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The communication complexity of non-signaling distributions
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Abstract

We study a model of communication complexity that encompasses many well-studied problems, including clas-
sical and quantum communication complexity, the complexity of simulating distributions arising from bipartite mea-
surements of shared quantum states, and XOR games. In this model, Alice gets an inputx, Bob gets an inputy, and
their goal is to each produce an outputa, b distributed according to some pre-specified joint distribution p(a, b|x, y).
Our results apply to any non-signaling distribution, that is, those where Alice’s marginal distribution does not depend
on Bob’s input, and vice versa.

By taking a geometric view of the non-signaling distributions, we introduce a simple new technique based on
affine combinations of lower-complexity distributions, and we give the first general technique to apply to all these
settings, with elementary proofs and very intuitive interpretations. Specifically, we introduce two complexity mea-
sures, one which gives lower bounds on classical communication, and one for quantum communication. These
measures can be expressed as convex optimization problems.We show that the dual formulations have a striking
interpretation, since they coincide with maximum violations of Bell and Tsirelson inequalities. The dual expressions
are closely related to the winning probability of XOR games.Despite their apparent simplicity, these lower bounds
subsume many known communication complexity lower bound methods, most notably the recent lower bounds of
Linial and Shraibman for the special case of Boolean functions.

We show that as in the case of Boolean functions, the gap between the quantum and classical lower bounds is at
most linear in the size of the support of the distribution, and does not depend on the size of the inputs. This translates
into a bound on the gap between maximal Bell and Tsirelson inequality violations, which was previously known only
for the case of distributions with Boolean outcomes and uniform marginals. It also allows us to show that for some
distributions, information theoretic methods are necessary to prove strong lower bounds.

Finally, we give an exponential upper bound on quantum and classical communication complexity in the simul-
taneous messages model, for any non-signaling distribution. One consequence of this is a simple proof that any
quantum distribution can be approximated with a constant number of bits of communication.

1 Introduction

Communication complexity of Boolean functions has a long and rich past, stemming from the paper of Yao in
1979 [Yao79], whose motivation was to study the area of VLSI circuits. In the years that followed, tremendous
progress has been made in developing a rich array of lower bound techniques for various models of communication
complexity (see e.g. [KN97]).

From the physics side, the question of studying how much communication is needed to simulate distributions
arising from physical phenomena, such as measuring bipartite quantum states, was posed in 1992 by Maudlin, a
philosopher of science, who wanted to quantify the non-locality inherent to these systems [Mau92]. Maudlin, and the
authors who followed [BCT99, Ste00, TB03, CGMP05, DLR07] (some independently of his work, and of each other)
progressively improved upper bounds on simulating correlations of the 2 qubit singlet state. In a recent breakthrough,
Regev and Toner [RT10] proved that two bits of communicationsuffice to simulate the correlations arising from
two-outcome measurements of arbitrary-dimension bipartite quantum states. In the more general case of non-binary
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outcomes, Shi and Zhu gave a protocol to approximate quantumdistributions within constant error, using constant
communication [SZ08]. No non-trivial lower bounds are known for this problem.

In this paper, we consider the more general framework of simulating non-signaling distributions. These are distri-
butions of the formp(a, b|x, y), where Alice gets inputx and produces an outputa, and Bob gets inputy and outputsb.
The non-signaling condition is a fundamental property of bipartite physical systems, which states that the players gain
no information on the other player’s input. In particular, distributions arising from quantum measurements on shared
bipartite states are non-signaling, and Boolean functionsmay be reduced to extremal non-signaling distributions with
Boolean outcomes and uniform marginals.

Outside of the realm of Boolean functions, a very limited number of tools are available to analyze the commu-
nication complexity of distributed tasks, especially for quantum distributions with non-uniform marginals. In such
cases, the distributions live in a larger-dimensional space and cannot be cast as communication matrices, so standard
techniques do not apply. The structure of non-signaling distributions has been the object of much study in the quantum
information community, yet outside the case of distributions with Boolean inputs or outcomes [JM05, BP05], or with
uniform marginal distributions, much remains to be understood.

We introduce a new method to study all non-signaling distributions, including the case of non-Boolean outcomes
and non-uniform marginals. Our starting point is the observation that non-signaling distributions coincide with affine
(instead of convex) combinations of distributions that do not require any communication, called local distributions.
With this elegant geometric formulation in mind, we show howto relate communication to non-locality, where we
measure non-locality by how far, in terms of its “best” affinerepresentation, a distribution is from the convex set of
local distributions. Although they are formulated, and proven, in quite a different way, our lower bounds turn out to
subsume Linial and Shraibman’s nuclear and factorization norm lower bounds [LS09], in the restricted case of Boolean
functions. Similarly, our upper bounds extend the upper bounds of Shi and Zhu for approximating quantum distribu-
tions [SZ08] to all non-signaling distributions (in particular distributions obtained by protocols using entanglement
andquantum communication).

Our complexity measures can be expressed as convex optimization problems. We may consider dual expressions,
and these turn out to correspond precisely to maximal Bell inequality violations in the case of classical communication,
and Tsirelson inequality violations for quantum communication. This confirms the long-held physics intuition that
large Bell inequality violations should lead to large lowerbounds on communication complexity.

We also show that there cannot be a large gap between the classical and quantum expressions. This was previously
known only in the case of distributions with Boolean outcomes and uniform marginals, and followed by Tsirelson’s
theorem and Grothendieck’s inequality, neither of which are known to extend beyond this special case. This also
shows that our method, as was already the case for Linial and Shraibman’s bounds, cannot hope to prove large gaps
between classical and quantum communication complexity. While this is a negative result, it also sheds some light on
the relationship between the Linial and Shraibman family oflower bound techniques, and the information theoretic
methods, such as the recent subdistribution bound [JKN08],one of the few lower bound techniques not known to
follow from Linial and Shraibman. We give an example of a problem [BCT99] for which rectangle size gives an
exponentially better lower bound than our method.

Summary of results The paper is organized as follows. In Section 2, we give the required definitions and models of
communication complexity and characterizations of the classes of distributions we consider.

In Section 3, we prove our lower bound on classical and quantum communication (Theorem 3), and show that
it coincides with Linial and Shraibman’s method in the special case of Boolean functions (Theorems 4 and 5). Our
lower bounds are convex optimization programs (linear programs in the classical case), and in Section 4, we show
that the dual programs have a natural interpretation in quantum information, as they coincide with Bell (or Tsirelson)
inequality violations (Theorem 6). We give a dual expression which also has a natural interpretation, as the maximum
winning probability of an associated XOR game (Corollary 3 ). The primal form turns out to be the multiplicative
inverse of the maximum winning probability of the associated XOR game, where all inputs have the same winning
probability.

In Section 5, we compare the two methods and show that the quantum and classical lower bound expressions can
differ by at most a factor that is linear in the number of outcomes (Theorem 7). When viewed as maximum Bell
inequality violations, our results imply that if Alice and Bob each havek possible outcomes, then the largest Bell
inequality violation for quantum distributions is at mostO(k2).
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Finally, in Section 6, we give upper bounds on simultaneous messages complexity in terms of our lower bound
expression (Theorem 8). We use fingerprinting methods [BCWdW01, Yao03, SZ08, GKd06] to give very simple
proofs that classical communication with shared randomness, or quantum communication with shared entanglement,
can be simulated in the simultaneous messages model, with exponential blowup in communication, and in particular
that any quantum distribution can be approximated with constant communication.

Related work The use of affine combinations for non-signaling distributions has roots in the quantum logic com-
munity, where quantum non-locality has been studied withinthe setting of more general probability theories [FR81,
RF81, KRF87, Wil92]. Until recently, this line of work was largely unknown in the quantum information theory
community [Bar07, BBLW07].

The structure of the non-signaling polytope has been the object of much study. A complete characterization of
the vertices has been obtained in some, but not all cases: fortwo players, the case of binary inputs [BLM+05], and
the case of binary outputs [BP05, JM05] are known, and forn players, the case of Boolean inputs and outputs is
known [BP05].

The work on simulating quantum distributions has focused mainly on providing upper bounds, and most results
apply to simulating the correlations only. In particular, Toner and Bacon show that projective measurements on a
maximally entangled qubit pair may be simulated using one bit of communication [TB03], and Regev and Toner
extend this result by showing that the correlations arisingfrom binary measurements on any entangled state may be
simulated using two bits of communication only [RT10]. A fewresults address the simulation of quantum distributions
with non-uniform marginals. Bacon and Toner give an upper bound of 2 bits for non-maximally entangled qubit
pairs [TB03]. Shi and Zhu [SZ08] show a constant upper bound for approximating any quantum distribution (including
the marginals) to within a constant.

Pironio gives a general lower bound technique based on Bell-like inequalities [Pir03]. There are a few ad hoc lower
bounds on simulating quantum distributions, including a linear lower bound for a distribution based on Deutsch-Jozsa’s
problem [BCT99], and a recent lower bound of Gavinsky [Gav09].

Theγ2 method was first introduced as a measure of the complexity of matrices [LMSS07]. It was shown to be
a lower bound on communication complexity [LS09], and to generalize many previously known methods. Leeet al.
use it to establish direct product theorems and relate the dual norm ofγ2 to the value of XOR games [LŠS08]. Lee
and Shraibman [LS08] use a multidimensional generalization of a related quantityµ (where the norm-1 ball consists
of cylinder intersections) to prove a lower bound in the multiparty number-on-the-forehead-model, for the disjointness
function.

Since the first publication of this work, several extensionsand improvements have been made to the upper bounds
on Bell inequality violations of Section 5, and related lower bounds on the possible violations have been proved
[JPPG+10b, JPPG+10a, JP10, BRSdW10].

2 Preliminaries

In this paper, we extend the framework of communication complexity to non-signaling distributions. This framework
encompasses the standard models of communication complexity of Boolean functions but also total and partial non-
Boolean functions and relations, as well as distributions arising from the measurements of bipartite quantum states.
Most results we present also extend to the multipartite setting.

2.1 Definitions of the distribution classes

Throughout this article, we consider bipartite conditional distributionsp(a, b|x, y) wherex ∈ X , y ∈ Y are the inputs
of the players, and they are required to each produce an outcomea ∈ A, b ∈ B, distributed according top(a, b|x, y).
We will focus on so-called non-signaling distributions, where the marginal distribution of a given player’s outcome
does not depend on the other player’s input. These include asa special case different classes of distributions, which
we define in the following subsections.
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2.1.1 Local distributions

In the quantum information literature, the distributions that can be simulated with shared randomness and no commu-
nication (also called a local hidden variable model) are called local distributions.

Definition 1. Local deterministic distributionsare of the formp(a, b|x, y) = δa=λA(x) · δb=λB(y) whereλA : X → A
andλB : Y → B, andδ is the Kronecker delta. A distribution islocal if it can be written as a convex combination of
local deterministic distributions.

We index byΛ the set of local deterministic distributions{pλ}λ∈Λ and denote byL the set of local distributions.

2.1.2 Quantum distributions

Of particular interest in the study of quantum non-localityare the distributions arising from measuring bipartite quan-
tum states. We will use the following definition:

Definition 2. A distributionp isquantumif there exists a bipartite quantum state|ψ〉 in a Hilbert spaceH = HA⊗HB

and measurement operators{Ea(x) : a ∈ A, x ∈ X} acting onHA and{Eb(y) : b ∈ B, y ∈ Y} acting onHB, such
thatp(a, b|x, y) = 〈ψ|Ea(x) ⊗ Eb(y)|ψ〉, with the measurement operators satisfying

1. Ea(x)
† = Ea(x) andEb(y)

† = Eb(y),

2. Ea(x) · Ea′(x) = δaa′Ea(x) andEb(y) · Eb′(y) = δbb′Eb(y),

3.
∑

aEa(x) = 1A and
∑

bEb(x) = 1B, where1A and1B are the identity operators onHA andHB, respec-
tively.

We denote byQ the set of all quantum distributions.

2.1.3 Non-signaling distributions

Non-signaling, a fundamental postulate of physics, statesthat no observation on part of a system can instantaneously
affect a remote part of the system, or similarly, that no signal can travel instantaneously. For a bipartite probability
distributionp(a, b|x, y) describing observations on two distant physical systems, this means that no choice of mea-
surementy on Bob’s side can affect the marginal distribution of the observed outcomea on Alice’s side, and vice
versa. Mathematically, non-signaling (also called causality) is defined as follows.

Definition 3 (Non-signaling distributions). A bipartite, conditional distributionp is non-signaling if

∀a, x, y, y′,
∑

b p(a, b|x, y) =
∑

b p(a, b|x, y
′),

∀b, x, x′, y,
∑

a p(a, b|x, y) =
∑

a p(a, b|x
′, y).

For any non-signaling distribution, the marginal distribution on Alice’s outputp(a|x, y) =
∑

b p(a, b|x, y) does
not depend ony, so we writep(a|x), and similarlyp(b|y) for the marginal distribution on Bob’s output. We denote by
C the set of all non-signaling distributions.

In the case of binary outcomes, that is,A = B = {±1}, it is known that a non-signaling distribution is uniquely
determined by the (expected) correlations, defined asC(x, y) = E(a · b|x, y), and the (expected) marginals, defined
asMA(x) = E(a|x),MB(y) = E(b|y).

Proposition 1. For any functionsC : X × Y → [−1, 1], MA : X → [−1, 1], MB : Y → [−1, 1], satisfying
1 + a · b C(x, y) + aMA(x) + bMB(y) ≥ 0 ∀(x, y) ∈ X × Y anda, b ∈ {±1}, there is a unique non-signaling
distributionp such that∀ x, y, E(a · b|x, y) = C(x, y) andE(a|x) = MA(x) andE(b|y) = MB(y), wherea, b are
distributed according top.

4



Proof. Fix x, y. C,MA,MB are obtained fromp by the following full rank system of equations.








1 −1 −1 1
1 1 −1 −1
1 −1 1 −1
1 1 1 1

















p(+1,+1|x, y)
p(+1,−1|x, y)
p(−1,+1|x, y)
p(−1,−1|x, y)









=









C(x, y)
MA(x)
MB(y)

1









.

Computing the inverse yieldsp(a, b|x, y) = 1
4 (1 + a · b C(x, y) + aMA(x) + bMB(y)).

We will write p = (C,MA,MB) and use both notations interchangeably when considering distributions over
binary outcomes. We also denote byC0 the set of non-signaling distributions with uniform marginals, that is,p =
(C, 0, 0), and writeC ∈ C0, omitting the marginals when there is no ambiguity.

Since local and quantum distributions are non-signaling, we use similar notation for local and quantum distribu-
tions where binary outcomes are concerned. In the case of local distributions, since the vertices of the polytope are
deterministic strategies, correlations and marginals canbe written using±1 vectors. Letconv(A) denote the convex
hull of A.

Proposition 2. L = conv({(uT v, u, v) : u ∈ {±1}X , v ∈ {±1}Y}).

We also denote byL0 the set of local correlations over binary outcomes with uniform marginals and we letQ0 be
the set of all quantum correlations.

2.1.4 Boolean functions

There is a natural way to map a Boolean functionf : X × Y → {±1} to a non-signaling distributionpf (a, b|x, y)
over binary outcomesa, b ∈ {±1}, as follows:

Definition 4. For a functionf : X × Y → {−1, 1}, denotepf the distribution defined bypf (a, b|x, y) = 1
2 if

f(x, y) = a · b and 0 otherwise. Equivalently,pf = (Cf , 0, 0) whereCf (x, y) = f(x, y).

By stipulating that the product of the players’ outputs equals the value of the function, we see that the distribution
has the same communication complexity as the function (up toan additional bit of communication, for Bob to output
f(x, y)). As we shall see in Section 2.2.1, it so happens that the distributions associated to Boolean functions are
extremal points of the non-signaling polytope.

In the case of randomized communication complexity, a protocol that simulates a Boolean function with error prob-
ability ǫ corresponds to simulating correlationsC′ scaled down by a factor at most1−2ǫ, that is,∀x, y, sgn(C′(x, y)) =
Cf (x, y) and|C′(x, y) |≥ 1− 2ǫ. While we will not consider these cases in full detail, non-Boolean functions, partial
functions and some classes of relations may be handled in a similar fashion, hence our techniques can be used to show
lower bounds in these settings as well.

2.2 Characterizations and relations among the distribution classes

2.2.1 Non-signaling distributions

The quantum information literature reveals a great deal of insight into the structure of the classical, quantum, and
non-signaling distributions. It is well known thatL andC are polytopes. While the extremal points ofL are simply
the local deterministic distributions, the non-signalingpolytopeC has a more complex structure [JM05, BP05]. In the
case ofC0, it is the convex hull of the distributions obtained from Boolean functions.

Proposition 3. C0 = conv({(Cf , 0, 0) : Cf ∈ {±1}X×Y}).

We show thatC is the affine hull of the local polytope (restricted to the positive orthant since all probabilities
p(a, b|x, y) must be positive). We give a simple proof for the case of binary outcomes but this carries over to the
general case. This was shown independently of us, on a few occasions in different communities [RF81, FR81, KRF87,
Wil92, Bar07].
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Theorem 1. C = aff
+(L), whereaff+(L) is the restriction to the positive orthant of the affine hull of L, anddim C =

dimL = |X | × |Y|+ |X |+ |Y|.

Proof. We show thataff(C) = aff(L). The theorem then follows by restricting to the positive orthant, and using the
fact thatC = aff

+(C).
[aff(L) ⊆ aff(C)] Since any local distribution satisfies the (linear) non-signaling constraints in Def. 1, this is also

true for any affine combination of local distributions.
[aff(C) ⊆ aff(L)] For any(σ, π) ∈ X × Y, we define the distributionpσπ = (Cσπ , uσπ, vσπ) with correlations

Cσπ(x, y) = δx=σδy=π and marginalsuσπ(x) = 0, vσπ(y) = 0. Similarly, we define for anyσ ∈ X the distribution
pσ· = (Cσ·, uσ·, vσ·) with Cσ·(x, y) = 0, uσ·(x) = δx=σ, vσ·(y) = 0, and for anyπ ∈ Y the distributionp·π =
(C·π, u·π, v·π) with C·π(x, y) = 0, u·π(x) = 0, v·π(y) = δy=π. It is straightforward to check that these|X | × |Y| +
|X |+ |Y| distributions are local, and that they constitute a basis for the vector space embeddingaff(C), which consists
of vectors of the form(C, u, v).

This implies that while local distributions areconvexcombinations of local deterministic distributionspλ ∈ Λ,
non-signaling distributions areaffinecombinations of these distributions.

Corollary 1 (Affine model). A distributionp∈C if and only if ∃qλ ∈ R with p =
∑

λ∈Λ qλp
λ.

Note that sincep is a distribution, this implies
∑

λ∈Λ qλ = 1. Since weights in an affine combination may be neg-
ative, but still sum up to one, this may be interpreted as aquasi-mixtureof local distributions, some distributions being
used with possibly “negative probability”. Surprisingly this is not a new notion; see for example Groenewold [Gro85]
who gave an affine model for quantum distributions; or a discussion of “negative probability” by Feynman [Fey86].

2.2.2 Quantum distributions

The following fundamental theorem of Tsirelson relates measurements on quantum states to the inner product of
vectors.

Theorem 2([Tsi85]). LetSn be the set of unit vectors inRn, andHd be ad-dimensional Hilbert space.

1. If (C,MA,MB) ∈ Q is a probability distribution obtained by performing binary measurements on a quantum
state|ψ〉 ∈ Hd ⊗Hd, then there exists vectors~a(x),~b(y) ∈ S2d2 such thatC(x, y) = ~a(x) ·~b(y).

2. If ~a(x),~b(y) are unit vectors inSn, then there exists a probability distribution(C, 0, 0) ∈ Q obtained by

performing binary measurements on a maximally entangled state|ψ〉 ∈ H2⌊n/2⌋

⊗H2⌊n/2⌋

such thatC(x, y) =
~a(x) ·~b(y).

Corollary 2. Q0 = {C : C(x, y) = ~a(x) ·~b(y), ||~a(x)|| = ||~b(y)|| = 1 ∀x, y}.

Clearly, L ⊆ Q ⊆ C. As first noted by Tsirelson, Grothendieck’s inequality [Gro53] implies the following
statement.

Proposition 4 ([Tsi85]). L0 ⊆ Q0 ⊆ KGL0, whereKG is Grothendieck’s constant.

2.3 Models of communication complexity

We consider the following model of communication complexity of non-signaling distributionsp. Alice gets inputx,
Bob gets inputy, and after exchanging bits or qubits, Alice has to outputa and Bobb so that the joint distribution
is p(a, b|x, y). R0(p) denotes the communication complexity of simulatingp exactly, using private randomness and
classical communication.Q0(p) denotes the communication complexity of simulatingp exactly, using quantum
communication. We use superscripts “pub” and “ent” in the case where the players share random bits or quantum
entanglement. ForRǫ(p), we are only required to simulate some distributionp

′ such thatδ(p,p′) ≤ ǫ, where
δ(p,p′) = max{|p(E|x, y) − p′(E|x, y)| : x, y ∈ X × Y, E ⊆ A × B} is the total variation distance (or statistical
distance) between two distributions.
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For distributions with binary outcomes, we writeRǫ(C,MA,MB) andQǫ(C,MA,MB). In the case of Boolean
functions,Rǫ(C) = Rǫ(C, 0, 0) corresponds to the usual notion of computingf with probability at least1−ǫ, whereC
is the±1 communication matrix off . From the point of view of communication, distributions with uniform marginals
are the easiest to simulate. Suppose we have a protocol that simulates correlationsC with arbitrary marginals. By
using just an additional shared random bit, both players canflip their outcome whenever the shared random bit is 1.
Since each players’ marginal outcome is now an even coin flip,this protocol simulates the distribution(C, 0, 0).

Proposition 5. For any Boolean non-signaling distribution(C,MA,MB), we haveRpub
ǫ (C, 0, 0) ≤ Rpub

ǫ (C,MA,MB)
andQent

ǫ (C, 0, 0) ≤ Qent
ǫ (C,MA,MB).

3 Lower bounds for non-signaling distributions

In this section we prove our main theorem, a lower bound on quantum and classical communication complexity for
non-signaling distributions, based on their affine representations.

Let us define the following quantities, which as we will see may be considered as extensions of theν andγ2
quantities of [LS09] (defined in Section 3.3) to distributions.

Definition 5. • ν̃(p) = min{
∑

i |qi |: ∃pi ∈ L, qi ∈ R,p =
∑

i qipi},

• γ̃2(p) = min{
∑

i |qi |: ∃pi ∈ Q, qi ∈ R,p =
∑

i qipi},

• ν̃ǫ(p) = min{ν̃(p′) : δ(p,p′) ≤ ǫ},

• γ̃ǫ2(p) = min{γ̃2(p
′) : δ(p,p′) ≤ ǫ}.

Notice that
∑

i qipi = p implies in particular
∑

i qi = 1. The quantities̃ν(p) andγ̃2(p) show how wellp may be
represented as an affine combination of local or quantum distributions, agoodaffine combination being one where the
sum of absolute values of coefficientsqi is as low as possible. Figure 1 represents the decompositionof a distribution
into an affine combination of local distributions. For a local distribution, we may take positive coefficientsqi, and
therefore obtain the minimum possible valueν̃(p) = 1, and similarly for quantum distributions, so that

Lemma 1. p ∈ L ⇐⇒ ν̃(p) = 1, andp ∈ Q ⇐⇒ γ̃2(p) = 1.

In other words, the set of local distributionsL form the unit sphere of̃ν, and similarly the set of quantum distri-
butionsQ form the unit sphere of̃γ2. In the binary case, observe that by Proposition 5, we haveγ̃2(C) ≤ γ̃2(C, u, v)
andν̃(C) ≤ ν̃(C, u, v). By Proposition 4,̃γ2(C) ≤ ν̃(C) ≤ KGγ̃2(C). Similar properties hold for the approximate
versions̃νǫ(C) andγ̃ǫ2(C).

Our main theorem gives a lower bound on communication complexity in terms of the quantities̃ν andγ̃2.

Theorem 3. For any non-signaling distributionp and correlation matrixC,

1. Rpub
0 (p) ≥ log(ν̃(p))− 1, andRpub

ǫ (p) ≥ log(ν̃ǫ(p))− 1.

2. Qent
0 (p) ≥ 1

2 log(γ̃2(p))− 1, andQent
ǫ (p) ≥ 1

2 log(γ̃
ǫ
2(p)) − 1.

3. Qent
0 (C) ≥ log(γ̃2(C)), andQent

ǫ (C) ≥ log(γ̃ǫ2(C)).

The proof, minus the details, goes as follows. Assume that there is at bit protocol forp. We derive a noisy, local
distribution fromp as follows (Lemma 2). Simulate the protocol, but instead of communicating, guess a transcript. If
both players agree that this was the correct transcript, then they output according top. This occurs with probability
2−t. Otherwise, output something random. The resulting distribution isp′ = 2−t

p + (1 − 2−t)q whereq is some
random noise. Butp′ andq are local, so this gives an affine representation ofp = 2tp′ − 2t(1 − 2−t)q, showing
that ν̃(p) ≤ 2t+1 − 1. The rest of this section is devoted to the details. The only complication arises from handling
arbitrary marginal distributions and setting up the distribution they should output from when they disagree with the
random transcript. However, the proof is straightforward,as above, when the marginals are uniform, which is the case
for Boolean functions.
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Figure 1:p is an affine combination ofp+ andp−

3.1 Producing a noisy local distribution from a communication protocol

We first show that if a distributionp may be simulated witht bits of communication (orq qubits of quantum commu-
nication), then there is a noisy version of this distribution that is local (or quantum).

Lemma 2. Letp be a non-signaling distribution overA× B with input setX × Y.

1. Assume thatRpub
0 (p) ≤ t, then there exist two marginal distributionspA(a|x) and pB(b|y) such that the

distributionpl(a, b|x, y) = 1
2t p(a, b|x, y) + (1− 1

2t )pA(a|x)pB(b|y) is local.

2. Assume thatQent
0 (p) ≤ q, then there exist two marginal distributionspA(a|x) and pB(b|y) such that the

distributionpl(a, b|x, y) = 1
22q p(a, b|x, y) + (1− 1

22q )pA(a|x)pB(b|y) is quantum.

3. Assume thatp = (C, 0, 0) andQent
0 (C) ≤ q, thenC/2q ∈ Q0.

Proof. We assume that the length of the transcript is exactly t bits for each execution of the protocol, adding dummy
bits if necessary. We now fix some notations. In the original protocol, the players pick a random stringλ and ex-
change some communication whose transcript is denotedT (x, y, λ). Alice then outputs some valuea according to
a probability distributionpP (a|x, λ, T ). Similarly, Bob outputs some valueb according to a probability distribution
pP (b|y, λ, T ).

From Alice’s point of view, on inputx and shared randomnessλ, only a subset of the set of allt-bit transcripts
can be produced: the transcriptsS ∈ {0, 1}t for which there exists ay such thatS = T (x, y, λ). We will call these
transcripts the set of valid transcripts for(x, λ). The set of valid transcripts for Bob is defined similarly. Wedenote
these sets respectivelyUx,λ andVy,λ.

We now define a local protocol for the distributionpl(a, b|x, y):

• As in the original protocol, Alice and Bob initially share some random stringλ.

• Using additional shared randomness, Alice and Bob choose a transcriptT uniformly at random in{0, 1}t.

• If T is a valid transcript for(x, λ), she outputsa according to the distributionpP (a|x, λ, T ). If it is not, Alice
outputsa according to a distributionpA(a|x) which we will define later.

• Bob does the same. We will also define the distributionpB(b|y) later.

Letµ be the distribution over the randomness and thet-bit strings in the local protocol. By definition, the distribu-
tion produced by this protocol is

pl(a, b|x, y) =
∑

λ

µ(λ)





∑

T∈Ux,λ∩Vy,λ

µ(T )pP (a|x, λ, T )pP (b|y, λ, T ) + pB(b|y)
∑

T∈Ux,λ∩V̄y,λ

µ(T )pP (a|x, λ, T )

+ pA(a|x)
∑

T∈Ūx,λ∩Vy,λ

µ(T )pP (b|y, λ, T ) + pB(b|y)pA(a|x)
∑

T∈Ūx,λ∩V̄y,λ

µ(T )




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We now analyze each term separately. For fixed inputsx, y and shared randomnessλ, there is only one transcript
which is valid for both Alice and Bob, and when they use this transcript for eachλ, they output according to the
distributionp. Therefore, we have

∑

λ

µ(λ)
∑

T∈Ux,λ∩Vy,λ

µ(T )pP (a|x, λ, T )pP (b|y, λ, T ) =
1

2t
p(a, b|x, y).

LetAx be the event that Alice’s transcript is valid forx (over randomλ, T ), andĀx its negation (similarlyBy and
B̄y for Bob). We denote

pP (a|x,Ax ∩ B̄y) =

∑

λ µ(λ)
∑

T∈Ux,λ∩V̄y,λ
µ(T )pP (a|x, λ, T )

µ(Ax ∩ B̄y)
,

where, by definition, we haveµ(Ax ∩ B̄y) =
∑

λ µ(λ)
∑

T∈Ux,λ∩V̄y,λ
µ(T ). We will show that this distribution is

independent ofy and that the corresponding distributionpP (b|y, Āx ∩ By) for Bob is independent ofx. Using these
distributions, we may writepl(a, b|x, y) as

pl(a, b|x, y) =
1

2t
p(a, b|x, y) + µ(Ax ∩ B̄y)pB(b|y)pP (a|x,Ax ∩ B̄y)

+ µ(Āx ∩By)pA(a|x)pP (b|x, Āx ∩By) + µ(Āx ∩ B̄y)pB(b|y)pA(a|x)

Summing overb, and using the fact thatpl andp are non-signaling, we have

pl(a|x) =
1

2t
p(a|x) + µ(Ax ∩ B̄y)pP (a|x,Ax ∩ B̄y)

+ µ(Āx ∩By)pA(a|x) + µ(Āx ∩ B̄y)pA(a|x)

=
1

2t
p(a|x) + µ(Ax ∩ B̄y)pP (a|x,Ax ∩ B̄y) + µ(Āx)pA(a|x),

Note that by definition,µ(Ax) =
∑

λ µ(λ)
∑

T∈Ux,λ
µ(T ) is independent ofy, therefore so isµ(Ax∩B̄y) = µ(Ax)−

µ(Ax ∩By) = µ(Ax)−
1
2t . From the expression forpl(a|x), we can conclude thatpP (a|x,Ax ∩ B̄y) is independent

of y and can be evaluated by Alice (and similarly for the analoguedistribution for Bob). We now set

pA(a|x) = pP (a|x,Ax ∩ B̄y)

pB(b|y) = pP (b|y, Āx ∩By).

Therefore, the final distribution obtained from the local protocol may be written as

pl(a, b|x, y) =
1

2t
p(a, b|x, y) + µ(Ax ∩ B̄y)pA(a|x)pB(b|y)

+ µ(Āx ∩By)pA(a|x)pB(b|y) + µ(Āx ∩ B̄y)pA(a|x)pB(b|y)

=
1

2t
p(ab|xy) + (1−

1

2t
)pA(a|x)pB(b|y).

For quantum protocols, we first simulate quantum communication using shared entanglement and teleportation,
which uses 2 bits of classical communication for each qubit.Starting with this protocol using2q bits of classical
communication, we may use the same idea as in the classical case, that is choosing a random2q-bit string interpreted
as the transcript, and replacing the players’ respective outputs by independent random outputs chosen according topA
andpB if the random transcript does not match the bits they would have sent in the original protocol.

In the case of binary outputs with uniform marginals, that is, p = (C, 0, 0), we may improve the exponent of the
scaling-down coefficient22q by a factor of2 using a more involved analysis and a variation of a result by [Kre95,
Yao93, LS09] (the proof is given in Appendix A for completeness).

Lemma 3 ([Kre95, Yao93, LS09]). Let (C,MA,MB) be a distribution simulated by a quantum protocol with shared
entanglement usingqA qubits of communication from Alice to Bob andqB qubits from Bob to Alice. There exist vectors
~a(x),~b(y) with ||~a(x)|| ≤ 2qB and||~b(y)|| ≤ 2qA such thatC(x, y) = ~a(x) ·~b(y).

The fact thatC/2q ∈ Q0 then follows from Theorem 2 part 2.
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3.2 Deriving an affine model and the lower bound from the noisydistribution

In this section we show that using Lemma 2, an explicit affine model can be derived from a (classical or quantum)
communication protocol forp, which gives us a lower bound technique for communication complexity in terms of
how “good” the affine model is. We now are ready to complete theproof of Theorem 3.

Proof of Theorem 3.We give a proof for the classical case, the quantum case follows the same lines. Letc be the
number of bits exchanged. From Lemma 2, we know that there exists marginal distributionspA(a|x) andpB(b|y)
such thatpl(a, b|x, y) = 1

2t p(a, b|x, y)+ (1− 1
2t )pA(a|x)pB(b|y) is local. This gives an affine model forp(a, b|x, y),

as the following combination of two local distributions:

p(a, b|x, y) = 2tpl(a, b|x, y) + (1− 2t)pA(a|x)pB(b|y).

Thenν̃(p) ≤ 2t+1 − 1.
In the case of binary outputs with uniform marginals,pl = (C/2t, 0, 0), and Lemma 2 implies thatC/2t ∈ L0.

By following the local protocol forC/2t and letting Alice flip her output, we also get a local protocolfor −C/2t, so
−C/2t ∈ L0 as well. Notice that we may build an affine model forC as a combination ofC/2t and−C/2t:

C =
1

2
(2t + 1)

C

2t
−

1

2
(2t − 1)

C

2t
.

Then,ν̃(C) ≤ 2t.

3.3 Factorization norm and related measures

In the special case of distributions over binary variables with uniform marginals, the quantities̃ν and γ̃2 become
equivalent to the original quantities defined in [LMSS07, LS09] (at least for the interesting case of non-local correla-
tions, that is correlations with non-zero communication complexity). When the marginals are uniform we omit them
and writeν̃(C) andγ̃2(C). The following are reformulations as Minkowski functionals of the definitions appearing
in [LMSS07, LS09].

Definition 6. • ν(C) = min{Λ > 0 : 1
ΛC ∈ L0},

• γ2(C) = min{Λ > 0 : 1
ΛC ∈ Q0},

• να(C) = min{ν(C′) : 1 ≤ C(x, y)C′(x, y) ≤ α, ∀x, y ∈ X × Y},

• γα2 (C) = min{γ2(C
′) : 1 ≤ C(x, y)C′(x, y) ≤ α, ∀x, y ∈ X × Y}.

Theorem 4. For any correlation matrixC : X × Y → [−1, 1],

1. ν̃(C) = 1 iff ν(C) ≤ 1, andγ̃2(C) = 1 iff γ2(C) ≤ 1,

2. ν̃(C) > 1 =⇒ ν(C) = ν̃(C),

3. γ̃2(C) > 1 =⇒ γ2(C) = γ̃2(C).

Proof. The first item follows by definition ofν andγ2. For the next items, we give the proof forν, and the proof for
γ2 is similar. The key to the proof is that ifC ∈ L0, then−C ∈ L0 (it suffices for one of the players to flip his output).

[ν̃(C) ≤ ν(C)] If ν̃(C) > 1, thenΛ = ν(C) > 1. LetC+ = C
Λ andC− = −C

Λ . By definition ofν(C), bothC+

andC− are inL0. Furthermore, letq+ = 1+Λ
2 ≥ 0 andq− = 1−Λ

2 ≤ 0. SinceC = q+C
+ + q−C−, this determines

an affine model forC with |q+|+ |q−| = Λ.
[ν̃(C) ≥ ν(C)] Let Λ = ν̃(C). By definition of ν̃(C), there existsCi and qi such thatC =

∑

i qiCi and

Λ =
∑

i |qi|. Let C̃i = sgn(qi)Ci andpi =
|qi|
Λ . Then,CΛ =

∑

i piC̃i and therefore1ΛC ∈ L0 sinceC̃i ∈ L0.

In the special case of sign matrices (corresponding to Boolean functions, as shown above), we also have the
following correspondence betweenν̃ǫ, γ̃ǫ2, andνα, γα2 .
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Theorem 5. Let0 ≤ ǫ < 1/2 andα = 1
1−2ǫ . For any sign matrixC : X × Y → {−1, 1},

1. ν̃ǫ(C) > 1 =⇒ να(C) = ν̃ǫ(C)
1−2ǫ ,

2. γ̃ǫ2(C) > 1 =⇒ γα2 (C) =
γ̃ǫ
2(C)
1−2ǫ .

Proof. We give the proof forνα, the proof forγα2 is similar.
[να(C) ≤ ν̃ǫ(C)

1−2ǫ ] By definition of ν̃ǫ(C), there exists a correlation matrixC′ such thatν̃(C′) = ν̃ǫ(C) and
|C(x, y)−C′(x, y)| ≤ 2ǫ for all x, y ∈ X×Y. SinceC is a sign matrix, andC′ is a correlation matrix,sgn(C′(x, y)) =

C(x, y) and1− 2ǫ ≤ |C′(x, y)| ≤ 1. Hence1 ≤ C(x, y)C
′(x,y)
1−2ǫ ≤ 1

1−2ǫ = α. This implies thatνα(C) ≤ ν( C′

1−2ǫ ) =
ν(C′)
1−2ǫ = ν̃(C′)

1−2ǫ , where we used the fact thatν(C′) = ν̃(C′) sinceν̃(C′) > 1.

[να(C) ≥ ν̃ǫ(C)
1−2ǫ ] By definition ofνα(C), there exists a (not necessarily correlation) matrixC′ such thatν(C′) =

να(C) and1 ≤ C(x, y)C′(x, y) ≤ α for all x, y. SinceC is a sign matrix, this impliessgn(C′(x, y)) = C(x, y) and

1− 2ǫ ≤ |C
′(x,y)
α | ≤ 1. Therefore,|C(x, y)− C′(x,y)

α | ≤ 2ǫ for all x, y. This implies that̃νǫ(C) ≤ ν̃(C
′

α ) = ν(C
′

α ) =

(1− 2ǫ)ν(C′), where we have used the fact thatν̃(C
′

α ) = ν(C
′

α ) sinceν̃(C
′

α ) ≥ ν̃ǫ(C) > 1.

Discussion.Just as the special caseν(C), ν̃(p) may be expressed as a linear program. However, whileγ2(C) could
be expressed as a semidefinite program, this may not be true ingeneral for̃γ2(p) (even though it can still be studied
by SDP relaxation, as shown in [NPA08, DLTW08]).

Lemmas 4 and 5 establish that Corollary 3 is a generalizationof Linial and Shraibman’s factorization norm lower
bound technique. Note that Linial and Shraibman useγα2 to derive a lower bound not only on the quantum commu-
nication complexityQent

ǫ , but also on the classical complexityRpub
ǫ . In the case of binary outcomes with uniform

marginals (which includes Boolean functions, studied by Linial and Shraibman, as a special case), we obtain a similar
result by combining our bound forQent

ǫ (C) with the fact thatQent
ǫ (C) ≤ ⌈ 1

2R
pub
ǫ (C)⌉, which follows from super-

dense coding. This impliesRpub
ǫ (C) ≥ 2 log(γǫ2(C)) − 1. In the general case, however, we can only prove that

Rpub
ǫ (p) ≥ log(γǫ2(p)) − 1. This may be due to the fact that the result holds in the much more general setting of

non-signaling distributions with arbitrary outcomes and marginals.
Because of Proposition 4, we know thatν(C) ≤ KGγ2(C) for correlations. Note also that althoughγ2 andν are

matrix norms, this fails to be the case forγ̃2 andν̃, even in the case of correlations. Nevertheless, it is stillpossible to
formulate dual quantities, which turn out to have sufficientstructure, as we show in the next section.

4 Duality, Bell inequalities, and XOR games

In their primal formulation, thẽγ2 and ν̃ methods are difficult to apply since they are formulated as a minimization
problem. Transposing to the dual space not only turns the method into a maximization problem; we show it also has a
very natural, well-understood interpretation since it coincides with maximal violations of Bell and Tsirelson inequal-
ities. This is particularly relevant to physics, since it formalizes in very precise terms the intuition that distributions
with large Bell inequality violations should require more communication to simulate.

Recall that for any norm|| · || on a vector spaceV , the dual norm is||B||∗ = maxv∈V :||v||≤1B(v), whereB is a
linear functional onV .

4.1 Bell and Tsirelson inequalities

Bell inequalities were first introduced by Bell [Bel64], as bounds on the correlations that could be achieved by any
local physical theory. He showed that quantum correlations couldviolate these inequalities and therefore exhibited
non-locality. Tsirelson later proved that quantum correlations should also respect some bound (known as the Tsirelson
bound), giving a first example of a “Tsirelson-like” inequality for quantum distributions [Tsi80].

Since the set of non-signaling distributionsC lies in an affine spaceaff(C), we may consider the isomorphic dual
space of linear functionals over this space. The dual quantity ν̃∗ (technically not a dual norm sincẽν itself is not a
norm in the general case) is the maximum value of a linear functional in the dual space on local distributions, andγ̃∗2
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is the maximum value of a linear functional on quantum distributions. These are exactly what is captured by the Bell
and Tsirelson inequalities.

Definition 7 (Bell and Tsirelson inequalities). Let B : aff(C) 7→ R be a linear functional on the (affine hull of
the) set of non-signaling distributions,B(p) =

∑

a,b,x,y Babxyp(a, b|x, y). Defineν̃∗(B) = maxp∈L |B(p)| and
γ̃∗2 (B) = maxp∈Q |B(p)|. A Bell inequality is a linear inequality satisfied by any local distribution:

B(p) ≤ ν̃∗(B) (∀ p ∈ L),

and a Tsirelson inequality is a linear inequality satisfied by any quantum distribution:

B(p) ≤ γ̃∗2 (B) (∀ p ∈ Q).

By linearity (Proposition 1) Bell inequalities are often expressed as linear functionals over the correlations in the
case of binary outputs and uniform marginals.

Finally, γ̃2 andν̃ amount to finding a maximum violation of a (normalized) Bell or Tsirelson inequality.

Theorem 6. For any distributionp ∈ C,

1. ν̃(p) = max{B(p) : ∀p′ ∈ L, |B(p′) |≤ 1}, and

2. γ̃2(p) = max{B(p) : ∀p′ ∈ Q, |B(p′) |≤ 1},

where the maximization is over linear functionalsB : aff(C) 7→ R.

Proof. The proof of item 1 follows by LP duality from the definition ofν̃. Nevertheless, we give an alternative proof
that can be easily adapted to prove item 2 (it suffices to replace ν̃ by γ̃2 andL by Q). The key idea of the proof is to
use the convex conjugate ofν̃ (written ν̃⋆) which is closely related to the dual expression (writtenν̃∗) , and apply it
twice.

We first recall basic facts about convex conjugate functions(See [BV04] for full details). For a functionf : Rn →
R, the convex conjugate functionf⋆ : Rn → R is defined as:

f⋆(y) = sup
x∈dom(f)

(yTx− f(x)),

wheredom(f) denotes the domain off . It is known thatf⋆⋆ = f provided thatf is convex and closedi.e., its
epigraph is closed.

By grouping negative and positive terms together, it is easyto see that̃ν(p) = min{k+ + k− : k+, k− ∈
R

+, ∃p+,p− ∈ L,p = k+p+ − k−p−}. We consider̃ν as a function overaff(L). Then, it is straightforward to
verify thatν̃ is convex, and since its domainaff(L) is closed,̃ν is also a closed function.

We then have by definition

ν̃⋆(B) = max
p∈aff(L)

(B(p) − ν̃(p)),

= max
p1,p2∈L,k1−k2=1

(B(k1p1 − k2p2)− (k1 + k2)),

= max
p1,p2∈L,k1−k2=1

(k1(B(p1)− 1)− k2(B(p2) + 1)).

Therefore,

ν̃⋆(B) =

{

maxp∈L |B(p) | −1 if maxp∈L |B(p) |≤ 1,

+∞ otherwise.

Taking the convex conjugate a second time, we obtain

ν̃⋆⋆(p) = max
B

(B(p)− ν̃⋆(B)).
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From the expression for̃ν⋆(B) above, it is clear that the maximum is achieved for a linear functionalB such
thatmaxp∈L | B(p) |≤ 1. Let the maximum be achieved by a linear functionalB̄, and let us consider̄Bmax =
maxp∈L B̄(p) andB̄min = minp∈L B̄(p). We show that we can assume without loss of generality that| B̄min |≤
B̄max = 1. Indeed, we must have|B̄min |≤ B̄max, otherwiseB̄ could not achieve the maximum since−B̄ would yield
a larger value. This implies that̃ν⋆(B̄) = B̄max − 1 andν̃⋆⋆(p) = B̄(p) − B̄max + 1. Then, the maximum is also
achieved by the linear functional̄B′(p) = B̄(p) − B̄max + 1, which satisfiesB̄′

max = 1 and thereforẽν⋆(B̄′) = 0.
From the expression for̃ν⋆⋆, we therefore obtaiñν⋆⋆(p) = ν̃(p) = max{B(p) : ∀p′ ∈ L, |B(p′)| ≤ 1}.

4.2 XOR games and Bell inequalities for correlations

In the special case of XOR games, there is a close connection between winning probability and Bell inequalities,
which we make explicit in this section.

In an XOR game, Alice is given some inputx and Bob is given an inputy, and they should outputa = ±1
and b = ±1. They win if a · b equals some±1 functionG(x, y). Since they are not allowed to communicate,
their strategy may be represented as a local correlation matrix S ∈ L0. We consider the distributional version of
this game, whereµ is a distribution on the inputs. The winning bias given some strategyS with respect toµ is
ǫµ(G‖S) =

∑

x,y µ(x, y)G(x, y)S(x, y), andǫpubµ (G) = maxS∈L0 ǫµ(G‖S) is the maximum winning bias of any
local (classical) strategy (for convenience, we consider the bias instead of game valueωpub

µ (G) = (1 + ǫpubµ (G))/2).
We defineǫentµ (G) similarly for quantum strategies. When the input distribution is not fixed, we define the game biases
asǫpub(G) = minµ ǫ

pub
µ (G) andǫent(G) = minµ ǫ

ent
µ (G).

Lemma 4. There is a bijection between XOR games(G,µ) and normalized correlation Bell inequalities.

Proof. For a given XOR gameG, and a local strategyC, its winning probability, or more simply its bias, can be
written as a linear equation, which we writeG◦µ (C) = ǫµ(G‖C) where◦ is the Hadamard (entrywise) product.
This can be seen as a linear functional over the space of strategies. By Definition 7,ν∗(G◦µ) = ǫpubµ (G), and
ǫµ(G‖C) ≤ ǫpubµ (G) is a Bell inequality satisfied by any local correlation matrix C. Similarly, when the players
are allowed to use entanglement, we get a Tsirelson inequality on quantum correlations,ǫµ(G‖C) ≤ ǫentµ (G) (the
quantum bias is also equivalent to a dual normǫentµ (G) = γ∗2 (G◦µ)).

Conversely, consider a general linear functionalB(C) =
∑

x,y BxyC(x, y) onaff(C0), defining a correlation Bell
inequalityB(C) ≤ ν∗(B) ∀ C ∈ L0. Dividing this Bell inequality byN =

∑

x,y |Bxy|, we see that it determines an

XOR game specified by a sign matrixG(x, y) = sgn(Bxy) and an input distributionµxy =
|Bxy|
N , and having a game

biasǫpubµ (G) = ν∗(B)
N .

By Theorem 6 and the previous bijection (see also Leeet al. [LSŠ08]):

Corollary 3. 1. ν(C) = maxµ,G
ǫµ(G‖C)

ǫpubµ (G)
,

2. ν(C) ≥ 1
ǫpub(C) .

The second part follows by lettingG = C. Even though playing correlationsC for a gameG = C allows us to
win with probability one, there are cases where some other gameG 6= C yields a larger ratio. In these cases, we have
ν(C) > 1

ǫpub(C) so thatν gives a stronger lower bound for communication complexity than the game value (which

has been shown to be equivalent to the discrepancy method [LSŠ08]). Similar properties hold for the quantum values,
in particular, we haveγ2(C) ≥ 1

ǫent(C) .

We can characterize when the inequality is tight. Letǫpub= (C) = maxS∈L0{β : ∀x, y, C(x, y)S(x, y)=β}, that
is, we only consider strategies that win the game with equal bias with respect to all distributions. For the sake of
comparison, the game bias may also be expressed as [vN28]:

ǫpub(C) = max
S∈L0

{β : ∀x, y, C(x, y)S(x, y)≥β} = max
S∈L0

min
x,y

C(x, y)S(x, y).
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Lemma 5. ν(C) = 1

ǫpub= (C)
.

We can also relate the game value toνα(C), as it was shown in [LŠS08] that forα → ∞, ν∞(C) is exactly the
inverse of the game bias 1

ǫpub(C) . We show that this holds as soon asα = 1
1−2ǫ is large enough forC to be local up to

an errorǫ, completing the picture given in Lemma 5.

Lemma 6. Let0 ≤ ǫ < 1/2 andα = 1
1−2ǫ . For any sign matrixC : X × Y → {−1, 1},

1. ν̃ǫ(C) = 1 ⇐⇒ ǫ ≥ 1− ωpub(C) ⇐⇒ α ≥ 1
ǫpub(C) ⇐⇒ να(C) = ν∞(C) = 1

ǫpub(C) ,

2. γ̃ǫ2(C) = 1 ⇐⇒ ǫ ≥ 1− ωent(C) ⇐⇒ α ≥ 1
ǫent(C) ⇐⇒ γα2 (C) = γ∞2 (C) = 1

ǫent(C) .

Proof. By von Neumann’s minmax principle [vN28],

ǫpub(C) = max
S∈L0

min
x,y

C(x, y)S(x, y)

= max
S∈L0

min
x,y

1− |C(x, y) − S(x, y)|

where we used the fact thatC is a sign matrix. This implies that̃νǫ(C) = 1 ⇔ ǫ ≥ 1−ǫpub(C)
2 ⇔ α ≥ 1

ǫpub(C)
.

By Lemma 5, this in turn implies thatνα(C) = ν̃ǫ(C)
1−2ǫ for all ǫ < 1−ǫpub(C)

2 . By continuity, taking the limit

ǫ → 1−ǫpub(C)
2 yieldsνα(C) = 1

ǫpub(C) for α = 1
ǫpub(C) . From [LSŠ08],ν∞(C) = 1

ǫpub(C) , and the lemma follows
by the monotonicity ofνα(C) as a function ofα.

5 Bounding the violation of Bell inequalities

In this section, we give bounds on the maximal violations of Bell inequalities. By Theorem 6, this is equivalent
to bounding the ratio betweeñγ2 and ν̃. In the case of distributions over binary outcomes with uniform marginals
(correlations), the theorems of Tsirelson (Theorem 2) and Grothendieck (Proposition 4) imply thatγ2 andν differ by
at most a constant. This is bad news for anyone trying to find a Boolean function with high randomized communication
complexity and considerably smaller quantum communication complexity, since it means that any randomized lower
bound obtained by usingν will yield a similar quantum lower bound. Although neither of these theorems are known to
hold beyond the Boolean setting with uniform marginals, we show in this section that this surprisingly also extends to
non-signaling distributions. This is also bad news for anyone looking for large Bell inequality violations by quantum
distributions, since in this case,γ̃2(p) = 1, and the maximum Bell inequality we can hope for will be bounded above
by the expressions below.

Theorem 7. For any distributionp ∈ C, with inputs inX × Y and outcomes inA× B withA = |A|, B = |B|,

1. ν̃(p) ≤ (2KG + 1)γ̃2(p) whenA = B = 2,

2. ν̃(p) ≤ [2AB(KG + 1)− 1]γ̃2(p) for anyA,B.

Therefore, one cannot hope to prove separations between classical and quantum communication using this method,
except in the case where the number of outcomes is large. For binary outcomes at least, this says that arguments
based on analyzing the distance to the quantum set only, without taking into account the particular structure of the
distribution, will not suffice to prove large separations; and other techniques, such as information theoretic arguments,
may be necessary.

For example, Brassardet al.[BCT99] give a (promise) distribution based on the Deutsch-Jozsa problem, which can
be obtained exactly with entanglement and no communication, but which requires linear communication to simulate
exactly. The lower bound is proven using a corruption bound [BCW98], which is closely related to the information
theoretic subdistribution bound [JKN08]. For this problem,X = Y = {0, 1}n andA = B = [n], therefore our method
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can only prove a lower bound logarithmic inn. This is the first example of a problem for which the corruption bound
gives an exponentially better lower bound than the Linial and Shraibman family of methods.

On the positive side, this is very interesting for quantum information, since (by Theorem 6), it tells us that the set
of quantum distributions cannot be much larger than the local polytope, for any number of inputs and outcomes. For
binary correlations, this follows from the theorems of Tsirelson (Theorem 2) and Grothendieck (Proposition 4), but no
extensions are known for these results in the more general setting.

The proof of Theorem 7 proceeds by showing that an arbitrary quantum distribution may be written as an affine
combination of quantum distributions over binary outcomeswith uniform marginals. We can then conclude using
Grothendieck’s inequality. For the details of the proof, wewill need two rather straightforward lemmas. The first is
a subadditivity-type property for̃ν, and the second allows us to extend the support of a distribution without affecting
the value of̃ν.

Lemma 7. If p =
∑

i∈[I] qipi, wherepi ∈ C andqi ∈ R for all i ∈ [I], thenν̃(p) ≤
∑

i∈[I] |qi|ν̃(pi).

Proof. By definition, for eachpi, there existsp+
i ,p

−
i ∈ L andq+i , q

−
i ≥ 0 such thatpi = q+i p

+
i − q−i p

−
i , and

q+i + q−i = ν̃(pi). Therefore,p =
∑

i∈[I] qi(q
+
i p

+
i − q−i p

−
i ) and

∑

i∈[I](|qiq
+
i | + |qiq

−
i |) =

∑

i |qi|(q
+
i + q−i ) =

∑

i |qi|ν̃(pi).

Lemma 8. Let p,p′ ∈ C be non-signaling distributions with inputs inX × Y for both distributions, outcomes
in A × B for p, and outcomes inA′ × B′ for p′, such thatA ⊆ A′ andB ⊆ B′. If, for any (a, b) ∈ A × B
p′(a, b|x, y) = p(a, b|x, y), thenν̃(p′) = ν̃(p).

Proof. Let E = (A′ × B′) \ (A × B). First, note that sincep′(a, b|x, y) = p(a, b|x, y) for any(a, b) ∈ A × B, we
have, by normalization ofp, p′(a, b|x, y) = 0 for any(a, b) ∈ E .

[ν̃(p′) ≤ ν̃(p)] Let p = q+p
+ − q−p− be an affine model forp. Obviously, this implies an affine model forp′

by extending the local distributionsp+,p− from A× B to A′ × B′, by settingp+(a, b|x, y) = p−(a, b|x, y) = 0 for
any(a, b) ∈ E , soν̃(p′) ≤ ν̃(p).

[ν̃(p′) ≥ ν̃(p)] Let p′ = q+p
′+ − q−p′− be an affine model forp′. We may not immediately derive an affine

model forp since it could be the case thatp′+(a, b|x, y) or p′−(a, b|x, y) is non zero for some(a, b) ∈ E . However,
we haveq+p′+(a, b|x, y)− q−p′−(a, b|x, y) = p′(a, b|x, y) = 0 for any(a, b) ∈ E , so we may define an affine model
p = q+p

+ − q−p−, wherep+ andp− are distributions onA× B such that

p+(a, b|x, y) = p′+(a, b|x, y) +
1

A

∑

a′ /∈A
p′+(a′, b|x, y) +

1

B

∑

b′ /∈B
p′+(a, b′|x, y) +

1

AB

∑

a′ /∈A,b′ /∈B
p′+(a′, b′|x, y),

and similarly forp−. These are local since it suffices for Alice and Bob to use the local protocol forp′+ or p′− and
for Alice to replace any outputa /∈ A by a uniformly random outputa′ ∈ A (similarly for Bob). Therefore, we also
haveν̃(p′) ≥ ν̃(p).

Before proving Theorem 7, we first consider the special case of quantum distributions, for which̃γ2(p) = 1. As
we shall see in Section 6, this special case implies the constant upper bound of Shi and Zhu on approximating any
quantum distribution [SZ08], which they prove using diamond norms. This also immediately gives an upper bound on
maximum Bell inequality violations for quantum distributions, by Theorem 6, which may be of independent interest
in quantum information theory.

Proposition 6. For any quantum distributionp ∈ Q, with inputs inX ×Y and outcomes inA×B withA = |A|, B =
|B|,

1. ν̃(p) ≤ 2KG + 1 whenA = B = 2,

2. ν̃(p) ≤ 2AB(KG + 1)− 1 for anyA,B.
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Proof. 1. SinceA = B = 2, we may write the distribution as correlations and marginals,p = (C,MA,MB).
Since(C,MA,MB) ∈ Q, we also have(C, 0, 0) ∈ Q, and by Tsirelson’s theorem,(C/KG, 0, 0) ∈ L. More-
over, it is immediate that(MAMB,MA,MB), (MAMB, 0, 0) and(0, 0, 0) are local distributions as well, so that
we have the following affine model for(C,MA,MB)

(C,MA,MB) = KG(C/KG, 0, 0) + (MAMB,MA,MB)− (MAMB, 0, 0)− (KG − 1)(0, 0, 0).

This implies that̃ν(C,MA,MB) ≤ 2KG + 1.

2. For the general case, we will reduce to the binary case. Letus introduce an additional output∅, and set
A′ = A ∪ {∅} andB′ = B ∪ {∅}. We first extend the distributionp to a distributionp′ onA′ × B′ by setting
p′(a, b|x, y) = p(a, b|x, y) for any (a, b) ∈ A × B, andp′(a, b|x, y) = 0 otherwise. By Lemma 8, we have
ν̃(p) = ν̃(p′).

For each(α, β) ∈ A× B, we also define a probability distributionpαβ onA′ × B′:

pαβ(a, b|x, y) =































p(α, β|x, y) if (a, b) = (α, β),

p(α|x) − p(α, β|x, y) if (a, b) = (α,∅),

p(β|y)− p(α, β|x, y) if (a, b) = (∅, β),

1− p(α|x) − p(β|y) + p(α, β|x, y) if (a, b) = (∅,∅),

0 otherwise.

Notice thatpαβ ∈ Q, since a protocol forpαβ can be obtained from a protocol forp: Alice outputs∅ whenever
her outcome is notα, similarly for Bob. LetAα = {α,∅} andBβ = {β,∅}. Sincepαβ(a, b|x, y) = 0 when
(a, b) /∈ Aα×Bβ, we may define distributionsp′

αβ onAα×Bβ such thatp′αβ(a, b|x, y) = pαβ(a, b|x, y) for all
(a, b) ∈ Aα ×Bβ. By Lemma 8, these are such thatν̃(p′

αβ) = ν̃(pαβ), and since these are binary distributions,
ν̃(p′

αβ) ≤ 2KG+1. Let us define three distributionspA,pB,p∅ onA′×B′ as follows. We letpA(a,∅|x, y) =
p(a|x),pB(∅, b|x, y) = p(b|y), and 0 everywhere else; andp∅(a, b|x, y) = 1 if (a, b) = (∅,∅), and0
otherwise. These are product distributions, sopA,pB,p∅ ∈ L andν̃ = 1 for all three distributions.

We may now build the following affine model forp′

p
′ =

∑

(α,β)∈A×B
p
′
αβ − (B−1)pA − (A−1)pB − (AB−A−B+1)p∅.

From Lemma 7, we conclude thatν̃(p′) ≤ AB(2KG + 2)− 1.

The proof of Theorem 7 immediately follows.

Proof of Theorem 7.By definition of γ̃2(p), there existsp+,p− ∈ Q andq+, q− ≥ 0 such thatp = q+p
+ − q−p−

andq+ + q− = γ̃2(p). From Lemma 7,̃ν(p) ≤ q+ν̃(p
+) + q−ν̃(p−), and Proposition 6 immediately concludes the

proof.

6 Upper bounds for non-signaling distributions

We have seen that if a distribution can be simulated usingt bits of communication, then it may be represented by
an affine model with coefficients exponential int (Lemma 2). In this section, we consider the converse: how much
communication is sufficient to simulate a distribution, given an affine model? This approach allows us to show that any
(shared randomness or entanglement-assisted) communication protocol can be simulated with simultaneous messages,
with an exponential cost to the simulation, which was previously known only in the case of Boolean functions [Yao03,
SZ08, GKd06]. Our results imply for example that for any quantum distributionp ∈ Q,Q‖

ε(p) = O(log(n)), wheren
is the input size. This in effect replaces arbitrary entanglement in the state being measured, with logarithmic quantum

16



communication (using no additional resources such as shared randomness). We use the superscript‖ to indicate
the simultaneous messages model, where Alice and Bob each send a message to the referee, who without knowing
the inputs, outputs the value of the function, or more generally, outputsa, b with the correct probability distribution
conditioned on the inputsx, y.

Theorem 8. For any distributionp ∈ C with inputs inX × Y with |X × Y| ≤ 2n, and outcomes inA × B with
A = |A|, B = |B|, and anyǫ, δ < 1/2,

1. R‖,pub
ǫ+δ (p) ≤ 16

[

ABν̃ǫ(p)
δ

]2

ln
[

4AB
δ

]

log(AB),

2. Q‖
ǫ+δ(p) ≤ O

(

(AB)5
[

ν̃ǫ(p)
δ

]4

ln
[

AB
δ

]

log(n)

)

.

The general idea of the proof is to build a communication protocol for p based on an affine combinationp =
q+p

+ − q−p−, wherep+ andp− are local (or quantum) distributions. By sending sufficiently many samples ofp+

andp− to the referee (which does not require any communication between Alice and Bob), the referee can estimate
these distributions and therefore simulate their affine combinationp. To quantify the number of samples that are
necessary to achieve some precision, we use Hoeffding’s inequality [McD91].

Proposition 7 (Hoeffding’s inequality). LetX be a random variable with values in[a, b]. LetXt be thet-th of T
independent trials ofX , andS = 1

T

∑T
t=1Xt.

Then,Pr[S − E(X) ≥ β] ≤ e
− 2Tβ2

(b−a)2 , andPr[E(X)− S ≥ β] ≤ e
− 2Tβ2

(b−a)2 , for anyβ ≥ 0.

We will also use the following lemma.

Lemma 9. Letp be a probability distribution onV with V = |V|, ande : R+ → R
+. For eachv ∈ V , letQv be a

random variable such that∀β ≥ 0, Pr[Qv ≥ p(v) + β] ≤ e(β) andPr[Qv ≤ p(v)− β] ≤ e(β).
Then, given samples{Qv : v ∈ V}, and without knowingp, we may simulate a probability distributionp′ such

thatδ(p′,p) ≤ 2V [β + e(β)].

Proof. In order to use the variablesQv as estimations forp(v), we must first make them positive, and then renormalize
them so that they sum up to1. LetRv = max{0, Qv}. Then we may easily verify that

Pr[Rv ≥ p(v) + β] ≤ e(β),

Pr[Rv ≤ p(v)− β] ≤ e(β).

For any subsetE ⊆ V of sizeE = |E|, we also define the estimatesRE =
∑

v∈E Rv for p(E). For anyv, we have
Rv−p(v) ≥ β with probability at least1−e(β). Therefore, with probability at least1−Ee(β), we haveRv−p(v) ≥ β
simultaneously for allv ∈ E , and therefore by summation alsoRE − p(E) ≥ Eβ. Similarly, with probability at least
1 − Ee(β), we havep(v) − Rv ≥ β simultaneously for allv ∈ E , and therefore alsop(E) − RE ≥ Eβ. Hence, we
have the following bounds forRE For any subsetE ⊆ V of sizeE = |E|, we also define the estimatesRE =

∑

v∈E Rv

for p(E). By summing,

Pr[RE ≥ p(E) + Eβ] ≤ Ee(β),

Pr[RE ≤ p(E) − Eβ] ≤ Ee(β).

In order to renormalize the estimated probabilities, letRV =
∑

v∈V Rv. If RV > 1, we use as final estimates
Sv = Rv/RV . On the other hand, ifRV ≤ 1, we keepSv = Rv and introduce a dummy output∅ /∈ V with estimated
probabilityS∅ = 1 − RV (we extend the original distribution toV ∪ {∅}, settingp(∅) = 0). By outputtingv with
probabilitySv, we then simulate some distributionp′(v) = E(Sv), and it suffices to show that|E(SE ) − p(E)| ≤
2V [β + e(β)] for anyE ⊆ V ∪ {∅}.

We first upper boundE(SE) for E ∈ V . SinceSE ≤ RE , we obtain from the bounds onRE that Pr[SE ≥
p(E) + Eβ] ≤ Ee(β). Therefore, we haveSE < p(E) + Eβ with probability at least1 − Ee(β), andSE ≤ 1 with
probability at mostEe(β). This implies thatE(SE) ≤ p(E) + E [β + e(β)].
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To lower boundE(SE), we note that with probability at least1 − Ee(β), we haveRE > p(E) − Eβ, and with
probability at least1−V e(β), we haveRV < 1+V β. Therefore, with probability at least1−(E+V )e(β), both these
events happen at the same time, so thatSE = RE/RV > (p(E) − Eβ)(1 − V β) ≥ p(E) − (E + V )β. This implies
thatE(SE) ≥ p(E)− (E + V ) [β + e(β)]. SinceS∅ = 1− SV , this also implies thatE(S∅) ≤ 2V [β + e(β)].

Proof of Theorem 8.1. LetΛ = ν̃(p), p = q+p
+ − q−p−, with q+, q− ≥ 0, q+ + q− = Λ andp+,p− ∈ L. Let

P+, P− be protocols forp+ andp−, respectively. These protocols use shared randomness but no communication.
To simulatep, Alice and Bob makeT independent runs ofP+, where we label the outcome of thet-th run

(a+t , b
+
t ). Similarly, let(a−t , b

−
t ) be the outcome of thet-th run ofP−. They send the list of outcomes to the referee.

The idea is for the referee to estimatep(a, b|x, y) based on the2T samples, and output according to the estimated
distribution. LetP+

t,a,b be an indicator variable which equals 1 ifa+t = a andb+t = b, and 0 otherwise. DefineP−
t,a,b

similarly. Furthermore, letPt,a,b = q+P
+
t,a,b − q−P

−
t,a,b. ThenE(Pt,a,b) = p(a, b|x, y) andPt,a,b ∈ [−q−, q+].

LetPa,b =
1
T

∑T
t=1 Pt,a,b be the referee’s estimate forp(a, b|x, y). By Hoeffding’s inequality,

Pr[Pa,b ≥ p(a, b|x, y) + β] ≤ e−
2Tβ2

Λ2 ,

Pr[Pa,b ≤ p(a, b|x, y)− β] ≤ e−
2Tβ2

Λ2 .

Lemma 9 withV = A×B,Qa,b = Pa,b ande(β) = e−
2Tβ2

Λ2 then implies that the referee may simulate a probability

distributionp′ such thatδ(p′,p) ≤ 2AB(β + e−
2Tβ2

Λ2 ). It then suffices to setβ = δ
4AB , andT = 8

[

ABΛ
δ

]2
ln
[

4AB
δ

]

to conclude the proof, since Alice sends2T logA and Bob sends2T logB bits to the referee.
For ν̃ǫ, apply this proof to the distributionp′′ with statistical distanceδ(p,p′′) ≤ ǫ andν̃(p′′) = ν̃ǫ(p).

Note that the same proof gives an upper bound onR
‖,ent
ǫ+δ in terms ofγ̃2.

2. If shared randomness is not available but quantum messages are, then we can use quantum fingerprinting [BCWdW01,
Yao03] to send the results of the repeated protocol to the referee. Let(a+(r), b+(r)) be the outcomes ofP+ usingr
as shared randomness. We use the random variableA+

a (r) as an indicator variable fora+(r) = a; similarlyB+
b , and

P+
E =

∑

(a,b)∈E A
+
a B

+
b .

We can easily adapt the proof of Newman’s Theorem [New91], toshow that there exists a set ofL random strings
R = {r1, . . . rL} such that∀x, y, |Eri∈R(P̃+

E (ri))−E(P+
E ) |≤ α providedL ≥ 4n

α2 , wheren is the input length, and
P̃+
E is the random variable where randomness is taken fromR. In other words, by taking the randomness fromR, we

may simulate a probability distributioñp+ such thatδ(p̃+,p+) ≤ α.
For eacha, b ∈ A × B, Alice and Bob sendT copies of the states|φ+a 〉 = 1√

L

∑

1≤i≤L |A+
a (ri)〉|1〉|i〉 and

|φ+b 〉 =
1√
L

∑

1≤i≤L |1〉|B+
a (ri)〉|i〉 to the referee. The inner product is

〈φ+a |φ
+
b 〉 =

1

L

∑

1≤i≤L

〈A+
a (ri)|1〉〈1|B

+
b (ri)〉 = p̃+(a, b|x, y),

where the expectation is taken over the random choicesr1, . . . rL.
The referee then uses inner product estimation [BCWdW01]: for each copy, he performs a measurement on|φ+a 〉⊗

|φ+b 〉 to obtain a random variableZ+
t,a,b ∈ {0, 1} such thatPr[Z+

t,a,b = 1] =
1−|〈φ+

b |φ+
a 〉|2

2 , then he setsZ+
a,b =

1
T

∑T
t=1 Z

+
t,a,b. LetQ+

a,b =
√

1− 2Z+
a,b if Z+

a,b ≤ 1/2 andQ+
a,b = 0 otherwise. This serves as an approximation for

p̃+(a, b|x, y) =| 〈φ+b |φ
+
a 〉 |, and Hoeffding’s inequality then yields

Pr[Q+
a,b ≥ p̃+(a, b|x, y) + β] ≤ e−

Tβ4

2 ,

Pr[Q+
a,b ≤ p̃+(a, b|x, y)− β] ≤ e−

Tβ4

2 .

LetQ−
a,b be an estimate for̃p−(a, b|x, y) obtained using the same method. The referee then obtains an estimate for
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p̃(a, b|x, y) = q+p̃
+(a, b|x, y)− q−p̃−(a, b|x, y), by settingQa,b = q+Q

+
a,b + q−Q

−
a,b, such that

Pr[Qa,b ≥ p̃(a, b|x, y) + β] ≤ 2e−
Tβ4

2Λ4 ,

Pr[Qa,b ≤ p̃(a, b|x, y)− β] ≤ 2e−
Tβ4

2Λ4 .

Lemma 9 withe(β) = 2e−
Tβ4

2Λ4 then implies that the referee may simulate a probability distributionp
s such that

δ(ps, p̃) ≤ 2AB(β + 2e−
Tβ4

2Λ4 ). Sinceδ(p̃,p) ≤ Λα, we need to pickT, L = 4n
α large enough so thatΛα +

2AB
[

β + 2e−Tβ4/2Λ4
]

≤ δ. Settingα = δ
2Λ , β = δ

8AB , T = 2Λ4

β4 ln(16AB
δ ) = 213

[

ABΛ
δ

]4
ln(16AB

δ ) andL =

4n
α2 = 16nΛ2

δ2 , the total complexity of the protocol is4ABT (log(L) + 2) = O((AB)5
[

Λ
δ

]4
ln
[

AB
δ

]

log(n)), (we may
assume thatΛδ ≤ n1/4, otherwise this protocol performs worse than the trivial protocol).

In the case of Boolean functions, corresponding to correlationsCf (x, y) ∈ {±1} (see Def. 4), the referee’s job is
made easier by the fact that he only needs to determine the sign of the correlation with probability1 − δ. This allows
us to get some improvements in the upper bounds. Similar improvements can be obtained for other types of promises
on the distribution.

Theorem 9. Letf : {0, 1}n × {0, 1}n → {0, 1}, with associated sign matrixCf , andǫ, δ < 1/2.

1. R‖,pub
δ (f) ≤ 4

[

ν̃ǫ(Cf )
1−2ǫ

]2

ln(1δ ),

2. Q‖
δ(f) ≤ O

(

log(n)
[

ν̃ǫ(Cf )
1−2ǫ

]4

ln(1δ )

)

.

From Lemmas 5 and 6, these bounds may also be expressed in terms ofγα2 , and the best upper bounds are obtained
from γ∞2 (Cf ) =

1
ǫent(Cf )

. The first item then coincides with the upper bound of [LS09].
Together with the bound betweeñν andγ̃2 from Section 5, and the lower bounds on communication complexity

from Section 3, Theorems 8 and 9 immediately imply the following corollaries.

Corollary 4. Letf : {0, 1}n × {0, 1}n → {0, 1}. For anyǫ, δ < 1/2, if Qent
ǫ (f) ≤ q, then

1. R‖,pub
δ (f) ≤ K2

G · 22q+2 ln(1δ )
1

(1−2ǫ)2 ,

2. Q‖
δ(f) ≤ O

(

log(n)24q ln(1δ )
1

(1−2ǫ)4

)

.

Letp ∈ C be a distribution with inputs inX ×Y with |X ×Y| ≤ 2n, and outcomes inA×B withA = |A|, B = |B|.
For anyǫ, δ < 1/2, if Qent

ǫ (p) ≤ q, then

3. R‖,pub
ǫ+δ (p) ≤ O

(

24q (AB)4

δ2 ln2
[

AB
δ

]

)

,

4. Q‖
ǫ+δ(p) ≤ O

(

28q (AB)9

δ4 ln
[

AB
δ

]

log(n)
)

.

The first two items can be compared to results of Yao, Shi and Zhu, and Gavinskyet al. [Yao03, SZ08, GKd06],
who show how to simulate any (logarithmic) communication protocol for Boolean functions in the simultaneous
messages model, with an exponential blowup in communication. The last two items extend these results to arbitrary
non-signaling distributions.

In particular, Item 3 gives in the special caseq = 0, that is,p ∈ Q, a much simpler proof of the constant upper
bound on approximating quantum distributions, which Shi and Zhu prove using sophisticated techniques based on
diamond norms [SZ08]. Moreover, Item 3 is much more general as it also allows to simulate protocols requiring
quantum communication in addition to entanglement. As for Item 4, it also has new interesting consequences. For
example, it implies that quantum distributions (q = 0) can be approximated with logarithmic quantum communication
in the simultaneous messages model, using no additional resources such as shared randomness, and regardless of the
amount of entanglement in the bipartite state measured by the two parties.
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7 Conclusion and open problems

By studying communication complexity in the framework provided by the study of quantum non-locality (and beyond),
we have given very natural and intuitive interpretations ofthe otherwise very abstract lower bounds of Linial and
Shraibman. Conversely, bridging this gap has allowed us to port these very strong and mathematically elegant lower
bound methods to the much more general problem of simulatingnon-signaling distributions.

Since many communication problems may be reduced to the taskof simulating a non-signaling distribution, we
hope to see applications of this lower bound method to concrete problems for which standard techniques do not apply,
in particular for cases that are not Boolean functions, suchas non-Boolean functions, partial functions or relations.Let
us also note that our method can be generalized to multipartite non-signaling distributions, and will hopefully lead to
applications in the number-on-the-forehead model, for which quantum lower bounds seem hard to prove.

In the case of binary distributions with uniform marginals (which includes in particular Boolean functions),
Tsirelson’s theorem (Theorem 2) and the existence of Grothendieck’s constant (Proposition 4) imply that there is
at most a constant gap betweenν andγ2. For this reason, it was known that Linial and Shraibman’s factorization
norm lower bound technique give lower bounds of the same of order for classical and quantum communication (note
that this is also true for the related discrepancy method). Despite the fact that Tsirelson’s theorem and Grothendieck’s
inequality are not known to extend beyond the case of Booleanoutcomes with uniform marginals, we have shown that
in the general case of distributions, there is also a constant gap betweeñν andγ̃2. While this may be seen as a negative
result, this also reveals interesting information about the structure of the sets of local and quantum distributions. In
particular, this could have interesting consequences for the study of non-local games.
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A Proof of Lemma 3

We give the proof of Lemma 3, which relates the outcome of communication protocols to vectors of bounded norm.

Lemma 3 ([Kre95, Yao93, LS09]). Let (C,MA,MB) be a distribution simulated by a quantum protocol with shared
entanglement usingqA qubits of communication from Alice to Bob andqB qubits from Bob to Alice. There exist vectors
~a(x),~b(y) with ||~a(x)|| ≤ 2qB and||~b(y)|| ≤ 2qA such thatC(x, y) = ~a(x) ·~b(y).

The proof relies on the following observation:

Claim 1. Let |ψt〉 be the entangled state shared by Alice and Bob after the firstt = tA + tB qubits of com-
munication (tA bits from Alice to Bob, andtB bits from Bob to Alice). This state may be written as|ψt〉 =
∑

i∈I µi

∑

T∈{0,1}t AT |α
(i)〉BT |β

(i)〉, where
∑

i |µi|
2 = 1, {|α(i)〉 : ∀i ∈ I} and{|β(i) : ∀i ∈ I〉} are orthonormal

bases for Alice and Bob’s initial registers respectively andAT , BT are linear operators such that:

• A0,B0 are the identity operators on Alice and Bob’s initial registers, respectively,
• AT are linear operators acting on Alice’s initial register anddepending on her input only, satisfying

∑

T∈{0,1}t

||AT |ψA〉||
2 = 2tB

for all (unit) state|ψA〉 of Alice’s register.
• BT are linear operators depending on Bob’s input only, satisfying

∑

T∈{0,1}t ||BT |ψB〉||
2 = 2tA for all (unit)

state|ψB〉 of Bob’s register.

Proof of Claim 1.We prove this by induction overt. This is true fort = 0, since using Schmidt decomposition, we
may write the initial entangled state shared by Alice and Bob, before the quantum communication protocol is initiated,
as|ψ0〉 =

∑

i∈I µi|α
(i)〉|β(i)〉, where

∑

i |µi|
2 = 1 and{|α(i)〉 : ∀i ∈ I} and{|β(i) : ∀i ∈ I〉} are orthonormal bases

for Alice and Bob’s registers respectively (as is, these areactually just orthonormal, but we can always obtain a basis
by settingµi = 0 for the missing basis vectors).

If this is true for t − 1, then we have|ψt−1〉 =
∑

i∈I µi

∑

T∈{0,1}t−1 AT |α
(i)〉BT |β

(i)〉, where
∑

T∈{0,1}t−1 ||AT |α
(i)〉||2 = 2tB and

∑

T∈{0,1}t−1 ||BT |β
(i)〉||2 = 2tA−1 for all i ∈ I (we assume without loss of

generality that thet’s qubit is sent by Alice to Bob). Alice’s operation at turnt will be to apply some unitary operation
Ut on her register, then send one of the qubits in her register toBob. By isolating this qubit, we define the linear op-
eratorsAT0 andAT1 to be such thatUtAT |α

(i)〉 = AT0|α
(i)〉|0〉+AT1|α

(i)〉|1〉 for all i ∈ I. Unitarity then implies
that||AT0|α

(i)〉||2 + ||AT1|α
(i)〉||2 = ||AT |α

(i)〉||2, and as a consequence
∑

T∈{0,1}t ||AT |α
(i)〉||2 = 2tB . We then have

|ψt〉 =
∑

i∈I

µi

∑

T∈{0,1}t−1

[

AT0|α
(i)〉|0〉BT |β

(i)〉+AT1|α
(i)〉|1〉BT |β

(i)〉
]

(1)

=
∑

i∈I

µi

∑

T∈{0,1}t

AT |α
(i)〉BT |β

(i)〉, (2)

where, for allT ∈ {0, 1}t−1, we have defined linear operatorsBT0, BT1 such thatBT0|β
(i)〉 = |0〉BT |β

(i)〉 and
BT1|β

(i)〉 = |1〉BT |β
(i)〉 for all i ∈ I, considering that the additional qubit is in Bob’s hands at the end of turnt.

Furthermore, we have||BT0|β
(i)〉||2+ ||BT1|β

(i)〉||2 = 2||BT |β
(i)〉||2, and as a consequence

∑

T∈{0,1}t ||BT |β
(i)〉||2 =

2tA , which completes the proof of our claim.

Proof of Lemma 3.At the end of the quantum communication protocol, Alice and Bob share a quantum state|ψq〉
satisfying Claim 1 fort = q. Alice and Bob then perform binary ({+1,−1}-valued) measurementsA andB on their
respective parts of the state. By orthonormality of the states|ψ(i)

q 〉, we have for the correlation

C = 〈ψq|AB|ψq〉 (3)

=
∑

i,j∈I

µ∗
iµj

∑

T,U∈{0,1}q

〈α(i)|A†
TAAU |α

(j)〉〈β(i)|B†
TBBU |β

(j)〉. (4)
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We may now define the vectors~a(x) and~b(y) in a22t|I|2-dimensional complex vector space, with coordinates

aTUij(x) = µi〈α
(j)|A†

UAAT |α
(i)〉, (5)

bTUij(x) = µj〈β
(i)|B†

TBBU |β
(j)〉, ∀ T, U ∈ {0, 1}q, i, j ∈ I, (6)

so thatC = ~a(x) ·~b(y). Moreover, using the fact that the|α(j)〉’s define an orthonormal basis for Alice’s register and
the property on the norms of the operatorsAT , we have

||~a(x)||2 =
∑

i,j∈I

|µi|
2

∑

T,U∈{0,1}q

|〈α(j)|A†
UAAT |α

(i)〉|2 (7)

=
∑

i∈I

|µi|
2

∑

T,U∈{0,1}q

||A†
UAAT |α

(i)〉||2 (8)

≤
∑

i∈I

|µi|
2

∑

T,U∈{0,1}q

||A†
U |φ

(i)
T 〉||2||AT |α

(i)〉||2 = 22qB , (9)

where|φ(i)T 〉 is the renormalized stateAAT |α
(i)〉. So, we have||~a(x)|| ≤ 2qB , and similarly||~b(y)|| ≤ 2qA .
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