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Abstract. When the number of labeled data is not sufficient, Semi-
Supervised Learning (SSL) methods utilize unlabeled data to enhance
classification. Recently, many SSL methods have been developed based
on the manifold assumption in a batch mode. However, when data ar-
rive sequentially and in large quantities, both computation and storage
limitations become a bottleneck. In this paper, we present a new semi-
supervised coarse graining (CG) algorithm to reduce the required number
of data points for preserving the manifold structure. First, an equivalent
formulation of Label Propagation (LP) is derived. Then a novel spectral
view of the Harmonic Solution (HS) is proposed. Finally an algorithm to
reduce the number of data points while preserving the manifold structure
is provided and a theoretical analysis on preservation of the LP proper-
ties is presented. Experimental results on real world datasets show that
the proposed method outperforms the state of the art coarse graining
algorithm in different settings.

Keywords: Semi-Supervised Learning, Manifold Assumption, Harmonic
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1 Introduction

Semi-supervised learning is a topic of recent research that effectively addresses
the problem of limited data [I]. In order to use unlabeled data in the learning
process efficiently, certain assumptions on the relation between the possible la-
beling functions and the underlying geometry should hold [2]. In many real world
classification problems, data points lie on a low dimensional manifold. The man-
ifold assumption states that the labeling function varies smoothly with respect
to underlying manifold [3]. Manifold structure is modeled by the neighborhood
graph of the data points. SSL methods with manifold assumption prove to be ef-
fective in many applications including image segmentation[4], handwritten digit
recognition and text classification [5].

Online classification of data is required in common applications such as object
tracking [6], face recognition in surveillance systems [11], and image retrieval [7].
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Usually unlabeled data is easily available in such classification problems. How-
ever, most of the classic SSL algorithms are not efficient in an online classifica-
tion setting. This is due to repeated invocations of a computationally demanding
label inference algorithm which takes a time of O(n?®) in standard implementa-
tions. Moreover, when the number of arrived data grows large, space complexity
becomes an important issue. Consequently, designing efficient label prediction
algorithms for the online setting is essential.

Recently online manifold classification algorithms have been proposed to ad-
dress these challenges. The manifold regularized passive-aggressive online algo-
rithm [8] uses a smoothness regularization term on the 7 most recent data in
order to reduce the number of samples needed to be stored and processed. This
method fails when the windowed data are not representative of the true underly-
ing manifold. This case may happen when data arrive in a biased order. Authors
in [9] use RPtree [10] to partition the graph into clusters which grow incremen-
tally in size and cover the manifold structure. Despite promising experimental
results, no theoretical guaranty is provided on the error bound for this method.

An state of the art method aimed at reducing the size of data and coarsen-
ing the graph is proposed in [II]. Coarsening is done by replacing neighboring
points in Euclidean space with fixed number of centroids. Experiments show
that considering geodesic distances on manifold results in more accurate data
reduction. Authors in [I2] propose a data reduction method based on a mathe-
matical framework with an interesting upper bound on the eigenvector distortion
after every coarsening of data. However, minimizing this upper bound is hard to
tackle. They use a variation of k-means to minimize this bound which is prone
to local minima. In addition, a drawback of their method is its prior determina-
tion of the number of new nodes, while it is better to concede this decision to
the manifold structure itself. To the best of our knowledge none of the pervious
works in this area take advantage of labeled data to reduce the size of the graph,
i.e. coarsening of the graph is performed independent of the given classification
task.

Our method like some recent works on online manifold learning [7J9IIT], rely
on data reduction to overcome memory and time limitations. In this paper we
propose a semi-supervised data reduction method that not only captures the
geometric structure of data, but also considers the labeled data as a cue to
better preserve the classification accuracy. Spectral decomposition is used to
find similar nodes on the manifold in order to be merged. Assuming a maximum
buffer length of k, we do data reduction whenever this limit is reached, So the
time to predict the label of each newly arrived data will not exceed O(k?).
Moreover, the complexity of our CG method is equivalent to the complexity
of eigenvector decomposition which similarly takes a time of O(k%) and will be
done just when the buffer limit is reached. As a result overall time complexity
is constant with time.

The rest of the paper is organized as follows. In Section [2] basics of HS and
LP are briefly introduced. A new formulation of LP and its spectral counterpart
is derived in Section 3. Section 4 is the core of this paper where we introduce
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coarse graining in exact and approximate modes and explain how it helps us to
preserve LP and manifold structure while reducing the number of data points. In
Section 5 experimental results are provided, after which the paper is concluded
in Section 6.

2 Basics and Notations

Let X, = {x1,...,2,} and X} = {@yt1,...,Zuq1} be sets of unlabeled and
labeled data points respectively, where n = w 4+ [ is the total number of data
points. Also let y = (y(u + 1),...,y(u+1))T be the vector labels on ;. Our
goal is to predict labels of X = X, UX; as f = (f[; ;") = (f(1),..., f(u), flu+
1),...,f(u+1)T, where f(i) is the label associated to x; for i = 1,...,n.
Let W be the weight matrix of the k-NN graph of X,
s — 2512

20 )

where o is the bandwidth parameter. Define the diagonal matrix D with nonzero
entries D(i,1) = Z?Zl W (i, ). Thus the laplacian matrix Ly, = D — W. Mani-
fold regularization algorithms minimize the smoothness functional

S = 3 YW@ — FG)F = S Lunf 0

W(Za ]) = exp(f

under some appropriate criteria[3[13J14]. Minimizing f7 L, f such that f; = y
is called Harmonic Solution for manifold regularization problem|[I4].

Label Propagation [15] is a way for computing HS. In this algorithm labels
are propagated from labeled to unlabeled nodes through edges in an iterative
manner. Edges with larger weights propagate labels easier. In each step a new
label is computed for each node as a weighted average of its neighboring labels.
The stochastic matrix P is defined such that

. W (i, j)
PO = s Wik )
P(i,7) can be interpreted as the effect of f(j) on f(¢). The algorithm is stated
as follows:

1. Propagation: f(*+1 «— pf®
2. Clamping: f; =y

Where f®) is the estimated label at step ¢. If we decompose W and P according
to labeled and unlabeled parts,

WuWul Pu Pl
W= | p= |t 3
[qu WZJ [Plu PH]’ ®)

then under appropriate conditions [I5], the solution of LP converges to the HS
and is independent of the initial value (i.e. f (0)) and may be written as

fu:(I*Puu)_lpuly fi=y. (4)
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3 Spectral View of Label Propagation

In this section the LP solution is derived in terms of the spectral decomposition
of a variation of the stochastic matrix, P. This helps us find a spectral property
of the stochastic matrix, the invariance of which will guarantee that the solution
of LP remains approximately constant throughout CG.

Consider the process of propagating labels. Each new label is computed as
the weighted average of its neighboring labels. However, for a labeled node the
process is undone by clamping its label to the true initial value.

These two steps for labeled nodes may be integrated in one step. For a labeled
node i, we remove P(i,j) for all js and set P(i,7) = 1. This causes LP to have
an update rule like fl(tﬂ)(i) = fl(t)(i) for labeled nodes. Using this updated
stochastic matrix, we can remove the clamping procedure and state the entire
process in a coherent fashion.

We mimic the effect of this new process using a new stochastic matrix denoted
by @, which we call the absorbing stochastic matriz:

Q= |f 6

With the absorbing stochastic matrix the entire process of LP may be rewritten
as

ft+1 — th7 (6)

where the initial value is f(©) = ( fﬁo); y), and fﬁo) may be arbitrary. In this new
formulation estimated labels are computed as lim, .. Q™ f(?). Defining Q> as

Q> 2 lim Q",

n—o0

we can write (fu; fi) = Q> f(?). Since the result is independent of initial states
of unlabeled data, f,(j) can be rewritten as

I+u

fuG) = D Q%0 k)y(k). (7)

k=u+1

We wish to relate Q°°(j, k) to the right eigenvectors of @; to this end we need
the following two lemmas.

Lemma 1. The matriz Q defined in {d) has following properties:

— Ewvery eigenvalue X is real and |A| <1
— Dimension of the eigenspace corresponding to X\ = 1 is equal to the number
of labeled data 1.
— Rows of
(01w Lyt

are the left eigenvectors of Q) corresponding to A = 1.
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Proof. The eigenvalues of QQ are roots of the characteristic polynomial i.e.
p(A) = det(Q — AI) = 0. Considering the special form of Q,

p(\) = (1 = N)ldet(Pyy, — N)

the magnitude of all eigenvalues of Py, is less than one, due to the fact
that P, — 0 as n — oo [1H]. Therefore, X = 1 has multiplicity | and
the magnitude of all other eigenvalues of Q is less than one and real. It is
straightforward to show that eigenvalues of a stochastic matriz and the new
variation are all real.

For the last part, it can be verified that

[00xu Lt | x Puu Purl [00u Lt ] -
0 I

Therefore, rows of [leu ngl] are the left eigenvectors of ) associated to
A=1.

Definition 1. From now we refer to eigenvectors corresponding to eigenvalues
equal to one as unitary eigenvectors, which is different from unit eigenvectors
that have unit norm.

Lemma 2. (Spectral decomposition)[16] Every squared matriz A of dimension
n with n independent eigenvectors could be decomposed as

A= VgDV

and
VI Ve =1,

where D is the diagonal matriz of eigenvalues, columns of Vi and Vi are the
right and left eigenvectors of A, respectively.

Corollary 1. By unfolding above decomposition we get another expression for
spectral decomposition as

n
A= Z Aipiul
i—1

where \;, p; and u; are the it" eigenvalue, right eigenvector and left eigenvector
respectively.

Now we are ready to prove the main result of this part.

Theorem 1. Q*(j, k) = pr(j), foru+1 < k <l+4+w and 1 < j < n, where
pi(j) denotes element j of the k' right eigenvector which is unitary.

Proof. By Lemma 2] we can write Q = VgDV/. Since VI Vi = I, It’s easily
seen that Q" = VD"V or equivalently Q" = Z?:l Apul. So as n — oo all
eigenvectors with eigenvalue less than one disappear and the unitary eigenvalues
and eigenvectors remain:
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I+u
Q* = Z pzuZT
i=u+1
By Lemma [Tl the left eigenvector u; can be represented as a vector of zeros with
the exception of the i element equal to one for v + 1 < i < [ + u. Therefore
Q(.,k) is constructed with u; and all other w;s have zero elements in the
corresponding places. Consequently Q°(j,k) = pr(j) for u+1 <k <1+ u.

Applying Theorem [l in equation (), the final solution of LP is stated as:

l+u

FuG) =D pei)y(k). (®)

k=u+1

Therefore, f, can be expressed in terms of the right unitary eigenvectors of Q.
As a result, f, remains unchanged if these eigenvectors are preserved in a CG
process. This fact will become clear in the next section.

4 Manifold Coarse Graining

In some cases amount of data is so large that storing and manipulating them con-
sumes large memory and imposes high processing cost. We will show in the next
subsections that some graph nodes can be merged without seriously affecting LP
on the remaining and oncoming data.

4.1 Exact Coarse Graining

Consider the graph in Figure [ constructed from data. Nodes 1 and 2 have the
same neighbors and are both unlabeled. Suppose rows of the absorbing stochastic
matrix Q, corresponding to these nodes are the same i.e.
w13 - - - w23 W14 - - - W24
w1z +wig s = s = Waz +was | wiztwis =g = w3 + Wy

Then these two nodes take the same effect from their neighbors in label prop-
agation. Intuitively merging these two nodes should not disturb the process of
propagating the labels. After this step, weights should be summed up. This pro-
cess is illustrated in Figure[Il Node 0 is formed by summing the weights of nodes
1 and 2.

This intuition can be verified analytically. If f and f’ are the estimated label
functions before and after this merge respectively, then:

Before merge After merge
f() =aq3f(3) + qaf(4) F1(0) = qoaf'(3) + qoa f'(4)
f(2) =q23f(3) + qaf(4)
fB)=aaf(1) +as2f(2) + - f'(3) = q3of'(0) +---
f(4) =qu f(1) +qu2f(2) + f'(4) = qao f'(0) +- -
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(a) Graph before merge (b) Graph after merge

Fig. 1. Merging two vertices 1 and 2 would not disturb label propagation

It is straightforward to see that qo3 = qi3 = @23 and o4 = g14 = ¢o4, SO
columns in the first two rows of the above equations are equivalent. Also since
after merging we have g31 + q32 = ¢30 and qq1 + qu2 = qqo columns of the
last two rows impose the same effect on nodes 3 and 4. Thus if nodes 1 and 2
are unlabeled, f®(1) = f®(2) = /M (0) and P (3) = f/®(3) and fH(4) =
f'®(4) in all steps of LP in the original and reduced graph.

This process can be modeled by the transformation Q' = LQR where

d d 10 --- 0
d1-61d2 d1-62d2 0 -0 10 --- 0
L=\ . . R=10 (9)
: : I,_> .
Y
0 0 0 1—2

and d; = 3_; W(i, j). One can see that the transformation simply merges rows
and columns of @ corresponding to nodes 1 and 2 such that all rows are still
normalized. For an undirected graph its stochastic matrix has the property that
its first left eigenvector is proportional to diag(ds,...,d,). It’s easy to see that
this is also true for the unlabeled part of the absorbing stochastic matrix .,
which can be viewed as the scaled stochastic matrix of an undirected graph.
Since the first u elements of the eigenvectors of @) are equal to the eigenvectors
of Quu, this is true for unlabeled nodes. For unlabeled nodes d; = u(4); and
only unlabeled nodes are coarsened, so alternatively u1(¢) may be used in ().

This transformation has interesting properties and is well studied in [I7] which
presents a similar algorithm based on random walk in social networks. In the
general case, R and L can be defined such that the transform merges all the
nodes with the same neighbors. There may be more than two nodes that have
similar neighbors and can thus be merged.

We will proceed using spectral analysis which will help us in later sections
where we introduce non-exact merging of nodes. The next lemma relates spectral
analysis to CG.
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Lemma 3. Rows i and j of Q are equal if and only if pr(i) = pr(j) for all k
with A\, # 0, where p is a Tight eigenvector of Q.

Proof. Proof is immediate from the definition of eigenvectors and Corollary O of
spectral decomposition.

Lemma [3] states that nodes to be merged can be selected via eigenvectors of
the absorbing stochastic matrix (), instead of comparing the rows of @ itself.
We decide to merge nodes if their corresponding elements are equal along all
the eigenvectors with nonzero eigenvalue. We will see how this spectral view of
merging helps us develop and analyze the non-exact case where we merge nodes
even if they aren’t exactly identical along eigenvectors.

We should fix some notations before we proceed. Superscript ”’” will be used
to indicate objects after CG. i.e. Q’, p/, u’, n’ are the stochastic matrix, right
and left eigenvectors, and number of nodes after CG. Let Sy, ..., S, be the
n' clusters of nodes found after CG. Also let S be the set of all nodes that are
merged into some cluster.

We wish to use ideas from section [3] to provide a spectral view of coarsening
stated so far in this section. We need the following lemma.

Lemma 4. [17] If conditions of Lemmal3 hold Lp is the right unitary eigenvec-
tor of Q' with the same eigenvalue as p, where p is the right unitary eigenvector

of Q.

First note that Lp simply retains elements of p which are not merged and removes
repetition of the same elements for nodes that are merged. So after CG, the
right eigenvectors of @) and associated eigenvalues are preserved. Recall from the
previous section that the right eigenvectors are directly related to the result of
LP. We are now ready to prove the following theorem.

Theorem 2. LP solution is preserved for nodes or cluster of nodes in exact CG,
i.e. when we merge nodes if their corresponding elements are the same along all
right eigenvectors with nonzero eigenvalues.

Proof. Consider equation [8) from previous section for computing labels based
upon right eigenvectors,

u+l

fuG) =Y peli)y(k). (10)

k=u+1

We know from Lemmal[f, Lpy is also a right unitary eigenvector of @', Suppose
7’ is the new index of the node or cluster of nodes that node j will reside after
CG, similarly
w41
G =Y @)y (k) (11)

k=u’+1

Considering (Lpk)(j') = px(j) we get the result, fu(5) = f.,(3'). This means that
labels of unlabeled nodes are preserved under CG.
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This kind of data reduction will preserve LP results in the manifold of data and as
a consequence manifold structure in the reduced graph. This is elaborated upon
in the next subsections. Equality along all eigenvectors with nonzero eigenvalues
is a restrictive constraint for CG. In the next section we will see how this criterion
may be relaxed.

4.2 Approximate Coarse Graining

In real problems the case where neighbors of two or more nodes are exactly the
same rarely occurs. Thus the motivation for an approximate coarse graining,
i.e. merging nodes when their corresponding elements in eigenvectors are close
enough. For example along i*" eigenvector we consider two elements approxi-
mately the same if their difference is no more than 7;, then merge nodes if they
are pairwise approximately the same.

Before we proceed it is beneficial to consider the term p; — RLp;. Lp; is
the approximate right eigenvector of ()’. Multiplying by R unfolds the clusters.
Defining &; = p; — RLp;, we would like to find an upper bound of ¢; for nodes
to be merged. The smaller ||e;| is, the more similar Lp; is to p;. So minimizing
€; better preserves the i" eigenvector. On the other hand LP results depend
on unitary eigenvectors, so a good practice is to do CG on unitary eigenvectors
only. In spite of approximately preserving LP this allows more reduction. This
approximation will be clearer when error bounds are analyzed.

For simplicity consider node 1 that is placed in a cluster S; = {1,...,m},
(r <'m). Using

(L)1) = ™) )

we may write

ei(1) =pz‘(71n) — (RLp)(1) =
%: ACCR s
z;'z(zim B =)t o)
g %Z: iy = zﬁ(iz(j) )

The last inequality is due to the fact that in each cluster along the i*" eigenvector,
differences between elements are no more than n;. Inequality (I3]) bounds the
difference between elements of eigenvectors corresponding to a node before CG
and the desired value after CG. Note that ¢; is zero if CG is exact or for a node
that is not merged.

Suppose p’ is the true right eigenvector of Q'. However we would like to have
Lp as its right eigenvector so as to better preserve the manifold structure and
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LP. It is thus interesting to see whether Lp can be approximately considered as
an eigenvector of (' with approximately the same eigenvalue as p. Considering

Q'(Lp) = MLp) +e, (14)

we would like to minimize ||e||. Following [I2] we have
n'—l -\ 2
S Cap, (15)
= ui(d)
where .
A2 o\ A~ .
D=3 N"Y wian)’ (16)

and & = p; — RLp; where p;s and \is are right eigenvectors and associated
eigenvalues that CG is performed along (As this bound hints CG need not be
performed along all eigenvectors. We will explain this point shortly). It’s no-
ticeable that the bound (IH]) is a general bound for any coarsening algorithm,
It’s also originally stated for stochastic matrix of undirected graphs such as P,
However as stated in 1] the unlabeled part of () can be considered as such a
matrix.

Considering ([[4)) and (1), if A > VD then Lp is a good approximation of p.
Given the eigenvectors that must be preserved we can determine how to choose
n; for a good approximation. The inequality A; > v/D/w(1) should be satisfied.
For example we may seek for sufficient conditions to satisfy

X > VD/n (17)

for every eigenvector p; that we wish to preserve. Using equation (6] we want
to find 7; for all ¢ such that (I7) holds.
For simplicity consider cluster Sy = {1,...,m}. By using inequality (I3)),

S w(aG? = S wiaa- o 9 o

jest jes: ZTGSl ul(r)

=2 wi(7) — u1(§)? ui(5)?
b ]ezsl( 1(3) 227“6.91 Ul(’l“) * (ZTGSl ul(r)>2)

ZEPDLTUEED SIS DA

JjES1 JESL ]651

~2 N u1(j)? (ETGS1 uy(r))?3 -
7 (j;Sl u1(5) 2;% S ) T S () C)

20° Y wi(j)

JES1

IA
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Where the last inequality is due to fact that

uy(5)?

>0 , C>0.
> ores, ui(r)

JjES1
&; = 0 for nodes which are not merged, thus
> w()EG)? <257 Y w()) (19)
Jj=1 JEXy
Now we are ready to find an appropriate value for 7; to satisty (I):
k 9 n k 5
D= N D> w(aG)> <2Y N A7) w()) (20)
i=1 j=1 i=1 jeu

Let M =}, ui(j). For X\ > V/D/n to be satisfied for every I:

. _
- h
23 XM < \/ : (21)
n
i=1

It’s easy to verify that choosing 7; such that

1 N
i’ < Az\/ : (22)
kMN, | T

is true for every [, is sufficient condition that will ensure Lp; is almost surely
preserved, i.e., if A\,;, is the minimum eigenvalue among the eigenvectors that
must be preserved, then

7/]\1_2 S 1 » \/)\min. (23)
2kM \; n

The bound derived in (23]) shows how 7; should be chosen to ensure that Lp; is
similar to a right eigenvector of @)’.

4.3 Preserving Manifold Structure

We have seen how the size of data may be reduced while preserving LP proper-
ties. Theorem [I shows that the LP solution is directly related to unitary eigen-
vectors of the absorbing stochastic matrix. Thus by CG along these eigenvectors
we could retain labels while reducing the amount of data. This process is suf-
ficient to preserve LP but may disturb the true underlying manifold structure.
To overcome this we can do CG not only along unitary eigenvectors, but we also
along eigenvectors with larger eigenvalues.
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To elaborate, note that manifold structure is closely related to the evolution
of LP in its early steps, and not just the limiting case where the steps tend
to infinity. Consider the one step process of propagating labels, ft! = Qf*.
The more properties of @) is preserved in @Q’, the more the underlying structure
is retained. Also after k steps of propagations we have fi** = Q¥ ft. Using
Corollary [[l we can write Q* = E?:l )\fpiuiT, so as k becomes larger the effect
of large eigenvalues and their associated eigenvectors become more important.
To preserve LP in early steps it is reasonable to choose eigenvectors with larger
eigenvalues and do CG along them. In this manner in addition to LP, the general
structure of the manifold is preserved. Figure [2 illustrates the process of CG on
a toy dataset with one labeled node from each class. In this figure the general
structure of the manifold and its preservation under CG is shown. Also note
that sparse section of green nodes is preserved which is essential to capture the
manifold structure.

(a) original graph (b) graph after coarse-graining

Fig. 2. Process of CG on a toy dataset with 800 nodes. Two labeled nodes are provided
on head and tail of the spiral and are red asterisks. Green circle and blue square nodes
represent different classes. The area of each circle is proportional to the number of nodes
that reside in the corresponding cluster. After CG 255 nodes remain which means a
reduction of 68%.

Performing CG along all the eigenvectors should better preserve manifold
structure. For merging two nodes this requires that they be close along all the
eigenvectors, resulting in less reduction contradicting our initial goal, i.e., data
reduction. So in practice generally a few eigenvectors are chosen to be preserved
and as we have seen the best choices are the eigenvectors associated to larger
eigenvalues. The importance of preserving manifold structure becomes evident
when labels are to be predicted for unseen data, e.g., in online learning.
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5 Experiments

We evaluate our method empirically on 3 real world datasets: digit, letter and
image classification. The first is UCI letter recognition dataset [I§]. The next is
USPS digit recognition. We reduce the dimension of each data to 64 with PCA.
Caltech dataset [19] is used for image classification. Features are extracted using
CEDD [20]. Adjacency matrices are constructed using 5-NN with the bandwidth
size set to mean of standard deviation of data. 20 data points are labeled. In
addition to these 20 unitary eigenvectors 5 other top eigenvectors are selected for
CG. n; is set to divide values along i eigenvector into I groups, where I is the
final parameter that varies to get different reduction sizes. In all experiments on
digits and letters the average accuracy among 10 pairwise problems are reported.
On Caltech we use 2 specific classes. Four experiments are designed to evaluate
our method.

5.1 Eigenvector Preservation

Our CG method captures manifold structure based on eigenvector preservation.
To show how well eigenvectors are preserved we compare Lp; and p} for top ten
eigenvectors that are to be preserved in USPS dataset. We reduce the number
of nodes from 1000 to 92. Table [l shows eigenvalues and cosine similarity of
eigenvectors before and after CG. It is easily seen that eigenvalues and eigenvec-
tors are well preserved. This guarantees a good accuracy of classification after
reduction as demonstrated in the next subsections.

Table 1. Eigenvalue and eigenvector preservation in CG for top ten eigenvectors which
CG is performed along them

1 1 2 3 4 5 6 7 8 9 10

Ai 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 -0.9999 0.9999 0.9999 0.9997
bV 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 -0.9999 0.9999 0.9998 0.9997

ANT 7
(Epi) Pi().9967 0.9925 0.9971 0.9910 0.9982 0.9964 0.9999 0.9909 0.8429 0.9982

Rz

5.2 Online Classification

In this experiment, we design a real online scenario where the data buffer size is
at most 200 and CG is done when maximum buffer limit is reached. Data arrive
sequentially and the label of new data is predicted. Classification result in time
t is reported for all data up to this time. We compare our result with the graph
quantization method [11] and a baseline method which performs classification
without reducing the size. As Figure [Bl shows our method is quite effective with
a performance comparable to the baseline. This efficiency is due to the fact that
manifold structure and label information is considered in the process of data
reduction. Note the inefficiency of graph quantization method which performs
data reduction regarding to Euclidean space which is not the case when data lie
on a manifold.
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baseline
N - 0.97 0.98
e-coarse graining 0.96
2l graph quantization 0.95 PR 50-96 Y
® 0.83 8 b 8094 oo -
3 3 o 3
goe el §0.94 reeseseeen Zog .
0.08; s 0.93 A R
o7 =" c e 0-92 ossl °
7200 400 600 800 200 400 600 800 200 400 600 800
Time step Time step Time step
(a) Letter recognition (b) Digit recognition (c) Image classification

Fig. 3. Online classification. Data is arrived sequentially and maximum buffer size is
200.

5.3 Manifold Structure Preservation

In this experiment CG is done for 500 data points to reduce the data size to 100.
One test data point is added and its label is predicted. Accuracy is averaged
over 500 new data points added separately. We do in this manner intentionally
to prevent new data points recover the manifold structure. So the result is an
indication of how well the manifold structure is preserved in CG. Figure[d shows
the effectiveness of our CG method compared to graph quantization method [I1]
on USPS, UCI letters. Again we think this is due to the "manifoldwise” nature
of our method.

-e-coarse graining 1
= graph quantization 0.98 » 6-- O =-0-0--0-0
- . _ 096 A
gosz = o a N 8 0.94 ; 808 5y
= 3 e . 3 a
8 o8 = 8092 S ¥ 8 .
< < o e < ; -
0.78 o9 - 0 .
0.88
100 200 300 100 200 300 0.02  0.03  0.04
Number of clusters Number of clusters Outlier ratio
(a) Letter recognition (b) Digit recognition (c) Outlier robustness

Fig.4. (a,b): Capability of methods to preserve manifold structure. 500 nodes are
coarse grained and the classification accuracy is averaged for separately added 500 new
data. (c): Comparison of robustness to outliers in USPS.

5.4 Outlier Robustness

In this experiment we evaluate robustness of our method to outliers in data from
USPS. Noise is added manually and classification accuracy is calculated. Outliers
are generated by adding multiples of the data variance. Figure 4-c shows robust-
ness of our method compared to the graph quantization method. In our method
outliers are merged and their effect is reduced while in the graph quantization
method separate clusters are devoted to outliers.
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6 Conclusion

In this paper, a novel semi-supervised CG algorithm is proposed to reduce the
number of data points while preserving the manifold structure. To this end a new
formulation of LP is used to derive a new spectral view of the HS. We show that
the manifold structure is closely related to the eigenvectors of a variation of the
stochastic matrix. This structure is well preserved by any algorithm which guar-
antees small distortions in the corresponding eigenvectors. Exact and approxi-
mate coarse graining algorithms are provided alongside a theoretical analysis of
how well the LP properties are preserved. The proposed method is evaluated on
three real world datasets and outperforms the state of the art CG in the follow-
ing scenarios, namely online classification, manifold preservation and robustness
against outliers. The performance of our method is comparable to that of an
algorithm that utilizes all the data in a simulated online scenario.

A theoretical analysis of robustness against noise, extending the spectral view
point to other manifold learning methods, and deriving tighter error bounds on
CG, to name a few, are interesting problems that remain as future work.
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