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Abstract. Forecasting is an important analysis task and there is a need
of integrating time series models and estimation methods in database
systems. The main issue is the computationally expensive maintenance
of model parameters when new data is inserted. In this paper, we ex-
amine how an important class of time series models, the AutoRegressive
Integrated Moving Average (ARIMA) models, can be maintained with re-
spect to inserts. Therefore, we propose a novel approach, on-demand es-
timation, for the efficient maintenance of maximum likelihood estimates
from numerically implemented estimators. We present an extensive ex-
perimental evaluation on both real and synthetic data, which shows that
our approach yields a substantial speedup while sacrificing only a limited
amount of predictive accuracy.

Keywords: AutoRegressive Integrated Moving Average Models,
Parameter Estimation, Integrated Forecasting.

1 Introduction

Time series can be encountered in many domains like business (e.g. sales or
inventory), industry (e.g. yield rates or power consumption) and science (e.g.
sunspot activity or ambient temperature). One important time series analysis
task is forecasting, which can be achieved by creating a model of the time series.
A suitable model represents the process that generated the time series in question
and reproduces the dynamics of the time series, e.g. deterministic or stochastic
trend or seasonal patterns. Forecasts of the time series can then be derived from
the model.

A widely used class of time series models are the AutoRegressive Integrated
Moving Average (ARIMA) models [2] that are able to model a wide range of
real-world time series from various domains [6,8]. A key task in the creation
of time series models is parameter estimation, which is the determination of
values of the model parameters that provide an optimal fit to a time series. Op-
timality can be determined through different optimization criterion, e.g. a least
squares approach. However, the best parameter values can usually be obtained
through the mazimum likelihood approach that uses the model specific likelihood
function as optimization criterion [2]. The maximization of this function is of-
ten implemented through computationally expensive numerical procedures, e.g.
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Quasi-Newton algorithms, where the parameter values are iteratively adjusted
until the likelihood becomes maximal.

There has been a rising research interest in integrating forecasting function-
ality in database management systems [35/1] and there are also first practical
implementations, e.g. in the analysis services in SQL Server 2008 [9]. Integrated
forecasting offers the key advantage of reusing models to answer repeated or
similar queries [4]. The expensive parameter estimation is performed only once
and its costs amortize through using the model for answering many queries.

What has not been considered so far is the issue of maintenance, i.e. how
to update parameter estimates when real time passes and new data becomes
available. Simply ignoring the new time series elements will cause the model
to become outdated and not reflect the true process any more. Reestimation of
the parameters after every update guarantees that model parameters are always
based on all available information, but it is also the most expensive possible
maintenance procedure. A simple approach to maintenance is periodic reestima-
tion, where parameters are reestimated after a certain number of new tuples
have been inserted. This is less expensive, but omitting estimation without any
consideration of the impact of the new tuples on the estimated parameters can
still increase the forecast error arbitrarily [10].

In this paper, we propose on-demand estimation, a novel approach for effi-
ciently maintaining maximum likelihood parameter estimates acquired through
numerical optimization. We focus our presentation on ARIMA models, but the
approach is in principal applicable to any estimation scheme using numerical
optimization.

To make maintenance more efficient, on-demand estimation involves con-
structing a boundary synopsis around a found optimum on the likelihood func-
tion. The boundary helps to decide whether updates will change the optimum
and thereby the estimated parameters significantly. Note that we can decide on
the impact of the update without actually estimating the parameters anew. If
the update will not change the optimum we can skip the expensive reestimation
and we perform it otherwise.

2 On-Demand Estimation

Parameter estimation is the task to find parameter values { that provide the
optimal fit to a given time series x1.;. Updates to a time series expand it, e.g.
an update z; to a time series x1. yields x1..41. Parameter estimation using
numerical procedure involves the evaluation of a function on each element of
the time series at least once, but normally several times. Hence, estimating
parameters is computationally expensive and becomes more expensive with each
update.

We focus our discussion on parameter estimation for ARIMA(p, d,q) models.
The structural parameters p, d and ¢ are set a priori and can not be estimated.
Only p and ¢ have an influence on the likelihood function, while d controls the
preprocessing step differencing (not relevant for this paper). We employ one
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Fig. 1. Example evolution of ARIMA(2,0,0) estimates

variant of the likelihood function of ARIMA models, the conditional likelihood [2].
Maximization of it can be realized by minimizing the conditional sum of squares
¢SS(¢,0), where ¢ and 6 form the parameter vector ¢ to be estimated:

2
t t 14

q
cSS(9,0) Z ai(¢,0,21.4))? :Z x; 7Z¢jxifj - Zakaifk(ﬁbaaaxl:t)

i=p i=p Jj=1 k=1

An a;(¢,0,x1.4) term is the difference of z;, the prediction from the autore-
gressive part of the model that uses a linear combination of the past x;_p.;—1
and the prediction from the moving average part that uses a linear combina-
tion of the past a;_q:;—1. Hence, the ¢SS can be interpreted as the sum of the
one-step-ahead prediction errors. An important property of the ¢SS is that we
can incrementally maintain it for fixed parameter values (¢,0): ¢SSi11(0,6) =
cSSi(¢,0)+ (aty1(¢, 0, 7441))2. Note that incremental maintenance of the objec-
tive function for fixed parameter values can be derived for many other parameter
estimation tasks, e.g. for any numerical least squares estimator. Therefore, our
approach could be applied there as well.

Overview. The basic idea of on demand estimation is to decide whether an
update x;, to a time series x1.;—1 is influential enough to change the location
of the optimum on the objective function significantly and hence justifies the
use of estimation on the expanded time series x1.; to get the current parameter
estimates. Hence, for ARIMA models we need to assess how heavily an update
changes the distribution of the ¢SS.

We introduce our approach using an example. Figure shows how the es-
timates of the parameters ¢; and ¢ of an AR(2) process change after successive
updates. The contour lines represent the ¢SS distribution after nine updates
were applied and the filled square marks the minimum ¢SS after these nine up-
dates. We see how nearly all earlier estimates varied heavily after updates, which
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Algorithm 1. On-Demand Estimation
cv: center vector; vv;: vertex vector; tol: tolerance

1: for each update tuple z: do
2:  if exists(syn) then

3: ¢SSecv,t — ¢SScv,t—1 + calculate ¢SS (cv, x+)

4: for each vv in syn do

5: ¢S Suu,t — ¢SSyu,t—1 + calculate ¢SS(vv, z)

6: if ¢SSyt < cSScv,t then

7 syn «— build synopsis(estimate parameters(zi.¢),tol)
8: end if

9: end for

10:  else

11: syn «— build synopsis(estimate parameters(zi.), tol)
12:  end if

13: end for

requires reestimation. However, after the ninth update, the next four updates
result only in small changes.

To decide on the impact of the next update we construct a boundary synopsis
that consists of the four vertex vectors vv (empty squares in Figure around
the center vector cv (filled square). The center vector is the minimum of the
¢SS found by the last estimation, while the vertex vectors represent acceptable
tolerance in the parameter estimates. Figure shows a projection of the ¢SS
depending only on ¢ with ¢; ~ 0.57, i.e. a vertical cut through the ¢SS from
top to bottom. The continuous line with squares is a scaled version of the ¢SS
after nine updates and with the center vector at the minimum. After each of
the next four updates, estimates change only slightly as can be seen in Figure
11(b)| where the ¢SS after the four updates (dash-dotted line with triangles)
still has its minimum inside of the boundaries, although the true minimum is
not at the cv any more. A significant change happens after the next update.
We can see in Figure that the minimum of the dashed line with circles is
now outside the boundary. When we look at the left vertex vector, we notice
that ¢SS is now smaller than at the center vector. This is our indication that
the minimum has shifted and that we must apply estimation to find the new
minimum. This approach is efficient since we can maintain the ¢SS incrementally
at all parameter vectors, requiring to evaluate the objective function only on the
update and adding it to the stored ¢S'S.

Formal Definition. Algorithm [ formalizes these considerations. On the first run
of on-demand estimation we have no synopsis yet. It stores center and vertex
vectors as well as the ¢SS at these vectors. The synopsis is constructed from
a parameter estimate yielded by estimate parameters(xi.:) and a user defined
tolerance tol (line [IT]).

For any successive update, we update ¢SSe, ¢ for the center vector (line B]).
Since ¢SS can be updated incrementally, we need to evaluate the objective func-
tion calculate ¢SS for a parameter vector (cv and the vv) only on the update
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z;. We also update ¢SSy, for each vertex vector (line ) and stop if we find
a vertex vector where ¢SSy, < ¢SSy, i.e. when we have an indication of a
significant change. We then proceed as in the initial construction of the synopsis.
If we update all vertex vectors without detecting a significant change, we can
stop processing the update, since the old estimate is still good with respect to
the tolerance.

Form of the Boundary. We propose two boundary structures: Hypercube and
Simplex. While the hypercube offers absolute uniform coverage of all dimensions
of the parameter space, the simplex is the structure with the smallest possi-
ble number of vertices to bound the center vector in all dimensions [I1]. The
hypercube can simply be constructed from a new parameter estimate, i.e. the d-

dimensional center vector cv = (cvy, ..., cvg) and tolerance tol by creating a pair
of new vectors vp; = {(cv1,...,cv;+tol, ..., cvq), (cv1,...,cv;—tol,... cug)} for
each dimension ¢ = {1,...,d}. The boundary is the union U?Zl{vpi} and con-

sists of 2d vectors.

A simplex in d dimensions is composed of d + 1 vectors. For example, in two
dimensions the simplex is a triangle. The boundary is looser than with the hyper-
cube, since we have fewer vertices at which to check for a shift. A simplex can be

constructed from a center vector cv = (cvy, ..., cvq) by creating a new vector v;
for each dimension ¢ = {1,...,d}: v; = {(cv1,...,cv; + tol xo,...,cvq)}, where
o=1if cv; >0 and o = —1 if cv; < 0. This yields d vectors with an orientation

o away from the coordinate origin. The last vector is acquired by scaling cv in
the direction of the origin in a way that the new vector vgy; has a distance of
tol to cv. The simplex is made up of Uf:ll{vl}

Adaptation. We now introduce an approach for the hypercube that adapts the
boundary to the variance of the parameter estimates. We achieve this by increas-
ing the tolerance for parameters that vary heavier than others, i.e. by construct-
ing vertex vectors that are further away from the center vector, and vice versa. An
adapted hypercube can be constructed from a center vector cv = (cvy, ..., cvq),
tolerance tol and a vector of scale factors f; withi = 1,...,d by creating a pair of
new vectors vp; = {(cv1, ..., cvo;+ fixtol, ... cvg), (cv1,...,co;,— fixtol,... cvq)}
for each dimension. To determine the f;, we calculate the empirical variance Var;
per dimension ¢ from the elements of the parameter estimates cvy ;,...,cvpm ; in
that dimension i. The scale factor f; is defined as:

Vari(cvi,i,- .., Comy;)
d
ijl Var;(cvij,...,com,;)
Hence, the scale factor f; is a measure of the variance in dimension 7 relative
to the overall variance of the estimates. We normalize the fraction by multiplying

with d and gain a factor f; that is larger than one if the variance is above average
and vice versa. If all dimensions vary equal, all scale factors are f; = 1.

fi=dx

Internal Estimation. Internal estimation is a heuristic that seeks to improve on
the base strategy of using the center point as a fixed parameter estimate. We
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introduce it for the hypercube. The basic idea is to shift our parameter estimate
from the center vector cv in the likely direction of the true ¢SS minimum. Our
shifted estimate ( is determined as:

2d
(=cv+ Z 4 (ovi—c)
i=1 E?:l d;

where d; = (¢SSyy, — cSSCU)fl, i.e. the reciprocal of the ¢SS difference between
vertex and center. This gives the most weight to vertices that have a relative low
¢SS which is an indication that the true estimate lies in the direction of that
vertex. We normalize the d; to sum to one and multiply the resulting weights
with the directional vectors (vv; — cv). The weighted sum of all 2d directional
vectors gives the final estimate.

3 Evaluation

We implemented all presented maintenance approaches in the R programming
language. Our evaluation consists of a series of simulations to evaluate run time
behavior and accuracy. A simulation run is composed of an initial batch estima-
tion on a starting window x1.g of the time series at hand. S is set large enough
to give a first parameter estimate (e.g. S = p + 1 for ARIMA(p,0,0)). We then
expand the time series to z1.54+1, 1.542 and so on until the end of the series
and we call the maintenance procedure after each expansion.

The baseline approach consists in using estimation for each update. We also
report results for periodic estimation for specific rates of estimation. In the fig-
ures, periodic x means that after each x tuples parameters were estimated. We
measured accuracy and runtime behavior and we present the latter as speedup
in terms of the average estimation time in comparison to the baseline.

We used both real and synthetic data for our evaluation. The synthetic set
is composed of several simulated time series of different length that behave ac-
cording to given ARIMA models of different order and parameterization. The first
real dataset are the 645 yearly time series from the M3 competition [§], an ex-
tensive empirical evaluation of the predictive performance of a large number of
forecasting methods. The second real data set is derived from the half hourly
measured electricity demand in Great Britain, which is published by National
Grid [7]. We used the Initial Demand Outturn of 2008 and aggregated it to the
sum per day yielding a 347 element time series with seasonal patterns per week
as well as over the year.

Synthetic Data. To evaluate the loss in accuracy caused by skipping estimation
we present the deviation of estimates for periodic and on-demand estimation
with respect to the estimates yielded by the baseline. As can be seen from Figure
the mean deviation, as root mean squared error, lies well inside the bounds
of the used tolerance. We can see that the Hypercube estimators have tighter
bounds. Note that the internal estimation (IE), the adaptation (A) and the
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Fig. 2. Experimental Results on Synthetic Data

combination (A+IE) of these two modifications each reduce the mean deviation.
Because we can only check ¢SS values at the vertex vectors, the boundary is not
strict. Figure shows the percentage of estimates that varied larger than the
set tolerance. The ratio is relatively large for very small tolerances because the
covered parameter space is equally small. The percentage of boundary violations
sinks with increasing tol, but rises again for those approaches that do not adapt
the boundary.

We see from Figure where tol = 0.05 that the speedup increases as ex-
pected with the length of the overall simulated time series. The reason is that
the benefit for each skipped update is larger for larger time series. Speedup also
increases with increasing tolerance (Figure length = 500), whereby we see
an speedup of about 50 for the Simplex and about 40 for the static Hypercube
estimators at tol = 0.05. Looking at Figures and conjointly, we see
that for a given tolerance, e.g. tol = 0.05, the variants of on-demand estimation
in comparison to periodic estimation can offer a smaller error, e.g. adapted Hy-
percube vs. periodic 25, a greater speedup, e.g. Simplex vs. periodic 10, or
both e.g. adapted Hypercube with internal estimation vs. periodic 10.
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Fig. 4. Experimental Results on Energy Demand Data

Real Data. We used the time series from the M3 competition to test the robust-
ness of our approach under adverse conditions. These series are very short with
a minimum length of only 28 elements. Hence, there is little that can be gained
from omitting estimation and the estimates on such short time series may vary
strongly with each update. However, there are still inserts that do not change
the parameters significantly and on-demand estimation identifies these updates.
As can be seen form Figure even on this adverse data set we are never
slower than the baseline and can even achieve speedups, e.g. a speedup of about
6 for the Hypercube approach with tol = 0.05.

We evaluated accuracy using a series of one-step-ahead forecasts %441 from
the models and measuring the error to the real value x4 using the symmetric
mean absolute percentage error SMAPE = 100t~ 23" (|2 — &¢]) (|2e|+ %)) 7"
(range: 0% to 100%). We can see from Figure that on-demand and periodic
estimation yield a slightly worse but acceptable SMAPE than the baseline. The
variation between approaches is small, but for larger tolerances the speedup
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of on-demand estimation is higher than that of periodic estimation with only
slightly greater error.

Figure shows the SMAPE of the energy dataset. Note that the SMAPE
for nearly all of our approaches is lower than the SMAPE of the baseline. This can
occur in real world data, where skipping an update might decrease the forecast
error. We can also see an outlier for the two static Hypercube approaches at
tolerance tol = 0.01 which does not show up in the adaptive approaches that
perform better. The speedup on this data set is huge for all our approaches
e.g. about 250 for the Simplex at tol = 0.025 (Figure logarithmic scale).
Periodic estimation has a smaller speedup and greater error.

4 Conclusion

We proposed on-demand estimation, a maintenance strategy that uses expensive
estimation only when necessary and we presented several on-demand estimators.
With these estimators we achieved a considerable speedup over the baseline ap-
proach on synthetic and real data with only little impact on predictive accuracy.
Our approaches also outperform periodic reestimation by offering either a smaller
error or a greater speedup.
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