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Abstract. Depth inaccuracy greatly affects the quality of free-viewpoint
image synthesis. A theoretical framework for a simplified view interpo-
lation setup to quantitatively analyze the effect of depth inaccuracy and
provide a principled optimization scheme based on the mean squared er-
ror metric is proposed. The theory clarifies that if the probabilistic dis-
tribution of disparity errors is available, optimal view interpolation that
outperforms conventional linear interpolation can be achieved. It is also
revealed that under specific conditions, the optimal interpolation con-
verges to linear interpolation. Furthermore, appropriate band-limitation
combined with linear interpolation is also discussed, leading to an easy
algorithm that achieves near-optimal quality. Experimental results using
real scenes are also presented to confirm this theory.

1 Introduction

Free-viewpoint image synthesis is the process of combining a set of multi-view
images to generate an image which can be seen from a new viewpoint where no
camera was actually located [IIJT6J6]. The quality of free-viewpoint images is
greatly affected by the inaccuracies of camera calibration, geometry estimation,
and other precedent procedures. However, to our knowledge, there are few stud-
ies that rigorously analyze the quantitative quality of resulting images in the
presence of such inaccuracies.

This paper presents a theoretical framework for the free-viewpoint image syn-
thesis problem to quantitatively analyze the effect of depth inaccuracy and pro-
vide a principled optimization scheme based on the mean squared error (MSE)
metric. For simplicity of analysis, the scope of discussion is limited to a funda-
mental view interpolation setup where the new viewpoint is located between two
given input views. I first formulate the relation between the accuracy of depth
and the resulting quality of view interpolation. Based on the formulation, I then
derive an optimal view interpolation scheme that minimizes the mean squared er-
ror (MSE) of the synthesized image, and discuss an appropriate band-limitation
combined with conventional linear interpolation. Furthermore, I reveal that the
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optimal interpolation converges to linear interpolation under specific conditions.
Experimental results using real scenes are presented to validate this theory.

A key finding of this work is that the optimal interpolation which outperforms
conventional linear interpolation can be achieved if the probabilistic distribution
of disparity errors is available. This work also gives a theoretical base for the use
of linear interpolation as an approximation of the optimal interpolation, although
in previous works linear interpolation was used heuristically without sufficient
theoretical justification. In addition, the band-limitation scheme presented in
this work achieves near-optimal quality just combined with linear interpolation.

2 Background

Depth inaccuracy is one of the main factors that degrades the quality of free-
viewpoint image synthesis and view interpolation. It results from not only the
fundamental limitation of geometry estimation methods but also practical rea-
sons such as computational time and the rendering algorithm. For example,
depth information is quantized into discrete values in layer-based rendering
methods [I0T4T2]. In communication systems, depth inaccuracy is induced by
lossy data compression.

The tradeoff between depth inaccuracy and camera interval has been stud-
ied from the perspective of the sampling problem, resulting in the limiting
condition for aliasing-free view interpolation referred to as minimum sampling
curve [2/T5R]. If necessary, anti-alias filtering can be used to enforce the limiting
condition. However, in practice, the quality of the interpolated view tends to de-
grade continuously as the depth inaccuracy increases, which cannot be captured
using the yes-no-question of with/without aliasing artifacts. Furthermore, the
anti-alias filter often worsens the result because it filters out some of the valid
signal components with the aliasing component [I3]. By contrast, I adopt the
MSE instead of aliasing for the quality metric to overcome these limitations.

In the context of video or multi-view image compression, depth inaccuracy is
quantitatively considered for analyzing coding performance [4J9]. This approach
uses the Fourier domain analysis to derive the MSE of the inter-image predic-
tion. It was applied to the view interpolation problem [13], but the discussion
was limited to the case where the new viewpoint is located at the midpoint
between the two given views. Inspired by those works, this research presents a
more comprehensive framework for theoretical analysis of the view interpolation
problem, resulting in a principled optimization scheme.

3 Theory

Figure [1 illustrates the configuration used throughout this paper. Let vy, (x,y)
and vg(x,y) be the input images located on the left and right in parallel, re-
spectively. v(z,y) is the target image I want to synthesize from these images by
view interpolation. The target viewpoint internally divides the baseline connect-
ing the left and right viewpoints into the ratio r : 1 — r, where r € [0, 1]. Let
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Fig. 1. Configuration

d(z,y) be a pixel-wise depth map where (z,y) denotes pixel positions on the
target image and the depth values are represented in terms of disparities (pixel
shifts) between the left and right images. I assume that the depth information
is provided with certain amount of errors, and analyze the effect of depth errors
on the result of view interpolation. Depth estimation itself, i.e., how to estimate
d(x,y), is out of scope of this paper.

3.1 View Interpolation with Disparity Error

First, I define a model that describes the relation between the input and target
images. Assume that the target scene is a diffusive surface without occlusions.
Basically, the left and right images, vy, (x, y) and vg(z,y), are associated with the
target image v(z,y) using the depth map d(z,y). In addition, noise terms, de-
noted as ny,(x,y) and ng(z,y), are introduced to compensate the incompleteness
of the above assumption. Consequently, the model is described as:

v (z,y) = v (z —rd(z,y),y) + nr(z,y),
vp(w,y) = v (z+ (1-r)d(z,y),y) + nr(z,y). (1)

The noise terms include occlusions, non-diffusive reflections, and other compo-
nents that are present in vy (z,y) or vg(x,y) but unpredictable from v(x,y).
They are referred to as unpredictable noise components in this paper.

The view interpolation process consists of two steps; disparity shifting is ap-
plied to the input images, and these images are combined linearly to produce
the target image. These steps should be formulated by taking the presence of
the depth inaccuracy into account. Let & be the disparity error considered as a
probabilistic variable, and apply disparity shifting of (d(x,y)+&) pixels to the
input images to obtain v} (z,y,§) and v (x,y, &) as follows:

vi(e,y,8) = we(@+r(de,y)+8),y)  =v(e+réy) +ni(ey)
V(@ y,€) = vr (v — (1=r) (d(z,y)+£) ,y) = v (z = (1=7)8,y) + nk(z,y)(2)

where n/; (z, y) and n'’y(z, y) are disparity-shifted versions of ny (z, y) and nr(z, y),
respectively. If € = 0, v} (z,y,€) and vi(z,y,£) are equal to v(x,y), except the
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unpredictable noise components. By combining these disparity-shifted images, the
result of view interpolation is obtained:

f)(m,y,f) = fL(xay) o U/L(wvyag) + fR(way) O’Ug%(l’,y,g), (3)

where o denotes convolution, and fr(z,y) and fr(z,y) are spatially invariant
linear filters, which are referred to as combining filters in this paper. It should be
noted that the combining filters integrate the functions of weighting coefficients
and prefilters. This unified formalization leads to a comprehensive optimization
scheme. The synthesized image is written as 0(x,y, ) because it is an estimate
of the true target image v(z,y) with the disparity error &.

In many previous works [3,7,5,8,12]7 linear interpolation with respect to the
distance from the target viewpoint

@(x,y,f) = (1_T) 'U/IJ('T’yvg)+T'U;%(xay7£) (4)

was adopted without sufficient theoretical justification. This interpolation is
straightforward and often produces reasonable results, however, it is just a spe-
cial case of @) with

fo(e,y) = (L=r)-6(z,y), fr(x,y) =r-0(z,y) (®)

where §(x,y) is Kronecker’s delta function. Here, fr(x,y) and fr(x,y) degener-
ate into weighting coefficients without the function of prefilters. By contrast, I
seek truly optimal forms for f7(z,y) and fr(z,y) based on the minimization of
the MSE of the resulting image. It is clarified that under specific conditions, the
optimal interpolation converges to linear interpolation as a limit.

3.2 MSE of View Interpolation

In this subsection, I derive the MSE of view interpolation by taking the expec-
tation of the estimation error over the probabilistic disparity error &.

The theory is constructed in the frequency domain to easily deal with pixel
shifts and filtering convolutions. Substitution of ([2)) into ([B]) and Fourier trans-
form over (z,y) yields

V(wwv Wy, f) = {FL(W’I’wy)ejT&ww"_ FR(wwv wy)ej(ril)gwm}v(wmwy)
+Fp(wa, wy ) N1 (wey wy) + Fr(we, wy) Np(we, wy), (6)

where w, and w, (wg,wy € [—m,7]) are the angular frequencies of z and y,

and j denotes the imaginary unit. V, V, Fy, Fg, N}, and N}, are the Fourier
transforms of 0, v, fr, fr, n, and n'y, respectively. The estimation error from
the ground truth V(ws,wy) is

1 Although those works consider more general configurations, their interpolation
schemes are equivalent with () when the configuration is simplified into that in
Fig. M Another choice is angular penalty [I], which becomes equivalent with (&)
when the object is located far from the cameras.
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E(wz,wy,g) = V(wszy) _V(wzawyv£)~ (7)
The expectation of the squared error is obtained by
D) = [ €) |E@rwy O de. (®)

where p(€) denotes the probability distribution of . I assume p(§) is constant
over the image to simplify the discussion. Integration of @(w,, w,) over the entire
spectra results in the MSE of view interpolation

1 ™ ™
MSE = 42 /_7r /_Tr D(wy, wy) dwgdw,. 9)

To further investigate the characteristics of (wg, wy), (@) and () are substituted
into (), resulting in

D(wz, wy) = G(wg, wy) ||V (wa, wy) || "‘”N(Wwawy)” (10)
GO =1+ [FLOIP+IIFrOI? = FLO (rwe) = Ff 0% (=rwe) = FROW((r—1w.)

—FrOV((L=r)we) +FL() Fr()(wa)+FL () Fr(O)Y(—ws), (11)
INOI? = IFLONLOI? + | FRONE O (12)

In (I)) and (I2), (we,wy) is abbreviated as (), and * denotes a complex conjugate.
9 is defined as

v = [ T pe)eitede, (13)

— 00

It is assumed that n) (z,y) and n/z(z,y) have no correlation with v(z,y) and
with each other, thereby cross spectra between them are ignored.

As shown by ([I0), ¢(ws,wy) consists of three terms. ||V(wy,wy)||* denotes
the power spectral density of the target image, G(w,,w,) serves as a gain that
characterizes the magnification factor of ||V (w,, wy)||? to produce @(ws,w, ), and
| N (wg, wy)||? summarizes the unpredictable noise components as ([2). The dis-
parity error, characterized by p(&), affects the gain G(wy,wy) via 1, as can be
seen from (II)) and (I3). The combining filters, Fr,(wy, wy) and Fr(wg,wy), affect
both G(wy,wy) and || N(wy,wy)||? and are the subjects of optimization, which is
described next.

I?

3.3 Derivation of Optimal View Interpolation

The essential idea of optimization is to determine such combining filters,
Fr(wg,wy) and Fr(wg,w,y), that minimize the MSE defined by (@). This is

2 Parseval’s formula proves that @ is equivalent with the mean of squared errors
calculated in the pixel (spatial) domain.
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equivalent to minimizing ®(w,,w,) for all frequencies. The optima, denoted as
Fr(wg,wy) and Fr(ws,wy), should satisfy

0 P(wg,wy) _0 0P (wy,wy) _o. (14)
O F} (wg, wy) ' 0 Fj(we,wy)

Substitution of (I0)—-(2)) into (I4) leads to simultaneous equations

(s i) G = (it 7). o9

HNL(vaWy)||2 HNR(vaWy)||2
here 6 = , Or = 16
M O = w2 T IV (e P (16)
whose unique solution is given as
£ _ (14 0r)Y(—rw,) — ¢(—wx)¢((1 — )W)
Frlem ) =514 0) (14 08) — plwn)dl(—ws)
FR(Wxawy) — (1 + 9L)1/’((1 - T)wz) - 1/’(‘*}:0)1/)(_7"0%) (17)

(1+00)(1 +0r) — P(wa)ip(—wa)

I refer to Fy, (Wa, wy) and FR(ww,wy) as the optimal combining filters, and view
interpolation with those filters as the optimal view interpolation.

In the remainder, I assume that the unpredictable noise components,
Ni(wz,wy) and Ng(wy,wy), are small relative to V(wy, wy ), and set 8, = 0r = 0.
Because it is difficult to accurately estimate Nr,(ws, wy) and Ngr(ws, wy), this as-
sumption greatly simplifies further analysis. Note that under this assumption,
F T, F R, and G can be written as functions of w, without relation to w,,.

Several interesting observations on (1) are obtained. First, the optimal com-
bining filters are determined by the disparity errors characterized by p(£) and
the viewpoint of the target image denoted by r, without relation to the spectral
shape of the target image V(ws,wy). Second, several boundary conditions that
are naturally required by definition are satisfied; (FL,FR) = (1,0) for r = 0,
(Fr,Fr) = (0,1) for r = 1, and Fy, = Fg for 7 = 1/2 can be easily confirmed.
Finally, when v(z) is even, Fp, and Fg are symmetric with respect to r = 1/2,
which means that Fy, for r and F' 'r for 1 — r are the same.

3.4 Examples

Let three probability distributions, uniform, Gaussian, and Laplacian, be as-
sumed for p(&) as typical models of the disparity error. See Table[lfor a summary.
The forms of p(§) and ¢ (z) are listed in the second and third rows, respectively.
In the fourth row, each graph illustrates the frequency response of Fy, with dif-
ferent values of r. Note that the horizontal axes are scaled by a, o, or b for the
uniform, Gaussian, or Laplacian distributions, respectively. The responses of Fg
can be obtained by just replacing r» with 1 — r because Fr and Fr are sym-
metric. As can be seen from these graphs, the optimal filter emphasizes middle
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Table 1. Optimal combining filter (F,(w,)) and gain term (G(w,)) for disparity errors
(p(&)) following uniform, Gaussian, and Laplacian distributions (a, o, b > 0)

uniform Gaussian Laplacian
1/(2a) (—a < € < a) 1 & 1 _liEll
P() { 0 (otherwise) V2o P\ 7902 2p P b
sin(az)

frequencies and reduces high frequencies. The bottom row shows the gain term
G(w,) for each distribution, whose form is obtained by using (ITJ).

As mentioned before, G(w,) is the gain between the original image and the
view interpolation error in the frequency domain; the smaller G(w,) means less
error. The optimal combing filters are to minimize G(wy) for all frequencies
because they are designed to minimize the MSE. At least, they should be better
than linear interpolation, whose combining filters in the frequency domain are
given by Fr(w;) =1—r and Fr(w,) = r. The comparison between the optimal
and linear interpolations for the three distribution models are shown in Fig. [2
It is clear that G(w,) of the optimal interpolation is always smaller than that of
linear interpolation.

Another important observation is that the gain of the optimal interpolation
never exceeds 1.0, which means that the optimal interpolation keeps the error
below the original signal for all frequencies. By contrast, linear interpolation am-
plifies the error in high frequencies with the gain that exceeds 1.0. However, if
linear interpolation is combined with appropriate band-limitation, near-optimal
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Fig. 2. Comparison of gain term G(ws) between optimal and linear interpolations

interpolation can be achieved. Let Gpin(w;) be the gain term of linear inter-
polation. If the input images are band-limited to the spectral range where
Glin(wz) < 1.0, the resulting gain becomes min {Gj;y, (w;), 1.0}, avoiding the
overshoots in high frequencies. This method, referred to as band-limited linear
interpolation, has a practical advantage in that the implementation is much eas-
ier than the naive implementation of the optimal interpolation. The spectral
components where Gy, (w,) < 1.0 are kept without any change and other com-
ponents are just reduced to 0. The cut-off frequency of this method is derived
from the shape of the gain term G(w,), while the band-limitation in [2I8] was
based on the anti-alias condition.

3.5 Relation with Linear Interpolation

Finally, I investigate the theoretical relation between the optimal and linear
interpolations. I give a theoretical basis to linear interpolation used just heuris-
tically without sufficient justification.

I first discuss the three distribution models mentioned above. As seen from
the third row of Table[I] ¢)(z) can be written as a function of kz, where k takes a,
o, or b, respectively. k represent the magnitude of the disparity error; a larger k
corresponds to a larger error. For all of those distributions, 1(z) can be expanded
around kz = 0 as:

Y(z)=1—A-(kz)*+ O ((k2)*), (18)
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where A takes 1/6, 1/2, and 1 for the uniform, Gaussian, and Laplacian distri-
butions, respectively. Substituting (I8]) into (I,

lim FL(ww,wy) 1—7r, lim FR(ww,wy):r, (19)

kw,z—0 kw,—

can be proven. This result can be confirmed from the fourth row of Table[d} Fr,
reaches 1 —r as kw, reaches 0 for all distribution models. The physical meaning is
straightforward. For small disparity errors (k ~ 0) or low frequencies (w, ~ 0),
the optimal interpolation converges to conventional linear interpolation. Equa-
tion ([I9) also holds true when p(&) is represented as a weighted sum of those
three distributions.

As shown by @®)—-(IT), the final MSE depends on the spectral shape of the
target image V(wg,wy). It should be noted that V(wg,w,) of a natural image
tends to be low-frequency oriented (most of the image energy resides in low
frequencies). In addition, as seen in Fig. 2 the difference in G(w,) between the
optimal and linear interpolations is marginal for small kw,. Consequently, the
difference in MSE between the optimal and linear interpolations would be quite
small for practically small values of k, which would justify the use of linear
interpolation as an approximation of the optimal interpolation.

The discussion above can be partly extended to general distributions. Equa-
tion (I3)) can be rewritten as

v =[ e iffz = Z{/ erae} U7 Zﬂfn = (20

where p¢ p, is the n-th order moment of £. p¢ o = 1 by definition of the probability
distribution p(€). pe,1 is the mean of £, and let it be 0. p¢ 2 is the variance and
described as ag. If all of the higher order moments are convergent, Equation (20)
can be approximated around z = 0 as

Y(z) ~1—0i2%/2 (21)
Substitution of 1) into ([IT) leads to

lim Fp(wp,wy) =1—7, lim Fr(w,w,) =T (22)
wge—0 wge—0

Unlike (I9), 22) gives no information about k. This is reasonable because no
explicit form is assumed for p(€), thereby there is no parameter such as k that
characterizes p(§). However, also for this case, the optimal interpolation con-
verges to linear interpolation as w, reaches 0.

4 Experiment

Figure [J illustrates the flow of the experiment (See Fig. [Tl for the configuration).
A complete MATLAB implementation is included in the supplementary material.
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Fig. 3. Flow of experiment. Artificial noise is added to disparity map to simulate depth
inaccuracy. Its parameter is used to design combining filters, F, and Fg.

The input is a pair of stereo images, denoted as vy, (z,y) and vg(z,y), respec-
tively, and a pixel-wise depth map from the target viewpoint, denoted as d(z, y).
The pixel value of d(z,y) represents the disparity (pixel shift) that is measured
between the viewpoints of vy, (z,y) and vg(z,y).

First, artificial noise is added to d(x, y) to simulate the disparity error, yielding
d'(z,y). The disparity error is random, but the distribution p(§) is assumed to
be known. Next, combining filters are applied to the input images. The optimal
filters are derived from () using the known distribution of the disparity error,
p(§). Although this filtering operation is applicable as convolution in the spatial
domain, it is implemented in the frequency domain because the purpose of the
experiments is to confirm the theory. To be precise, the left image after filtering
operation, vr(x,y), is obtained as

i)L(xay) = fL(xay) © UL(xay) = ‘7:71 [FL(wzawy) : f[vL(x,y)]] ; (23)
where F and F~! represent Fourier transform and its inverse. For linear in-
terpolation, the filtering operation is just multiplying the input images by a
weighting coefficient, 1 — r or r, and is implemented in the spatial domain. The
band-limitation introduced in Section 3.4 is also implemented as an option.

Then, disparity shifting is performed over the filtered left image 0y, (z, y) using
the noisy disparity map d’(z,y), yielding

ﬁL($7y) =L ('T+T'd/($7y)’ y) (24)
In this operation, cubic spline interpolation is adopted to read fractional pixel
positions. ¥g(x,y) is also obtained in the same way. Finally, the resulting image
from the target viewpoint is obtained as
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Fig. 4. Profiles of MSE (y axes) against magnitude of disparity error (x axes) obtained
with cones dataset. Optimal interpolation outperforms linear interpolation as a whole.
Band-limited linear interpolation achieves near-optimal quality.

0(z,y) is compared with the ground truth v(z,y) to evaluate the accuracy. No
occlusion handling was performed because it is out of scope of this paperé’
Two real image datasets, cones and teddy, from Middlebury stereo websit

are used for experiments. All images are 450 x 375 pixels and converted into 8-bit
grayscale. The target viewpoint is set to the position of im2, whose corresponding
disparity map disp2 is also available. When im0 and im4 are used for vy, (x,y)
and vg(z,y), respectively, r equals 0.5. Instead, when imI and im5 are used, r
becomes 0.25. In both cases, the accuracy of the original depth information is
1/4 pixel length in terms of disparities between the left and right imagesﬁ The

3 The procedure described here seems a little different from that of @) and (@)); the
disparity shifting and combing filtering are performed in the opposite order. The
order is changed to avoid hole-filling problems. These two procedures are completely
equivalent in the theoretical model.

* http://vision.middlebury.edu/stereo/

5 Consequently, inherent quantization errors are included in the input depth data.
Those relatively small errors are ignored in the experiment.
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linear interpolation optimal interpolation

| — — =

MSE = 227.6 MSE = 186.5

Fig. 5. Resulting images and close-ups by linear (left) and optimal (right) interpola-
tions. Disparity errors are Gaussian of o = 5 and viewpoint is set to 7 = 0.5. Optimal
interpolation produces more plausible results.

resulting image is compared with the ground truth im2 for evaluation of MSE,
which are calculated in floating point precision without considering the pixels
with void disparities and 50 pixels from both sides.

Figure [ shows the MSE profiles against the magnitude of the disparity er-
ror obtained with cones dataset. The disparity error is Gaussian for the upper
row and uniform for the lower row. It is obvious that the optimal interpolation
outperforms linear interpolation as a whole. As the theory states, the difference
between the optimal and linear interpolations decreases as the disparity error
decreases. Sometimes, linear interpolation outperforms the optimal interpola-
tion by a very narrow margin. However, as the disparity error increases, the
advantage of the optimal interpolation becomes significant. Another important
observation is that band-limited linear interpolation achieves comparable quality
with the optimal interpolation.

Figure B shows several resulting images by the linear and optimal interpola-
tions with large disparity errors (Gaussian with o = 5). These images are low
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quality because of the very noisy disparities used, but the optimal interpolation
produces more plausible results than linear interpolation in visual quality. More
results are included in the supplementary material.

It should be noted that the proposed theory starts with an occlusion-free
diffusive surface model (see (Il)), and the noise terms are actually ignored (6g
and 67, in ([I6) are assumed to be 0) in the optimization. However, the optimal
interpolation works well for real scenes that contain non-diffusive reflections and
occlusions, indicating that the proposed theory successfully captures the essential
property of real image data despite its simplicity.

5 Conclusions

A theoretical framework for view interpolation problem to analyze the quanti-
tative quality of the resulting image in the presence of depth inaccuracy and
provide a principled optimization scheme based on the MSE metric was pro-
posed. The theory clarified that if the probabilistic distribution of the disparity
error is available, the optimal view interpolation that outperforms conventional
linear interpolation can be achieved. It was also revealed that the optimal inter-
polation converges to linear interpolation as the disparity inaccuracy decreases.
The theory was confirmed by experiment using real image data.

The main drawback of the optimal interpolation scheme is that it requires
the exact shape of the disparity error distribution p(¢), which may be infeasi-
ble in practice. Furthermore, the advantage of optimal interpolation over linear
interpolation is marginal unless the disparity inaccuracy is considerably large.
Consequently, when the depth information is accurate to some extent, linear
interpolation is a realistic choice. If the depth information is very noisy, band-
limited linear-interpolation can be adopted, because it can achieve near-optimal
quality only with simple band limitation. Although the cut-off frequency also
depends on the shape of p(£), this parameter might be tuned interactively.

Future work will include several directions. First, the theory will be extended
to deal with more general configurations, e.g., 2-D configurations of input cam-
eras and the target viewpoint not located on the baseline. Second, the proba-
bilistic distribution of the disparity error should be studied from real data. For
example, most stereo matching algorithms produce depth maps with spatially
varying errors, which conflicts with the assumption that p(£) is space invari-
ant. In addition, efficient implementations or approximations for the optimal
combining filters should be considered.

Finally, it should be noted that view interpolation is essentially a very complex
problem. As seen from [17], many technical elements including accurate camera
calibration, stable depth/correspondence estimation, and appropriate handling
of occlusion boundaries, contribute to the final rendering quality. Meanwhile,
the theory presented in this paper is focused only on a single aspect of the
problem: how to blend input image pixels to synthesize new output pizels when the
correspondences are established with some amount of errors, which is a common
issue for any view interpolation algorithm. I believe the theory can be extended
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to deal with other aspects in the future and it leads to a solid mathematical
framework for general view interpolation problems.
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