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Abstract. The non-uniform FFT (NuFFT) has been widely used in
many applications. In this paper, we propose two new scalable paralleliza-
tion strategies to accelerate the data translation step of the NuFFT on
multicore machines. Both schemes employ geometric tiling and binning
to exploit data locality, and use recursive partitioning and scheduling
with dynamic task allocation to achieve load balancing. The experimen-
tal results collected from a commercial multicore machine show that,
with the help of our parallelization strategies, the data translation step
is no longer the bottleneck in the NuFFT computation, even for large
data set sizes, with any input sample distribution.

1 Introduction

The non-uniform FFT (NuFFT) [2] [7] [15] has been widely used in many appli-
cations, including synthetic radar imaging [16], medical imaging [13], telecom-
munications [19], and geoscience and seismic analysis [6]. Unlike the Fast Fourier
Transform (FFT) [4], it allows the sampling in the data or frequency space (or
both) to be unequally-spaced or non-equispaced. To achieve the same O(N log N)
computational complexity as the FFT, the NuFFT translates the unequally-
spaced samples to the equally-spaced points, and then applies the FFT to the
translated Cartesian grid, where the complexity of the first step, named data
translation or re-sampling, is linear to the size of the sample ensemble.

Despite the lower arithmetic complexity compared to the FFT, the data trans-
lation step has been found to be the most time-consuming part in computing
NuFFT [18]. The reason lies in its irregular data access pattern, which signif-
icantly deteriorates the memory performance in modern parallel architectures
[5]. Furthermore, as data translation is essentially a matrix-vector multiplica-
tion with an irregular and sparse matrix, its intrinsic parallelism cannot be
readily exploited by conventional compiler based techniques [17] that work well
mostly for regular dense matrices. Many existing NuFFT algorithms [2] [8] [14]
[12] try to reduce the complexity of data translation while maintaining desir-
able accuracy through mathematical methods, e.g., by designing different kernel
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functions. In a complementary effort, we attempt to improve the performance
of data translation through different parallelization strategies that take into ac-
count the architectural features of the target platform, without compromising
accuracy.

In our previous work [20], we developed a tool that automatically gener-
ates a fast parallel NuFFT data translation code for user-specified multicore
architecture and algorithmic parameters. This tool consists of two major com-
ponents. The first one applies an architecture-aware parallelization strategy to
input samples, rearranging them in off-chip memory or data file. The second
one instantiates a parallel C code based on the derived parallel partitions and
schedules, using a pool of codelets for various kernel functions. The key to the
success of this tool is its parallelization strategy, which directly dictates the per-
formance of the output code. The scheme we developed in [20] has generated
significant improvements for the data translation computation, compared to a
more straightforward approach, which does not consider the architectural fea-
tures of the underlying parallel platform. However, it is limited to small data set
sizes, e.g., 2K ×2K, with non-uniformly distributed samples; the parallelization
takes excessively long time to finish when the data size is large. This slow-down
is mainly due to the use of recursive geometric tiling and binning during paral-
lelization, which is intended for improving the data locality (cache behavior) of
the translation code.

To overcome this drawback, in this paper, we design and experimentally eval-
uate two new scalable parallelization strategies that employ an equally-sized
tiling and binning to cluster the unequally-spaced samples, for both uniform
and non-uniform distributions. The first strategy is called the source driven par-
allelization, and the second one is referred to as the target driven parallelization.
Both strategies use dynamic task allocation to achieve load balancing, instead
of the static approach employed in [20]. To guarantee the mutual exclusion in
data updates during concurrent computation, the first scheme applies a spe-
cial parallel scheduling, whereas the second one employs a customized paral-
lel partitioning. Although both schemes have comparable performance for the
data translation with uniformly distributed sources, the target driven paralleliza-
tion outperforms the other when using the input with non-uniformly distributed
sources, especially on a large number of cores, in which case synchronization
overheads become significant in the first scheme. We conducted experiments on
a commercial multicore machine, and compared the execution time of the data
translation step with the FFT from FFTW [11]. The collected results demon-
strate that, with the help of our proposed parallelization strategies, the data
translation step is no longer the primary bottleneck in the NuFFT computation,
even for non-uniformly distributed samples with large data set sizes.

The rest of the paper is organized as follows. Section 2 explains the NuFFT
data translation algorithm and its basic operations. Section 3 describes our pro-
posed parallelization strategies in detail. Section 4 presents the results from our
experimental analysis, and finally, Section 5 gives the concluding remarks.
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2 Background

2.1 Data Translation Algorithm

Data translation algorithms vary in the type of data sets they target and the
type of re-gridding or re-sampling methods they employ. In this paper, we focus
primarily on convolution-based schemes for data translation, as represented by
Eq.(1) below, where the source samples S are unequally-spaced, e.g., in the
frequency domain, and the target samples T are equally-spaced, e.g., in an image
domain. The dual case with equally-spaced sources and unequally-spaced targets
can be treated in a symmetrical way.

v(T ) = C(T, S) · q(S). (1)

In Eq.(1), q(S ) and v(T ) denote input source values and translated target val-
ues, respectively, and C represents the convolution kernel function. The set S
for source locations can be provided in different ways. In one case, the sample
coordinates are expressed and generated by closed-form formulas, as in the case
with the sampling on a polar grid (see Figure 1 (a)). Alternatively, the coordi-
nates can be provided in a data file as a sequence of coordinate tuples, generated
from a random sampling (see Figure 1 (b)). The range and space intervals of
the target Cartesian grid T are specified by the algorithm designer, and they
can be simplified into a single oversampling factor [7] since the samples are uni-
formly distributed. With an oversampling factor of α, the relationship between
the number of sources and targets can be expressed as | T |= α | S |.

The convolution kernel C is obtained either by closed-form formulas or nu-
merically. Examples for the former case are the Gaussian kernel and the central
B-splines [14] [7], whereas examples for the latter case are the functions obtained
numerically according to the local least-square criterion [14] and the min-max
criterion [8]. In each case, we assume that the function evaluation routines are
provided. In addition, the kernel function is of local support, i.e., each source
is only involved in the convolution computation with targets within a window,
and vice versa. Figure 1 (c) shows an example for a single source in the 2D case,
where the window has a side length of w.

(b) A random 
sampling

(a) The sampling on 
a polar grid

(c) The convolution 
window for a source 
with side length w

w

Fig. 1. Illustration of different sampling schemes and local convolution window
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2.2 Basic Data Translation Procedure

The above data translation algorithm can be described by the following pseudo
code:

for each source si in S
for each target tj in T

⋂
window(si)

V (tj) += c(tj , si) × Q(si)

where Q is a one-dimensional array containing the source values regardless of the
geometric dimension, V is a d-dimensional array holding the target values, and
c represents a kernel function over T × S, e.g., the Gaussian kernel e(|tj−si|)/σ

where | tj − si | denotes the distance between a target and a source. The tar-
get coordinates are generated on-demand during the computation based on the
source coordinates, the oversampling value (α), and the range of the data space,
e.g., L×L in the 2D case. In the pseudo code, the outer loop iterates over sources,
because it is easy to find the specific targets for a source within the window, but
not vice versa. We name this type of computation the source driven computa-
tion. The alternate computation is the target driven computation, whose outer
loop iterates over targets. The complexity of the code is O(wd× | S |); however,
since w is usually very small (in other words, wd is near constant), the data
translation time is linear with the number of sources | S |.

3 Data Translation Parallelization

3.1 Geometric Tiling and Binning

The convolution-based data translation is essentially a matrix-vector multiplica-
tion with sparse and irregular matrices. While the sparsity stems from the local
window effect of the kernel function, the irregularity is caused by the unequally-
spaced sources. In this case, the conventional tiling on dense and regular matri-
ces [17] cannot help to achieve high data reuse. For instance, the source samples
s1 and s2 from the same tile, as shown in Figure 2 (a), may update different tar-
gets located far away from each other in the data space, as indicated by Figure 2
(b). To exploit target reuse, the geometric tiling [3] is employed to cluster the
sources into cells/tiles based on their spatial locations. The tiles can be equally-
sized (Figure 3 (a)) or unequally-sized (Figure 3 (b)), with the latter obtained
through an adaptive tiling based on the sample distribution. In either case, the
basic data translation procedure can be expressed as:

for each non-empty source tile Tk in S
for each source si in Tk

for each target tj in T
⋂

window(si)
V (tj) += c(tj , si) × Q(si)

Associated with tiling is a process called binning. It reshuffles the source data
in the storage space, e.g., external memory or file, according to tiles. In terms of
data movements, the complexity of an equally-sized tiling and binning is O(| S |),
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(a)  The conventional 
tiling on the 

convolution matrix

(b) Geometrically separate 
two sources and their 

affected targets

s1

s2

Random order

affected targets

Fig. 2. Conventional tiling

(a) Equally-sized geometric 
tiling with uniformly 
distributed sources

(b) Adaptive geometric 
tiling with non-uniformly 

distributed sources

overlapped 
target windows

overlapped 
target windows

Fig. 3. Geometric tiling

whereas the cost of an adaptive recursive tiling and binning is O(| S | log | S |).
The latency of the latter increases dramatically when the data set size is very
large, as observed in [20]. Consequently, in this work, we adopt the equally-sized
tiling, irrespective of the source distribution, i.e., uniform distribution or non-
uniform distribution, as illustrated in Figure 3. In this way, the non-Cartesian
grid of sources is transformed to a Cartesian grid of tiles before any parallel par-
titioning and scheduling is applied, and this separation makes our parallelization
strategies scalable with the data set sizes.

3.2 Parallelization Strategies

To parallelize the data translation step, two critical issues need to be considered:
mutual exclusion of data updates and load balancing. On the one hand, a direct
parallelization of the source loop of the code in Section 2.2 or the source tile loop
of the code in Section 3.1 may lead to incorrect results, as threads on different
cores may attempt to update the same target when they are processing geo-
metrically nearby sources concurrently. Although parallelizing the inner target
loop can avoid this, it would cause significant synchronization overheads. On the
other hand, a simple equally-sized parallel partitioning in the data space may
lead to unbalanced workloads across multiple processors when input sources are
non-uniformly distributed.

To address these issues, we have designed two parallelization strategies that
aim at accelerating data translation on emerging multicore machines with on-
chip caches. One of these strategies is called the source driven parallelization,
and the other is referred to as the target driven parallelization. They are intended
to be used in the context of the source driven computation. To ensure mutual
exclusion of target updates, the first strategy employs a special parallel schedul-
ing, whereas the second strategy applies a customized parallel partitioning. Both
the strategies use a recursive approach with dynamic task allocation to achieve
load balance across the cores in the target architecture.
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Fig. 4. One-dimensional partition with a
2-step scheduling for the 2D case
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Fig. 5. Two-dimensional partition with a
4-step scheduling for the 2D case

1) Source Driven Parallelization

For a data space containing both sources and targets, an explicit partitioning of
sources will induce an implicit partitioning of targets, and vice versa, because
of the local convolution window effect. The source driven parallelization carries
out parallel partitioning and scheduling in the source domain, whereas the other
operates on the targets. In both cases, the source domain has been transformed
into a Cartesian grid of tiles through geometric tiling and binning (inside each
tile, the samples are still unequally-spaced).

When partitioning the sources, a special scheduling is indispensable to guaran-
teeing the mutual exclusion of target updates. Consider Figure 4 and
Figure 5 for example. No matter how the sources in a 2D region are partitioned,
e.g., using one-dimensional or two-dimensional partition, adjacent blocks cannot
be processed at the same time due to potentially affected overlapping targets,
as indicated by the dashed lines. However, if further dividing the neighboring
source regions into smaller blocks according to the target overlapping patterns, a
scheduling can be found to process those adjacent source regions through several
steps, where at each step, the sub-blocks with the same number (indicated in the
figures) can be executed concurrently. And, a synchronization takes place as mov-
ing from one step to another. Our observation is that a one-dimensional partition
needs a 2-step scheduling to eliminate the contention, whereas a two-dimensional
partition needs 4 steps. In general, an x-dimensional partition (1 ≤ x ≤ d) re-
quires a 2x-step scheduling to ensure correctness.

Based on this observation, our source driven parallelization scheme is designed
as follows. Given m threads and a d-dimensional data space, first factorize m
into p1×p2× . . .×pd, and then divide dimension i into 2pi segments (1 ≤ i ≤ d),
which results in 2p1×2p2× . . . 2pd blocks in the data space, and finally schedule
every 2d neighboring blocks using the same execution-order pattern. Figure 6 (a)
illustrates an example for the 2D case with m = 16 and p1 = p2 = 4. The blocks
having the same time stamp (number) can be processed concurrently, provided
that the window side length w is less than any side length of a block. In the
case where m is very large and this window size condition no longer holds, some
threads will be dropped to decrease m, until the condition is met. Although a
similar d′-dimensional partition (d′ < d) with a 2d′

-step scheduling can also be
used for a d-dimensional data space, e.g., a one-dimensional partition for the 2D
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Fig. 7. Illustration of recursive source driven parallelization in the 2D case

case, as shown in Figure 6 (b), it is not as scalable as the d-dimensional partition
when m is huge.

The scheme explained so far works well with uniformly distributed sources, but
not with non-uniformly distributed ones, as it can cause unbalanced workloads in
the latter case. However, a slight modification can fix this problem. Specifically,
since the amount of computation in a block is proportional to the number of
sources it contains, the above scheme can be recursively applied to the source
space until the number of sources in a block is less than a preset value (δ).
The recursion needs to ensure that the window size condition is not violated.
Figure 7 (a) depicts an example of two-level recursive partitioning for the 2D
case, where m = 4, p1 = p2 = 2, and the shaded regions are assumed to have
dense samples. The corresponding concurrent schedule is represented by the
table shown in Figure 7 (b). The synchronization takes place every time after
processing each group of blocks pointed by a table entry. However, within each
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group, there is no processing order for the blocks, which will be dynamically
allocated to the threads at run time. The selection of threshold δ has an impact
on the recursion depth as well as the synchronization latency. A smaller value
of δ usually leads to deeper recursions and higher synchronization overheads;
but, it is also expected to have better load balance. Thus, there is a tradeoff
between minimizing synchronization overheads and balancing workloads, and
careful selection of δ is important for the overall performance.

2) Target Driven Parallelization

We have also designed a target driven parallelization strategy to perform re-
cursive partitioning and scheduling in the target domain, which has the advan-
tage of requiring no synchronization. Given m threads and a d-dimensional data
space, this scheme employs a 2d-branch geometric tree to divide the target space
into blocks recursively until the number of sources associated with each block
is below a threshold (σ), and then uses a neighborhood traversal to obtain an
execution order for those blocks, based on which it dynamically allocates their
corresponding sources to the threads at run time without any synchronization.
Figure 8 (a) shows an example for the 2D case with quadtree partition [9] and
its neighborhood traversal. Since target blocks are non-overlapping, there is no
data update contention. Although the associated sources of adjacent blocks are
overlapping, there is no coherence issue, as sources are only read from the ex-
ternal memory. The neighborhood traversal helps improve data locality during
computation through the exploitation of source reuses. The threshold σ is set
to be less than |S|/m and greater than the maximum number of sources in a
tile. A smaller value of σ usually results in more target blocks and more dupli-
cated source accesses because of overlapping; but, it is also expected to exhibit
better load balance, especially with non-uniformly distributed inputs. Therefore,
concerning the selection of value for σ, there is a tradeoff between minimizing
memory access overheads and balancing workloads.

In addition, to find the associated sources for a particular target block is not
as easy as the other way around. Typically, one needs to compare the coordinates
of each source with the boundaries of the target block, which will take O(| S |)
time. Our parallelization scheme reduces this time to a constant by aligning
the window of a target block with the Cartesian grid of tiles, as depicted in
Figure 8 (b). Although this method attaches irrelevant sources to each block,
the introduced execution overheads can be reduced by choosing proper tile size.

4 Experimental Evaluation

We implemented these two parallelization strategies in our tool [20], and eval-
uated them experimentally on a commercial multicore machine. Two sample
inputs are used, both of which are generated in a 2D region of 10 × 10, with a
data set size of 15K × 15K. One contains random sources that are uniformly
distributed in the data space, whereas the other has samples generated on a
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(a) An example of quadtree partition in the 
target domain and neighborhood traversal 

among target blocks 

(b) An illustration of aligned 
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Fig. 8. Example of target driven parallelization in the 2D case. Especially, (b) shows
the Cartesian grid of tiles and a target partition with bolded lines, where the window
of a target block is aligned to the tiles, indicated by red color.

polar grid with non-uniform distribution. The kernel is the Gaussian function
and oversampling (α) is 2.25. The convolution window side length w is set to
be 5 in terms of the number of targets affected in each dimension. In this case,
each source is involved in the computation with 25 targets, and the total num-
ber of targets is 22.5K × 22.5K. The underlying platform is Intel Harpertown
multicore machine [1], which features a dual quad-core operating at a frequency
of 3GHz, 8 private L1 caches of size 32KB and 4 shared L2 caches of size 6MB,
each connecting to a pair of cores.

We first investigated the relationship between the tile size and the cache size
(both L1 and L2) on the target platform, and analyzed the impact of tile size
on the performance of binning (the most time-consuming process in the paral-
lelization phase) and data translation. The tile size is determined based on the
cache size so that all the sources and their potentially affected targets in each
tile are expected to fit in the cache space. For non-uniform distributions, the
tile size is actually calculated based on the assumption of uniform distribution.
Figure 9 shows the execution time of binning and data translation for the input
with uniformly distributed sources (random samples), using the source driven
parallelization strategy. The cache size varies from 16KB to 12MB. The four
groups depicted from left to right are the results of our experiments with 1 core,
2 cores, 4 cores, and 8 cores, respectively. For binning, the time decreases as
the cache size (or tile size) increases, irrespective of the number of cores used.
The reason is that, each tile employs an array data structure to keep track of
its sources, when the tile size increases, or equivalently, the number of tiles de-
creases, it is likely that the data structure of the corresponding tile is in the
cache when binning a source, i.e., the cache locality is better. Hence, fewer tiles
makes binning faster. In contrast, the data translation becomes slower when the
tile size increases, since the geometric locality of the sources in each tile worsens,
which in turn reduces the target reuse. When both binning and data translation
are concerned, we can see that, there is a lowest point (minimum execution time)
in each group, which is around the tile size 1.5 MB, half of L2 cache size per core
(3MB) in the Harpertown processor. A similar behavior can also be observed for
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the input with non-uniformly distributed sources (samples on the polar grid), as
shown in Figure 10, but with a shifted minimum value.

We then evaluated the efficiency of our two parallelization strategies, using the
best tile size found from the first group of experiments. Figure 11 and Figure 12
show their performance with tuned σ and δ, respectively, for non-uniformly dis-
tributed sources. We can see that, in both the plots, the execution time of data
translation scales well with the number of cores, due to improved data locality;
however, the execution time of geometric tiling and binning reduces much slower
when the number of cores increases, as this process involves only physical data
movements in the memory. In particular, the two execution times become very
close to each other on 8 cores. This indicates that our proposed parallelization
strategies are suitable for a pipelined NuFFT at this point, where the three steps
of the NuFFT, namely, parallelization, data translation and FFT are expected to
have similar latencies in order to achieve balanced pipeline stages for streaming
applications. Further, the two parallelization strategies have comparable perfor-
mance for data translation with uniformly distributed sources, as shown by the
group of bars on the left in Figure 13; however, the target driven strategy out-
performs the other by 13% and 37% on 4 cores and 8 cores, respectively, with
non-uniformly distributed sources, as depicted by the group of bars on the right
in Figure 13, where the respective data translation times using source and target
driven schemes on 4 cores are 23.1 and 20.1 seconds, and on 8 cores are 17.1
and 10.8 seconds. This difference is expected to become more pronounced as the
number of cores increases, since there will be more synchronization overheads in
the source driven scheme.

We also conducted a performance comparison between the data translation us-
ing the target driven parallelization strategy on the input samples, and the FFT
obtained from FFTW with ”FFTW MEASURE” option [11] [10] on the trans-
lated target points. Figure 14 presents the collected results with non-uniformly
distributed sources. The graph shows that the execution times of data translation
and FFT are comparable on 1, 2, 4 and 8 cores, respectively. In particular, the
data translation becomes faster than the FFT as the number of cores increases.
This good performance indicates that, with our parallelization strategies, the
data translation step is no longer the bottleneck in the NuFFT computation.
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5 Concluding Remarks

In this work, we proposed two new parallelization strategies for the NuFFT
data translation step. Both schemes employ geometric tiling and binning to
exploit data locality, and use recursive partitioning and scheduling with dynamic
task allocation to achieve load balance on emerging multicore architectures. To
ensure the mutual exclusion in data updates during concurrent computation,
the first scheme applies a special parallel scheduling, whereas the second one
employs a customized parallel partitioning. Our experimental results show that,
the proposed parallelization strategies work well with large data set sizes, even
for non-uniformly distributed input samples, which help NuFFT achieve good
performance for data translation on multicores.
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