semantics of disjunctive Datalog is given in termstable modelsf a program
P. Due to space limitations, we refer to [9] for details on ssemantics: however, in
the following we will provide a detailed definition of suchnsantics in the more general
framework of r-hybrid KBs integrating DLs and disjunctivafalog.

3 R-hybrid KBs

In this section we present the framework of r-hybrid KBs whittegrate DLs with dis-
junctive Datalog. More precisely, we slightly extend thanfrework of r-hybrid knowl-
edge bases presented in [27] to the presence of both inggatims and negation of
DL predicates in rules.

Syntax From the syntactic viewpoint, integrating a DL with (dispuiwe) Datalog sim-
ply means the possibility of writing hybrid knowledge basé{ containing a DL KB
K = (T, A) and a disjunctive Datalog prograf(i.e., H = (K, P)) whereK andP
share both the alphabet of predicates and the alphabet sfaatis. However, for tech-
nical reasons related to the subsequent definition of thenpbantonic semantics, we
distinguish the predicates occurring only/in which we callDatalog predicatesfrom
the ones occurring both i and inP, or even only inC, which we callDL predicates
In the following, we denote by’ U X' the set of DL predicates, and denote by
the set of Datalog predicates. Formally, a rideén P is a rule of the form (1) over
both DL-predicates and Datalog predicates. An atom whosgiqate is a DL predicate
is called aDL atom while an atom whose predicate is a Datalog predicate iecall
Datalog atom

First-order semantics According to a semantic approach based on classical ldwc, t
hybrid knowledge base can be considered as a first-ordanthmanterpreting Datalog
rules as first-order implications. More specifically, Rtoe the Datalog” rule of the
form (1). Then, we denote ByO(R) the first-order sentence

V1, ooy @p. LiAABm A=t A Ay Aty E AN, A, > ar V. Vay,

wherez, ..., z, are all the variable symbols appearingiinGiven a Datalog" pro-
gramP, we denote byO(P) the set of first-order sentencBO(R) | R € P}.

Finally, the semantics of a knowledge base= (K, P) composed of a DL-KBC
and a Datalog prograf is given by the first-order theofyO(#) corresponding to the
union of FO(P) and the first-order translatidrO(K) of K: in particular, we say that
H is FOL-satisfiabldéf FO(H) has a model (which is calldgOL-modelof ), and we
say that a ground atomis FOL-entailed byH, denoted byH Eroy, g iff, for each
FOL-modelZ of H, 7 satisfiesy.



Nonmonotonic semantics We now recall the nonmonotonic semantics for r-hybrid
KBs presented in [27], which is a “conservative extensioiath the open-world se-
mantics (classical FOL models) of DLs and the closed-wahdantics (stable models)
of disjunctive Datalog.

Given an interpretatioff and a predicate alphab&t, we denote by 5; the projec-
tion of Z to X, i.e.,Zy is obtained front by restricting it to the interpretation of the
predicates inv.

Theground instantiation of?, denoted bygr(P), is the program obtained frof
by replacing every rulg? in P with the set of rules obtained by applying all possible
substitutions of variables iR with constants in".

Given an interpretatio of an alphabet of predicates’ ¢ ', and a ground pro-
gram’P, over the predicates i, the projection of P, with respect tdZ, denoted by
II(Py,Z), is the ground program obtained frgfy as follows. For each rul& c P,:

— deleteR if there exists an atom(t) in the head of? such that € %’ andt? € rZ;

— delete each atom(t) in the head of such that € ¥’ andt* ¢ rZ;

— deleteR if: either (i) there exists an atom(¢) in the body ofR such that € X’
andt? ¢ rZ; or (i) there exists a negated atamt r(¢) in the body ofR such that
r € X" andt? € r%;

— delete each atom(t) in the body ofR such that € ¥’ andt? € rZ;

— delete each negated atomt r(t) in the body ofR such that ¢ X’ andt ¢ »Z.

Informally, the projection of?, with respect t corresponds to evaluatir®y, with
respect tdZ, thus eliminating fronP, every atom whose predicate is interpretedin
Thus, whenY’ = Y- U X', all occurrences of DL predicates are eliminated in the
projection of P, with respect tdZ, according to the evaluation ifi of the atoms with
DL predicates occurring i®,.

Given two interpretation®, , 7, of the set of predicates, we writeZ; Cx 7 if (i)
for eachp € X and for each tuple of constants frond, if t7* € p’* thent?z ¢ p’2,
and (ii) there exisp € X and tuplet of constants froml” such thatt?* ¢ p’* and
tf2 ¢ p?2.

Given a positive disjunctive ground DatalogprogranP over an alphabet of pred-
icates)’ and an interpretatiol, we say thaf is aminimal modebf P if: (i) Z satisfies
the first-order translatioRrO(P) of P; (ii) there is no interpretatiod’ such thatZ’
satisfies=O(P) andZ’ C x 7.

Given a ground Datalog’ programP and an interpretatiof for P, theGL-reduct
[12] of P with respect tdZ, denoted byGL(P,7), is the positive disjunctive ground
program obtained fror® as follows. For each rul& < P:

1. deleteR if either there exists a negated atomt r(¢) in the body of R such that
tZ € rZ, or there exists an inequality# c in the body ofR;

2. delete each negated atomt r(t) in the body of R such that? ¢ rZ and delete
each inequality: # d wherec andd are distinct constants.

Given a ground Datalog’ programP and an interpretatiof, 7 is astable modefor
P iff Z is a minimal model o5L(P,Z).



Definition 1. An interpretationZ of Yo U X'r U X'p is a NM-model forH = (K, P)
if the following conditions hold: (i x.ux, satisfiesC; (i) Zs,, is a stable model for
II(gr(P),Ixcuxy)- H is calledNM-satisfiableif H has at least one NM-model.

We say that a ground atomis NM-entailed byH, denoted byH =y g iff, for
each NM-modeT of H, 7 satisfiesy.

According to the above semantics, DL predicates are ireggdrunder the open-
world assumption, while Datalog predicates are interpreteder the closed-world
assumption of disjunctive Datalog and Answer Set Progrargni\s a consequence,
negation of DL predicates in rule bodies is interpeted assgtal (monotonic) negation,
while negation of Datalog predicates is interpreted as ramotonic negation (negation
as failure under stable model semantics).

Reasoning: general propertiesNotice that, under the above NM semantics (as well
as under the FOL semantics), entailment can be reduced #tisfrebility, since it is
possible to express constraints (i.e., rules with emptyhéeathe Datalog program.
More precisely, the following property holds.

Proposition 1. Let’H = (K, P) be a r-hybrid KB and leyy be a ground atom. Then,
H Enwm g (respectivelyH Eror g) iff the r-hybrid KB (K, P U {« g}) is NM-
unsatisfiable (respectively, FOL-unsatisfiable).

Then, we show that, when there are no negated Datalog atdims lrodies of rules,
the above two semantics are equivalent with respect to tiefighility problem. The
following property extends an analogous one shown in [28].

Proposition 2. Let’H = (K, P) be a r-hybrid KB, wheréP is such that there are no
occurrences of negated Datalog atomsHn Then,H is FOL-satisfiable iffH{ is NM-
satisfiable.

4 Results for nonrecursive rules

In this section we present a set of new results on the dedityadnd complexity of
reasoning in r-hybrid KBs, under both FOL-semantics and sévhantics.

We have conducted our computational analysis on the fotigwubclasses afon-
recursiveandnondisjunctiveDatalog programs:

— NR-Datalog= nonrecursive positive Datalog, i.e., nonrecursive rafaébe form (1)
wheren < 1,k =0,h =0;

— NR-Datalog = nonrecursive positive Datalog with inequality, i.e., necursive
rules of the form (1) where < 1,k = 0;

- NR-Datalogé = single-rule nonrecursive positive Datalog with ineqtyali.e.,
NR-Datalog” programs consisting of a single rule);

— NR-Datalog' = nonrecursive Datalog with negation, i.e., nonrecursives of the
form (1) wheren < 1, h = 0;



— NR-Datalog' = single-rule nonrecursive Datalog with negation (iNR-Datalog’
programs consisting of a single rule);

— NR-Datalog = nonrecursive Datalog with “atomic” negation, i.8R-Datalog’
programs such that predicates occurring in negated atomsotaccur in rule
heads.

Moreover, throughout this section we impose the furthetricg®n that programs
are such thabL predicates do not occur in the head of rul&¥e callhead-DL-free
the programs satisfying the above restriction. Such aicéistn strengthens the lower
bounds and undecidability results which are presentedibelo

Furthermore, we remark that we focus data complexityof satisfiability, which
in the framework of r-hybrid KBs¥ = (K, P) with IC = (7, .A)) corresponds to the
analysis of the computational complexity of the problem wihe only consider the
size of the ABoxA4 and of the EDB ofP, i.e., the set of facts containedh

Finally, we point out that most of the proofs of the followitigeorems are obtained
by exploiting and extending the proofs of recent results werg answering in DLS, in
particular the results in [6, 29].

We start by analyzing r-hybrid KBs withR-Datalogprograms.

Theorem 1. Let H = (K,P) be a r-hybrid KB such tha® is a head-DL-free
NR-Datalog program. Then, under both FOL semantics and Nivbsics:

— whenk is either a DL-Lite; prs KB or a DL-Litegy KB, deciding satisfiability of
'H is in LOGSPACEwith respect to data complexity;

— whenK is an&L KB, deciding satisfiability oH is PTIME-complete with respect
to data complexity.

Proof (sketch). First, observe that by Proposition 2 FOL-satisfiability aNt-
satisfiability coincide for the class of r-hybrid KBs considd. Then, foDL-Litegprs
andDL-Liteg the thesis follows from the complexity results on answerimipns of
conjunctive queries iDL-Litey [6] and from the fact that it is possible to reduce unsat-
isfiability of (IC, P), whereP is nonrecursive, to the evaluation of unions of conjunctive
gueries ovekC. In the case of £, the thesis follows from a similar argument and from
the computational properties of answering unions of coctjua queries inEL [29,
Theorem 4].

Then, we provide the following computational charactditraof satisfiability in
the presence dfiR-Datalog” programs.

Theorem 2. Let H = (K,P) be a r-hybrid KB such that” is a head-DL-free
NR-Datangb program. Then, under both FOL semantics and NM semantics:

— whenK is a DL-Litegr prg KB, deciding satisfiability of{ is in LOGSPACEwith
respect to data complexity;

— whenK is an& L KB, deciding satisfiability of{ is PTIME-complete with respect
to data complexity;

— whenKC is a DL-Liteg KB, deciding satisfiability of{ is NP-hard with respect to
data complexity;



— whenK is an. ALC KB, satisfiability ofH{ is undecidable.

Proof (sketch). First, observe that by Proposition 2 FOL-satisfiability aNt-
satisfiability coincide for the class of r-hybrid KBs considd. Then, foDL-Litegprs
and &L the thesis is a consequence of a property analogous to [Z&r&m 7], and
to the data complexity of answering conjunctive queriehiose DLs [6, 29], while for
DL-Liteg the proofis by reduction from satisfiability of a 3-CNF pr@gmnal formula,
in a way analogous to [29, Theorem 6]. Finally, in the cas@l € the proof is by re-
duction from the unbounded tiling problem [4], in a way amgalos to [29, Theorem
5].

We then analyze reasoning in r-hybrid KBs witiR-Datalog programs.

Theorem3. Let H = (K,P) be a r-hybrid KB such that” is a head-DL-free
NR-Datalog” program. Then, under both FOL semantics and NM semantics:

— whenK is a DL-Litegr prg KB, deciding satisfiability of{ is in LOGSPACEwith
respect to data complexity;

— whenKC is either a DL-Lite; KB or an€ L KB, satisfiability ofH is undecidable.

Proof (sketch).Again, we start by observing that by Proposition 2 FOL-$iatislity
and NM-satisfiability coincide for the class of r-hybrid KB®nsidered. Then, for
DL-Litegr prg the proof is obtained by extending the result in [29, Theotéf while

in the case of botDL-Liter and€ L the proof is obtained by reducing the word prob-
lem for semigroups to satisfiability in such DLs, in a way agalus to Theorem 8 and
Theorem 9 of [29].

Next, we are able to prove the following results for r-hyhb{Bis with NR-Datalog’
programs.

Theorem 4. Let H = (K,P) be a r-hybrid KB such tha® is a head-DL-free
NR-Datalog' program. Then, under both FOL semantics and NM semantics:

— whenK is a DL-Litegr prg KB, deciding satisfiability of{ is in LOGSPACEwith
respect to data complexity;

— whenK is an€&L KB, deciding satisfiability oH is PTIME-complete with respect
to data complexity;

— whenC is a DL-Liteg KB, deciding satisfiability of{ is NP-hard with respect to
data complexity;

— whenK is an ALC KB, satisfiability ofH{ is undecidable.

Proof (sketch).First, we consider the case of FOL-satisfiability. Bdr-Litegprs and
EL the proof is obtained from [29, Theorem 14] and from the dataplexity of an-
swering conjunctive queries in those DLs [6, 29], while Rir-Litep the proof is by
reduction from satisfiability of a 3-CNF propositional fauta, in a way analogous to
[29, Theorem 13]. Finally, in the case @fLC the proof is by reduction from the un-
bounded tiling problem [4], in a way analogous to [29, Theode]. The above results



I [[ NR-Datalog | NR-Datalog’ | NR-Datalog” | NR-Datalog’ | NR-Datalog™” | NR-Datalog” ||

DL-Litegprs || <LOGSPACEH <LOGSPACE| <LOGSPACE| <LOGSPACH =NP UNDEC.
DL-Liter <LOGSPACH >NP UNDEC. >NP UNDEC. UNDEC.
EL = PTIME = PTIME UNDEC. = PTIME UNDEC. UNDEC.
from ALC =NP UNDEC. UNDEC. UNDEC. UNDEC. UNDEC.
toSHZQ
DLR DECID., UNDEC. UNDEC. UNDEC. UNDEC. UNDEC.
> NP

Fig. 2. Decidability/data complexity of both FOL-satisfiabilitpé NM-satisfiability in r-hybrid
KBs (head-DL-free programs).

can be easily extended to the case of NM-satisfiability: inipaar, the above reduc-
tions used foDL-Litegr and. ALC do not employ negated Datalog atoms in rules, hence
by Proposition 2 such reductions also prove the thesis uhéedM semantics.

Finally, we consideNR-Datalog“* programs, and provide the following results.

Theorem 5. Let H = (K,P) be a r-hybrid KB such tha® is a head-DL-free
NR-Datalog program. Then, under both FOL semantics and NM semantics:

— whenK is a DL-Liteg prs KB, deciding satisfiability oH is NP-hard with respect
to data complexity;

— whenKC is either a DL-Lite; KB or an€ L KB, satisfiability ofH is undecidable.

Proof (sketch).First, we consider the case of FOL-satisfiability. Bdr-Liteg prs the
proof is obtained from [29, Theorem 16], while fBiL-Liter and€L the proof is by
reduction from the unbounded tiling problem, in a way analgjto [29, Theorem 15].
Finally, the above reductions do not employ negated Datatoms in rules, hence by
Proposition 2 such reductions also prove the thesis unddiih semantics.

The table displayed in Figure 2 summarizes the results ptegén this section. In
the table, each column corresponds to a different rule laggiwhile each row corre-
sponds to a different DL. Each cell reports the data complefi satisfiability (both
under FOL semantics and under NM semantics) in the correspgrzombination of
DL and rule language. If the problem is decidable, then hesdr§>) and/or member-
ship (<) and/or completeness-] results are reported.

More precisely, observe that:

— the results foNR-Datalogprograms follow from Theorem 1 and from the results
in [6,13];

— the well-known translation of arbitrary first-order queria NR-Datalog' allows
for reducing satisfiability of first-order sentences to sf&bility of r-hybrid KBs
with NR-Datalog' programs forany choice of the DL language, which immedi-
ately implies undecidability of reasoning in this class-tiybrid KBs.

Finally, due to the correspondence between unsatisfialaitid entailment in r-
hybrid KBs illustrated in Section 3 (Proposition 1), it isalimmediate to turn these
results (obtained for satisfiability of programs with caasits) into results for skeptical
entailment (also for classes of programs without condsain



5 Results for weakly DL-safe rules

In this section we consider the weakly DL-safe integratibBlos and disjunctive Dat-
alog. More precisely, we extend the weak DL-safeness ctistidefined in the frame-
work of DL+log [28] to the r-hybrid KBs defined in Section 3, thus extendihg t
setting presented in [28] by considering the presence afualty and of negation of
DL predicates. Then, we extend the computational resuisguted in [28] to such a
class of r-hybrid KBs.

Weak DL-safeness is formally defined as follows.

Definition 2. Given a r-hybrid KBH = (K, P), we say thatP is weaky DL-safeif
every ruleR in P of the form (1) is such that, for every variableappearing inR,
eitherz occurs in a positive Datalog atom in the bodyRfor = only occurs in positive
DL atoms in the body aR.

In other words, weak DL-safeness imposes (besides the Dsiialog safeness) the
following condition: every variable that is either a headahle or a variable occurring
in a negated atom or in an inequality occurs in a positive Dgtatom in the body of
the rule. Such a restriction only constrains the interachietween the DL KB and the
Datalog program, in the sense that neither it imposes aniiawlal restriction on the
rules if the DL KB is empty, nor it imposes any restriction tve DL KB.

We now show decidability of reasoning in r-hybrid KBs undex above restriction.
To this aim, we start from the algorithm for NM-satisfiahyilin DL+log presented in
[28] and extend it to the broader class of rules considereel. lizue to space limits,
we do not report details on the algorithm, which is actualyysimilar to the one
reported in [28]. Such an algorithm checks satisfiabilitaathybrid KB by solving a
finite number ofBoolean CQ/UCQ containmeptoblems in DLs. Boolean CQ/UCQ
containment is the problem of checking the containment eetiwo querieg; andg.
with respect to a DL KBC, whereg; is a Boolean conjunctive query anglis a Boolean
union of conjunctive queries (this problem is also knowexstential entailmer{20]).

Based on such an algorithm, we are able to extend the geresididbility result of
[28] to the present class of r-hybrid KBs. Formally:

Theorem 6. Let DL be a description logic and leit = (K, P) be a r-hybrid KB,
wherek is aDL KB andP is a weakly DL-safe Datalog’ program. NM-satisfiability
(as well as FOL-satisfiability) off is decidable iff Boolean CQ/UCQ containment is
decidable inDL.

In particular, the above theorem and the results on CQ/UQ@aaument in DLs
presented in [20, 7, 15, 25] imply the following propertyr all the DLs studied in this
paper, NM-satisfiability (as well as FOL-satisfiability)wéakly DL-safe r-hybrid KBs
is decidable.

Moreover, based on the above cited results and on our teehnigr NM-
satisfiability, we are able to provide a computational cbindzation of r-hybrid KBs
with weakly DL-safe rules for all the DLs and all the classéaanrecursive programs
above considered. More specifically, the table in Figure rBraarizes the results on
data complexity of NM-satisfiability (as well as for FOL-sdiability) which hold for



I || NR-Datalog NR-Datalog’, NR-Datalog’ ||

DL-Litegprs <LOGSPACE
DL-Liter <LOGSPACE
EL =PTIME
from ALCto SHZIQ =NP
DLR DECIDABLE, > NP

Fig. 3. Data complexity of both NM-satisfiability and FOL-satisfiély in r-hybrid KBs with
nonrecursive weakly DL-safe programs.

the class of r-hybrid KBs with weakly DL-safe rules. The cdexity is the same for all
the classes of nonrecursive Datalog rules consideredsrptper.

A comparison of the table in Figure 3 with the previous one iguFe 2 allows
us to evaluate the impact of the weak-DL-safeness assumptiche complexity of
reasoning in r-hybrid KBs. Indeed, restricting the int¢i@t between DLs and rules
through the weak DL-safeness condition allows for usingiexary expressive DLs as
the ontology language of the r-hybrid KB, without losing ledility of reasoning. In
particular, Theorem 6 implies that, under the weak DL-sa$srcondition, it is possible
to combine every DL considered in this paper with full Dagalb programs (i.e., with
recursion, inequality, negation, and disjunction in thadjeand obtain a decidable for-
malism. Moreover, Figure 3 shows that, for all the DLs anddlasses of nonrecursive
Datalog rules considered in this paper, when we impose wdakdfeness the data
complexity of reasoning is no worse than the data complefityeasoning in the ab-
sence of rules: i.e., adding weakly DL-safe nonrecursil@srdoes not actually affect
data complexity of reasoning in all the DLs considered.

On the other hand, the unrestricted integration of DLs afhelsrimposes severe
restrictions on the expressive power of both the DL compbaed the rule component:
indeed, as explicitly shown by Figure 2, decidability in fresence of inequality or
negationin rules can be regained at the price of restrittiriy the ontology language to
DLs of very little expressiveness and the rule language teemely limited fragments
of Datalog.

6 Conclusions

In this paper we have tried to extend the computational aisbyf reasoning in sys-
tems integrating Description Logics ontologies and Dagaides. To this aim, we have
considered a group of Description Logics which, from thewdeint of the expressive
power, lie within the range from RDFS to OWL, and thus congtitvery important
classes of ontology formalisms with respect to Semantic ¥gilications. Moreover,
we have considered disjunctive Datalog and several sudsdad it, with special em-
phasis on nonrecursive and nondisjunctive fragments.

In our opinion, the results presented in Section 4 cleartystinat the unrestricted
interaction of DLs and Datalog is computationally very haken in the absence of
recursion in rules. This contrasts with the general opiiiiat recursion is a necessary



feature for rules to rise the undecidability issue in theiegration with DL ontologies.
So, surprisingly, the various “safeness” restrictionsalihiave been defined to regain
decidability in the interaction between DLs and recursiatdlbg, appear as necessary
restrictions even when rules are not recursive. In thisagesghe results in Section 5
further enlarge the class of Description Logics and rules @ecidable, restricted in-
tegration, and provide a refined computational analysidHerintegration of weakly
DL-safe rules with the Description Logics considered its thaper.

The present study can be extended in several directionsurlomgnion, the most
interesting ones are the following:

— the analysis presented in Section 4 should be extended & wény promising
tractable DLs recently defined, in particulllornSHZQ [19], ££7" [2] and
DL-Liter [5];

— the analysis presented in Section 4 should be further egtbtadclasses of disjunc-
tive programs;

— it would be very interesting, for the decidable cases of Feédl) to provide upper
bounds fomon-head-DL-fre@rograms;

— with respect to the results presented in Section 5, an irapbopen issue is whether
it is possible to identify other forms of decidable intefantbetween DL-KBs
and rules, which overcome the expressive limitations ofweak DL-safeness
(see [28]). An approach in this direction is presented irl,[2ich is based on
the use of a modal autoepistemic logic, as well as the apriogj@]. Moreover,
other interesting approaches have been presented. Sorhe pfdst recent ones
study the combination of DLs and rules under a different sgimapproach [21]
or under different restrictions on variables in rules [17].
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