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Abstract We introduce Transformation Games (TGs), a form of coalitional game
in which players are endowed with sets of initial resources, and have capabilities
allowing them to derive certain output resources, given certain input resources. The
aim of a TG is to generate a particular target resource; players achieve this by forming
a coalition capable of performing a sequence of transformations from a combined
set of initial resources to the target resource. TGs can model a number of natural
settings, such as cooperative proof systems, where a collection of agents having
different expertise work together to derive a proof for a target theorem, or supply
chains, where agents cooperate to create a target product from base resources. After
presenting the TG model, and discussing its interpretation, we consider possible
restrictions on the transformation chain, resulting in different coalitional games.
Following the basic model, we consider the computational complexity of several
problems in TGs, such as testing whether a coalition wins, checking if a player is a
dummy or a veto player, computing the core of the game, computing power indices,
and checking the effects of possible restrictions on the coalition. Finally, we consider
extensions to the model in which transformations have associated costs.

This is an extended version of a conference paper with the same title [21], which was presented
at the 35th International Symposium on Mathematical Foundations of Computer Science
(MFCS 2010), in Brno, Czech Republic. This new version contains additional results regarding
computing the Shapley value in Transformation Games as well as additional results on
Transformation Games with a bounded number of resources and transformations. We have also
expanded our examination of how the Transformation Game model can capture multiagent
interactions in both supply chains and proof systems, and included revised and extended proofs.
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1 Introduction

Many multiagent systems crucially rely on cooperation among agents. However,
in many such systems agents are also selfish, and act in their own interests. A
key tool in analysing interaction in such environments is game theory. Due to the
rising prominence of multiagent systems within the field of artificial intelligence,
many aspects of game theory have been studied in recent years, and game theoretic
techniques have been applied in domains such as electronic commerce, auctions,
voting, supply chains, and resource allocation [71]. Cooperation is key in many such
domains, and cooperative game theory provides a mathematical framework that
enables the analysis of agent behaviour in such domains.

Cooperative game theory considers questions such as which coalitions are likely
to form, and how the benefits of cooperation should be distributed between coalition
members. These notions are formalised as solution concepts such as the core [46], the
Shapley value [68], the Banzhaf index [22] and the nucleolus [67] (see, e.g., [25] for
a detailed discussion). An important question is the extent to which these solutions
can be effectively computed; thus, solutions from cooperative game theory have also
been studied by computer scientists [18, 28, 36].

We consider a new model of cooperative activity among self-interested players. In
a Transformation Game (TG), players must cooperate to generate a certain target
resource.! In order to generate the resource, each player is endowed with a certain
set of initial resources, and in addition, each player is assumed to be capable of
transformations, allowing it to generate a certain resource, given the availability
of a certain input set of resources required for the transformation. Coalitions may
thus form transformation chains to generate various resources. A coalition of players
is successful if it manages to form a transformation chain that eventually generates
the target resource. Forming such chains is typically complicated, as there are usually
constraints on the structure of the chain. One example of such a constraint is a time
restriction, in the form of a deadline. Even when there is no deadline, short chains
are typically preferred, since we might expect that the more transformations a chain
has, the higher the probability of some transformation failing.

We consider a number of natural restrictions on transformation chains, and
investigate the effect of these restrictions on solution concepts and the complexity
of computing them. Specifically, we study three types of domains: unrestricted
domains, where there is no restriction on the chain; makespan domains, where each
transformation requires a certain amount of time, and the coalition must generate

I'We use the terms “product” and “resource” interchangeably. Both of these simply refer to items in
the set of all items. We usually refer to an item as a “product” if it is generated as a result of some
transformation, and as a “resource” if it is the input to a transformation. Of course, a product of one
transformation can be one of the resources used to derive a subsequent product.
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Proof systems and transformation games 3

the target resource before a certain deadline; and limited transformation domains,
where the coalition must generate the target resource without performing more than
a certain number of transformations. We also consider two types of transformations:
simple transformations, where a transformation models the production of a single
output resource from a single input resource, and complex transformations, where a
transformation may require a set of input resources to generate an output resource.

1.1 Motivating examples

We consider two main motivations for our model of transformation game (TGs):
supply chains and cooperative proof systems.

1.1.1 Supply chains

Consider a number of firms, each of which produces a different product from some
base resources. In many cases, the outputs produced by one firm are used as input
resources for another firm. For example, one firm may drill for crude oil, another
may produce refined oil from crude oil, another may package refined oil in barrels
for transportation, and yet another firm may transform refined oil into petrol for
cars sold to consumers. Thus, these companies form a chain that generates an output
product sold to consumers from various base resources. In such cases, some of the
firms may buy resources from several firms, or be capable of generating more than
one target product. Several key questions arise in such economic domains. First,
there may be several possible chains that generate the ultimate product sold to
consumers. Which of these chains are more likely to be formed? Second, how would
firms share the revenue obtained from selling the product to consumers? Which
contracts are likely to form among the firms? Finally, which firm is most important in
generating the output product? How can we quantify its importance and bargaining
power with regard to other firms in the market?

Our TG model enables the answering of such questions in simplified domains.
TGs model some important features of the domain, such as the inputs and outputs
of the firms, and constraints regarding the costs of transformations or deadlines.
However, TGs also omit some features of the domains, such as quantities of
resources and products, and consumption of resources during the transformations.
The simplicity of the TG framework makes it possible to compute some solutions
in polynomial time. Despite these positive results, we show that even such abstract
domains are combinatorially rich enough such that some interesting problems are
computationally hard. Thus, although TGs offer only a simplified model of supply
chains, they can shed light on the behaviour of selfish agents in such domains. TGs
also complement other related work on planning within artificial intelligence, which
we discuss in Section 7.

1.1.2 Cooperative proof systems

TG can be viewed as a strategic, game-theoretic formulation of proof systems. In a
formal proof system, the goal is to derive some logical statement from some logical
premises by applying logical inference rules. When modelled as a TG, premises
and proof rules are distributed across a collection of agents, and proof becomes
a cooperative process, with different agents contributing their domain expertise
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(premises) and capabilities (proof rules). In such a setting, game theoretic solution
concepts such as the Banzhaf index provide a measure of the relevant significance of
agents (and hence premises and proof rules) in the proof process. Viewed in this
way, TGs provide a formal foundation for cooperative theorem proving systems
such as those described in [32, 41], as well as cooperative problem solving systems
in general [53].

As a concrete example, consider a set of experts who may cooperate to prove
a complex mathematical theorem. Each expert knows facts and proofs for various
simpler theorems that are likely to assist in proving the complex theorem, but none
of the experts can prove the complex theorem on her own. Suppose a coalition of
such experts decides to work together, and each of the participants shares all her
knowledge. Assuming that the joint knowledge of the coalition suffices to prove
the complex theorem, how can they decide who contributed most to generating the
proof? In other words, in domains where no single expert can generate a proof,
but various teams of experts can do so, how can we quantify (in some sense) the
contribution of each expert? TGs can be used to quantify agent contributions through
the use of game theoretic tools (though, of course, in this scenario other unmodelled
considerations might also apply).

2 Preliminaries

We briefly discuss the basic game theoretic concepts that are later used in the context
of TGs (see, e.g., [25, 59, 62] for more detailed introductions). A transferable utility
coalitional game is composed of aset I = {ay, ..., a,} of n players and a characteristic
function v : 2/ — R that maps any subset (coalition) of the players to a real number.
The value v(C) is the total utility the players C C [ can obtain together. The coalition
I of all the players is called the grand coalition. Often such games are increasing,
i.e., for all coalitions C' € C we have v(C") < v(C). In simple transferable utility
coalitional games, v only gives values of 0 or 1 (i.e., v : 2 — {0, 1}), and in this case
we say C C [ wins if v(C) = 1 and loses otherwise. We say player i is critical in a
winning coalition C if the removal of i from that coalition would make it a losing
coalition: v(C) = 1 and v(C \ {i}) = 0.

The characteristic function defines the value a coalition can obtain, but does
not indicate how to distribute this value among the players within the coalition.
An imputation (py, ..., py) is a division of the gains of the grand coalition among
all players, where p; € R, such that Z:’zl pi = v(l). We call p; the payoff of player a;,
and denote the payoff of a coalition C as p(C) = }_;c(ju,ecy Pi-

Cooperative game theory offers a number of solution concepts, defining imputa-
tions that are likely to occur. A minimal requirement of an imputation is individual-
rationality (IR): for every player a; € C, we have p; > v({a;}). Thus, individual
rationality says that an agent must receive at least as much payoff as it could obtain by
working alone. Extending IR to coalitions, we say a coalition B blocks the imputation
(p1s -, pn) if p(B) < v(B). If a blocked imputation is chosen, the grand coalition
is unstable, since the blocking coalition can do better by working without the other
players. The most studied solution concept relating to stability is the core. The core of
a game is the set of all imputations (p;, ..., p,) that are not blocked by any coalition,
so for any coalition C we have p(C) > v(C).
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Proof systems and transformation games 5

In general, the core can contain multiple imputations, and can also be empty.
Another solution, which defines a unique imputation, is the Shapley value. The
Shapley value of a player depends on his marginal contribution over all possible
coalition permutations. We denote by 7 a permutation (ordering) of the players, so
m:{l,...,n} - {l,...,n} and & is reversible, and by IT the set of all possible such
permutations. Denote by S, (i) the predecessors of i in 77, 50 S, (i) = {j | () < 7 (i)}.
The Shapley value is then given by the imputation sh(v) = (sh;(v), ..., sh,(v)) where

1
shi(v) = ol D (Sx () U (i) — v(S2 ()]

" mell

An important application of the Shapley value is that of power indices, which try to
measure a player’s ability to change the outcome of a game, and are used for example
to measure political power. A game theoretic concept that is also used to measure
power is the Banzhaf power index, which depends on the number of coalitions in
which a player is critical, out of all the possible coalitions. The Banzhaf power index
is given by: B(v) = (B1(v), ..., Bu(v)) wWhere:

1
on—1

Biv) = D (S —v(S\ {ih]

SCll|a;eS

More generally, power indices (of which the Shapley value and Banzhaf index are
specific examples) are game theoretic tools that enable the finding of a fair division of
the utility achieved among the participants in the game. They can be characterized as
solutions that fulfill various fairness axioms, such as giving equal shares to players
that are equivalent in the game, giving a share of zero to players that have no
influence on the outcome of the game (for any sub-coalition), etc. Alternatively,
they can be viewed as game theoretic tools for measuring the relative importance
of agents in the game, based on their impact on the revenue generated under various
assumptions on the coalition formation process. For a more complete discussion of
these issues, see [1, 59].

3 Transformation games

Transformation games (TGs) involve a set of players, I ={ay,...,a,}, a set of
resources R = {ry, ..., r}, and a certain goal resource ry € R. It is assumed that each
player a; is endowed with a set of resources R; C R. Players have capabilities that
allow them to generate a target resource when they have certain input resources.
We model these capabilities via transformations. A transformation is a pair (B, r)
where B is a subset B C R, indicating the resources required for the transformation,
and r € R is the resource generated by the transformation. We denote the set of all
such possible transformations (over R) by D. The capabilities of each player a; are
given by a set D; € D. We say a transformation d = (B, r) is simple if | B| = 1 (i.e., it
generates a target resource given a single input resource), and complex if | B| > 1. At
this point, it is worth mentioning some caveats:

e  First, our model of TGs has no notion of resource quantity. For example, the TG
framework cannot explicitly express constraints such as “4 nails and 5 pieces of
wood are required to build a table.”
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Second, we do not model resource consumption: thus when a player generates
a resource from base resources, the player ends up with both the base resources
and the generated resource. This may at first sight seem a strange modelling
choice, but it is very natural in many settings; for example, as we will see in
Section 3.3, it makes sense when modelling cooperative logical proofs.

Third, in the basic model, there is no cost associated with a transformation. Thus,
performing a transformation does not reduce the utility obtained by the coalition,
and players do not incur costs for performing a transformation. (In Section 6, we
drop this assumption, and present a model which allows for such costs.)

Bringing these components together, a TG, T', is a structure

T'=(L R Ri,...,Ry, Di,..., Dy rg)

where:

I is a set of players (|| = n);

R is a set of resources (| R| = k);

for each a; € I, R; C R is the set of resources with which player a; is initially
endowed;

for each a; € I, D; C D is the set of transformations that player a; can carry out;
and

rg € Ris aresource representing the goal of the game.

We sometimes consider transformations that require a certain amount of time. In

such settings, let a; be a player with capability d € D;. We denote the time that player
a; needs in order to perform the transformation as #;(d) € N.

3.1 Transformations

Given a TG, we can define the set of resources a coalition C C [ can derive. We say a
coalition C is endowed with a resource r, and denote this by has(C, r), if there exists a
player a; € C such that r € R;. We denote the set of resources a coalition is endowed
with as R¢c = {r € R | has(C, r)}. We now define an infix relation = C 27 x R, with
the intended interpretation that C = r means that coalition C can produce resource
r. We inductively define the relation = as follows. We have C = r iff either:

has(C, r) (i.e., the coalition C is directly endowed with resource r); or else
for some {rp,, 7p,,...,rp,} S R we have

C:>rbl,C:>rb2,...,C=>rbm
and for some player a; € C we have

({rp, s rbys - p, 1) € Dy

3.2 Unrestricted and restricted TGs

We now show how a TG TI' = (I, R, Ry, ..., R,, Dy, ..., D,,r,) induces a transfer-
able utility coalitional game (/, vr). We first discuss a simple unrestricted form of
TGs, then consider various restrictions and their impact on the game.
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Proof systems and transformation games 7

Definition 1 Unrestricted-TG: An unrestricted TG (UTG) I' with the goal resource
rg induces a simple transferable utility coalitional game where a coalition C wins if it
can derive r, and loses otherwise:

1 fC=r,
0 otherwise

ur(C) = {

The game T" will usually be clear from context, and so we usually drop reference
to it and write v rather than vr.

We can modify this model slightly to take into account the total number of
transformations used to generate resources, and the time required to generate a
resource. We denote the fact that a coalition C can generate a resource r using
at most k transformations by C = r. Consider a sequence of resource subsets
S = (01, Q,,...0Qy), such that each Q; contains one additional resource over the
previous Q;_; (so Q; = Q;—; U {r}}). We say C allows the sequence S if for any index
i, C can generate r; (the additional item for the next resource subset in the sequence)
given base resources in Q;_; (so C is capable of a transformation d = (A, r;), where
A C Qi1). Asequence S = (Q1, O, ... Q) (with k subsets) that C allows is called
a k — 1-transformation sequence for resource r by coalition C if r € Qj and the first
subset in the sequence is the subset of resources the coalition C is endowed with,
Q1 = R¢ (since C requires k — 1 transformations to obtain r this way). If there
exists such a sequence, we denote this by C = r. We denote the minimal number
of transformations that C needs to derive r as d(C,r) = min{b | C = r}, and if C
cannot derive r we denote d(C, r) = oo.

Definition 2 DTG: A transformation restricted TG (DTG?) with the goal resource
rg and with the transformation bound k is the game where a coalition C wins if it can
derive r, using at most k transformations and loses otherwise:

2(C) = 1 ifC:>.rgandd(C,rg) <k
0 otherwise.

Similarly, we consider the makespan domain, where each transformation requires
a certain amount of time. The main difference between the makespan domain and
the DTG domain is that transformations may be done simultaneously.> We denote
the fact that a coalition C can generate a resource r in time of at most ¢ by C =" r.
We define the notion recursively. If a coalition is endowed with a resource, it can
generate this resource instantaneously (with time limit of 0), i.e., if has(C, r) then
C =% r. Now consider a coalition C such that C =" ry,,C =2 rp,,...,C =1y |
and player a; € C who is capable of the transformation d = ({rb] Fbys-osTh, ) r) (so
d € D;), requiring a transformation time z, so ;(d) = t. Given a coalition C, we denote
the time in which a coalition can perform a transformation as fc(d) = mingec ti(d),
the minimal time in which the transformation can be performed, across all players
in the coalition. We denote the time in which the coalition can obtain all of the

2DTG stands for Delimitated Transformation Game.

3E.g., if it takes 5 hours to convert oil to gasoline and 4 hours to convert oil to plastic, if we have oil
we can obtain both gasoline and plastic in 5 hours, using parallel transformations.
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base resources r,, ..., I, as s = maxt;. The final transformation (which generates
r) requires a time of 7, so C =t r.

Different ways of obtaining the target resource result in different time bounds,
and we consider the optimal way of obtaining the target resource (the minimal time
a coalition C requires to derive r). We denote the minimal transformation time that
C needs to derive r by ¢(C, r), where this value is defined as follows:

| min{b | C=bryifC=r
Hen = { 00 otherwise.

Similarly to DTGs, we define makespan (time limited) TGs:

Definition 3 TTG: A time limited TG (TTG) with goal resource r, and time limit ¢
is the game where a coalition C wins if it can derive r, with time of at most t and loses
otherwise:

U(C):{l if C = rgand ((Corp) = ¢
0 otherwise.

It is easy to see that all the above versions of TGs are increasing (monotone), so if
C’ € Cthenv(C’) < v(C): adding more players makes more possible transformations
available to the coalition, so increasing the coalition keeps all the previously possible
transformation paths and potentially allows for more efficient derivations.

3.3 Solving transformation games to analyse supply chains and proof systems

Earlier, we introduced two key motivating scenarios for TGs: supply chains and
proof systems. We now discuss how the TG model can be used as a framework
through which to analyse these frameworks.

3.3.1 Supply chains

TGs provide an abstract model of supply chains. They capture many important
features of supply chains, such as the structure of the chains, possible transforma-
tions, costs, and deadlines. On the other hand, they do not capture some elements
of significance in real-world supply chains, such as required quantities of resources
or the elimination of base resources in certain transformations. The TG model is
thus sufficiently rich to describe some industries, such as some sectors in the phar-
maceutical and electronics industries, where an important factor in the supply chain
is the expertise in transforming base resources to products, rather than quantities
of resources. As we later demonstrate, while it is easy to devise a richer model that
captures many more properties of supply chains, making the model richer is likely to
make it computationally intractable to answer many important questions regarding
the supply chain.

We now discuss key questions that arise when analysing supply chains and their
relation to various game theoretic notions. In Section 1.1.1 we considered a simple
supply chain domain, and important questions regarding such chains. First, there may
be several possible chains that generate the ultimate product sold to consumers.
Which of these chains are more likely to be formed? Second, how would the
firms share the revenue obtained from selling the product to consumers? Which
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Proof systems and transformation games 9

contracts are likely to form among the firms? Finally, which firm is most important in
generating the output resource? How can we quantify its importance and bargaining
power with regard to other firms in the market?

Our first question regarding a supply chain domain was which chains are
likely to form. More formally, we may wish to determine which coalitions can gener-
ate the target product with the minimal cost, time, or number of transformations. We
may also try and find the set of coalitions that can generate the target product with
a cost or time below a certain threshold (or determine if any such coalitions exist).
These problems deal with finding the optimal coalitions.

The remaining questions relate the agreements between firms across the supply
chain regarding sharing the income from selling the target product. Consider a supply
chain where the target product could be sold for its market price, providing the
generating coalition a certain monetary reward. This value generated from the target
product could be distributed among the participants of the forming chain in many
ways. We might want to predict how this value would be distributed or shared among
the members of the chain. This could be formulated as solving the game. Several
game theoretic solution concepts can be used, depending on the specific question
asked regarding the distribution of payoffs.

Power indices, such as the Banzhaf index and the Shapley value, make it possible
to identify the most critical parts of the chains—those that have the biggest impact
on the revenue generated. Alternatively, they could be considered as fair ways
of allocating the revenue among the participants of the chain, in the sense that they
distribute greater value to the more critical parts of the chain. The core can be used
to determine which coalitions (chains) are stable and are likely to be long-lasting.
Some agreements regarding sharing the utility are not likely to last long, as a subset
of the firms in the chain could form an alternative agreement that is more profitable
for them. By computing a game theoretic solution to the TG, we can identify
reasonable agreements among firms in the supply chain.

As discussed above, some key questions regarding supply chain domains can
be formulated as computing optimal coalitions in TGs,* or as solving the TG
using various game theoretic concepts, such as the core, the Banzhaf index, or the
Shapley value. Therefore, characterizing the computational complexity of solving
these problems is an important research question.

3.3.2 Proof systems

Structurally, TGs are similar to logical proof systems (see, e.g., [44, p.48]). In a
proof system in formal logic, we have a set of formulae of some logic, known
as the premises, and a collection of inference rules, the role of which is to allow us
to derive new formulae from existing formulae. Formally, if L is the set of formulae
of the logic, then an inference rule p can be understood as a relation p C 2L x L.
Given a set of premises A € LL and a set of inference rules p; ..., px, a proof is a
finite sequence of formulae ¢4, ..., ¢y, such that for all i, | <i </, either:

1. ¢ € A (i.e., ¢; is a premise); or else

4The wording optimal coalition relates to several possible definitions: coalitions that generate the
target product while minimizing costs; coalitions minimizing the time to generate the product;
coalitions that can construct the target product using as few transformations as possible.
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2. there exists some subset A’ € {¢;, ..., ¢,_1} and some p; € {p1, ..., px} such that
(A, ¢p) € pj (i.e., ¢; can be derived from the formulae preceding ¢; by some
inference rule).

Typical notation is that A -, , ¢ means that ¢ can be derived from premises

A using rules py, ..., px. Such proofs can be modelled in our framework as follows.
Resources R are logical formulae L, and the initial allocation of resources R;, ..., R,
equates to the premises; capabilities Dy, ..., D, equate to inference rules.

Notice that the assumption that resources are not “consumed” during the trans-
formation process is very natural when considered in this setting: in classical logic
proofs, premises and lemmas can be reused as often as required (although this
is not the case in “resource aware” logics such as linear logic [50]). Clearly the
relationship between TGs and proofs is very natural: such formal proof systems
can be directly modelled within our framework. There are two main differences,
however, as follows.

First, in proof systems inference rules are usually given a succinct specification, as
a “pattern” to be matched against premises. The classical proof rule modus ponens,
for example, is usually specified as the following pattern:

¢ o>y
¥

This pattern says that if we have derived ¢, and we have derived that ¢ — ¥, then
we can derive . Here, ¢ and ¢ are meta-logical variables, which can be instantiated
with any formula.

Second, we take a strategic view: a proof modelled within our system is obtained
through a cooperative process. TGs can be understood as a formulation both of
cooperative theorem proving systems [32, 41], as well as cooperative problem solving
systems in general [53]. In such systems, agents have different areas of expertise
(= resources) as well as different capabilities (= transformations). Game theoretic
concepts such as the Banzhaf index provide a measure of how important different
premises and inference rules are with respect to being able to prove a theorem.

In Section 1.1.2 we considered a set I of experts that could work together to prove
a complex theorem ¢. We can denote the set of base theorems that expert i can prove
as T;. Although for any i the theorems in 7; are correct, only expert i knows how to
prove them, so she can easily reveal the theorems she knows, as this information
is not useful without the proof itself. The key question in the proof system was
identifying the most influential experts—those who contributed most to the proof
of the final theorem. When it is impossible to prove the target theorem unless all
the experts are present, one could argue that all of them are equally important (each
of them is critical for the grand coalition). Also, when any of the experts can prove
the target theorem on its own, they are all equally important. However in many such
systems there would be many subsets of experts that could devise a proof for the
target theorem, which requires a more methodical way of assessing their importance.
Formally, consider a possible proof P for the target theorem, which only uses the
base theorems S C | J,.; T;. Consider the expert coalition C. If the base theorems
that P uses, S, is one such that S, C ( ;.. T; then C can prove ¢. A coalition C can
prove that target theorem if there exists a proof P such that S, the base theorems
that P uses, is such that S, € [J,. Ti- Thus, the proof system domain partitions the
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Proof systems and transformation games 11

set of possible expert coalitions into two—those that can prove the target theorem,
and those that cannot.

Such a proof system domain can be expressed as a TG, where the “resources” are
facts and theorems, and transformations enable the derivation of further theorems
using simpler theorems.’ In such a system, a proof that requires fewer transforma-
tions could be considered a simpler proof, which is desirable. The TG represents the
proof system domain in a way that allows capturing the notion of an expert’s relative
importance or influence through game theoretic tools.

Consider the case where we wish to give each agent an influence measure, such
that the sum of these measures is a single unit. There are many possible desirable
properties for such a measure of influence. For example, if an expert is not critical
for any expert set C,% we would want its measure of influence to be zero. Also, if two
experts i and j are interchangeable, so for any expert subset C such that i ¢ C and
j ¢ C the coalition C U {i} can prove the target theorem iff C U {i} can prove it, we
would want i and j to have an identical measure of influence. Such desiderata are
called fairness axioms.

As discussed in Section 2, game theoretic solutions such as the Shapley value
and Banzhaf index fulfill different such sets of fairness axioms. For example, both
these solutions give an expert that is not critical for any set a share of zero, and give
interchangeable experts equal shares. A more complete discussion of the axioms that
the Banzhaf index and Shapley value fulfill is given in [1, 59]. Thus these indices can
be used to determine the relative importance of experts in proof system domains,
again highlighting the importance of examining the complexity of computing them.

4 Problems and algorithms

Section 3.3 discussed the potential uses of the TG model for analysing supply
chains and proof systems. Each of these domains raises important natural problems
regarding TGs. We now formally define these problems, based on the definitions
of TGs in Section 3. We consider a TG T = (I, R, Ry, ..., R,, Dy, ..., D, 1g). We
assume the game is given in a concise form, consisting of a list of the agents 7, a list
of the resources R, a list R; for every agent i consisting of all the resources an agent
is endowed with, a list of transformations D; for every agent i (each with the input
resources and output given as a list) and the identity of the goal resource r,.” We
examine the following problems regarding the game.

SWe can consider standard inference rules to be transformations, so the agents would all have the
same set of transformations but different base resources, or we could consider more sophisticated
transformations.

®Following the definitions of Section 2, we say an expert i is critical for a subset C of agents (such
that i € C) if C can prove the target theorem, but C \ {i} cannot.

7Our input size is thus polynomial in the number of agents, resources and transformations. An
alternative representation is a full characteristic function, mapping every agent subset to their value
in the TG. This alternative representation is of course exponential in the number of agents, so it is not
tractable. Similarly to pseudo-polynomial algorithms which operate on inputs given in unary rather
than in a binary representation, algorithms on the naive representation are likely to be polynomial
in the input size, as this input size is so big. We are interested in algorithms that are polynomial in
the size of the input game when it is given in the concise form—such algorithms must be polynomial
in the number of agents, resources and transformations, making them usable in practice.
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Table 1 Complexity of TG problems

UTG DTG TTG
cv P P (NPC) P
VETO P P (co-NPC) P
DUMMY co-NPC co-NPC (co-NPH) co-NPC
CORE P P (co-NPC) P
SHAPLEY #P-Hard #P-Hard #P-Hard
BANZHAF #P-Hard #P-Hard #P-Hard

If the results differ for simple and complex transformations, the results for complex transformations
are given in parentheses. Key: P = polynomial algorithm; NPH = NP-hard; NPC = NP-complete
co-NPC = co-NP-complete; co-NPH = co-NP-hard

Definition 4 COALITION-VALUE (CV): Given a coalition C C I, compute vr(C)
(i.e., test whether a coalition is successful or not).

Definition 5 VETO (VET): Given a player a;, check if it is a veto player, so for any
winning coalition C, we have a; € C.

Definition 6 DUMMY (DUM): Given a player a;, check if it is a dummy player, so
for any coalition C, we have vr(C U {a;}) = vr(C).

Definition 7 CORE: Compute the set of payoff vectors that are in the core, and
return a representation of all payoff vectors in it.

Definition 8§ SHAPLEY (SH): Compute g;’s Shapley value sh;(vr).
Definition 9 BANZHAF (BZ): Compute ¢;’s Banzhaf power index B;(vr).

We now summarise the results of the present paper, and prove them in the
remainder of the paper:

e We provide polynomial algorithms for testing whether a coalition wins or
loses (CV) for UTGs, DTGs, and TTGs with simple transformations, and for
UTGs and TTGs with complex transformations, but show that testing whether
a coalition wins is NP-complete for DTGs with complex transformations.

e We provide polynomial algorithms for testing for veto players and computing
the core in all domains where CV is computable in polynomial time, but show
the problem is co-NP-hard in DTGs with complex transformations.

e We show that testing for dummy players and computing the Shapley value are
co-NP-hard in all the TG domains defined, and provide a stronger result for the
Banzhaf power index, showing that it is #P-hard in all these domains.®

Table 1 summarises our results relating to TGs with simple transformations.
We now present proofs for these results.

8The complexity class #P expresses the hardness of problems that “count solutions”. Informally, NP
deals with whether a solution to a combinatorial problem exists, while #P deals with calculating the
number of solutions. Counting solutions generalizes the checking of their existence, so we usually
regard #P-hardness as a more negative result than NP-hardness.
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Proof systems and transformation games 13

Theorem 1 CV isin P, for all the following types of TGs with simple transformations:
UTG, DTG, TTG. CVisin P for UTGs and TTGs with complex transformations.

Proof First consider UTG. Denote the set S of resources with which C is endowed,
S = {r | has(C, r)}. Denote the set of transformations of the players in C as D¢ =
UgecDi. We say that a set of resources S matches a transformation d = (B, r) € D
if B C S. If S matches d then using the resources in S the coalition C can also
produce r through transformation d. Consider a basic step of iterating through all
transformations in Dc. When we find a transformation d = (B, r) that S matches,
we add r to S. A test to see whether a transformation d matches S can be done
in time at most |R|> (where R is the set of all resources), so the basic step takes
at most |Dc¢| - |R|? time. If after performing a basic step no transformation in D¢
matches S, S holds all the resources that C can generate, and we stop performing
basic steps. If S has changed during a basic step, at least one resource is added to it.
Thus, we perform at most | R| basic steps to compute the set of all resources C can
generate, so S can be computed in polynomial time. We can then check whether
S contains r,. We note that the suggested algorithm works for simple as well as
complex transformations. Now consider TTGs with simple transformations. We build
a directed graph representing the transformations as follows. For each resource r the
graph has a vertex v,, and for each transformation d = (r, r,) the graph has an edge
eq from v, to v, . Given a coalition C we consider G¢, the subgraph induced by
C. G¢c = (V, E¢) contains only the edges of the transformations available to C, so
Ec = {{v,,v,) | (re.ry) € Dc}. The graph G¢ is weighted, and the weight of each
edge e = (ry, ry) is w(e) = mingec ;({ry, ¥,)), the minimal time to derive r, from r,
across all players in the coalition. Denote the weight of the minimal path from r,
to rg in G¢ as wc(rq, rg). The coalition C is endowed with all the resources in R¢
and can generate all of them instantly. The minimal time in which C can generate
rg is min, cg. wc(r,, rg). For each resource r, € Rc, we can compute wc(r,, 7g) in
polynomial time, so we can compute in polynomial time the minimal time in which C
can generate 7., and test whether this time exceeds the required deadline. For simple
transformations, we can simulate a DTG domain as a TTG domain, by having each
transformation require 1 time unit (and setting the threshold to be the threshold
number of transformations®).

Finally, we show how to adapt the algorithm used for UTGs (with either simple or
complex transformations) to be used for TTGs with complex transformations. For
the TTG CV algorithm for a coalition C, for each resource r we maintain m(r),
a bound from above on the minimal time required to produce r. All the m(r) of
resources endowed by some player in the coalition C are initialized to 0, and the rest
are initialized to co. Our basic step remains iterating through all the transformations
in D. When we find a transformation d = (B, r) which § matches, where the
transformation requires #(d), we compute the time in which the transformation can
be completed, c(d) = maxycpm(b) + tc(d) (if S does not match a transformation d,
we denote c¢(d) = oo). During each basic step, we compute the possible com-
pletion times for all the matching transformations, and apply the smallest one,

9With complex transformations, this is no longer possible, since if a transformation requires several
base resources, the shortest time to produce each of them may be different.
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argmingepc(d). To apply a transformation d = (B, r), we simply add r to S, and
update m(r) to be c(d). During each basic step we only apply one transformation
(although we scan all the possible transformations). A simple induction shows
that after each basic step, for any resource r such that m(r) # oo the value m(r)
is indeed the minimal time required to generate r. Again, the algorithm ends if no
transformations were applied during a basic step. As before, a basic step requires
time of |D¢| - |R|? time, and we perform at most |R| basic steps, so the algorithm
requires polynomial time. We can then check whether S contains 7,, and whether
m(r,) is smaller than the required time threshold. O

Corollary 1 VETO is in P, for all the following types of TGs with simple transfor-
mations: UTG, DTG, TTG, and for UTGs and TTGs with complex transformations.

Proof A veto player g; is present in all winning coalitions: TGs are increasing, so
simply check whether v(/_,,) = 0. O

Now consider the problem of computing the core in TGs. The core focuses on
stability of the payoff allocations. Under a core imputation, no subset of agents
is incentivised to defect and form their own team. When the core is non-empty,
it contains all the stable imputations; when it is empty, the coalition would be
unstable no matter how we divide the utility among the agents. We first note that
it is not always possible to represent the core in a succinct way, since it may contain
an infinite number of imputations. However, in the case of TGs without costs, there
does exist a succinct representation for the core.

All forms of TGs without costs (in Definitions 1-3) are simple cooperative games.
In a simple cooperative game, the value of a coalition is either 1 or 0 (i.e., a coalition
either wins or loses). Our TGs are also monotone games—adding players to a winning
coalition never makes it lose, as we only allow the use of more resources and
transformations. The core is a very demanding concept in simple cooperative games.
A veto player is a player that is present in all winning coalitions, so if a; ¢ C we have
v(C) = 0. It is a well-known fact that in monotone simple coalitional games, the core
is non-empty if and only if there is at least one veto player in the game, and that if
the core is non-empty it allocates all the reward only to the veto players [25] (further,
if there are veto players, any imputation that does not allocate any reward to the
non-veto players is in the core). Consider a simple coalitional game that has no veto
players, so for every agent a; we have a winning coalition C that does not contain
a;. Take an imputation p = (py, ..., py) where p; > 0. Since Y -, p; = | and since
pi > 0 we know that p(C) < Zp,elfa,v pj<1,s0 p(C) < v(C) = 1. This makes C a
blocking coalition. On the other hand, examine any imputation p where non-veto
players get nothing. Such an imputation must be in the core: any coalition C that can
potentially block p must have v(C) = 1 (if v(C) = 0 then it cannot block), and must
contain all the veto players, so ) pecPi=1, and thus cannot block p.

Due to the above characterization of the core in simple cooperative games, in such
games the core can be represented as a set I,,,, consisting of all the veto players in
that game. This set represents all core imputations: an imputation p = (py, ..., pn)
is in the core if 3 ,.; ~p; =1 (note that it must be the case that ) ,_; p; = 1 for p
to be an imputation). Thus, given this representation we can find a core imputation
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Proof systems and transformation games 15

in polynomial time (if such an imputation exists), for example by equally sharing the
utility among the veto players. Given this representation we can also answer core
membership queries (i.e., testing if a given imputation p is in the core), by making
sure the utility is distributed only to the veto players. From Corollary 1 we know
we can test all the agents and find the set of veto agents I, in polynomial time,
allowing us to return the veto agent representation of the core of the game. This
gives the following:

Corollary 2 CORE is in P, for all the following types of TGs with simple trans-
formations: UTG, DTG, TTG, and for UTGs, DTGs and TTGs with complex
transformations.

Computing dummy players, however, is more complex.

Theorem 2 DUMMY is co-NP-complete, for all the following types of TGs with
simple transformations: UTGs, DTGs, TTGs, and for UTGs and TTGs with complex
transformations. For D TGs with complex transformations, DUMMY is co-NP-hard."°

Proof Due to Theorem 1, we can verify in polynomial time whether g; is beneficial
to C by testing if v(C U {a;}) — v(C) > 0. Thus DUMMY is in co-NP for UTGs,
DTGs, and TTGs with simple transformations, and for UTGs and TTGs with
complex transformations. We reduce SAT to testing if a player in a UTG with simple
transformations is not a dummy (TG-NON-DUMMY). Showing that DUMMY is co-
NP-hard in UTGs is enough to show that it is co-NP-hard for DTGs and TTGs, since
it is possible to set the threshold (of the maximal allowed transformations or allowed
time) so high that the TG is effectively unrestricted. Hardness results also apply to
complex transformations as well, since the restricted case of simple transformations
is hard.

Assume w.l.o.g. that the SAT instance is in CNF, and let this instance be ¢ =
€1 ACy A+ A Gy OVer propositions xi, ..., x,, where ¢; =1; v --- Vv [;, where each
such /; is a positive or negative literal, either x; or —x; for some proposition xi.
The TG-NON-DUMMY query is regarding the player a,. For each literal (either
X; or —x;) we construct a player (a,, and a-,,). These players are called the literal
players. The generated TG game has a resource ), and only a, is endowed with that
resource. The game also has the resource r,, with which all the literal players are
endowed. For each proposition x; we also have a resource r,,. For each clause c; in
the formula ¢ we have a resource r.,. The goal resource is the resource r.

For each positive literal x; we have transformation dy, = (r., ry,). For each negative
literal we have transformation d_,, = (rx,,rg). For each clause c¢; we have trans-
formation d., = (er, Tep ), where for the last clause ¢,, we have a transformation

10We could not prove that DUMMY is even in co-NP for DTGs with complex transformations. To
show membership in coNP we must show the existence of a proof that an agent a; is a non-dummy
which is verifiable in polynomial time. Such a proof can include a coalition C such that C U {a;} wins
but C loses, and a sequence of transformations through which C U {a;} generates the target resource.
However, this does not suffice, as we must also be able to verify that C loses—we could not find a
way to verify this in polynomial time.
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d, = (re,.rg). Player a, is only capable of dy=(r,,r.,). Player a,, is capable of
dy,, and player a-,, is capable of d_,,. If x; occurs in its positive form in ¢; (i.e.,
cj=x;Vl,Vv---) then ay, is capable of dcj. If x; occurs in its negative form in ¢;
(i.e.,cj=—x; vl, v ---) then a-,, is capable of the dc,.

We identify an assignment with a coalition, and identify a coalition with an assign-
ment candidate (which possibly contains both a positive and a negative assignment
to a variable, or which possibly does not assign anything to a variable). Let A be
an assignment to the variables in ¢. We denote the coalition that A represents
as Cy ={ay, | A(x;)) = T} U{a—y, | A(x;) = F}. There are only two resources with
which players are endowed: r, and r;. It is possible to generate r, either through
a transformation chain starting with r,, going through r,, (for some variable x;) and
ending with r, or through a transformation chain starting with r,, going through r.,,
through r.,, and so on, until r.,, and finally deriving r, from r., (no other chains
generate rg).

Given a valid assignment A, C4 does not allow the conversion of r, to rg, since
to do so C4 needs to be able to generate r,, from r, (for some variable x;) and needs
to be able to generate r, from r,,. However, the only player who can generate r,, from
r; is a,,, and the only player who can generate r, from r,, is a-,,, and C4 can never
contain both a,, and a_,, (for any x;) by definition of C4.

Suppose A is a satisfying assignment for ¢. Let ¢; be some clause in ¢. A satisfies ¢,
so it satisfies c; through at least one variable x;. If x; occurs positively in ¢, A(x;)) = T
s0 ay, € C4, and if x; occurs negatively in ¢, A(x;) = F so a-, € C4, so we have a
player a € C capable of d.,. Thus, C4 can convert r,, to r.,, can convert ., to r,,
and so on. Thus, given r.,, C4 can generate r,. Player a, is endowed with r,, and can
generate r, fromr,, so C4 U {a,} wins. However, a, ¢ C4, and C4 cannot generate
re,. Since A is a valid assignment, C 4 cannot generate r, through a chain starting with
rz, 80 C4 is a losing coalition. Thus, a, is not a dummy, as v(C4 U {a,}) — v(Cy) = 1.

On the other hand, suppose a, is not a dummy, and is beneficial to coalition C,
so C is losing but C U {a,} is winning. Since C loses and cannot contain both a,, and
a-y, (for any x;), as this would allow it to generate r,, from r, and to generate r,
from r,, (and C would win without a,). Consider the assignment A: if C contains
ay, we set A(x;) = T, and if C contains a-,, we set A(x;) = F (if C contains neither
a,, nor a-,, we can set A(x;) = T). Since CU {a,} wins, but cannot generate r,
through a chain starting with r, it must generate r, through the chain starting
with r, and going through the r.’s. Thus, for any clause c;, C contains a player
capable of transformation de, = (rcl., Fein ) That player can only be a,, or a—,, for some
proposition x;. If that player is a,, € C then c; has the literal x; (in positive form) and
A(x;)) = T, so A satisfies cj, and if it is a—,, € C then c; has the literal —x; (negative
form) and A(x;) = F, so again A satisfies c;. Thus A satisfies all the clausesin ¢. O

Theorem 3 For DTGs with complex transformations, determining if a coalition C
wins (i.e., the CV problem) is NP-complete. The problem is hard even in TGs with
a single player. For DTGs with complex transformations, VETO and CORE are
co-NP-complete.

Proof We first show the problems are in NP / coNP. A proof that a coalition C wins
consists of a valid sequence of transformations to generate the target resource, such
that the base resources for every transformation are either resources the members
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of C are endowed with, or the result products of previous transformations. We can
verify if a transformation sequence is valid in polynomial time by keeping track of
the resources generated by the transformations. TGs are monotone, and adding
more agents to a winning coalition never makes it lose. Thus if g; is a non-veto
player, the coalition 7 \ {a;} must be winning. Again, a proof for this can be a valid
transformation sequence for generating the target resource, which can be verified
in polynomial time. Thus, for DTGs with complex transformations, the problem of
testing if a coalition C wins is in NP, and VETO is in co-NP. CORE is also in co-
NP in DTGs with complex transformations. To show that an imputation is not in the
core, we have to find a non-veto agent which receives a non-zero reward. This can be
demonstrated by a polynomially verifiable proof that a specific agent is a non-veto
agent (as it is easy to check in constant time whether that agent receives a non-zero
reward in a given imputation), as discussed above.

To show NP-hardness, we reduce VERTEX COVER to DTG CV. In the VER-
TEX COVER problem, we are given a graph G = (V, E) and an integer K, and are
asked if we can select a vertex subset X C V of size k such that each edge e € E
is connected to some vertex u € X (i.e., if the edge is e = (x, y) then either x € X or
y € X). VERTEX COVER is a prominent NP-hard problem [43].

Examine the VERTEX COVER instance on the graph G = (V, E) with vertices
V ={vy,...,v,} and edges E = {ey, ..., e} where ¢; is from v;, to v;;, and a target
cover size of k. We construct the following DTG. We have a resource r, and goal
resource rg, a resource r,, for each edge e;, and a resource r,, for each vertex. We
have a transformation from r; to each vertex resource r,,. If ¢; is from v;, to v;, we
have two transformations: from r,,, to 7., and from r,,, to r.,. We have a complex
transformation from f{r,,,...,r.,} to rg. A single player has r, and all the above
transformations. The target maximal number of transformations for the DTG is
k+m+ 1. Now, G = (V, E) has a vertex cover of size k iff the player wins in the
game so defined. O

Corollary 3 Testing whether the Shapley value or Banzhaf index of a player in a TG
exceeds a certain threshold is co-NP-hard for all the following types of TGs: UTG,
DTG, and TTG, with simple or complex transformations.

Proof Theorem 2 shows DUMMY is co-NP-hard in these domains. However, the
Shapley value or Banzhaf index of a player can only be 0 if the player is a dummy
player. Thus, computing these indices in these domains (or the decision problem of
testing whether they are greater than some value) is co-NP-hard. O

We now show a stronger result for the Banzhaf index, using a reduction from
#SET-COVER (#SC).

Definition 10 #SET-COVER (#SC): We are given a collection C = {S,, ..., S,} of
subsets. We denote Ug,ccS; = S. A set cover is a subset C' C C such that Ug,cc = S.
We are asked to compute the number of covers of S.

The problem #VERTEX-COVER, where we are asked to count to the number
of different vertex covers in a graph, is a restricted form of #SC. Vadhan [74]
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showed that #VERTEX-COVER is #P-hard,! so #SC is of course also #P-hard. To
prove that CG-BANZHAF is #P-complete, we show a reduction from #SC to CG-
BANZHAF."?

Theorem 4 Computing the Banzhaf index in UTGs, DTGs, and TTGs (with simple
or complex transformations) is #P-hard.

Proof We reduce a #SC instance to checking the Banzhaf index in a UTG. Consider
the #SC instance with C = {Si, ..., S,}, so that Ug,c¢S; = S. Denote the items in S as
S={H.0,..., lq}. Denote the items in §; as S; = {t(S,,l)a 1(5:,2)s ++s t(Si,k;)}~

For each subset S; of the #SC instance, the reduced UTG has a player as,. For
each item ¢ € S the UTG instance has a resource r,. The reduced instance also has
a player a,,,, the resources rg, 7y, and the goal resource r,. For each item #; € §
there is a transformation d; = ({r,_,}, r,,). Another transformation is dpo,, = ({r;,}. rg),
of which only a,,,, is capable. All players have resource r(.

Each player is capable of the transformation in her subset—for the subset §; =
{t;, t,, ..., t}, the player a; is capable of d,,, d;,, ..., d;. The query regarding the
power index is for player apy,.

Note that a coalition C wins iff it contains both a,,,, and players who are capable
ofalld;,d,, ..., d,; However, to be capable of d; the coalition must contain some a;
such that ¢; € §;.

Consider a winning coalition C = {a,ow} U {aj,,a;,...,a;}, and denote Sc =
{S;,S;,....S}. A coalition C wins iff a,,, € C and Sc is a set cover of S. The
Banzhaf index in the reduced game is 3L, where n is the number of players and £ is
the number of winning coalitions that contain a,,,, that lose when a,,,, is removed
from the coalition. No coalition can win without a,,,, so & is the number of all
winning coalitions, which is the number of set covers of the #SC instance.

Thus we reduced #SC to BANZHAF in a UTG with simple transformations (a
restricted case of complex transformations). We can do the same with DTGs and
TTGs with a high-enough threshold. Thus, BANZHATF is #P-hard in all considered
TG domains. O

A recent paper [3] shows that for any reasonable representation of a cooperative
game, if computing the Banzhaf index is #P-hard, then computing the Shapley value
is also #P-hard. A representation language is said to be reasonable if it is possible to
represent the game with an additional dummy agent using the same language.'> Our
TG representation is reasonable—to add an additional dummy agent we simply add
an agent who is capable of no transformations and who is endowed with no resources.
Using the result of [3], we obtain the following corollary.

THe also showed that the problem remains #P-hard even in very restricted classes of graphs.

12The papers [18, 20] consider a related domain (Coalitional Skill Games and Connectivity Games),
and also use #SC to show that computing the Banzhaf index in that domain is #P-complete.

13To be more precise, a language is reasonable if for any game v that it can represent, it can also
represent the game v’ defined as follows. The game v’ has an additional agent x that is not present in
the original game v. For any coalition C such that x ¢ C we have v'(C) = v(C). For any coalition C
such that x € C we have v'(C) = v(C \ {x}).
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Corollary 4 Computing the Shapley value in UTGs, DTGs, and TTGs (with simple
or complex transformations) is #P-hard.

4.1 Discussion of the complexity results

The complexity results summarised in Table 1 reveal an interesting picture regarding
the computational complexity of solving TGs. First, in UTGs, TTGs and DTGs (with
simple transformations), computing the value of a coalition, testing for veto agents
and computing the core can be done in polynomial time. Therefore, in such games
it is possible to find stable divisions of the rewards, such that no subset of agents
is incentivised to defect and form an alternative coalition. Our positive results are
significant for the supply chain domain, as such distributions of the profits would
preserve the structure of the supply chain intact, with no subset of the participants
deviating to form an alternative chain.

The picture is a bit less encouraging when it comes to DTGs with complex
transformations. In such games calculating any solution concept we examined or
testing any of the agent properties we examine is computationally hard. In fact, for
such games it is even NP-hard to compute the value of a coalition. Our negative
result highlight the fact that although it is appealing to apply game theoretic analysis
to predict agent agreements in this domain, the combinatorial complexity of the
domain makes it difficult to apply such solutions in practice. Of course, NP-hardness
is a “worst-case” notion, so it is quite possible that some games could be efficiently
solved in practice: NP-hardness means that there can be no guarantee of obtaining a
solution efficiently for all problem instances.

The results in Table 1 also indicate that computing power indices and testing for
dummy agents are also hard in all the TG forms we have examined. At a first glance,
one might be tempted to suggest that this makes power indices unsuitable for solving
TGs. In other words, one might claim that despite the good axiomatic properties of
such indices as fair allocations of the rewards, agents would not be able to use them
in practice to reach such fair agreements due to the computational barrier. We wish
to emphasize that this is not the case. Although our results show that computing
power indices exactly is hard for TGs, they can certainly be approximated to a high
degree of accuracy [13, 27, 31, 40, 61].

One method for approximating power indices is [13]. It allows approximately
computing both the Shapley value and the Banzhaf power index, and has a running
time quadratic in the required accuracy. This is a randomized approach, and admits
a small error probability §, which can be made as small as desired, at the expense
of increasing the runtime by O(log %). This approach works for any game where the
value of a coalition can be computed in polynomial time, so it is suitable to our TGs.

Using the power index approximation approaches discussed above, we can
tractably compute a fair allocation of the utility in TGs. This allows agents to find
fair agreements on dividing utility in supply chains, or to determine the importance
of experts in a proof system domain. The method of [13] for approximating power
indices is quite simple. Rather than examining all the possible coalitions, it randomly
selects many coalitions, and averages the contribution of an agent across these
sampled coalitions. For example, in the proof system domain, a naive method for
computing power indices requires examining every expert subset and determining
whether they can generate a proof, effectively enumerating over the many possible
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alternative proofs of a certain theorem. Alternatively, the approximation method
randomly samples expert subsets, and examines the number of such subsets where
an expert is critical in generating the proof (or in other words, the proportion of
sampled expert coalitions that can generate the proof but cannot do so without the
expert in question).

As Table 1 indicates there are some computational barriers to applying game
theoretic solutions on TGs. However, we believe that such barriers do not hinder the
significance of the TG model. As the table indicates, some game theory constructs,
such as coalition values, veto agents and the core, can be computed exactly and
tractably using the approaches we present. Other constructs, such as the Shapley
value and Banzhaf index, may be hard to compute exactly, but can at least be
accurately estimated using existing approaches.

5 Bounded transformation games

The results in Table 1 indicate that some problems in TGs are hard, even if we
only allow simple transformations—testing for dummy agents is co-NP-complete,
and computing the Shapley value or Banzhaf power index is #P-hard. This makes
it very unlikely that we could find an algorithm that solves these problems and is
polynomial in the number of agents, resources and transformations. We now show
that these problems become tractable if the number of resources and transformations
is bounded by a constant, even if the number of agents is unbounded.

In the rest of this section, we assume that the number of resources is bounded
from above by a certain constant c,,; and that the number of transformations is
bounded from above by a certain constant ¢;,,,;. We call such a domain a bounded TG
domain. We show that in bounded TG domains it is possible to solve the DUMMY,
SHAPLEY and BANZHAF problems in polynomial time.

Two agentsi, j € I in a coalitional game I' with the characteristic function v : 27 —
R are called equivalent if for any coalition C such thati ¢ C and j ¢ C we have v(C U
{i}) = v(C U {j}). In other words, two agents are equivalent if we can add either one to
a coalition that contains neither of them and obtain the same value. We can partition
the set of agents in any game to disjoint equivalence classes Ay, ..., Ax C I such that
all the agents in each of the A;’s are equivalent.

We show that in bounded TG domains, the number of different agent equivalence
classes is bounded by a certain constant.

Lemma 1 Consider a bounded TG domain, where the number of resources is bounded
by ces and the number of transformations is bounded by Ciyans (Cres and Cians are
constants). Then the agents in the game can be partitioned into a constant number
q of agent equivalence classes. The number q of agent equivalence classes is bounded
from above by the constant b oo = 26w - 2Cwans 14

14p . stands for the bound on agent equivalence classes.
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Proof We note that the value of a coalition in any of the TG forms we’ve defined
only depends on the resources and transformations endowed by the coalition mem-
bers. In other words, if two coalitions are endowed with the same set of initial
resources and the same set of transformations, then they obtain the same value in the
game. Therefore, if two agents i, j € I are endowed with the same set of resources
and the same set of transformations they can perform, they must be equivalent
agents. Since the number of resources is at most ¢,.,, there are at most 2%« different
sets of initial resources an agent can have. Similarly, there are at most 2 sets of
transformations an agent may have. Since two agents who have both the same set
of resources they are endowed with and the same set of transformations they can
perform must be equivalent, there are at most b,. = 2%« . 2% equivalence classes
of agents. O

A recent paper [72] provides complexity results regarding coalitional games where
the number of different equivalence classes is bounded.!” They describe algorithms
for determining whether an agent is a dummy and for computing power indices,
which work in time polynomial in the number of agents and the bound on the number
of equivalence classes. These algorithms use an oracle for computing the value of a
coalition. The approach of [72] falls in the general framework of fixed-parameter
tractable approaches [34], where the running time of the algorithm is polynomial in
the input size, but may be exponential in a certain parameter of the input (the inputs
are restricted and the only inputs allowed are ones where this parameter is smaller
than a certain constant). In our case, the parameter of the input is the number of
agent equivalence classes, which Lemma 1 shows to be smaller than a certain constant
b ... Applying the complexity results of [72] we obtain the following theorem:

Theorem 5 In bounded TG domains, DUMMY, SHAPLEY and BANZHAF are in
P for UTGs, DTGs and TTGs with simple transformations, and for UTGs and TTGs
with complex transformations.

Proof In bounded TG domains the number of different equivalence classes is at
most the constant b,. In all these TG forms we can compute the value of a
coalition in polynomial time (see Theorem 1), which provides the polynomial oracle
for computing the value of a coalition. Therefore the results of [72] provide the
required algorithm. O

The above positive result shows that the complexity of the hard problems
in TGs stems from the number of different resource and transformation com-
binations, and not from the number of the agents. This indicates that these
problems can be tractably solved in TG domains where there are only few resources
and transformations.

I5They use the term “agent types” instead of agent equivalence classes.
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6 Transformation games with costs

An important assumption in the work presented above is that transformations can be
carried out at no cost. In many scenarios, this is not the case. For example, suppose
we wish to derive a resource r, from base resources R, and can do this either using a
powerful but expensive computer or using a slower but cheaper one. Such trade-offs
are ubiquitous in real-world problem solving. We model TGs with costs as follows.
Every transformation ¢ has cost ¢(f) € R*. Given a coalition C and a resource r, we
denote by A(C, r) the minimum cost needed to obtain » from R, which is the sum
of transformation costs in the minimal sequence of transformations from R¢ to r. If
r cannot be obtained from R¢, we define A(C, r) = oo. The goal resource r, has the
value v(rg) € RT.

Definition 11 CTG: A TG with costs (CTG) with the goal resource r, and the cost
function ¢ : D — RT is the game where the value of a coalition C is the value of the
goal resource ry minus the minimum cost needed to obtain r, from Rc—if this latter
difference is positive, and 0 otherwise. Thus, v(C) = max (0, v(rg) — h(C, rg)).

The most basic question regarding a TG with costs is computing the value of a
coalition C. This question is equivalent to finding the minimal cost for the coalition
C to achieve the target resource r,. TGs where each transformation takes a single
resource and transforms it into another resource can be expressed as a graph
where resources and products are the vertices, and directed edges represent the
transformations, connecting the base resource of a transformation to the resource
generated by the transformation. In such a representation we can weight the edges
according to the cost of the transformation. In such domains, given a coalition C
we can eliminate all edges representing transformations not owned by the coalition
members. In this induced graph, the minimal cost path from any resource owned
by the coalition members to the target resource is h(C,r,), the minimum cost for
C to obtain r,. We can compute the minimal cost path from the coalition’s resources
in polynomial time using Dijkstra’s algorithm or using the Floyd-Warshall algorithm
(see [29] for details regarding these algorithms). The above approach is not suitable
for TGs where a transformation may convert several base resources into a product.
We now propose a polynomial algorithm for such TGs.

Our Algorithm 1 for computing coalitions values in a CTG is somewhat similar
to Dijkstra’s algorithm. However, in general TGs with costs a transformation takes
several base resources and generates a product. Thus, the TG can be represented as
a hypergraph (rather than a graph), as follows. We define for every resource r € R a
vertex in a hypergraph, v,. We identify with every transformation ¢t = ({ry, ..., r/},r)
an hyperedge e, = ({v,,...,v,},v,). We denote: R — resources, C — coalition,
rg — target resource, D¢ — C’s transformations. We first review Dijkstra’s algorithm,
as our approach is very similar, but adapted to handle hypergraphs rather than
graphs.

Dijkstra’s algorithm operates by maintaining and updating a bound X (v) for each
vertex v. The value A(v) bounds the minimal cost for reaching v from above, and this
bound is relaxed (lowered) during the algorithm’s run. In Dijkstra’s algorithm, given
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a vertex u with current bound A(x) and edge e, , with cost c,, relaxing the bound
for edge e,,, simply entails checking whether A(u) + ¢, < A(v). If this is the case then
A(v) is set (lowered) to be A(u) + c. < A(v). Dijkstra’s algorithm initializes A(s) = 0
for the source s and A(v) = oo for any other vertex v. It then simple iterates by
choosing the vertex of minimal bound (v such that A(v) is minimal), and performs
relaxations for all the outgoing edges from that vertex, and terminates once this
vertex of minimal bound is the target vertex t. As discussed in [29], in fact it suffices
to simply apply a relaxation for all the edges (in any order), and repeat this | E| times
(where | E| is the number of edges).

Our algorithm also maintains a bound from above on the minimal cost for gener-
ating a resource v,, called A(v,). Consider a transformation ¢t = ({ry, ..., r;}, r) of cost
c(t), and assume the bounds for rq, ..., r; are set to finite numbers A(vy), ..., A(vy). If
A(v1), ..., A(vy) are indeed correct bounds from above (i.e., it is possible to generate
v; from the base resources of the coalition with price at most A(v;)), then r can
be generated with cost at most c(f) + Zﬁ;l A(v;) (by generating vy, ..., v; and then
applying #). We can thus consider a relaxation procedure for a transformation
(hyperedge) t = {{ry, ..., ri},r) which checks if A(v,) < c(?) + Zle A(v;) and if so,
sets A(v,) to be c(t) + Z§=1 A(v;). We can then initialize A(vg) = 0 for any resource
r that the coalition members own, and initialize A(v) = oo for all the other resources.
Following similar arguments to those given in [29], it suffices to perform a relaxation
for each of the transformations owned by the coalition members and repeat this
|Tc| times (where T¢ is the set of transformations owned by the coalition).'
This algorithm has polynomial time, as it performs at most |T|?> relaxations (where
T is the set of all transformations). Thus computing the value of a coalition can be
done in polynomial time.

We now propose Algorithm 1, which is another polynomial algorithm for comput-
ing the value of a coalition, more similar to Dijkstra’s algorithm. It also maintains
a bound A(v,) for resource r, which bounds the minimal cost of obtaining r from
above. To obtain the optimal sequence of transformations as well, for each resource
r we also maintain S(v,), which is the set of transformations in the minimal cost
transformation path for generating v, found so far. Our Algorithm 1 also operates
by applying relaxations on the transformations, and makes use of the subsidiary
procedure Total-Cost, which computes the transformations in the path from R¢ tor,
summing their costs to get the total path cost. Total-Cost(¢t = ({ry, ..., 1}, r)) returns
a tuple (cost, S) where cost is the cost bound when using transformation ¢, and S is
the required set of transformations (according to the current A bounds). This pair
(cost, S) is a candidate for relaxation, and is used in the main procedure Compute-
Coalitional-Value if indeed it allows for a better bound than the current A(v,) (the
relaxation itself). We first provide the formal description of the algorithm, then prove
its correctness.

16To show this formally one can show that after i iterations of relaxing for all transformations, for
any resource r such that a minimal cost transformation sequence for obtaining r makes use of i
transformations, we have A(v,) set to the correct value. This can be done using a simple induction on
the number of iterations of relaxing for all transformations.
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Algorithm 1 Procedure Compute-Coalitional-Value (R, C, rq, Dc):

1. Forallr € Rcdo A(v,) <0
2. Forallr € R\ Rc do \(v,) < o
3. Forallr e Rdo S(v,) < 0
4. T < Dc (* T initially contains all the transformations coalition C has*)
5. while T # 0:
(a) t={{ry,...,r},ry < argminer(Total — Cost(t). first)
(b) tc < Total — Cost(t). first, S < Total — Cost(t).second
(c) iftc == oo then (* remaining transformations unreachable from Rc*)

i return max(0, v(rg) — A(vy,))

(d) iftc < A(vy) then r(v,) < tc, S(v,) < S
(e) T« T\ {t}

6. return max(0, v(ry) — A(v.,))

Procedure Total-Cost (t = ({ry, ..., r}, r)

1. if Zﬁ;l AMuy,) == oo then return pair(co, ¥)
2. S« U_ S, U}

3. tc <Y cgc(ti)

4. return pair(tc, S)

We show that the above Algorithm 1 is correct using the following lemma.

Lemma 2 During the execution of Algorithm 1, for every vertex v,, if A(v,) < oo then
S(v,) contains some path from V' = {v, | ¥ € Rc¢} to vy, and A(v,) is equal to its length.

Proof The proof is by induction on the order of removal of transformations
from T. s

Theorem 6 Algorithm 1 calculates the coalitional value of a coalition C in a CTG.

Proof We must prove that at the end of the execution of the algorithm, A(v,,) is equal
to the minimum cost of obtaining r, from Rc.

We prove by induction on the order of removal of the transformations from 7', that
when ¢t = ({ry, ..., i}, r) is removed from T, A(v,) is equal to the minimum distance
from V' = {v, | ¥ € R¢} to v,, and S(v,) contains the corresponding shortest path (or
S,) = @ if A(v,) = 00).

The base case of the induction: before removing any transformation from 7,
A(v,) =0, and S(v,) = @ for all the vertices v, € V'.

Now let us assume that the claim is correct for all the transformations removed
before the transformation ¢ = ({ry, ..., r;}, r), and t was removed in the n-th stage.
If A(v,) was not updated by ¢ then in that stage A(v,) < oo, and so it was updated
in earlier stage by another transformation, and by the inductive assumption, A(v,) is
equal to the minimum distance from V' to v,, and S(v,) contains the corresponding
shortest path. Now suppose that A(v,) was updated by ¢. It means that for all i, 1 <
i <I: AM(vy,) < oo (in the stage of removal of 7), and so by the inductive assumption
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for all i, 1 <i <I: A(v,,) is equal to the minimum distance from V’ to v,,, and S(v;,)
contains the appropriate shortest path.

Suppose for the contradiction that the shortest path 7" = {¢, ..., ,,} € D¢ from
V' to v, does not pass through S(v,,) and . Denote by X the vertices v which have
A(v) < oo at stage of removal of ¢ (stage n).

Assume first that all the transformations in 7’ contain only vertices from X. For
each i, 1 <i </, if T’ passes through vertex v,,, then the sub-path of 7" to v,, is
minimal, and then by the inductive assumption it is of length A(v,,). Since Zﬁ:l c(t) <
Ay, t, = ({r},...,7r,},r) should have been chosen in line (a) of Algorithm 1
(the first line of the “while” loop) before ¢, and this is a contradiction to the fact
that A(v,) was updated by ¢t. Now suppose that there are transformations in 7" that
contain vertices outside X. Let 7 = ({r},...r,},r") be the first transformation in 7"
with v ¢ X. Since in the first n stages ¢, was not chosen (because in the stage n

M) = 00), it follows that 3, ¢(f) = 3, g, c(t)) = A(v)).

On the other hand, Z;”Zl c(t/j) > Zij:l c(t/j). And so, combining these two inequal-
ities, we get that Z;”:l c(t}) > A(v,), and this is a contradiction to the fact that 7" is a

shorter path than S(v,). O

Proposition 7 The DUMMY problem is co-NP-Complete for CTG. SH is co-NP-
Hard, and BZ is #P-Hard for CTG.

Proof DUMMY e co-NP for CTG, since given a coalition C and a player a;, due to
Theorem 6, it is easy to test whether v(C) < v(C U {a;}) (i.e., that a; is not a dummy
player). UTG is a private case of CTG (set for all the transformations ¢, c¢(f) = 0, and
set v(rg) = 1). Therefore, all the hardness results for UTG hold for CTG as well. O

7 Related work and conclusions

This work has examined game theoretic problems in transformation games, and
their relation to proof systems and supply chains. We have discussed how the
Transformation Game model can capture strategic aspects of firms forming supply
chains or of expert agents in a cooperative proof system, and how concepts from
cooperative game theory can answer many interesting problems regarding these
domains when applied to a transformation game describing the domain.

We have made use of many concepts that originated in cooperative game theory.
The concept of the core originated in the work of Gillies [46], and the Shapley value
was introduced by Shapley [68]. The Shapley value and similar values were used to
measure power in voting games, for example through the Shapley-Shubik index [69]
and the related Banzhaf power index [22]. We have examined these concepts in the
context of transformation games, and have also considered computational aspects.

The computational aspects of game theoretic concepts have received much at-
tention recently. Deng and Papadimitriou [31] showed that computing the Shapley
value in Weighted Voting Games is #P-complete, and calculating both Banzhaf and
Shapley-Shubik indices in weighted voting games is NP-complete [55]. Our analysis
of Transformation Game domains shows similar hardness results for power indices
for our model. Despite the negative results regarding computing power indices
exactly, there are several positive results regarding computing them approximately in
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both restricted and general domains [13,27, 31, 40, 61]. These positive results indicate
that it is possible to estimate the relative importance of agents (or equivalently,
facts and rules) in our Transformation Game domain. Thus, power indices can be
tractably approximated and used to determine the criticality of facts and rules in
collaborative inference.

This work is somewhat reminiscent of previous work on multi-agent supply chains.
Although some attention was given to auctions or procurement in such domains, (for
example for forming supply chains [5] or procurement tasks [26]), previous work gave
little attention to coalitional aspects. One exception is [60], which studies stability in
supply chains, but focuses on pair coalitions and situations without side payments.
Models relying on transformations can also be used to analyse various kinds of
combinatorial auctions, such as mixed multi-unit auctions [23, 47-49]. However, our
focus in this paper is very different. Rather than examining the non-cooperative game
induced by a combinatorial auction, we focus on a cooperative game and cooperative
solution concepts.

7.1 Planning and planning games

Our Transformation Game model is also related to work in planning within artificial
intelligence [38, 39, 45]. In planning, the goal is to obtain a plan of action that will
transform some initial world state into a target world state. The components in a plan
are actions from some defined action repertoire. The main differences with our work
are that, in classical planning, there is no multi-agent strategic component: typically
there is assumed to be a single goal to be achieved, even if there are multiple actors.
Thus the questions to be addressed are different in our domain, and more closely
related to solutions from cooperative game theory. One paper that is closer to ours
in spirit, and studies questions of self-interested actions in planning domains, is [37].
However, that paper studies a different setting, and the analysis focuses on different
solution concepts.

7.2 Related cooperative games

Previous research has considered bounded resources through threshold games, in
which a coalition wins if the sum of their combined resources exceeds a stated
threshold [36]. Several papers have even considered manipulations in voting domains
aimed at increasing power, as measured by various power indices [2, 4, 8, 9, 76, 78—
80]. Another network resource based cooperative game is defined in terms of a
network flow domain [7, 19]. In this game, the agents are the edges and a coalition
wins if the maximal flow that can be sent through the coalition’s edges exceeds a
specified threshold. In one sense such games are simpler than TGs, as they consider
a single resource; in another sense they are richer, as different quantities of resource
are considered. Most of these works provide hardness results regarding computing
power indices, indicating that this problem is hard in many combinatorial domains.
Coalitional Resource Games (CRGs) [77] are also related to our work. In
CRGs, players seek to achieve individual goals, and cooperate in order to pool
scarce resources in order to achieve mutually satisfying sets of goals. The main
differences are that in CRGs, players have individual goals to achieve, which require
different quantities of resources; in addition, CRGs do not consider anything like
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transformation chains to achieve goals. It would be interesting to combine the
models presented in this paper with those of [77]. TGs can also be considered
as descended from Coalitional Skill Games [15, 18], but rather then focusing on
covering a set of required skills, TGs allow an elaborate interaction where a chain
of transformations convert resources into products. Another class of games relying
on a theme reminiscent of TGs are Boolean Games [35, 52] where the preferences of
the agents are represented as boolean logical formulas. TGs are very different from
Boolean Games—they do not rely on a logical formula representation, but rather on
a set of transformation rules.

TGs are also somewhat related to other forms of network games such as connectiv-
ity and flow games [3, 17, 19, 20, 51, 66, 75]; the main difference is that this previous
research does not consider transformation chains. However, some of the results in
this line of research are akin to our results. For example, in some of the above games,
the core can sometimes be computed in polynomial time if the game is a simple
cooperative game, but may become computationally hard to compute in a model
with costs. Finally, our analysis of reward sharing in TGs is very distantly related to
some studies on coordination in supply chains and collusion in auctions [6, 12, 30, 54].
However, our focus is on the agent collaboration in the manufacturing process, rather
than on information hiding or bidding manipulations.

7.3 Future work

Our model of transformation games was deliberately intended to be rather simple,
leaving much room for further research. Future work might consider variations
where richer models are permitted (e.g., consumable vs non-consumable resources).
One interesting direction is taken in [24], which presents the notion of resource
interfaces. The idea is to model processes that have different resource consumption
profiles at different stages of execution; one might then ask, for example, whether
two different processes can be executed in parallel without exceeding some stated
resource bound. Similar ideas might be applied to the model in the present paper.

Additionally, we have only considered very prominent game theoretic solutions,
such as the core and Shapley value. It would be interesting to examine more refined
solutions such as the least-core and nucleolus. Further, our model of supply chains
does not represent uncertainty. In many realistic supply chain domains, parts of
the chain may fail and harming the agents’ ability to generate the end-products of
the chain. Several approaches have been proposed to handling uncertainty in such
domains [11, 14, 42, 58, 63, 64]. Examining the impact of uncertain agent failures in
TGs is a promising direction for future research. We have also ignored the possible
impact of external subsidies allowing agents to cooperate even when the core is
empty [10, 16, 33, 56, 57, 65, 66]. Certain supply chains provide critical products,
and governments subsidise many supply chains [70, 73], so this is also an important
direction for future work.
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