The CPT Structure of Variable Elimination
in Discrete Bayesian Networks
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Abstract We show that @onditional probability tabl§CPT) is obtained after every
multiplication and every marginalization step when eliminating variables from a
discrete Bayesian network. The main advantage of our work is an improvement in
presentation. The probability distributions constructed during variable elimination

in Bayesian networks have always been denoted as potentials. Since CPTs are a
special case of potential, our description is more precise and readable.

1 Introduction

A discreteBayesian network2, 3, 4, 5, 9, 10, 15] consists of directed acyclic
graph (DAG) and a corresponding set abnditional probability table{CPTSs).
Bayesian networks serve as a clear and concise semantic modeling tool for man-
aging uncertainty in complex domains by representing variables in the problem
domain as vertices in the DAG, qualifying direct relationships between variables
with directed arcs in the DAG, and quantifying these relationships with CPTs. The
probabilistic conditional independenci§ki] encoded in the DAG indicate that the
product of the CPTs is mint probability distribution(JPD). While a JPD ovem
binary variables would compris® probabilities, a Bayesian network models a JPD
compactly and indirectly as a product of CPTs.

The task ofvariable elimination(VE) is central to reasoning with Bayesian net-
works. A variablevis eliminated using a simple two-step procedure. First, the prob-
ability distributions involvingv are multiplied together. Secondjs marginalized
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out of the product obtained in the first step. Other variables can be eliminated in
a recursive manner. The probabilistic reasoning literature has always denoted the
probability distributions constructed during VE pstentials This description is

not as precise as it should be.

In this chapter, we show that every multiplication operation and every marginal-
ization operation involved in eliminating variables from a discrete Bayesian network
yields a CPT. The concept @xpanded fornis introduced to define each poten-
tial constructed by the VE algorithm in terms of a sequence of multiplication and
marginalization operators on the given Bayesian network CPTs. We then establish
that each expanded form can be equivalently rewrittenarmal form that is, as
the marginalization of a product of Bayesian network CPTs. By applying our key
observation, it is established that every distribution constructed by VE is indeed a
CPT.

The significance of this result resides in the description of the VE algorithm. The
distributions constructed by VE have always been denoted as potentials. Potentials
do not have clear physical interpretation [2], as they are unnormalized probabil-
ity distributions [15]. In contrast, CPTs have clear semantic meaning [2], since the
probabilities in the distribution must necessarily obey a specific pattern. Thereby,
establishing that the distributions constructed by VE are, in fact, CPTs rather than
potentials yield a description that is more precise and readable.

The chapter is organized as follows. Section 2 reviews Bayesian networks and
the VE algorithm. That each multiplication and addition during VE yields a CPT
is shown in Section 3. We then show the advantages of our work in Section 4. The
conclusion is presented in Section 5.

2 Background Knowledge

LetU = {v1,v,...,vn} be a finite set of variables. Each varialilec U has a finite
domain, denotedom(v;), representing the values can assume. For a subséetC

U, we write domX) for the Cartesian product of the domains of the individual
variables inX. Each elemenk € dom(X) is called aconfigurationof X. If cis a
configuration orX andY C X, thenc.Y denotes the restriction afontoY. As done

in relational databases [7], we assume that there is a vakiech thatc.0 = A for
any configuratiorc.

Definition 1. [4] A potential ondom(X) is a functiongp ondom(X) such thatp(x) >
0, for each configuratior € dom(X), andy yegomx) @(x) > 0.

For brevity, we refer to a potential as a distributionXomather thardom(X), and
we callX, notdom(X), its domain [13]. Also, for simplified notation, we uXé’ to
denoteX UY, and may write{v; } asv; in this chapter.

Example 1Leta,b,c,d be four binary variables. Two potentiafga, b) and@(c,d)
are shown in Table 1.
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Table 1 Two potentialsp(a,b) and¢(c, d).

ab ¢(ab) cd ¢(cd)
00 0.2 00 16
01 08 01 00
10 0.0 10 05
11 10 11 03

Definition 2. The unity-potential 1(v;) for a single variablev; is a function1
mapping every element adom(v;) to one. More generally, the unity-potential
1(X) for a setX = {vi,vo,...,w} of variables is defined as follows(X) =
L(vi) - 1(vo) - ...  L(w). That is,1(X) is table onX, where the probability value
is one for each row.

Note thatp(Y) = @(Y) - 1(X), if X CY.

Definition 3. A conditional probability tabl¢CPT) on a setX of variables given a
disjoint setY of variables, denoted(X|Y), is a potential on the union of andY
such that for each configuratigne dom(Y), 3 ycqomx) P(X = XY =y) = 1.

Example 2Let a,b,c,d,e, f,g,h,i be binary variables. Table 2 shows CPJ®),
p(b), p(cla), p(d|a,b), p(elb), p(f|c,d), p(gle, f), p(hle ) andp(i[f).

Table 2 CPTsp(a), p(b), p(cla), p(d|a,b), p(e|b), p(f|c.d), p(gle. f), p(hle,g) andp(i|f).

a pa b p(b) a c pcla) a b d pdab) b e peb)
0 0.496 0 0423 0 0 0.123 0 0 0 0.408 0 0 0437
1 0.504 1 0577 0 1 0.877 0 0 1 0.592 0 1 0563
1 0 0.057 0 1 0 o101 1 0 0421
1 1 0.943 0 1 1 0.899 1 1 0579
1 0 0 0123
1 0 1 0.877
1 1 0 0.027
1 1 1 0973
c d f pfled) e f g pgef) e g h pgheg f i p(f)
0 0 0 10 0 0 0 0.739 0 0 0 0562 0 0 0.739
0O 0 1 00 0 0 1 o0.261 0 0 1 0.438 0 1 0.261
0 1 0 10 0 1 0 0.278 0 1 0 0.406 1 0 0.498
0 1 1 0.0 0 1 1 0.722 0 1 1 059 1 1 0.502
1 0 0 10 1 0 0 0.567 1 0 0 o421
1 0 1 00 1 0 1 0433 1 0 1 0579
1 1 0 00 1 1 0 0.303 1 1 0 0353
1 1 1 1.0 1 1 1 0.697 1 1 1 0.647

Whenevem(X|Y) is written with X andY not disjoint, we meam(X|Y — X) to
satisfy the disjointness condition of CPTs. In [8], three special cases of CPTs are
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denoted ap(X|0), p(0]Y) and p(0|0). However, in BN literature, they are more
commonly written a(X), 1(Y) andl, respectively.

Definition 4. Let ¢ (X) and g (Y) be two potentials. The product @f(X) and
@(Y), denotedy, - @, is defined as: for each configurationf XY,

(@ @)(c) = @(cX) @(cY).

Example 3Table 3 (left) depicts the produgi(e, f,g, h) of the two CPT9(g|e, f)
andp(hle,g) in Table 2, namely,

o(e f,g.h) = p(gle f) p(hleg). (1)

Table 3 (left) The producip (e, f,g,h) of p(gle, f) andp(h|e,g) in Table 2. (right) The marginal-
ization of @i (e, f,g,h) onto{e, f,h} yields @i (e, f,h).

e f g h @(ef,gh) e f h a(ef,h)
0O 0 O O 0.415 0O 0 O 0.521
0O 0 0 1 0.324 0 0 1 0.479
0O 0 1 O 0.106 0O 1 0 0.449
0O 0 1 1 0.155 0 1 1 0.551
0O 1 0 O 0.156 1 0 O 0.392
0 1 0 1 0.122 1 0 1 0.608
0O 1 1 0 0.293 1 1 0 0.374
0O 1 1 1 0.429 1 1 1 0.626
1 0 0 O 0.239
1 0 0 1 0.328
1 0 1 O 0.153
1 0 1 1 0.280
1 1 0 O 0.128
1 1 0 1 0.175
1 1 1 O 0.246
1 1 1 1 0.451

The key concept of a Bayesian network can now be defined.

Definition 5. [10] A Bayesian network ot = {v1,vo,...,vn} is a pair(D,C). D is
a directed acyclic graptDAG) onU. C is a set of CPT{p(v1|P1), p(v2|P),...,
p(va|Pn)} such that for each variabig € D, there is a CPTp(vi|R) for v; given its
parentsd? in D.

One salient feature of Bayesian networks is that the product of the given CPTs is
a joint distribution on the séi of variables.
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Example 4The coronary heart diseasé€CHD) [4, 12] Bayesian network, inspired
by a research project in the field of epidemiology, is the DAG in Figure 1 on the set
U of variables, along with the CPTs in Table 2. It follows that:

= p(a) - p(b)- p(cla) - p(dla,b) - p(elb) - p(f|c,d) - p(gle, f) - p(hle,g) - p(i| ).
2)

N

N
>
\

It is assumed in the literature that it is feasible to store the Bayesian network
CPTs in computer memory, but not the joint distributjpf ). The marginalization
operator, denoted, is used to further manipulate the stored CPTs.

AVAN

Fig. 1 The CHD Bayesian
network consists of this DAG
together with the CPTs in
Table 2.

Definition 6. Given a potentialp(Z), let X C Z andY = Z — X. The marginal of
@(Z) onto X, denotedp(X), is defined as: for each configuratinof X,

o) = > oxy),
yedom(Y)

wherex,y is the configuration of obtained by combining with the configuration
yofY.

Example 5The marginalization of potentiap (e, f,g,h) in Table 3 (left) onto
{e, f,h} yields the potentiaip (e, f,h) in Table 3 (right).

Lemmas 1 and 2 state two important properties that are used in Bayesian network
reasoning.

Lemma 1. [13] Let @ be a potential orZ, andX CY C Z. Marginalizing ontoY
and subsequently onXis the same as marginalizingdirectly ontoX.

Lemma 1 states that variables can be eliminated in any order. While the order can
affect the amount of computation performed [13], it has no bearing on the results of
this chapter. The minimum deficiency search (MDS) [1, 6] algorithm, a technique
for finding a good elimination ordering, is used in this chapter.
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Lemma 2. [13] If ¢ is a potential onX and ¢ is a potential onY, then the
marginalization ofg, - ¢ onto X is the same agy multiplied with the marginal-
ization of@ ontoXNY.

Lemma 2 means that only the potentials involving the variatbeing elimi-
nated need be multiplied together befaris marginalized awayariable elimina-
tion (VE), a central component in Bayesian network reasoning, is now defined.

Algorithm 1. [13] VE(C,X)
Input: C - a set of CPTs defining a Bayesian network on a set of varidbles
X - a non-empty, proper subset of variabledlino be eliminated.
Output: F - the factorization obtained by marginaliziXgfrom C.
begin
LetF = C.
while X is not empty
LetX = X—{v}.
Let F’ be the set of potentials iR involving v.
Let ¢(Y) be the product of the potentials .
Let (Y —v) be obtained by marginalizingout of g(Y).
LetF = (F—F)U{e(Y —Vv)}.
end while
return F.
end

Example 6 Consider VEC,X), whereC are the CPTs in Table 2 defining the
CHD Bayesian network and = {a,c,d,e,g} are the variables to be eliminated.
The MDS algorithm suggests to use the elimination ordegmga,d,e. Let F
be a copy ofC and letv be variableg. Those potentials involving, namely,
F' = {p(gle f),p(hle,g)} are collected. The produgi (e, f,g,h), shown in Table
3 (left), of the potentials ifr’ is obtained by Equation ( 1). Them(e, f,h), shown
in Table 3 (right), is obtained by, ¢ (e f,g,h). Next, the seF of potentials is
updated a& = (F —{p(gle f),p(hle,g)})U{@(e f,h)}. The remainder of the
example follows in a similar manner.

Regarding Example 6, let us emphasize the distributions multiplied and marginal-
ized in terms of equations:

Zr p(a) - p(b) - p(cla) - p(dja,b) - p(efb) - p(f|c,d) - p(gle, f) - p(hle,g)
eg

Pl ) ©)
= % p(a) - p(b) - p(cla) - p(dfa, b) - p(elb) - p(flc,d) - p(il f)- S p(gle, )
acd.e g

= Zd p(@) - p(b) - p(cla) - p(dfa, b) - p(efb) - p(flc,d) - p(i[f) - > (e ,g,h)

g
(5)
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= Ed p(a) - p(b) - p(cla) - p(dja, b) - p(elb) - p(f[c,d) - p(i|f) - gu(e f,h)  (6)

=§;mwﬁw)MM&Mﬁ®M p(ilf)-@(e f.h)- Zpda p(fle.d) (7)
:gfwnwwmmmn@mmm»@atw;@aqmﬂ (8)
= a~%elo(a)- p(b) - p(dla,b) - p(elb) - p(ilf) - @ (e f.h) - gu(a,d, f) ©)
=;mmp&@wﬂﬁ»@wxmwgmmpmmm»@mﬂﬁ> (10)
= ;p(b)-p(e\b)-p(i\f)m(af,h)-gfps(a,bad)wpz(a,d, f) (11)
= ;ep(b%p(e\b)-p(i\f)'@(e,f,h)zma,b,d, f) (12)
:%MMwWMMMW%%@JmXQWﬂJ) (13)
:%pmqump( @(ef,h)- gwbdf (14)
= > p(b)- p(elb) - p(i|f) - gr(e f,h) - qu(b, f) (15)
QM¢Mf%%®J%zp@b%%@Jm) (16)
=p®%WH%%®J%£%&atm 17)
=pWWMW%@®J%é®Jm) (18)

3 The CPT Structure of Variable Elimination

Here we prove that a CPT is obtained after every multiplication operation and every
marginalization operation when applying the VE algorithm on a discrete Bayesian
network. A key observation is that the product of any non-empty subset of Bayesian
network CPTs is itself a CPT. Our claim is then shown by rewriting the factorization
to exploit our key observation.

First, one salient feature of Bayesian networks is shown, namely, that the prod-
uct of the given CPTs is a joint probability distribution. For example, in the CHD
Bayesian network, we have:

p(a,b,c,d,e f,g,h,i)

= p(a)- p(b) - p(cla) - p(d[a,b) - p(e|b) - p(f|c,d) - p(gle, f) - p(hle,g) - p(ilf).
(19)

Equation (19) can be verified by showing that the following equation equals one (1):
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gpwrpmrp@h%pmwb%p@W%nﬁWﬂ%pQMJ%pmmg%pMU-

Let < be atopological ordering[11] of the variables{a,b,c,d,e, f,g,h,i} in the
CHD DAG, sayb<a~<c~<d<e=< f <g=<h<=<i. By marginalizing the vari-
ables in reverse order 6f, the variabley; being marginalized only appears in one
CPT,p(vi|R). By the definition of CPTy . p(vi|R) = 1(R). The claim follows. For
example, the above equation can be rewritten as

Uzlp p(cla) - p(d|a, b) - p(elb) - p(f|c,d) - p(gle, f) - p(hle,g)
-Zplﬂ

= 5 p@ p(cla)- p(d|a, b) - p(elb) - p(f|c,d) - p(gle, f) - p(hle,g)
91(}')

Uzlp p(cla) - p(dla,b) - p(e|b) - p(fc,d) - p(gle, f) - p(hle, g).

The remaining variables can be removed similarly, thereby establishing that the
product of all CPTs in Table 2 is a joint probability distribution. This well-known
proof is a special case of a more general result.

Lemma 3. Consider a Bayesian network on variables= {vi,Vs,...,vy} with
DAG D and CPTsC = {p(v1|P1), p(v2|P),...,p(Vn|Pn)}. Let C' = {p(vi|R),
p(vjlP)), ..., p(vi|R), p(vm/Pm)} be any non-empty subset@fThe product of the
CPTsinC' is a CPT of the variableX givenY, whereX = {vi,vj,...,V;,vm} and
Y = (RPj--APn) -

Proof. Let C' = {p(Vi|R), p(Vj|P}),--.,P(Vi|R), P(Vm|Pm)}. Similar to the proof
that the product of all Bayesian network CPTs is a joint probability distribution, we
show that the product of the Bayesian network CPT@'iis a CPT by establishing

Zp(vi“:l) “P(Vj[Py) .- p(Vi[R) - p(vim|Pm) = 1(Y). (20)

Let < denote a topological ordering of the variable®inVithout loss of generality,
letvi < vj <--- <V <Vm. This < and the fact thab is a DAG mean thatm, can
only appear in one CPT &', namely,p(Vm|Pn). Thereby, we have

;p(viIR) “P(Vj[P;) .- p(Vi|R) - P(Vm|Pm)

= 5 PM[R)-p(Vj[P)-...-p(Vi[R) - > P(Vm[Pn)

X—Vm

— z pVI|P Vj|PJ) p(V||F1)1(Pm)

X—Vm

= 5 PMi[R)-p(vj[P))-...-p(|R) - L(Rn—X) - 1(AnNX)

X—Vm
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=1PFPn=X)- > pM[R)-p(VjIP)-...-p(v[R) - L(RnNX). (21)

X—Vm

Sincevy, ¢ P, by definition,(PnNX) € X —vm. Thatis,(PnNX) € {v,vj,..., v }.
Thereby,1(PnN X) can be factorized into unity-potentidlév) on its singleton vari-
ablesv, and eachl(v) can be multiplied with the CPP(V|R,). As p(V|R,) - 1(v)
givesp(v|R,), Equation (21) can be rewritten as

IRn=X)- > pMIR)-p(vjIPy)-...- p(v|R).

X—Vm
By a similar argument for variables, .. .,vj,vi, we obtain our desired result:
; P(Vi|R) - P(VIPy) .- p(Vi[R) - P(Vim|Pm)
=1R—-X)- 1P —X)-...- (R — X) - L(Fn— X)
=1(Y). O

Lemma 3 establishes that the product of a subset of CPTs from a Bayesian net-
work is a CPT. While it is not guaranteed that the producp@X|Y), namely, a
CPT defined with respect to the joint distributipnwe make this assumption in this
chapter.

Example 7 Consider the CPT$p(cla), p(e|b), p(f|c,d)}, which are a subset of the
CHD Bayesian network of Figure 1. By Lemma 3,

p(c.e fla,b,d) = p(cfa)- p(ejb) - p(f]c,d). (22)

The notion ofexpanded forms introduced to express potentials built by VE
equivalently in terms of multiplication and marginalization operators on a subset of
Bayesian network CPTs.

Definition 7. Let ¢ be any potential constructed in a given instance/B{C,X).
The expanded form ap is the unique expression defining how VE bugiltising the
multiplication and marginalization operators on the Bayesian network CRJs in

Example 8The expanded form of potentigh(b, f) in Equation (15) is:

ao.1) = 3 (5 (0@ pda)- (5 (pica)-pifle)) ) ).

a C

which is determined recursively as follows:

(b, f) = gqm(b,d,f)

3 (gaaser)



10 C.J. Butz, W.Yan, P. Lingras, Y.Y. Yao

> (5 @iabd) a@d)
-3 (z ((p@)-pidla.b)- @(a.d. 1))
g(;((rx) p(a)- (S m@cd)))

_g( ( p(dla,b))- (Z<p<c|a>-p<fc,d>>)>).

Definition 8. The expanded form of a potentia@l constructed in a given instance
of VE(C,X) is said to be in normal form, if all marginalizations take place on the
product of all CPTs used to builg.

Example 9The expanded form of potentigh(b, f) in Example 8 is not in normal
form, since, for instance, the marginalization of variabtakes place on a product
not involving the CPT9(a) andp(d|a,b).

The next result is critical to applying our key observation.

Lemma 4. The expanded form of any potentig@tonstructed in a given instance of
VE(C,X) can always be equivalently rewritten in normal form.

Proof. Lety,, be any marginalization in the expanded form. There are two cases to
consider. First, consider the case when there is another marginalizatida the
immediate left ofy,,. By Lemma 1, we can equivalently rewrig,j PESITPIE
Otherwise, consider the case when a multiplication operator appears to the immedi-
ate left ofy,,, say - 3, @. By construction of VE, all distributions involving

are multiplied together a@, beforev; is marginalized out. This means thatdoes

not appear i By Lemma 2 -3, ¢ can be equivalently rewritten 35, ¢1 - ¢.

By repeated argumeny,,, can be pulled to the left of all multiplication operators

in the expanded form. This argument holds for all other marginalization signs. By
definition, the expanded form can be equivalently rewritten into normal fomm.

Example 10In Example 8, the expanded form of potentalb, f) can be equiva-
lently rewritten in normal form as follows:

5 (s (<p<a>. p(ela) - (3 (plca)-plrle.d)) ) )
_ g( ( -p(dla,b)) - ( (ca)-p(flc,d»)))

—dz p(dja,b) - p(cla) - p(f|c,d).

The main result of this chapter is given next.
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Theorem 1.Every multiplication step and every marginalization step/ia(C,X)
yields a CPT.

Proof. Let ¢ be any potential built during an instance\d (C,X). By Definition 7,

the expanded form ap is the unique expression defining how VE bwgiltising the
multiplication and marginalization operators on the Bayesian network CPTs in
By Lemma 4, the expanded form can be equivalently rewritten in normal form, say:

Z P(VilR) - p(vj[Py) - .- p(W[R) - p(Vim|Pm).-
X

Lemma 3 establishes that

P(Vi, Vi, Vi, Vim[ APy - APm) = p(vi[R) - p(vj[Py) --..- p(vi[R) - p(Vin[Pr)-

It follows that X’ is a subset ofvi,vj,...,vi,vm}, since the VE algorithm requires
that all distributions involving the variable being eliminated be multiplied together
before the variable is marginalized away. Thus, by definition of CPT,

Z P(Vi,Vj,...,Vi,Vm|RP;---ARm)
X

yields a CPT. Therefore, any potential built by the VE algorithm is a CRT.

Example 11Recall the elimination of variables c, d, e andg from the Bayesian
network in Example 4. By Theorem 1, we now have:

[Z p(a) - p(b) - p(cla) - p(d|a, b) - p(efb) - p(f|c.d) - p(gle, ) - p(hle,g)
a.c.a,eg
-p(ilf)
= Zd p(a) - p(b)- p(cla) - p(d|a,b) - p(elb) - p(f|c,d) - p(i[f)- > p(gle, f)
acd.e g
-p(hle,g)
Ed p(a) - p(b) - p(cla) - p(d|a,b) - p(elb) - p(flc,d) - p(i|f) - > p(g,hle, f)
a.c,d,e g
Ed p(a) - p(b) - p(cla) - p(d|a,b) - p(efb) - p(f|c,d) - p(i|f) - p(hle, )

p(@) - p(b) - p(dia,b) - p(elb) - p(i|f) - p(hle, ) - 5 p(cla) - p(f|c,d)

C

= g_ P(@) - p(b) - p(dla,b) - p(elb) - p(ilf) - p(hle, ) - 5 p(c, fla,d)

€ c

p(a) - p(b) - p(dfa,b) - p(elb) - p(i|f) - p(hle, f) - p(fla,d)

; p(b) - p(elb) - p(i|f) - p(hle, f)- S p(a) - p(d|a,b) - p(fa,d)

a

= ; p(b) - p(elb) - p(i[ f) - p(hle, ) - 5 p(a,d[b) - p(f|a,d)

a

Il
» U

Il
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p(b) - p(elb) - p(ilf) - p(hle, f)- 5 p(a.d, f|b)

p(b) - p(efb) - p(i|f) - p(hle, f) - p(d, f|b)
p(b) - p(efb) - p(i|f) - p(hle, f)- (}r p(d, f|b)
p(b) - p(efb) - p(i|f) - p(hie, f) - p(f[b)
P(b)~p(ilf)~D(f\b)zp(e\b)-r)(h\a f)
p(b)- p(ilf) - p(f[b)- > p(ehlb, f)
= p(b)~p(ilf)~p(f\b)’;(h\b, f).
The significance of Theorem 1 is that the potentiale, f,g,h), @ (e, f,h),
@w(acd, ), @(ad,f), g(ab,d), m(ab,d,f), amb,d,f), gbe f,h)and
@(b, f,h) constructed in Equations (3) - (18) of Example 6 are actually the CPTs

p(g.hle f), p(hle, f), p(c, fla,d), p(f|a,d), p(a,d|b), p(a.d, f[b), p(d, f[b),
p(e hib, f) andp(hlb, f), respectively.

Il Il Il
oM oM SN B

4 Advantages

By definition, a CPT is a special case of potential. For instance, all of the CPTs in
Table 2 are potentials. On the contrary, not all potentials are CPTs. For example,
using@(a,b) in Table 1, it can be verified that

%(p(a, b) = 1(a). (23)

Therefore, the potentiab(a,b) is, in fact, a CPTp(bja). In contrast, the potential
@(c,d) in Table 1 cannot satisfy the definition of CPT. Nevertheless, it is more
precise to label the distributions constructed by VE as CPTs rather than as potentials.

Labeling distributions as CPTs bring more clarity to the VE algorithm. Poten-
tials do not have clear physical interpretation [2] as they are unnormalized probabil-
ity distributions [15]. In contrast, CPTs have clear semantic meaning [2], since the
probabilities must satisfy a rigorous pattern.

5 Conclusion

In this chapter, we considered the problem of eliminating a variable from a Bayesian
network in the context of no evidence. Our main result is that each multiplication
and addition in the VE algorithm generates a CPT, not a potential. Our key observa-
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tion is that the product of any subset of Bayesian network CPTs is itself a CPT. The
main advantage of our work is an improvement in presentation. Potentials do not
have clear physical interpretation [2] as they are unnormalized probability distribu-
tions [15]. In contrast, CPTs have clear semantic meaning [2], since the probabilities
must satisfy a rigorous pattern. While the distributions constructed during VE have
traditionally been called potentials, we have shown that they are, in fact, CPTs.
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