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Abstract. In this paper we introduce a new method for solving systems of linear
inequalities. The algorithm incorporates many state-of-the-art techniques from
DPLL-style reasoning. We prove soundness, completeness and termination of the
method.

1 Introduction

There are several well-known methods for linear programming and solving systems of
linear inequalities over the rational or real numbers. These are the Fourier-Motzkin vari-
able elimination method, simplex, the interior point method (see, [7] for an overview),
a recent conflict resolution method [2] and the GDPLL method [5]. In this paper we in-
troduce a new method. Interestingly, this method is rather different from the previously
known methods in that it incorporates ideas recently developed in the SAT solving
community: namely, DPLL [1], unit propagation, dynamic variable ordering, lemma
learning and backjumping [4], see also [6] for the state-of-the-art exposition of DPLL
related techniques.

The method works by assigning values to variables and using the assigned values
to derive bounds on other variables, using bound propagation. The process of assign-
ing values either terminates with a solution, or results in inconsistent bounds derived by
bound propagation. In the latter case we learn a new inequality, which we call a collaps-
ing inequality, which is also used to derive a bound on a variable excluding a previously
done assignment. After that we either obtain inconsistent bounds, which means that the
system is unsatisfiable or change the assignment to conform to the new bound. The
algorithm incorporates many ideas developed in SAT solving, such as clause learning,
backjumping and dynamic variable ordering. Another interesting property of the algo-
rithm is that the number of inequalities at each stage can be kept linear in the number
of variables and the number of input inequalities.

For those familiar with DPLL, the informal description of the method above may
look familiar. However, there are fundamental differences between the two methods.
Firstly, it turns out that bound propagation can be non-terminating, so we have to im-
pose some restrictions on it. Secondly, unlike propositional DPLL, there exists an infi-
nite possible number of bounds and values for a variable, so making an algorithm that
terminates is highly non-trivial.
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The rest of this paper is organised as follows. Section 2 introduces definitions related
to systems of linear inequalities. We define notions of bound (on a variable), context as
a set of bounds, and inference rules of resolution and bound-resulting resolution on lin-
ear inequalities. We also introduce bound propagation as a sequence of bound-resulting
resolution inferences. Section 3 introduces a fundamental notion of collapsing inequal-
ity. We give an algorithm for extracting collapsing inequalities from resolution proofs.
We show that, in the case of bound propagation, the extracted collapsing inequality can
be used to collapse a bound propagation derivation into a single inference by bound-
resulting resolution.

In Section 4 we introduce our algorithm for solving systems of linear inequalities
using bound propagation and other rules. Section 5 gives an example of how this al-
gorithm works. In Section 6 we show soundness, completeness and termination of the
algorithm. Proofs that did not fit can be found in the full version of this paper [3].

2 Preliminaries

We will denote variables by x, rational constants by c and positive rational constants
by d, maybe with indices. We call a literal a variable x or its negation —x and denote
literals by [. Literals of the forms x and —x are said to be complementary. A literal
complementary to a literal [ will be denoted by /. Note that every linear inequality can
be written in the form

where the variables of the [;’s are pairwise different. Note that all the constants d;’s are
positive by our choice of notation. We say that inequality (1) contains literals I, . . . , ,,.

An inequality is called frivial if it contains no variables. It is straightforward to adapt all
our considerations to systems also containing strict inequalities and equalities, which
for simplicity we do not consider in this paper.

We define an assignment o over a set of variables X as a mapping from X to the
set of real numbers R, i.e. o : X — R.

For a linear term ¢ over X, denote by go the value of ¢ after replacing all variables
x € X by the corresponding values o(z). An assignment o is called a solution of a lin-
ear inequality ¢ > 0 if qo > Qs true; it is a solution of a system of linear inequalities if
it is a solution of every inequality in the system. If ¢ is a solution of a linear inequality I
(or a system L of such inequalities), we also say that o satisfies I (respectively, £), de-
noted by o |= I (respectively, o |= L), otherwise we say that o violates I (respectively,
L). A system of linear inequalities is said to be satisfiable if it has a solution.

We will denote inequalities as I, J, G, possibly with indexes and the corresponding
linear terms as I, J, G respectively, so I = (I > 0), J = (J > 0) and so on. Two
linear inequalities are equivalent if one can be obtained from another by multiplying
by a positive constant. When we deal with linear inequalities, we will not distinguish
equivalent linear inequalities. That is, we assume that the order of linear terms d;l; in
a linear expression is irrelevant and that we can multiply the inequality by any positive
rational. We also assume that a trivial inequality is either —1 > 0 or 0 > 0.

For an inequality I, let var(I) denote the set of all variables with non-zero co-
efficients in I. Similarly, for a system of inequalities £, let var(L) denote the set



SAT this paper

variable variable

literal literal

clause linear inequality

unit clause bound

resolution resolution

unit-resulting resolution bound-resulting resolution
unit propagation bound propagation

Table 1. Correspondence between the SAT terminology and our terminology

Urecvar(I). We say that a system of inequalities £ implies an inequality I, if every
solution to L is also a solution to I. We say that an inequality I is a non-negative linear
combination of inequalities Iy, ..., Iy, if I is of the form a; 17 + - - - + o I, > 0 where
a; > 0for 1 < i <k, in this case we also write I = a1 Iy + --- 4+ axIg. It is easy to
see that any non-negative linear combination of inequalities from £ is implied by £. An
inequality I of the form dyly + - - - + d,l,, + ¢ > 0 improves an inequality I’ if either I
is —1 > 0 or I’ is of the form d1l1 + -+ - + d,l, +c > 0and ¢’ > c.

LEMMA 2.1 If an inequality I improves I’ then I implies I’.

Proof Let I be of the form dyl; + - -+ + dpl, + ¢ > 0. If Tis —1 > 0 then the lemma
trivially holds. Assume I is not —1 > 0 and I’ is of the form dyly +- - - +d,l, +¢ > 0,
where ¢/ > ¢. Then I’ = I + (¢ — ¢ > 0), hence I implies I'. 0

DEFINITION 2.2 (BOUNDS) A bound on a literal | is an inequality of the form [ + ¢ >
0. A pair of bounds [ + ¢; > 0 and I + c; > 0 on two complementary literals is
contradictory if ¢; + co < 0, in this case we will also say that [+ c; > 0 contradicts I+
co > 0. A bound is either a bound on a literal, or a trivial inequality. Trivial inequalities
will also be called trivial bounds. A bound [+ ¢, > 0 is said to strictly improve a bound
l+cy >0ifco > . |

DEFINITION 2.3 (CONTEXT) Let B be a finite set of non-trivial bounds. B is called
a context if it contains no contradictory pair of bounds. A bound b is called redundant
in B if some bound in B strictly improves b. We say that a bound b contradicts to a
context B if some bound in B contradicts b. a

By our definition contexts are always satisfiable. It is easy to see that a bound b is
implied by a context B if and only if either b € B or b is redundant in B.

Our aim now is to introduce an inference system on linear inequalities. This infer-
ence system will have inference rules similar to those used in the resolution calculus.
To emphasise the analogy to the resolution calculus we will use terminology similar to
the one used in the theory of resolution.

For the readers familiar with the resolution calculus for propositional logic and the
DPLL method we define a correspondence between the notions introduced in this paper
and those used in propositional satisfiability in Table 1.



DEFINITION 2.4 (Resolution) Let 11, I5 be linear inequalities such that I; has the form
dyxz + I > 0 and I, has the form —dsxz + IS > 0 for some variable . We say that the
linear inequality

doI} 4 di15 >0

is a resolvent of 11 and 15 upon x. We consider resolvent as a symmetric relation, that
is, a resolvent of I; and I, upon z is also a resolvent of Iy and I; upon x. Resolution
is the inference rule deriving a resolvent from two linear inequalities. 4

For example, consider two clauses x1 + 222 + x3 + 3 > 0 and —2z; — 322 + 5 > 0.
Then their resolvent upon x; is 2 + 2x3 + 11 > 0 and their resolvent upon x5 is
—x1 + 323 + 19 > 0. Note that any resolvent of two inequalities is a consequence of
these inequalities. Also note that resolution is compatible with equivalence on linear
inequalities. That is if we replace inequalities in the premise of a resolution inference
by equivalent inequalities then the conclusion of the new inference will be equivalent
to the conclusion of the original inference.

Any application of resolution to a bound b and a linear inequality I eliminates a
variable from I in the following sense: the variables of the resolvent are the variables of
I minus the variable of b. Thus, if we repeatedly apply resolution to a linear inequality
of n variables x4, ..., z, and bounds on variables zo, ..., x,, all variables except x1
in I will be eliminated and we will obtain a bound on z;. We will formalise such
repeated applications of resolution to a linear inequality and a sequence of bounds in
the following definition.

DEFINITION 2.5 (Bound-Resulting Resolution) Consider any linear inequality I of the

form (1). Let b; be bounds of the form ; + ¢; > 0, where i = 2, ..., n, on literals com-
plimentary to literals in I. Then one can derive (by a sequence of resolution inferences)
from by, ..., b, and I the following bound b on [;:

ll +(C+d202 ++dn6n)/d1 2 0.

We will say that b is obtained by bound-resulting resolution from bo, ..., b, and I.

Likewise, let b; be bounds of the form l_Z +c¢; > 0, where ¢ = 1,...,n, on lit-
erals complimentary to literals in I. Then one can derive (by a sequence of resolution
inferences) from by, ..., b, and I the following trivial inequality:

c+dicy +docg + ... +dye, > 0.

In this case we will also say that this trivial inequality is obtained by bound-resulting
resolution from b, ...,b, and I. d

We can consider resolution and bound-resulting resolution as inference rules and
put together sequences of resolution steps to form a derivation, that is, a tree consisting
of inferences. For example, the following

x4 —1>20 a23—24+1>0
z32>0 —292>0 24—1>0 zy4+29—23—24>0
.1'1—120

(@)



is a derivation of the bound z; — 1 > 0 from two bounds z, — 1 > 0 and —x5 > 0 and
two inequalities z3 — x4 +1 > O and 1 + 2 — 3 — x4 > 0. This derivation uses two
bound propagation inferences.

By repeated applications of bound-resulting resolution we can repeatedly derive
new bounds. Such repeated applications are formalised in the following definition.

DEFINITION 2.6 (Bound Propagation) Let B be a context and £ a system of linear
inequalities. A bound propagation from B and L is a sequence of bounds by, ..., b,,
such that

1. n>0.

2. For all k such that 1 < k < n, the bound by, is not implied by BU {by,...,bg_1}.

3. For all k such that 1 < k < n, the bound by, is obtained by bound-resulting resolu-
tion from B U {by,...,bs_1} and an inequality in L.

We will also use this definition in the case when b,, is a trivial inequality. 4

By collecting all inferences in a tree one can regard bound propagation as a derivation
of the bound (or a trivial inequality) b,, from B and L.

3 Collapsing Inequalities

In the DPLL procedure unit propagation always terminates since there is only a finite
number of literals that can be derived. In the case of linear equalities the number of
bounds is infinite, which may result in bound propagation of unrestricted length, deriv-
ing better and better bounds. This is illustrated by the following example.

EXAMPLE 3.1 Consider the context {&; > 0} and the following two linear inequalities

.1‘2—33120 (3)
371—332—120 (4)

Using 21 > 0 and (3) one can derive a new bound zs > 0, from which, using (4) one
can derive an improved bound 1 — 1 > 0 on z;. In a similar way from z; —1 > 0 one
can derive in two steps 1 — 2 > 0, then 1 — 3 > 0 etc. |

In this section we will analyse bound propagation. First, we will show that any
derivation consisting of bound propagation steps using a collection of inequalities can
be collapsed into a single bound-resulting resolution inference by adding a new inequal-
ity, called a collapsing inequality.

To explain the idea of collapsing inequalities consider derivation (2). It uses two
inferences to derive the bound 21 —1 > 0 from the context B = {z4—1 > 0, —x2 > 0}.
It also derives the bound x5 > 0 on the variable x3. If we resolve the inequalities
x1+x9—x3—2x4 > 0and 3 — x4+ 1 > 0 used in the derivation upon the variable x5
we obtain a new inequality 1 + x2 — 224 + 1 > 0. This inequality has the following
interesting property: we can obtain the bound z; — 1 > 0 from the context B using a
single inference



z4—12>20 —29>20 x14+22—224+12>0
xlflz()

Thus, the new inequality x1 + x2 — 224 + 1 > 0 makes derivation (2) collapse into a
single inference.

Let us prove a general result on collapsing inequalities and then show how to extract
collapsing inequalities from resolution and bound-resulting resolution proofs. We will
use Farkas’s Theorem stated in the following form.

THEOREM 3.2 (Farkas) Let £ be a system of linear inequalities. If £ implies a lin-
ear inequality I then there is a linear non-negative combination of inequalities from £
improving I. A

For a proof we refer to [7].

THEOREM 3.3 (Collapsing Inequalities) Let £; and L5 be two systems of linear in-
equalities such that £; U Lo implies a linear inequality I. Then there exist two linear
inequalities I; and I, such that

1. £, implies I; and Lo implies I;
2. the system {I, I} implies I.

Proof By Theorem 3.2, if £ U L5 implies a linear inequality I then there is a non-
negative linear combination of inequalities from £; U Lo which implies I. This combi-
nation can be represented in the form

arJy + - apdy + G161 + -+ BG,

where J; € L1,a; > 0forl <i<kandG; € Lo,5; >0forl <i<m.
WedefineI1 = a3 J1+- - -+aiJg and Is = B1G1+- - -+ 5, Gm. [t is straightforward
to check that I; and I, satisfy conditions 1-2 of the theorem. |

We will call inequalities I; and I, satisfying the conditions of Theorem 3.3 collapsing
for T w.r.t. £1 and Lo respectively.
Let us show how to effectively extract collapsing inequalities from resolution proofs.

THEOREM 3.4 Let £ and L5 be two systems of linear inequalities and II be a reso-
lution (or a bound-resulting resolution) derivation of an inequality I from inequalities
in £1 U Lo. Then inequalities I; and Io, collapsing for I w.r.t. £1 and L5 respectively,
can be constructed in time polynomial in the size of I7.

Proof Since any bound-resulting resolution derivation can be considered as a special
case of a resolution derivation, we will only prove this theorem for resolution deriva-
tions.

The proof is by induction on the depth of II. We will prove a slightly stronger, yet
equivalent statement: our construction will also imply I = I; + I,.

Base case. Suppose II has I as the (only) leaf, then I € £7 U L. If T € £ then

we define I, 4°f 1 and I, def (0 > 0). The case I € L5 is similar.



Inductive case. Let I be a conclusion of an inference in I7 with premises J and G:

I, I
J_ G
I

By the induction hypothesis, we can construct pairs of collapsing inequalities Jp, Jo
for II; and Gy, Gy for Il,. Since I is obtained by resolution from J and G, we have
that I = aJ + (3G for some coefficients « > 0 and 3 > 0. Define I def aJy + (8Gy
and I, def aJo + (Go. By the induction hypothesis, £1 implies {J1, G}, hence £
implies I;. Likewise, we have Lo implies I5. By the induction hypothesis we also have
J =J; + Jg and G = G; + Go. It remains to prove I; + I, = I. To this end, note that
I; + Iz = (adi + BG1) + (ad2 + G2) = a(J1 + J2) + B(G1 + G2) = aJ + G = 1.

Let us note that with additional bookkeeping we can obtain an explicit representa-
tion for the collapsing inequalities I; and I as non-negative combinations of inequali-
ties from £; (L5 respectively). a

Let us now consider bound-resulting resolution inferences between a context B and
a set of inequalities L.

THEOREM 3.5 Let b be a (possibly trivial) bound derived from a context B and a set £
of linear inequalities by bound propagation. Then there exists a linear inequality I such
that

1. £ implies I, and
2. either (i) Iis —1 > 0, or (ii) there is a bound b’ improving b which can be derived
from B and I by a single bound-resulting resolution inference.

Moreover, the bound b’ and inequality I can be constructed in time polynomial in the
size of the derivation by bound propagation. a

The proof is given in Appendix A. Let us only note that we can take I to be a collapsing
inequality for b w.r.t. £, which by Theorem 3.4, can be computed in polynomial time
from the bound-resulting resolution proof of b.

4 Bound Propagation Algorithm

In this section we introduce the bound propagation algorithm for solving systems of
linear inequalities, called BPA. BPA will be presented using a system of derivation
(transition) rules which are applied to states of BPA. A state is a triple (.S, L, €) where
S is a sequence of annotated bounds, called bound stack, L is a system of inequalities
and e is either the empty set or a set consisting of one bound, called conflicting bound.
We denote a state (S, £,€) as S || £, € and in the case when € = () as S || £. The bounds
in S are annotated with information reflecting on how the bounds were introduced. Each
bound b in S is either:

— adecision bound, denoted b<, or
— apropagation bound, denoted as b?.



We say that a bound b in S is below a bound b’ in S if b occurs before b’ (in the
order of their occurrences in S), in this case b’ is also called above b. In other words,
we consider the stack as growing upwards.

Every propagation bound in the stack will be obtained by bound propagation from
bounds below it and linear inequalities in £. Consider a bound stack S. Let b be a
propagation bound in the stack. We refer to the corresponding bound-resulting resolu-
tion derivation of b from bounds below it as I];,. Based on Theorems (3.4-3.5) we can
calculate a collapsing inequality from II;,, which we call the collapsing inequality for b
under S and denote by CI, such that (i) CIy is implied by £ and (ii) a bound improving
b can be derived by a single bound-resulting resolution inference from CI;, and decision
bounds in .S below b.

An initial state of BPA is a state of the form Sy || £y where Sy is the empty
sequence, and L is the system of inequalities we want to solve. Let us state invariants
on BPA states which will be preserved by BPA derivations. These invariants either
trivially follow from the BPA rule definitions or will be proved later. Consider a BPA
state S || £, e which is obtained from an initial state by a sequence of applications of
BPA derivation rules.

Invariant 1. The set of all bounds in S is consistent. In other words, we can consider
S as a context.

We call a sequence consisting of a pair of bounds (x — ¢ >% 0,—z 4+ ¢ >9 0) a
decision pair on x with the decision value c. To simplify the notation we will also write
such a decision pair as z°. If a stack contains a decision pair on x, we will call = a
decision variable of this stack.

Invariant 2. S is of the form Uy z{* Uy ...z}* U, where k& > 0 and (i) all
x? e ,xz’“ are decision pairs, (ii) each U; contains no decision bounds for 0 < i < k,
(iii) for any variable z there is at most one decision pair on z in S. We say that bounds

in U; are implied bounds of the decision level i for 0 < i < k, and the decision level of
S'is k.

Denote a restriction of the stack S to bounds below a decision pair z¢ as S
(including z¢ as S<ge), or simply S<; (S<;, respectively) when we are not concerned
with the decision value and var(l) = =.

Invariant 3. Any propagation bound b in S is not implied by the set of the bounds
below b.

Let us note that Invariants (2, 3) imply that if S contains a decision pair on a variable
x then there are no bounds on x above this decision pair.

A bound b is called decision-derived from an inequality I and a stack S if either (i)
both I and b are —1 > 0, or (ii) I is of the form [ + I > 0, where all variables in I
are decision variables in S<;, and b either coincides with I, or is obtained by a single
bound-resulting resolution inference from I and decision bounds in S.;.

With each decision pair ¢ in S we associate a pair of sets BCI, = (US,,, LS.)
called a bounding collapsing interval on x with the following properties. The set LS,
(respectively, US,,) is either empty or consists of a single inequality L, (respectively,
U,) of the formx + I > 0 (—x + I > 0, respectively), where all variables in [ are
decision variables in S.,. We denote by /b, the bound on x decision-derived from L,



and S, called the lower collapsing bound on x and similarly by ub, the bound on x
decision-derived from U, and S, called the upper collapsing bound on x.

Invariant 4. For any decision pair z¢ in S with the associated bounding collapsing
pair BCI ,, inequalities in BCI,, are implied by L.

For example, consider a system of inequalities L:

—y+xr—22z4+3>0
y—x—324+12>0
z>0

and a stack
S=(z2>P0,2",y%).

Assume that with the first decision pair we associated a bounding collapsing pair
consisting of empty sets, and with the second the pair ({—y+2+3 > 0}, {y—z+1 >
0}). Invariant 4 is satisfied since both —y + . + 3 > 0 and y — = + 1 > 0 are implied
by L. Note that the assignment {y — 2} satisfies the corresponding upper and lower
collapsing bounds ub, = (—y +4 > 0) and lb, = (y > 0).

Invariant 5. If € consists of a conflicting bound b then b contradicts to a decision
bound in S. With each conflicting bound b we associate a conflicting collapsing inequal-
ity CCI, satisfying the following. Conflicting collapsing inequality CCIy is implied by
L, and b is the bound decision-derived from CCI, and S.

We define the bound-propagation depth of bounds in a bound-propagation deriva-
tion w.r.t. S inductively as follows. If a bound b is a decision bound in .S or a bound
in £ then the bound propagation depth of b is bpd(b) = 0. If a bound b is obtained by
a bound-resulting resolution inference from bounds by, ..., bs and an inequality in £
then the bound-propagation depth of b is bpd(b) = max{bpd(b;) | 1 <i <k} + 1.

Invariant 6. We restrict bound-propagation depth of propagation bounds in S by an
a priory fixed constant denoted D > 0.

During backjumping (rules (LBBC) and (UBBC)) we can resolve collapsing in-
equalities. In order to show that the number of such resolvents is finite we need a notion
of the resolution rank.

The resolution rank of inequalities is defined by induction as follows. The set of
inequalities of rank 0, denoted RI, consists of all inequalities in £ together with all
collapsing inequalities obtained from bound-propagation derivations of depth < D +
1, from £ and a set of bounds. Assume that RI}, is defined then RIy,; consists of
all inequalities in RI} together with all inequalities obtained by a single resolution
inference from inequalities in RIy.

LEMMA 4.1 For any (finite) set of inequalities £ and any non-negative integers D and
k, the set RI is finite. a

The proof is given in Appendix B.

Invariant 7. Consider the conflicting collapsing inequality CCI, associated with
a conflicting bound b of the form [ + ¢ > 0. Denote the number of all variables
in £ as |var(L£)| and the number of decision variables in S<; as |vary(S<;)|. Then
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CCLy € RIjyar(c)|—|vara(S<,)|- Similarly, if z¢ is a decision variable in S then BCI, €
Rl jvar(c)|~vara(S<.)l-

We define a contradictory BPA state as a special state denoted as L. Now we define
the BPA derivation rules. When defining the rules, we assume by induction, that all
invariants above are satisfied on the BPA states to which the rules are applied. Initial
BPA states trivially satisfy the invariants.

Bound Propagation (BP):

S| L=pp SHP| L, where

1. bisin L, or obtained by bound propagation from .S and L,
2. bpd(b) < D,
3. bis consistent with .S,
4. Db is not implied by S.
Decide (D):
S| £L=pSz| L, where
1. z€is a decision pair (x — ¢ >9 0, —x + ¢ > 0), such that
2. xis a variable in L,
3. x is not a decision variable in S,
4. bounds z — ¢ > 0 and —z + ¢ > 0 are consistent with S and at least one bound in

x¢ is not implied by S.

In the Decide rule above, we associate with the introduced decision pair ¢ a bound-
ing collapsing pair BCI, = (US,, LS,) where US, and LS, are defined as follows.
If there is no lower bound on z in S then LS, is the empty set. Otherwise, letz —¢’ > 0
be a lower bound on z in S which is not implied by any other bound in S. Note that
x — ¢ > 0 is a propagation bound, since by conditions on the applicability of Decide,
2 is not a decision variable in S. Therefore x — ¢’ > 0 is derived from £ and decision
bounds in S by bound propagation (of depth < D). We define LS, = {CI(;_c>0)}
The set U S, is defined similarly.

Conflicting Bound (CB):

S| L=cp S| L,{b}, where

1. (=1 > 0) is obtained by bound-resulting resolution from S and L,
2. CI(_1>0) is the collapsing inequality for (—1 > 0) under S, and
3. b is decision-derived from CI(_;>() and S.

In the Conflicting Bound rule above, we associate with the bound b the conflicting
collapsing inequality CCI, = CI(_i>q).

Contradiction (_L):

S| L{-1>0} =, L
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The next set of rules deals with the case when the conflicting bound b is a lower
bound, i.e., of the form x + ¢ > 0, these rules are (LBBV) and (LBBC). The case when
the conflicting bound is of the form —x + ¢ > 0 is similar and the corresponding rules
are (UBBV) and (UBBC).

Lower Bound Backjump Value (LBBV):
VU || L,{x 4+ ¢ >0} =gy Va" || L, where

. CCI(y4.c>0) is Of the form z + I > 0,

. « + ¢ > 0is consistent with the upper bound ub,,,

. define BCI}, = (US,,{CCI(41c>0)})s

. 2V is consistent with ub/, and Ib/, corresponding to BCI,.

B W N =

In the (LBBV) rule above, with the new decision pair = we associate the bounding
collapsing pair BCI',.

We use the following notation. Consider two inequalities of the form I = (z + I >
0) and J = (—xz+J > 0). Then the resolvent of I and J on z will be denoted as I ®;, J.

Lower Bound Backjump Conflict (LBBC):
VU || L,{x+ ¢ >0} =rgec V || L, {b}, where

1. CCI(z4c>0) is of the form x + I > 0,
2. x4 ¢ > 0 is inconsistent with the upper bound ub,,
3. bis decision-derived from CCI ;4 .>0) @z Uy.

In the (LBBC) rule above, with the new decision conflicting bound b we associate
the conflicting collapsing inequality CCI ;4 c>0) ®z Us.
The rules (UBBV) and (UBBC) below are defined similarly to (LBBV) and (LBBC).

Upper Bound Backjump Value (UBBV):
ViU || L, {—x +c> 0} =upy Va’ H L, where

. CCIL(_z1c>0) is of the form —z + I > 0,

. —x + ¢ > 0is consistent with the lower bound b,

. define BCI, = ({CCI(_stc>0)}s LSa),

. ¥ is consistent with ub/, and b}, corresponding to BCI',.

AW -

In the (UBBV) rule above, with the new decision pair ¥ we associate the bounding
collapsing pair BCT,.

Upper Bound Backjump Conflict (UBBC):

VatU || L,{—z+c> 0} =yppc V || £, {b}, where

1. CCI(_p4c>0) is of the form —x + 1 > 0,
2. —x + ¢ > 0is inconsistent with the lower bound [b,;,
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3. b is decision-derived from CCI(_, >0y ®z L.

In the (UBBC) rule above, with the new decision conflicting bound b we associate
the conflicting collapsing inequality CCI(_; 1 c>0) Q@ La-

A BPA transition is a transition by one of the BPA rules above, denoted as =. A
BPA derivation is a sequence of BPA transitions starting from an initial state.

Let us remark on some properties of the BPA derivations. First we note that the set
of inequalities £ is never changed during the BPA derivations. Secondly, the number of
inequalities at each state is linear in the number of variables and the number of input
inequalities. Indeed, the only inequalities in a state are the input inequalities, inequali-
ties in bounding collapsing pairs, which are at most double in the number of variables
and at most one conflicting collapsing inequality. Thirdly, the order of variables is not
fixed and can be dynamically changed during the BPA derivations. Fourthly, we can
note that bounding collapsing pairs are used only during backjumping rules. Therefore
in an implementation instead of computing BCI’s for each decision variable, we can
compute BCI’s on demand during backjumping.

S Example

We use a simplified notation for bounds: upper bounds of the form —z — ¢ > 0 will be
denoted as —x > ¢ and lower bounds of the formx —c¢ > 0asx > c.
Let us apply our BPA algorithm to the following set of inequalities L.

g —2r1—1>0 &)
Zo+2£ﬂ1*120 (6)
—x9+x1 >0 @)

We have the following possible BPA derivation.

| £ =p

(xg) | £ :>§3§1)3

(@h, w1 >P 1/2) || £ =0p  (CCLun = (202 1))

(28,21 2P 1/2) || £,{zo > 1} =LBav (BCT" = (0, {z0 > 1}))

(z) | £ =5p

(wg, 21 2P 1) || £ é(C?])B (CCT(_yp>1) = (=20 > 1))

(xh, 21 2P 1) || £L,{=20 > 1} =vBBc (CCL(_ge>1) ®a (10 > 1) = (=1 2>0))
” Lv{_l 2 0} =, 1

Let us informally explain the derivation steps. There are no bounds in £ available for
bound propagation, therefore only the Decide rule is applicable to the initial state, which
adds decision bounds z; >% 0 and —zp >¢ 0 to the bound stack. With this decision
pair we associate the empty bounding collapsing interval (BCI,, = (0, 0)). Now, the
Bound Propagation rule is applicable resulting in a propagation bound z; >P 1/2,
derived from the decision bound —zy >% 0 and inequality (6). Next, the contradictory
bound —1 > 0 is derivable by bound-resulting resolution from bounds —x >d ),
x1 >P 1/2 and inequality (5) (transition =¢p).
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We construct a collapsing inequality for this bound as in the proof of Theorem 3.4,
in this case CI(_1>0) = (zo > 1). Let us note that 2o > 1 is implied by £ (without
using any decision bounds) and all variables in xy > 1 are decision variables in our
bound stack. From zy > 1 we decision-derive the conflicting bound b, which in this
case coincides with g > 1. We associate with b the conflicting collapsing inequality
CCIL(zy>1) = (g > 1).

By Invariant 5, the conflicting bound b contradicts to one of the decision bounds,
in this case —z9 >? 0. Next we backjump to the decision that contradicts to b and try
to modify the decision value within the bounding collapsing interval, such that the new
decision bounds would not contradict to the conflicting inequality (transition =1 gy ).
This is possible by taking a decision value for x satisfying the new lower collapsing
bound b, = (xo > 1), which is decision-derived from the new collapsing interval
BCI' = (0, CCI(z,>1))- The new stack consists of the decision bounds > 1 and
—Xp Zd —1.

We apply the Bound Propagation rule adding x; >P 1 to the stack. Next, the con-
tradictory bound —1 > 0 is derivable and we analyse it as above. In this case it is not
possible to modify the value of the decision variable z( in such a way as to satisfy both
the conflicting inequality and collapsing bounds on x(. This results in application of the
(UBBC) rule which resolves the conflicting inequality (CCI(_,,>1) = (—x¢ > 1)) with
the corresponding inequality from the bounding collapsing interval (L., = (z¢ > 1)).
The resulting conflicting collapsing inequality is CCI(_;,>1) ®zy Lo, = (=1 > 0).
The corresponding conflicting bound is also (—1 > 0).

After this step, the only applicable rule is the Contradiction rule. Note that conflict-
ing collapsing inequalities are implied by £, and therefore at the last step we have £
implies —1 > 0, i.e., £ is indeed unsatisfiable.

6 Correctness of BPA

LEMMA 6.1 In any BPA derivation Sg = --- = S,, = ---, all states Sg,...,S,,...
satisfy Invariants (1-7).

Proof We prove this lemma by induction on the length of the BPA derivation. Initial
states satisfy the invariants since at these states the stack is empty and there are no
conflicting bounds. Assume that the invariants hold for states Sy, . .., S,,_1. Let us show
that the invariants also hold for S,, = S || L, e.

Invariants (1-3) trivially follow from the definition of the BPA derivation rules.

Invariant (4) states that for any decision pair z¢ in S, inequalities in BCT, are
implied by L. This follows from the fact that inequalities in BCI,, are either collapsing
inequalities for £, or obtained from collapsing inequalities by a sequence of resolution
inferences in both cases these inequalities are implied by L.

Let us show that Invariant (5) holds at the state S,,. First, let us note the conflicting
collapsing inequality CCIy is either a collapsing inequality w.r.t. £, or obtained from
collapsing inequalities by a sequence of resolution inferences, in both cases CCI; is
implied by £. Now we show that the conflicting bound b contradicts to a decision
bound in S. The only non-trivial cases are when S,, is obtained by one of the BPA
rules (CB), (LBBC) or (UBBC). First we consider the (CB) rule. If b is of the form
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—1 > 0 then obviously b is itself contradictory. Assume that b is of the form [ + ¢ > 0
and b is decision-derived from CI(—1>0) of the form [ + I > 0, where all variables
in CI(_;>0) are decision variables. Let [ + ¢’ > 0 be the decision bound in .S which
is used in the single bound-resulting inference deriving —1 > 0 from CI(_;>¢). Itis
easy to see that b is contradictory with [ + ¢’ > 0 and hence Invariant (5) is satisfied.
Now we consider the (LBBC) rule. We have S,,_; is of the form Va*U || L,{z +
¢ > 0} and S, is of the form V' || L, {b}. From the conditions on applicability of
(LBBC) we have  + ¢ > 0 is inconsistent with the upper bound ub, on z and b is
decision-derived from CCI ;4 >0y ®; U,. We have CCI(, | .>0) is of the form x+1 > 0,
U, is of the form —z + U > 0. The bound (z + ¢ > 0) is decision-derived from
CCI(z+c>0) and inconsistent with the bound ub,, decision-derived from U,. Therefore,
CCI (14 c>0)®< U, is inconsistent with decision bounds in V. Since b is decision-derived
from CCI ;4 .>0) ®« Uy, b is inconsistent with a decision bound in V. The case of the
(UBBC) rule is similar. Therefore Invariant (5) holds at the state S,,.

Invariant 6 holds by conditions in the definition of the (BP) rule.

Let us show that Invariant 7 holds at S,,. We need to consider the case when S,,
is obtained by one of the following BPA rules: (D), (CB), (LBBV), (UBBV), (LBBC)
and (UBBC). Note that by Invariant 6, bound propagation depth of all bounds in S
is less or equal to D. Consider the (D) rule. In this case, all inequalities in BCI, are
collapsing inequalities obtained from bound propagation derivations of depth < D.
Therefore ineqaulities in BCI, are in Rl and Invariant 6 is satisfied. Consider the
(CB) rule. The bound propagation depth of the derived (—1 > 0) is less or equal to
D + 1. Hence, CCI, = CI(_1>0) is in RIp and Invariant 6 is satisfied. In the case
of the rules (LBBV) and (UBBV) one of the bounding inequalities is replaced by a
conflicting collapsing inequality which is by induction assumed to be of the required
resolution rank. Now we consider the case of the rule (LBBC). We have S,,_; is of the
form Vz'U || £L,{z + ¢ > 0} and S,, is of the form V' || £, {b}. Denote S’ = Vz"“U.
Let the conflicting bound b be of the form [ + ¢’ > 0 where var(l) is a decision variable
in V. The conflicting collapsing inequality associated with b is CCI(,4.>0) ®z Us.
By the induction hypothesis, CCI ;>0 and U, are in RI‘WT(Q‘_‘UQM(S@”. Hence,
CCL(4+¢>0) ®u Uz € Rl|yar(c)|~|varq(s.,)|+1- Since V<, contains at least one decision

variable less than ST, namely z, we have [var(L)| — |varqa(SL,)| + 1 < |var(L)| —
|varq(V<;)|. Therefore, CCI (4 >0y ®z Uy € RI\var(£)|~|vara(v<,)| and Invariant 6 is
satisfied. The case of the rule (UBBC) is similar. d
THEOREM 6.2 (Termination) Any BPA derivation terminates. W

The proof is given in Appendix C.

THEOREM 6.3 (Soundness) If a BPA derivation terminates in a contradictory state L
then the initial system of inequalities £ is unsatisfiable.

Proof Let us note that the system of inequalities £ does not change during BPA deriva-
tions. A BPA derivation can result in the contradictory state L only by applying the
Contradiction rule (). We have that the last step in such derivation is of the form
S| £,{—1 > 0} =, L. But in this case the conflicting collapsing inequality as-
sociated with —1 > 0 is contradictory, i.e., CCI(_1>¢y = (—1 > 0). By Invariant 5,
CCI(_1>0) is implied by L, and therefore L is unsatisfiable. a
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Before stating the Completeness theorem let us observe the following. Any BPA
derivation that finishes at a state with a conflicting bound, i.e., of the form S || £, {b},
can be extended by applying one of the following rules: (L), (LBBV), (LBBC), (UBBV)
or (UBBC).

THEOREM 6.4 (Completeness) Consider a BPA derivation || L = S; = -+ = S,
such that S,, is a non-contradictory state of the form S || £ and neither the Decide rule
(D) nor the Conflicting Bound rule (CB) is applicable to S,,. Then the initial system of
inequalities £ is satisfiable.

Proof Since the Decide rule is not applicable at the state S,, = .S || £, for any variable
x in L, x is either (i) a decision variable in S, or (ii) there are two implied bounds in .S
of the form z — ¢ > 0 and —x + ¢ > 0, called value-implying bounds. In the latter case
we call ¢ the implied value of x in S. Let us note that by Invariant 1, S is consistent.
Therefore each variable has a unique decision or implied value. Define an assignment
o, mapping each variable into the corresponding decision/implied value. Let us show
that o satisfies each inequality in £. Assume otherwise, and let I be an inequality in £
which is not satisfied by o. It is easy to see that in this case (—1 > 0) can be obtained
by a bound-resulting resolution inference from I and the bounds in .S, resolving all
literals in I with the corresponding decision/value-implying bounds in .S. Therefore the
Conflicting Bound rule is applicable to the state S || £, contradicting to our assumption.

4

7 Conclusions

We presented a new method for solving systems of linear inequalities. The method
incorporates DPLL-style techniques such as backjumping, lemma learning and bound
propagation, which can be seen as an analogue of unit propagation in DPLL. Unlike unit
propagation, bound-propagation can easily lead to non-termination if applied naively.
We showed that our method is sound, complete and terminating.
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A Proof of Theorem 3.5

THEOREM Let b be a (possibly trivial) bound derived from a context B and a set £ of
linear inequalities by bound propagation. Then there exists a linear inequality I such
that

1. £ implies I, and
2. either (i) Iis —1 > 0, or (ii) there is a bound b’ improving b which can be derived
from B and I by a single bound-resulting resolution inference.

Moreover, the bound b’ and inequality I can be constructed in time polynomial in the
size of the derivation by bound propagation.

Proof By Theorem 3.4 one can find, in polynomial time, inequalities I and J collapsing
w.r.t. b for £ and B respectively.

Let us show that I satisfies our theorem. Condition 1 is satisfied because I is collaps-
ing for L. Let us show that Condition 2 is also satisfied. If T is —1 > 0 then Condition
2 is trivially satisfied and we are done. Assume that I is different from —1 > 0. Since I
and J are collapsing w.r.t. b we have that {I, J} implies b. Therefore, by Theorem 3.2,
there are non-negative « and /3 such that

al+BJ ="y 3)

where by improves b. Let us note that & > 0 and var(I) # (. Indeed, otherwise B
would imply b which contradicts to the condition that b is derived by bound propagation
from B and L. Let us also note that J can be represented as a non-negative linear
combination

where G; € B and §; > 0 for 1 < ¢ < m. Let us show that there is a single bound-
resulting resolution inference between I and bounds in B deriving a bound improving
by. For this we construct a sequence Ig, Jo,. .., Ik, Jr where k = |var(I)| — |var(bo)]
if var(bp) C var(I) and k = |var(I)| otherwise. Let b; denote I; 4+ J; for 1 <14 < k.
Define Iy = oI and Jo = BJ (hence Iy + Jy = bg). Foreachi, 0 < i < k, I; and J;
will satisfy the following conditions.

1. I; can be obtained by a single resolution inference from I, ; and a bound in B.
Moreover var(I;) = var(I;—1) \ {x;}, where x; € var(I;_1) \ var(b;_1).

2. J; is a non-negative linear combination of bounds in B.

3. b; is a bound improving b;_;.

4. Ij is a bound which is either inconsistent with B or improves by.

Let us assume that we have constructed I, Jg, ... I;, J; satisfying conditions 1-3,
for some i, 1 < i < k. Let us show how to construct I,;,1,J;+1. First note that by
Condition 1, |var(I;)| = |var(Iy)| — i. Let 2,41 be a variable in var(I;) \ var(b;).
Then I; can be represented as dl + I > 0 where var(l) = {x;4+1} and I/ does not
contain x; 1. From Conditions (2-3) it follows that J; can be represented as 3; (I +
c1) + B2(l + ¢2) + J! > 0 where (i) J! > 0 is a non-negative linear combination of
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bounds in B, (i) J/ does not contain ;4 1, (iii) 81 > 0,32 >0, (iv) (I +¢; > 0) € B,
and (v) if B3 # 0 then (I + ¢o > 0) € B.

Define I;;1 tobe dc; + I/ > 0and J; 43 to be J! > 0. Let us check that conditions
1-3 are satisfied by I,4; and J;4;. We need to show that inequality I;,; can be obtained
by a bound-resulting resolution inference from I and bounds in B. Indeed, by (iv) we
have (I +¢; > 0) € B. It is straightforward to check that inequality I;,; can be
obtained by a bound-resulting resolution inference with premises I; > 0 and [+c¢; > 0.
Therefore Condition 1 is satisfied. Condition 2 follows immediately from (i).

Let us show that Condition 3 is satisfied. Since x;11 € wvar(I;) \ var(b;) and
b; = I;+ J; we have I; + J; does not contain x; 1 and therefore (vi) 51 = B2 +d. We
consider two possible cases: 2 = 0 and 82 > 0. Assume S = 0. Then 81 = d and
therefore b; 1 = I;+1 + J;+1 = I; + J; = b;, hence b,;;; improves b;. Now assume
B2 > 0 and therefore by (v), (I + ¢2 > 0) € B. We have
bi = Il + Jz =dl + Iz/ + ﬂl(l_+ Cl) + ﬂQ(l + Cg) + JZ/ (g) ﬂlcl + 6262 + Iz/ + Jz/’
biy1 =ILiy1 +Jiy1 =der + I, + J]

The claim follows if we show that $1¢; + Sace > dep. Indeed, by (vi) we have
Brc1+Bacay = (d+B2)c1+Baca = Palci+co)+dcey. Since both [4+¢; > 0and [4+c2 > 0
are in B and B is consistent we have ¢; + ¢o > 0. Therefore, 31¢1 + 82¢2 > dey and
Condition 3 is satisfied.

Now we show that I, satisfies Condition 4. We have |var(Ix)| = |var(Io)|—k <1
and therefore Ij is a bound. Since I, + J; = by and Jj is a non-negative linear
combination of bounds from B, we have that by is implied by I, and B. There are
three possible cases. The first case: Iy is —1 > 0, and in this case Iy, trivially improves
bi. Assume otherwise. By the bound propagation condition B does not imply b and
hence does not imply by. Therefore Iy, is either a bound inconsistent with a bound in B
or I improves by. In all cases Condition 4 is satisfied.

To finish the proof of the theorem let us summarise the obtained. We have £ implies
I and therefore implies Iy = «I. By a sequence of resolutions with Iy and bounds
in B we can obtain the bound I; and therefore I can be obtained by a single bound
resulting resolution inference from Iy and B. Since I and I are equivalent we can
obtain a bound equivalent to I, by a single bound resulting resolution inference from I
and B. The bound I, is either (i) —1 > 0, or (ii) is inconsistent with B and therefore
by a single bound resulting resolution inference from I and B we can obtain —1 > 0,
or (iii) I}, implies by improving by, hence improving b. In all cases the conclusion of
the theorem holds. 0

B Proof of Lemma 4.1

LEMMA For any (finite) set of inequalities £ and any non-negative integers D and k,
the set of all inequalities of resolution rank < k is finite. (]

Proof We prove this lemma by induction on k. Let us first show that the set of all
inequalities of resolution rank 0 is finite. From the proof of Theorem 3.4 it follows
that the collapsing inequality extracted from a bound-propagation derivation does not
depend on the value of the bounds used in that derivation. From this it follows that
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the number of collapsing inequalities extracted from bound-propagation derivations of
depth D is finite. Now we assume that the number of inequalities of resolution rank
< k—1is finite. Then the number of inequalities of rank < k is bounded by the number
of inequalities of rank < k£ — 1 plus the number of all possible one step resolution
inferences from inequalities of rank < k& — 1, which is a finite number. |

C Proof of Theorem 6.2

THEOREM Any BPA derivation terminates. 4

Proof Assume the contrary that there is an infinite BPA derivation Sy || £,e0 = ... =
Sp || £, €, = ... Let us first note that there is a constant C' such that for each ¢ > 0 the
length of S; is less than C'. Indeed, this follows from the fact that each bound in a stack
is either a decision bound or obtained from a decision bounds by bound propagation of
depth < D.

Let us show that starting from some ¢ > 0 the sub-derivation S; = S;4;... =
S, = ...is of the form

ValU, || Lyer = Va?Us || Liea = ... = VarU, | Lie, = ... (10)

In other words, starting from ¢ there is no backjumping beyond the decision variable x.
Since the bound-propagation depth is bounded by D, at some state 7 > 0 the Decide
rule is applied first time, say on a variable x. Let us show that the sub-derivation starting
from ¢ satisfies our condition. The only rules that allow to backjump beyond variable x
are (LBBC) and (UBBC) with the conflicting bounds of the form z + ¢ > 0, —x + ¢ >
0 respectively. Let us consider the case of the (LBBC) rule, the case of (UBBC) is
similar. We have a sub-derivation of the form Vz"U || L,{z +¢ > 0} =rppc V ||
L, {b}, where there is no decision variables in V. But then by Invariant 5, b should be
contradictory, i.e., of the form —1 > 0. After this step the only applicable rule is the
Contradiction rule, and therefore our initial derivation would be terminating.

Consider a sub-derivation D of the form (10) where the fixed prefix V' has the great-
est number of decision variables among such sub-derivations. Let us note that in ID there
are no transitions by (LBBC) nor by (UBBC) with a conflicting bound on the decision
variable x. Let us show that starting from some state in ID there will be no transitions
by (LBBV) nor by (UBBV) with the conflicting bound on . We consider only the
case of the (LBBV) rule, the case of (UBBYV) is similar. First we note that after each
application of the (LBBV) rule with a conflicting bound on z, the new lower collaps-
ing bound on z strictly improves the old one. Indeed, consider an (LBBV) transition
VarU || L,{z +c¢ > 0} =Lppv Va || £. By Invariant 5, z + ¢ > 0 contradicts
to —x + uw > 0. On the other hand —x + u > 0 is consistent with [b,. Therefore
I, = (x + ¢ > 0) strictly improves b, Invariant 7 implies that the resolution rank
of inequalities in BCI, is bounded by k = |var(L)| — |varq(V<z)| which is a fixed
constant during the sub-derivation . By Lemma 4.1 there are only a finite number of
different inequalities of rank < k. Therefore it is not possible to strictly improve the
lower collapsing bound on z infinitely many times. This shows that starting from some
state in ID there will be no transitions by (LBBV) with the conflicting bound on z.
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Let D' be an infinite sub-derivation of I for which there are no transitions by
(LBBV) nor by (UBBV) with the conflicting bound on x. Since I’ is infinite, the Deci-
sion rule is applied at some step. Therefore we have a transition in D’ of the following
form VU || £ =p VazcUy" || L. Starting from this state we have an infinite sub-
derivation of the form: VacUy" U, || £L = Vz°Uy"2Us, || L = ..., where the prefix
Vz€U is fixed. But this contradicts our condition that V' is the fixed prefix with the
maximal number of decision variables. a



