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Gathering an even number of robots in an odd ring
without global multiplicity detectiori
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Abstract

We propose a gathering protocol for amennumber of robots in a ring-shaped network that allows
symmetric but not periodic configurations as initial confagions, yet uses only local weak multiplicity
detection. Robots are assumed to be anonymous and oblidaadsthe execution model is the non-
atomic CORDA model with asynchronous fair scheduling. Inszheme, the number of robdtsnust
be greater than 8, the number of nodemn a network must be odd and greater tkan3. The running
time of our protocol i€D(n?) asynchronous rounds.
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1 Introduction

We consider autonomous robots that are endowed with vigilsiensors (but that are otherwise unable
to communicate) and motion actuators. Those robots mukthoohte to solve a collective task, namely
gathering despite being limited with respect to input from the emirent, asymmetry, memory, etc. The
area where robots have to gather is modeled as a graph andttiezigg task requires every robot to reach
a single vertex that is unknown beforehand, and to remane thereafter.

Robots operate igyclesthat comprisdook, compute and movephases. The look phase consists in
taking a snapshot of the other robots positions using iigility sensors. In the compute phase, a robot
computes a target destination among its neighbors, basddeoprevious observation. The move phase
simply consists in moving toward the computed destinatisingimotion actuators. We consider an asyn-
chronous computing modeile., there may be a finite but unbounded time between any two plafsa
robot’s cycle. Asynchrony makes the problem hard since atron decide to move according to an old
snapshot of the system and different robots may be in diffgpbases of their cycles at the same time.
Moreover, the robots that we consider here have weak cagmcthey areanonymougthey execute the
same protocol and have no mean to distinguish themselvestfre others)pblivious (they have no mem-
ory that is persistent between two cycles), and have no cesnphatsoever (they are unable to agree on a
common direction or orientation in the ring).

While most of the literature on coordinated distributedatsiconsiders that those robots are evolving in
a continuoustwo-dimensional Euclidean space and use visual sensdonspeifect accuracy that permit to
locate other robots with infinite precision, a recent trer$ o shift from the classical continuous model to
thediscretemodel. In the discrete model, space is partitioned infiaite number of locations. This setting
is conveniently represented by a graph, where nodes repiesations that can be sensed, and where edges
represent the possibility for a robot to move from one laratd the other. For each location, a robot is able
to sense if the location is empty or if robots are positionedt §instead of sensing the exact position of a
robot). Also, a robot is not able to move from a position tothro unless there is explicit indication to do
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so (.e., the two locations are connected by an edge in the repragegitaph). The discrete model permits
to simplify many robot protocols by reasoning on finite stawes (.e., graphs) rather than on infinite ones.

Related Work. In this paper, we focus on thgatheringproblem in the discrete setting where a set of
robots has to gather in one single location, not defined imm@ck, and remain on this locatian [4/2[ 6, 7,
5,[1]. Several deterministic algorithms have been proptsadlve the gathering problem in a ring-shaped
network, which enables many problems to appear due to the fugnber of symmetric configurations.
The case of anonymous, asynchronous and oblivious robatsnwestigated only recently in this context.
It should be noted that if the configuration is periodic angeedymmetric, no deterministic solution can
exist [4]. The first two solutions [7, 6] are complementaf¥} if based on breaking the symmetry whereas
[6] takes advantage of symmetries. However, both [7] ahdé&ke the assumption that robots are endowed
with the ability to distinguish nodes that host one robobfneodes that host two robots or more in the entire
network (this property is referred to in the literature ghsbal weak multiplicity detection). This ability
weakens the gathering problem because it is sufficient fawtogol to ensure that a single multiplicity
point exists to have all robots gather in this point, so ituess the gathering problem to the creation of a
single multiplicity point. Nevertheless, the case of anneramber of robots proved difficult[3] 1] as more
symmetric situations must be taken into account.

Investigating the feasibility of gathering with weaker tiplicity detectors was recently addressed in
[4,5]. In those papers, robots are only able to test that therent hosting node is a multiplicity node
(i.e. hosts at least two robots). This assumption (referred tdénliterature adocal weak multiplicity
detection) is obviously weaker than the global weak muttigyl detection, but is also more realistic as far
as sensing devices are concerned. The downside of [4] cechpaf6] is that only rigid configurations.€.
non symmetric configuration) are allowed as initial confegions (as in([[7]), while[[6] allowed symmetric
but not periodic configurations to be used as initial onesoAl] requires that < n/2 even in the case of
non-symmetric configurations, whekelenotes the number of robots amthe size of the ring, respectively.
By contrast,[[5] proposed a gathering protocol that coulgeo@ith symmetric yet aperiodic configurations
and only made use a local weak multiplicity detector, allgyk to be between 3 and— 3. However,

[5] requires an odd number of robots, which permits to avamiiaber of possibly problematic symmetric
configurations.

Our Contribution.  We propose a gathering protocol for amennumber of robots in a ring-shaped net-
work that allows symmetric but not periodic configuratiomsratial configurations, yet uses only local weak
multiplicity detection. Robots are assumed to be anonynamalsoblivious, and the execution model is the
non-atomic CORDA model with asynchronous fair scheduliRgr the even number of robots setting, our
protocol allows the largest set of initial configurationsitwrespect to impossibility results) yet uses the
weakest multiplicity detector to date. In our scherkenust be greater than & must be odd and greater

thank+ 3. The running time of our protocol ®(n?) asynchronous rounds.

Outline. The paper is organized as follow: we first define our model icti6e[2, we then present our
algorithm in Sectiof|3. The proofs of correctness are giveRBectior 4. Finally we conclude the paper in
Sectior{b.

2 Preliminaries

System Model. We consider here the case of an anonymous, unoriented am@cetad ring ofn nodes
Uo,Us,--., Un_1) SUCh agy; is connected to both;_1) andu(i, 1) andu,_y is connected taip. We assume



is odd. Note that since no labeling is enabled (anonymohbsjetis no way to distinguish between nodes,
or between edges.

On this ring,k robots operate in distributed way in order to accomplishraroon task that is to gather
in one location not known in advance. We assume khigteven. The set of robots considered here are
identical they execute the same program using no local parametersrendannot distinguish them using
their appearance, and aoblivious which means that they have no memory of past events, they can
remember the last observations or the last steps takenebdfoaddition, they are unable to communicate
directly, however, they have the ability to sense the envirent including the position of the other robots.
Based on the configuration resulting of the sensing, theiddeghether to move or to stay idle. Each robot
executes cycles infinitely many times, (1) first, it catchesgat of the environment to see the position of
the other robots (look phase), (2) according to the observat decides to move or not (compute phase),
(3) if it decides to move, it moves to its neighbor node towadarget destination (move phase). At instant
t, a subset of robots is activated by an entity knowrtresscheduler The scheduler can be seen as an
external entity that selects some robots for executios, gsbheduler is considered to be fair, which means
that, all robots must be activated infinitely many times. T@RDA mode[8] enables the interleaving of
phases by the scheduler (For instance, one robot can peddowk operation while another is moving).
The model considered in our case is the CORDA model with thewiing constraint: the Move operation
is instantaneouse. when a robot takes a snapshot of its environment, it seedltlee mbots on nodes and
not on edges. However, since the scheduler is allowed tdéatee the different operations, robots can move
according to an outdated view since during the Compute plsasee robots may have moved.

During the process, some robots move, and at any time ocaggsrof the ring, their positions form a
configuration of the system at that time. We assume thatsgdritt = O (j.e., at the initial configuration),
some of the nodes on the ring are occupied by robots, suclaels,de contains at most one robot. If
there is no robot on a node, we call the n@uepty node The segmeniup, uq] is defined by the sequence
(Up,Up+1,---,Ug—1,Uq) Of consecutive nodes in the ring, such as all the nodes o$¢heence are empty
exceptu, andug that contain at least one robot. The distaBtgof segmenfup, ug] in the configuration of
timet is equal to the number of nodes]ir,, ug] minus 1. We define holeas the maximal set of consecutive
empty nodes. That is, in the segméuy, ug], (Up+1,---,Uq—1) iS @ hole. The size of a hole is the number
of empty nodes that compose it, the border of the hole arentbeetpty nodes who are part of this hole,
having one robot as a neighbor.

We say that there istawerat some node;, if at this node there is more than one robot (Recall that this
tower is distinguishable only locally).

When a robot takes a snapshot of the current configuratiorodau at timet, it has aviewof the sys-
tem at this node. In the configurati@it), we assumeus, uy],[uz, us],- - -, [Uw, U] are consecutive segments
in a given direction of the ring.Then, the view of a robot ol@q; atC(t) is represented by
(max{(D}{,D.,---,DL,), (DY,D, 4,---,D%)},m), wheremt is true if there is a tower at this node, and
sequence(a, a1, --,a;) is larger than(b;,bi;1,---,bj) if there ish(i < h < j) such thata, = by for
i <l <h-1anda, > by. Itis stressed from the definition that robots don’'t makéedénce between a
node containing one robot and those containing more. Hawthey can deteatt of the current nodd,e.
whether they are alone on the node or not (they have a locd mediplicity detection).

When(DY, DS, ---,D,) = (D, DY, 4,---,D}), we say that the view ow is symmetri¢ otherwise we say
that the view oruy; is asymmetric Note that when the view is symmetric, both edges incidenf ook
identical to the robot located at that node. In the case thetran this node is activated we assume the worst
scenario allowing the scheduler to take the decision onitieetibn to be taken.

Configurations that have no tower are classified into thrassels in[[7]. A configuration is said to be
periodicif it is represented by a configuration of at least two copiea sub-sequence. A configuration is
said to besymmetridf the ring contains a single axis of symmetry. Otherwise, ¢bnfiguration is said to
berigid. For these configurations, the following lemma is provedin [
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Lemma 1 If a configuration is rigid, all robots have distinct viewst d configuration is symmetric and
non-periodic, there exists exactly one axis of symmetry.

This implies that, if a configuration is symmetric and nomigdic, at most two robots have the same
view.

We now define some useful terms that will be used to describalgorithm. We denote by thiater-
distance dthe minimum distance taken among distances between eacbfpiistinct robots (in term of
the number of edges). Given a configuration of inter-distah@ d.blockis any maximal elementary path
where there is a robot eveyedges. The border of éblock consists in the two external robots of the
d.block. The size of a.block is the number of robots that it contains. We call diglock whose size is
biggest thebiggest d.blockA robot that is not in angl.block is said to be aisolated robot

We evaluate the time complexity of algorithms with asyncloes rounds. An asynchronous round is
defined as the shortest fragment of an execution where ebohperforms a move phase at least once.

Problem to be solved. The problem considered in our work is the gathering problehgrek robots have
to gather in one location not known in advance before stapfhiere forever.

3 Proposed Algorithm

We propose in this section an algorithm that solves the gathg@roblem starting from any non-periodic
configuration on a ring provided thats odd,k is evenk > 8 andn > k+ 3.
The algorithm comprises three main phases as follow:

e Phasel. The aim of this phase is eithe} {o reach one of the special configurations defined in the set
Csp (refer to Sub-Section 3.2) oii ) to reach a symmetric configuration where there are two @kislo
of sizek/2 at distance 2. The initial configuration of this phase is aag-periodic configuration
without towers.

e Phase2. The aim of this phase is to reach a symmetric configuratiahaontains exactly two 1.blocks
of sizek/2 at distance 2 from each other. The initial configuratiorhtf phase is itCsy,.

e Phase3. During this phase, robots perform the gathering suchah#te end all robots are on the
same node.

When the configuration is symmetric, and since the numbepdés is odd, we are sure that the axes
of symmetry passes through one n@lend one edge. Additionally, because the number of robotgeis, e
there is no robot 0i%. The size of the hole includin§is odd. Let us call such a hole theader holeand
let us refer to it byH. The other hole on the axes of symmetry is catBtave hole Note that, theses hole
can be on inside d.block.

3.1 Phasel: Algorithm to build a single 1.block or two 1.blocks of the same size

Starting from a non periodic configuration without towege tim of this phase is to reach either one of the
special configurations defined @y, (refer to Sub-Section 3.2). The idea of this phase is thewatig: In

the initial configuration, in the case all tdeblocks have the same size, robots move such that thereanall b
least twod.blocks in the configuration that have different size. Relloén move towards the closest biggest
d.block. In order to avoid creating periodic configuratioosly some robots are allowed to move. These
robots are the ones that have the biggest view. Dependinigeomatture of the configuration (symmetric or
not symmetric), onal.block (respectively twal.blocks) becomes the biggesblock in the configuration



(let refer to the set of thes&:block by target blocks). Theskblocks are then the target of all the other
robots that move in order to join them. When all the robotsiara d.block part of target blocks then if
d > 1, some robots move in order to decreds#&Ve distinguish the following configurations:

¢ BlockDistanceConfiguration. In this configuration, there are only takblocks of the same siz&/(2)
or a singled.block of sizek such that in both cases> 1. Note that the configuration is symmetric
and does not contain any isolated robot. The robots allowedadve are the ones that are neighbors
of H. Their destination is their adjacent empty node towardogpmosite direction oH.

e BlockMirror Configuration. In such a configuration there are alylocks of the same size and no
isolated robots. The number dfblocks is bigger than 2. Two sub configurations are possible
follow:

— BlockMirrorl Configuration. The configuration is in this case not symretiihe robot that
is allowed to move is the one that is part of the set of robads &ne the closest to égblock
(let refer to this set bys), having the biggest view among the robotsSinits destination is its
adjacent empty node towards the neighbourigiock.

— BlockMirror2 Configuration. The configuration is in this case symmetriet thed.blocks that
are neighbors tél or includingH be the guide blocks. The robots allowed to move are the ones
that share a hole other th&hwith the guide blocks. Their destinations are their adjaeempty
node towards the closest guide block.

e Configuration of typeBigBlock In this configuration, the configuration is neiti@lockMirror nor
BlockDistance Then, there is at least omkeblock that has the biggest size. Two sub configurations
are defined as follow:

— Configuration of typeBigBlockl In this case there is at least one isolated robot that slzares
hole with one of the biggest.blocks. Two sub-cases are possible as follow:

x Configuration of typeBigBlock1-1 The configuration is not symmetric and contains either
(i) two 1.blocks of the same siZk— 2) /2 and two isolated robots that share a hole together
or (i) one 1.block of size— 2) and two isolated robots that share a hole together. The
robot that is allowed to move in both cases is the one thatisaithest to the neighboring
1.block. Its destination is its adjacent empty node towéndsieighboring 1.block.

x Configuration of typeBigBlock1-2 This configuration is different fromBigBlock1-land
includes all the other configurations BfgBlockl The robots allowed to move are part of
the set of robots that share a hole with a biggest d.block thattthey are the closest ones
to a biggest.block. If there exists more than one such robot, then orbpt® with the
biggest view among them are allowed to move. Their destinas their adjacent empty
node towards one of the nearest neighboring bigdddocks.

— Configuration of typeBigBlock2 In this case there is no isolated robot that is neighbor to
a biggestd.block. The robots allowed to move are the ones that are teest to a biggest
d.block. If there exist more than one robot allowed to moventbnly robots with the biggest
view among them can move. Their destination is their adjaespty node towards one of the
nearest neighboring biggestblocks.

3.2 Phase2: Algorithm to build a configuration that contains two 1.blocks of the same size
at distance2.

When the configuration is symmetric, the two 1.blocks thatreighbors of the Leader holBl) (respec-
tively Slave Hole) are callethe Leader blocKrespectivelythe Slave block To simplify the explanation we
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) _ _ _ Figure 2:Biblock Configuration
Figure 1:Split— SConfiguration

Middle 1.block Middle 1.block

Hole with an even size
-~

Figure 5:Even— T Configuration Figure 6:0dd— T Configuration

assume in the following that an isolated robot is also a sitigblock of size 1.

The configuration sefs, is partitioned into nine subsetStart Even-T Split-§ Split-A Odd-T, Block
Biblock TriBlock-SandTriBlock-A In the following, we provide their definition and the bermvbf robots
in each configuration below.

1. Start Configuration. This configuration is symmetric and contdims 1.blocks with sizek/2 but
not being at distance 2. The robots allowed to move are thadbots that are at the border of the
1.blocks neighboring to the Leader hole. Their destinadheir adjacent empty node in the opposite
direction of the 1.block they belong to.

2. Even-TConfiguration. The configuration is in this case not symroetrid contains three 1.blocks of
size respectivelk/2, (k/2) — 1 and 1. Additionally, the 1.block of size 1 is at distance ¢hirthe
1.block of sizek/2— 1. The number of holes between the 1.block of size 1 and theobsizek/2
is even. Note that this is also the case for the hole betweef.tiock of sizegk/2) — 1 and the one
of sizek/2. The only robot allowed to move is the one that is at the boofléhe 1.block of sizé/2
sharing a hole with the 1.block of size 1. Its destinationssadjacent empty node in the opposite
direction of the 1.block it belongs to.

3. Split-Sconfiguration. The configuration is symmetric and contains f..blocks such that the 1.blocks
on the same side of the axes of symmetry are at distance 2 {oefégure[1). The robots allowed to
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move in this case are the ones that are at the border of the Bllaek sharing a hole with the Leader
block. Their destination is their adjacent empty node tolwdhe Leader block.

4. Split-AConfiguration. The configuration is not symmetric and corgddur 1.blocks and exactly one
hole of an even size. Let the 1.blocks that are neighborsedfitie of an even size I# andS2, and
let the other two 1.blocks bel andL2. S1 andL1 (respectivelyS2 andL2) are at distance 2 from
each other. ThenSl| = |S2| +1,|L2| = |[L1]+1, |S1|+ |L1] = ||+ |L2| = k/2. The size of the hole
betweerL1 andL2 is odd, and the distances betwddnandSl (respectively betweelh?2 and?) is
equal to 2. In this case, only one robot is allowed to moves Tabot is the one at the border $f
sharing a hole with.1. Its destination its adjacent empty node towdrils

5. Odd-TConfiguration. The configuration is not symmetric and corgtdihree 1.blocks of size respec-
tively k/2, (k/2) —1 and 1. Additionally, the 1.block of size 1 is at distancedrfrthe 1.block of size
k/2—1. Observe that this configuration is different fréaen-TConfiguration since all the holes in
the ring have an odd size. The only robot allowed to move istieethat is part of the 1.block of size
1. Its destination is its adjacent empty node towards thiedkiof size(k/2) — 1.

6. Block Configuration. The configuration contains in this case, glsid.block of sizek. Note that
the configuration is symmetric. The robots allowed to mowethe ones that are at the border of the
1.block. Their destination is their adjacent node in theasjite direction of the 1.block they belong
to.

7. Biblock Configuration. This configuration is not symmetric and corgtawo 1.blocksB; andB; at
distance 2 from each other such that| = k— 1 and|B;| = 1 (refer to Figuré2). The robot allowed
to move is the one that is at the border of the biggest 1.blotkaving a neighboring occupied node
at distance 2. Its destination is its adjacent node in thesiggpdirection of the 1.block it belongs to.

8. TriBlock-SConfiguration. This configuration is symmetric and contdhree 1.blocks separated by
one empty node (refer to Figuré 3). The robots allowed to nameehe ones that are at the border of
the 1.block on the axes of symmetry. Their destination ig @hdjacent empty node in the opposite
direction of the 1.block they belong to.

9. TriBlock-A Configuration. This configuration is not symmetric and costdhree 1.blocksR;, B,
and Bg3) such that there is one 1.block that is at distance 2 from butbr 1.blocks (leB; be this
1.block, refer to Figurel4)|B;| = |Bs| + 1. The robot allowed to move is the one that is at the border
of B; and the closest tB3. Its destination is its adjacent empty node in the opposittion of the
1.block it belongs to.

We call the configuration that contains two 1.blocks of thee &i/2 at distance Zrerminal (refer to
FigurelT).

3.3 Phase3. Algorithm to achieve the gathering

During this phase, robots perform the gathering such thiseagnd all robots are on the same location. The
starting configuration of this phase is therminalconfiguration (refer to Figuié 7).

When theTerminalconfiguration is reached at the end of the second phase (or thbeonfiguration is
built in the first phase). The only robots that can move areties that are at the extremity of a 1.block being
neighbors of a hole of size 1. Since the configuration is sytnohere are exactly two robots allowed to
move. Two cases are possible as follow:



Figure 7: Terminal Configuration

1. The scheduler activates both robots at the same timeislndke the configuration remains symmetric
and a tower is created on the axes of symmetry.

2. The scheduler activates only one robot. In this case théguwation that is reached becomes asym-
metric and contains two 1.block®; andB; at distance 2 such th#B,| = |B1| — 2 (one robot from
B, has moved and joineH;, let this robot be1). Note that this configuration is easily recognizable
by robots. The robot that is iB; being neighbor of; is the one allowed to move. Its destination is
its adjacent occupy node towards Note that once it moves, the configuration becomes symenetri
and a tower is created on the node that is on the axes of symniatt us refer to such symmetric
configuration with a toweTargetconfiguration.

In the Targetconfiguration, robots that are part of the tower are not albto move anymore. For the
other robots, they can only see an odd number of robots indhfiguiration since they are enable to see the
tower on the axes of symmetry (recall that they have a locakwmeultiplicity detection). In addition, since
they are oblivious, they cannot remember their number bateachingrargetconfiguration. On the other
hand, an algorithm has been proposed_in [5] that solves ttheeigiag problem from such a configuration
(Phase 2 in]5]). Robots can then execute the same algorghparform the gathering.

4 Proof of Correctness

In the following, we prove the correctness of our algoritivwe define aroutdated robotas the robot that
takes a snapshot at instariut moves only at instant- j wherej > 0. Thus, when such a robot moves, it
does so based on an outdated perception of the configuratitatitionally, we define awutdated robot with
an incorrect targetas the outdated robot that its target destination is incbirethe current configuration,
i.e., if the robot takes a new snapshot to the current corigur, the computed destination is different.

4.1 Phasel

We prove in this sub-section the correctness of Phase 1 igigor

Lemma 2 Starting from a symmetriBigBlock configuration without any outdated robots, if exactly one
robot moves then the configuration reached is not symmetric.

Proof: Let refer to the symmetriBigBlockconfiguration byC. Since the configuration is symmetric,
there are two robot#& and B such that their destination is its adjacent empty node tdsvéne biggest
d.block. Two cases are possible as follow:

e The biggest targatd.blocks of robotsA andB is the same (let refer to this block IB). In this case,
D is on the axes of symmetry. If the scheduler activates ondyrobot (let this robot be the robB),
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thenB either joinsD or it becomes an isolated robot once it movesB becomes an isolated robot,
then it is the closest robot to a biggest d.block (otherwliszd were another rob& which was the
closest in the previous configuration). Thus, the configomatannot be in this case symmetric. When
B joins D, then there is only one biggedtblock in the configuration that B. Observe tha# is the
only robot that is the closest @. Thus, in this case too, the configuration reached is not sgtmen

e The biggest targed.blocks of robotsA andB are different. Suppose that, they are respectiiely
andD,. When the scheduler activates only one rol®)t (hen it is clear that, if onl\B moves, the
configuration reached is not symmetric bef8rmins D, (sinceB is the only one that is the closest to
a biggest d.block).

Let consider now the case wheBgoins D,. OnceB is part of D5, if the configuration that is reached
is symmetric, then we are sure th2g is on the axes of symmetry since it is the only biggkblock
in the configuration. Two sub-cases are possible:

— WhenB joins Dy, the size oD, becomes odd. Sind®, is on the axes of symmetry, there is one
occupied node on the axes of symmetry. That is impossibegime number of robots in the
system is even. Thus, we are sure that the configurationghaached is not symmetric.

— WhenB joins D, the size ofD, becomes even. Note that, the sizelafis odd. SinceC was
symmetric, we are sure that there was an even number of bigd#ecks of size|D;| in C.
Additionally, there were no biggestblocks on the axes of symmetry (if there was a biggest
d.block on the axes of symmetry @, then there were two occupied nodes on the axes of
symmetry since the size of such d.blocks is odd. That is isiptsssince the number of nodes
in the ring is odd). Thus, just aftd joins D,, there is exactly one biggedtblock D, and odd
number ofd.blocks having the same size@s. If the configuration that is reached is symmetric,
there will be onal.block having the same size Bs that is on the axes of symmetry (since their
number is odd). On the other hand, the size of suchbéock is odd. That means that there
is one occupied node that is on the axes of symmetry. Thispessible since the number of
robots in the ring is even. Hence, we can deduce that the cwmafign that is reached in this
case too is not symmetric

From the cases above, we can deduce that, if exactly one mbats from a symmetriBigBlock
configuration, then the configuration reached is not synimaitrd the lemma holds. O

Lemma 3 By the behavior of Phask starting from any non-periodic initial configuration waht towers, if
the configuration does not becomckMirror2, then there is at most one outdated robot with an incorrect
target.

Proof: Assume that a robdk becomes an outdated robot. Then, two rol#oegs1dB were allowed to move
in a symmetric configuratio@ such that the scheduler activates both robots at the saraghimwever only
B moves. We prove that if the configuration becomes symmegiforb A moves, the new outdated robot
other thanA cannot have incorrect target, or the configuration does extine symmetric beford moves.

e Cis aconfiguration of typ8lockDistance Note that when the configuration is of tyBéockDistance
it contains either a single d.block of siker two d.blocks of sizé/2. In both casesl > d otherwise
the configuration is either periodic or does not contain twaatks of the same size. OnBanoves,
the value ofd decreases. Let the new value of the interdistana# .bdote thatd’ = d — 1. Then, there
exist exactly onal’.block in the configuration. Let refer to thi.block byD. All the other robots
become isolated robots. By the behavior of Phase 1, thestlosiot tod’.block moves towards it
(refer toBigBlockl1configuration). Note that there is only one such robot (theiotobots are not
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allowed to move) and this robot is the one that was part of éineesd.block a8 at distancel (recall
thatH > d). Let refer to this robot b¥. If A decides to move aftét executes th&ook phase, then
the configuration becomes symmetric and the targ&tisfcorrect since it is one of the robots that are
allowed to move and its destination remalihslf A does not move them is the only biggestl’.block

in the configuration, whek moves, the size dD increasesD becomes the targel.block of all the
robots. WhenA decides to move, even if a newll.block is created and the configuration becomes
symmetric, the target of the robots that took a snapshotrééfie move oA is correct since the target
d’.block does not change (there is only one biggdilock in the configuration). Therefore, before
A moves, there is no other robots that has an incorrect tangethe lemma holds.

e Cis aBigBlockconfiguration. The two following cases are possible:

— The targetd.block of A andB is the samal.block BL. OnceB moves, we are sure from Lemma
that the configuration that is reached is not symmetri& becomes (or remains) an isolated
robot, then if the configuration contains exactly two d.k®of the same size and two isolated
robots that share a hole between each otBegRlock1-1configuration), ther\ is the only robot
that can move and in this case the configuration does notincautg outdated robots. For the
other casesB is the only one allowed to move since it is the closest robat baggestd.block
(BL). WhenB joins BL, the only robot allowed to move & sinceA is the only robot that is the
closest tdBBL whenA is activated (and even if it is an outdated robot with an irecirtarget) A
moves toward8L. Once it moves the configuration that is reached is not symer(gtnceA is
the only closest robot) and there is no robot in the configumahat has an outdated robot with
an incorrect target.

— The targetd.blocks of A and B are respectiveND; andD,. WhenB moves, it is clear that if
the configuration is of typ8igBlock1-1 there will be no outdated robots. For the other cases,
according to Lemm@l 2, B8 is the only one to move then whé&njoins D4, the configuration that
is reached is not symmetric. Note tlt becomes the only biggedtblock in the configuration.
We can reach a symmetric case in the following cases:

x A (the outdated robot with an incorrect target) mov&goins D5 too (it’s like the scheduler
activates bothA and B at the same time). Note that, if there is another robot thait &
shapshot beforéd moves, then its target is correct since even when in the amatign
reached whei moves, this robot is allowed to move and it destination resByj .

x There is another robdR that has joined; (Note that in this case the size Df at the
beginning in theBigBlockconfiguration was even. Thus, whBrjoined D4, the size oD,
became odd and wheR joined it too, it became even)D; becomes the biggestblock
in the configuration. Note that, in the configuration, these be only one robot with an
incorrect target (Robdi that took a snapshot at the beginning inBigBlockconfiguration,
its destination iBy), all the robots that took a snapshot beféreoves, even if their view
is outdated, their target are correct since the taggatbck remaind; (and this even iA
moves an joind, since even afteA move,D; is bigger tharD,).

From the cases before, we can deduce that there is at mosttitegenl robot with an incorrect target.O

Lemma 4 By the behavior of Phask starting from any non-periodiBlockMirror2 configuration without
any tower, there exist at most one outdated robot with anrnecbtarget.

Proof: Assume that a roboh becomes an outdated robot. Then, two roldtndB were allowed to
move in a configuratio® of type BlockMirror2 such that the scheduler activated bétland B, however
only B moves.
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In C, all robots belong tal.blocks and all th&l.blocks have same siz The destinations of robois
andB are the guide blocks (that are neighbors to the guide H)leNhenB moves, it either joins a guide
d.block D1 or it becomes an isolated robot.

(i) In the casds| = 2, then there is another robBt that was in the same block asB in C that becomes
an isolated robot. Two cases are possible as follow:

B joins D1. D1 is the only biggestl.block in the configuration|D1| = 3), andB’ is the only closest
isolated robot to the.block of size 3D1). Therefore, befor&' joins D1, only B’ is allowed to move.

— If Adecides to move befor® joining D1 thenA joins also a d.bloclb2 and either the config-
uration becomes symmetric and in this case the targBt cdmainsD1 or the configuration is
not symmetric and®’ is the only robot allowed to move, its target destinatiobis

— Let consider the case whekaloes not move befo® joining D1. After B joins D1, D1 remains
the only biggest.block in the configuration. Note that the targeblock of all the robots in the
configuration when they are allowed to move (excAp#hich has an outdated view with an
incorrect target) iD1. If A decides to move, it joins theé.block D2. Note thatD1| > |D2,
thus all the robots that took a snapshot befdiaoves have a correct target even if their view is
outdated.

B becomes an isolated robot, thBrand B’ are the only isolated robots @. In this caseB is the
only one that is the closest todablock (otherwise, in th&lockMirror2 configuration, the distance
betweerB’ and ad.block is smaller than betwedhand ad.block.) and thus, it is the only one allowed
to move. WherB joins the closestl.block D1, there will be in the configuration exactly one biggest
d.block which isD1. The target of all the robots (excefdtvhich already has an outdated view) when
they are allowed to move becomB4). Thus, wherA decides to move, all the robots that took a
snapshot have a correct target even if it is computed acwptdian outdated view.

(i) In the caseés| > 2. Two cases are also possible:

WhenB moves, it becomes an isolated robot. ThBris the only isolated robot in the configuration.
Thus, it is the only one allowed to move. Note that since ihis only isolated robot and since there
is an even number of robots in the ring, the configurationtredds not symmetric. Whe joins the
closestd.block D1, D1 becomes the only biggedtblock. Note that the configuration reached is not
symmetric since there is only one biggddtlock and one d.block of size— 1. All the robots that are
activated (excepd) have as a target destinati@1, whenA decides to move, it becomes an isolated
robots. Thus all the view of robots that took a snapshot leefonoves have a correct target even if it
is outdated.

WhenB moves, it joins al.block D1. D1 becomes the only one biggesblock in the configuration.
The only robot that is allowed to move is the robot neighbpitim B in the initial BlockMirror con-
figuration (let this robot bé&'). Its destination is its adjacent empty node towabds If A moves
beforeB’, even ifB’ took a snapshot before, its target destination is corracesivhenA moves B’ is
allowed to move and its target destination remdis If A does not move, then on@moves, it joins
D1 and the configuration contains exactly one biggelstock even afteA moves, thus the target of
all the robots is correcq{1) even if their view is outdated.

Observe that the same holds when the tadgelock of both robotA andB is the samal.block D1 =
D2) since there will be in the configuration exactly one biggeblock, the target of all the robots is the
only biggestd.block in the configuration.
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We can deduce from the case above that starting from any eooetc BlockMirror2 configuration
without any tower, there exist at most one outdated robdt aiitincorrect target and the lemma holds.
|

Lemma 5 Starting from any non-periodic initial configuration withbtower, the configuration cannot be-
come of typalockMirror by the behavior of Phask

Proof: From any non-periodic initial configuration without towere assume that the configuration
becomes of typ@&lockMirror during the execution of Phase 1. In the configuration of tpmckMirror,
all the robots belong td.blocks. All thed.blocks have the same sigand the number of suathblocks is
greater than 2. Therefore, in the configuratirbefore becoming of typBlockMirror, either there existed
one or twod.blocks such that their sizes ae- 1 or there existed one or two isolated robots.

Let us first consider the case where there were no outdatedsrelith the incorrect target iG. By
this algorithm, because the number of robots allowed to nabtke same time is at most two, there exists
at least onel.block D of sizes. That is, the configuration is of typRigBlock Two cases are possible as
follow:

e There is an isolated robot neighborfin C. The closest isolated robots are the only ones that can
move. Their destination is their adjacent empty node tos/BrdThey keep moving until they reach
D. Therefore, thel.blocks of sizes— 1 cannot become larger by the algorithm of tygigBlockl

e If there is no an isolated robot neighbor®fin C then, the robots that are partablocks smalleD
which are neighbor oD are the ones allowed to move. Their destination is theircadipempty node
towardsD. Thus, in this case too, theeblocks of sizes— 1 cannot become larger.

Let us now consider the case where there exist outdatedsralibt incorrect targets i@. By lemmd_3—
[4, before the configuration becomBlckMirror, the number of outdated robots with incorrect targets is at
most one. If there exists an outdated roBawith the an incorrect target that makes the configuratioe typ
BlockMirror, then there exists at least twidblocks of sizes, ad.block of sizes— 1, and the outdated robot
that is an isolated robot. such that if it moves, then it jamesd.block of sizes— 1. WhenA becomes an
outdated, then its symmetric rol®has moved and has joined a biggedilock. However, befor& moves,
there existed a.block of sizes, such that the destination é&fandB ared.blocks of the same size This
is a contradiction. If there existed exactly one biggkslock afterB joins ad.block. By this algorithm,
beforeA moves, the configuration cannot contain tekblocks of sizes. This is a contradiction.

Thus, we can deduce that, the configuration cannot becomgeBiockMirror dynamically (It can
only be an initial configuration) and the lemma holds. O

Lemma 6 Starting from any non-periodic initial configuration, noaer is created by the behavior of Phase
1

Proof: If each robot that is allowed to move immediately moves wttiler robots take new snapshots,
that is, no robot has outdated view, then it is clear that meetas created.

Assume that a tower is created. Then, there exists a rlpath outdated view in a configuratio@,
and another robdB is allowed to move face-to-face within C. WhenA becomes an outdated robot, the
configuration is symmetric and there exists another rébatlowed to move. By the proof of lemmiak 3 and
[, if there exist two or more outdated robots, then the cordigpn is typeBigBlock By lemmas BEY, the
number of outdated robots with incorrect target is at most on

Additionally, if C is an initial configuration, then there exists no outdatdsbtpand otherwise is not
BlockMirror by lemmdb. Therefore, we can consi@kis BlockDistanceor BigBlock
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e CistypeBlockDistance By the definition ofC, there is either ond.block of sizek or two d.blocks of
sizek/2. whenA’ moves, it creates a newli.block such that’ = d — 1. Note that since there is in the
configuration only oné’.block, the new target of all the robots in the configurat®thisd’.block. ()
if the robot that is at distanadfrom A becomes allowed to move, its destination is its adjacentymp
node in the opposite direction & Thus, if A decides to move, no tower is created. Contradiction.
(ii) if Ais allowed to move before it neighboring robot at distaddget this robot be the robdE),
then we are sure thatmoves to an empty node towarBissuch that a newl’.block is created. Thus,
in this case too no tower is created. Contradiction.

e Cis typeBigBlock It is clear that in the case the configuration is of tygigBlock1-1 no tower is
created since whef\ moves, the only robot that can moveAqB is not allowed to move). For the
other cases, since there is, in the configuration, at leasbmyest.block, if B is allowed to move,
then, the destination @ is the biggestd.block. Note that other robots thaxcan have an outdated
view but robotA is the only one having an outdated view with an incorrectegefer to Lemmals] 3-
[)). If there are other robots with an outdated view, sincé tthestination is correct, their target is a
biggestd.block in the configuration. The cases bellow are possible:

1. If A’ joins ad.block in the configuratioi€ (let thisd.block beD1), thenD1 is the only biggest
d.block inC. Since there is only one biggekblock in the configuration, if a robot is allowed to
move, its destination is its adjacent empty node towarddidpgestd.block (refer toBigBlock
configuration). Thus, the destinationB®fs its adjacent empty node towarD4. Note that there
in this case, no other robot betweBrd andB. ThereforeA and B cannot move towards each
other (face-to-face). Hence, No tower is created.

2. If A’ becomes isolated robot @ and if A’ belonged to al.block having a size bigger than 2,
thenA' is the only isolated robot that is the closest to a biggdsibck. Then, only' is allowed
to move, and is not allowed to move. WheA' joins the biggest d.block we retrieve Céase 1.

3. If A becomes an isolated robot@) and if A’ belonged tal.block of size equal to 2, the# is
the only robot that is the closest to a d.block. oAlyis allowed to move, an® is not allowed
to move. Wher#' joins the biggest d.block we retrieve Case 1.

a

Lemma 7 From any non-periodic initial configuration without any tewthe algorithm does not create a
periodic configuration by the behavior of Phake

Proof: Assume that, after a robét moves, the system reaches a periodic configurationLet C be
the configuration thaf observed to decide the movement. The important remark isgime we assume
an odd number of nodes, any periodic configuration shoulé haleast three odd numberablocks with
the same size or at least three odd number of isolated rdBpiemmag BF 4, the number of outdated robot
with incorrect target is at most one. By the proof of lemmasa A, if there exist two outdated robots,
then the configuration is typBigBlock and not symmetric, and there exists exactly one bigddsock.
Additionally, by the proof of lemmas| 3 and 6, the outdatedotatannot be on the biggedtblock and it
has a neighboring empty node.

e C is a configuration of typélockDistance In C, there are only twal.blocks of the same size or
a singled.block such agl > 1. Because an outdated robot cannot be on the bighbkick, there
exists no outdated robot i@. Then,C is symmetric and there is another rol®that is allowed
to move, we can define an odd size hbleon the axis of symmetry, andl and B are neighboring
to H. After configurationC, three cases are possibla:moves beforeB moves,A moves afterB
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moves, orA andB move at the same time. In the case tAahoves befordB moves, therA and its
destination robot become exactly ofte— 1).block. In the case tha andB move at the same time,
A and B construct(d — 1).block with their destination robots respectively, theerehexist exactly
two (d — 1).blocks. In the case th& moves afteB moves, therB and its destination robot become
exactly ong(d — 1).block. If other robots move aft@® moves beforéd moves, their destination is the
(d—1).block, so there exists exactly ofg— 1).block. Therefore, in all case§;" is not periodic.

e Cis a configuration of typ8lockMirror. By lemma%C is the initial configuration and there exists
no outdated robot. Then, @, there are onlyl.blocks of the same size and no isolated robot.

— If CisBlockMirrorl, Ais the only one robot allowed to move. Whamoves, it either becomes
an isolated robot or joins anothdilock. In the latter cas€&* has exactly one biggedtblock.
Consider the former case. If the size ahblock D to which A belonged is 2, thed and D
becomes isolated robots, otherwigehecomes exactly one isolated robot. Thus, in both cases,
the number of isolated robots is at most 2. Therefore, irgtltasesC* is not periodic.

— If C is BlockMirror2, there is another robd that is allowed to move. After configuratidDy,
three cases are possibl&:moves beforeB moves,A moves afteiB moves, orA and B move
at the same time. In the case tWamoves befordB moves, therA becomes an isolated robot
or joins the guidal.block D1. In the previous case, it is clear thét is not periodic because
the number of isolated robots is at most 2. In the later cBgehecomes exactly one biggest
d.block, thusC* is not periodic. In the case thAtmoves afteB moves, then there exists exactly
one biggestl.block to whichB joined or two isolated roboA andB. If there exists exactly one
biggestd.block D2 to whichB joined, then other robots move 2. Therefore, there exists
exactly one biggestl.block beforeA moves. If there exist two isolated robodsand B, then
by BigBlock no other robot can move before both of them jdiblocks. In these cases, it is
clear thatC* is not periodic. In the case thatandB move at the same tim&* is not periodic
similarly to the previous case.

e Cis a configuration of typ8igBlock In this configuration, there can be more than 1 outdatedtspbo
but it is not in the biggestl.block. Additionally, only one of them can have incorreagtt. Lets
be the size of biggest.blocks inC and letR be the robot that has an outdated view. Two cases are
possible as follow:

— Cis not symmetric. In this case onlyis allowed to move. The sub-cases bellow are possible:

x A andR move and join the same d.block. In this case we are sure thatdhfiguration
reached is not symmetric since the configuration contaiastgxone biggest d.block.

x A andR move and becomes (remain) isolated robots such that trendiesbetween each of
them and a biggest d.block is different. In this case too twdiguration that is reached is
not periodic since ifCx is periodic, sinceA (respectivelyR) is the only closest robot to a
d.block otherwiseéA would not have been allowed to moveGn

x A andR move and becomes (remain) isolated robots such that thendestbetween each
of them and a biggest d.block is the same. Recall that sireel has an odd size, if a
configuration is periodic then there are at least three odaben of d.blocks. Thus wheh
andR move, if the configuration that is reached is periodic thaansethat there is another
d.block inCx that has an isolated robot at the same distance as the onedrgtvand its
closest d.block. Which is impossible sindavas allowed to move ig.

x A andRmove and join different d.blocks. Let refer to these two acklby respectivelyp,
andD,. If |D1| # |D2| then the configuration contains exactly one biggest d.bld¢ius,
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the configuration that is reached is in this case not periotfigD;| = |D,|, then if the
configuration that is reached is periodic, since the sizé®fring is odd, we are sure that
there is another d.blocRs such thaiD3| = |D1|. That is impossible sincA was allowed
to move inC.

— If Cis symmetric. In this case, two robotsandB are allowed to move i€. The following
cases are possible:

x A moves befordB. C* is not periodic similarly to the non-symmetric case. Notat tiis
holds also whei moves beforé.
x AandB move at the same time. Two sub-cases are possible:

- The target of A and B is the same d.block (let refer to thisatklby D). In this case,
whenA andB move, they become the closest oneBtdf R moves to a biggest d.block
(let this d.block beD’) then we are sure th& # D’ and the configuration reached is
not periodic otherwise there were another roban C that was closer t®’ thenA and
B to D (D’ must have two neighboring robots that are the closest), Ahaisd B were
not allowed to move irc.

- The target d.block ofA andB is different. In this case too we are sure that the configura-
tion reached is not periodic sin€@was symmetric, there was another rofthat was
symmetric toR in C. WhenA andB moves respectively and whé&hmoves according
to its outdated view, the configuration reached is not pa&ibdcause of robdD.

For all casesC* is not periodic and the lemma holds.
|

To prove the convergence of the Phase 1 algorithm, we first shat the size of at least one biggest
d.block increases. Next, we show thaBkckDistanceconfiguration with an interdistanakis reached in a
finite time. We then prove that the interdistance decreasdsthat at the end eith@erminalconfiguration
or a configuratiorC* € Cs;is reached in a finite time. In the latter case Phase 2 Alguarithexecuted.

Lemma 8 Let C be a configuration such that its inter-distance is d amel $ize of the biggest d.block
is s, and if the configuration can keep symmetrie; k/2, otherwise s< k. From configuration C, the
configuration becomes one such that the size of the bigdalstcld.is at least g- 1 in O(n) rounds.

Proof: From configurations of typaBlockMirror andBigBlock at least one robot neighboring to the biggest
d.block is allowed to move. Consequently, the robot move®(ih) rounds. If the robot joins the biggest
d.block, the lemma holds.

If the robot becomes an isolated robot, the robot is alloveechbve toward the biggest.block by
configuration of typeBigBlockl Consequently the robot joins the biggddtlock inO(n) rounds, and thus
the lemma holds. O

Lemma 9 LetC be a configuration such that its inter-distance is d.mri@onfiguration C, the configuration
becomes typBlockDistancen O(kn) rounds.

Proof: From lemmaaB, the size of the biggesblock becomes larger i@(n) rounds. Thus, the size of the
biggestd.block becomes or k/2 in O(kn) rounds. Since the configuration that has a simgl#ock with
sizek or two d.block with sizek/2 is the one, the lemma holds. O

Lemma 10 Let C be a configuration which is tyfgockDistancewnhere its inter-distance is d (g 1). From
configuration C, the configuration becomes t@leckDistancewhere its inter-distance is € 1 in O(kn)
rounds.
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Proof: From the configuration oBlockDistance the configuration becomes one such that ther@lis
1).block in O(1) rounds. After that, the configuration becomes one such Hetetis only singlgd —
1).block or two(d — 1).blocks with same size i®(kn) rounds by lemmal9. Therefore, the lemma holds.

Lemma 11 From any non-periodic initial configuration C without anyer, a Terminal configuration or a
configuration C € Cspis reached in @n?) rounds.

Proof. Let d be the inter-distance of the initial configuration. From thigal configuration, the config-
uration becomes typBlockDistancewhere its inter-distance i$— 1 in O(kn) rounds by lemmal9. Since
the inter-distance becomes smalleQtkn) rounds by lemm&10, the configuration becomes one such that
there is only single 1.block or two 1.blocks of the same siz@(idkn) rounds. Sincel < n/k+ 1 holds, the
lemma holds. O

4.2 Phase

To prove the correctness of our Phase 2 algorithm, we firsteptioat when a configuratio@ € Csp is
reachedC does not contain any outdated robots with incorrect targets

Lemma 12 By the behavior of Phask the configuration cannot reach a configuration ig,@ith outdated
robots with incorrect targets.

Proof. To construct a configuratio@* € Csp with outdated robots with incorrect target during Phase 1,
two robotsA andB were allowed to move in a symmetric configurationbut the scheduler activated only
B, and other robots take snapshots after the movemeddbeforeA moves.

e C is a configuration of typ@8lockDistancewhere the value ofl is d’ > 1. After B moves, the value
of d decreases, there exists exactly one big¢d‘st 1).block D and all other robots become isolated
robots. Then, although each robot moves to the bigg#st 1).block, only the isolated robot which
is the closest to the bigge&t’ — 1).block can move and others cannot move by the configuration of
type BigBlockl BecauseA and all other robots than the biggest — 1).block are isolated robots,
it cannot create otheid’ — 1).block beforeA moves. Therefore, befor® moves, the configuration
cannot become a configuration of tyBeckDistancavhere the value aflisd’ — 1. So, if the value of
d’ is more than 2, it is clear th&* cannot become a configuration@g, beforeA moves. Consider the
case that the value df is equal to 2. Because other robot than the biggest 1.bloukatareate other
1.blocks which sizes are more than 1, there exist isolatedtscand only one 1.block. Therefore, it
is clear that the configuration cannot become a configurati@y, other thanBiblock In Biblock
A seems like an isolated robot. However, the distance betwezbiggest 1.block and is 2. In
C, the destination oA is the guide blockD1 and theD1 is neighboring tdH. Because other robots
thanA creates the biggest 1.block by moving towards other guidekiid2, the distance between the
biggest 1.block and should be more thajH| + 1 beforeA moves. Therefore, befor® move, the
configuration cannot become @y,

e Cis a configuration of typ8igBlockl Then,A andB are isolated robots i€. After B moves before
B joins the biggest.block, B becomes the nearest isolated robot to the bigdgdsbtck. Therefore,
other robots cannot move by the new observation.

— If C* becomes one obtart, Even-T Split-A Odd-T, Block Biblock andTriBlock-A because
there exist two isolated robots, this is a contradiction.

— If C* becomesSplit-Sor TriBlock-§ becauseA andB are isolated robots and is symmetric
before onlyB moves, this is a contradiction.
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After B joins the biggest.block, there exists exactly one biggesblock. By the configuration of
type BigBlock the nearest isolated robots or the borders of athiglocks to the biggedd.block are
allowed to move.

If C* becomes eitheBtartor Block because is isolated robot, this is a contradiction.

If C* becomegvent—T (resp.Odd-T), thenB belonged to the biggesdtblock andA is isolated
robot. However, befor® belongs to the biggest.block, then there exist two biggedtblock
and two isolated robots by the definition®¥en-T(resp.Odd-T). Then, becausg is symmetric
and not inCsy, this is a contradiction.

If C* becomesSplit-S because there exist two biggessblock, this is a contradiction.

If C* becomesSplit-A then eithel.1 or 2 is A and eithelSL orL2 is the biggest.block. If L1
is A, then the size o8l isk/2—1, of L2 is 2 and of2 isk/2 — 2 (See the definition oBplit-
A.) Then, the distance betweéd andSl is 2 and the distance cannot change beforaoves.
Additionally, because the size 8 beforeB joined isk/2— 2, & is also biggest.block inC.
However, because only the nearest isolated robot to thesigdlock are allowed to move and
other robot cannot move, the membeiL@f cannot move. Becaugkshould be symmetric, this
is a contradiction.

— If C* becomes eitheBiblockor TriBlock-§ then becaus€ is symmetric and not i€sp, this is a
contradiction.

— If C* becomes eitheFriBlock-A thenA can be the smaller sidkblock orBl (See the definition
of TriBlock-A) If Ais B1, thenB is in the bigger sidel.block. However, befor® moves, the
size of the bigger side and smaller sididlock is same and the distance betwéeand both
sided.blocks is 2 respectively. Becau€ds symmetric, this is a contradiction. Ais smaller
sided.block, thenB is in B1 becausé > 8 and the size of other sidéblock D1 is 2. However,
by the configuration of typ&igBlock the only neighboring robots to the biggekblock are
allowed to move. Thus, the member robott which is not neighboring t81 cannot move
from C. This is a contradiction.

e Cis a configuration of typ®&igBlock2 Then,A andB are members afl.blocks inC. In this caseB
becomes isolated robot or joins anotlkdnlock. Consider the case tHatbecomes an isolated robot,
then thed.block D1 to whichB belonged becomes an isolated robot or remainsdrbbock by the
movement ofB. If D1 remains in ad.block, thenB is exactly one isolated robot, and other robot
cannot move by phase 1. Then, becadss not inCsp, C* cannot be irCsp. If D1 becomes isolated,
thenAis in ad.block with size 2 ifC*. Then, by the definition oBigBlock2 B is the nearest isolated
robot to the biggestl.block andD1 cannot move. Befor8 joins anotherd.block, there exist two
isolated robots. Therefore, becaukse 8, the configuration cannot becomeGg, beforeA moves or
B joins anothed.block.

After B joins anothed.block, then there exists exactly one biggestiock and only the neighbors of
the biggest.block can move.

— If C* becomesStart or Split-S because there exist more than one biggklltocks, this is a
contradiction.

— If C* becomesEven-Tor Odd-T, there exists an isolated robot. However, then the isolated
robot is a member of non-biggedtblock inC. Therefore, becausg is not in Csp, this is a
contradiction.

— If C* becomesSplit-A thenB is a border ofSl (resp.L2). If B is neighboring td_-1 (resp.2),
thenC is Split-Sand this is a contradiction. B is neighboring to2 (resp.L1) , thenB is a

17



member of2 in C. BecauséSl| = |2|+ 1 in C*, the size of2 (resp.L1) is bigger than ofl
(resp.L2) in C, this is a contradiction..

— If C* become®lock becausé\ does not belong to the biggatblock inC*, this is a contradic-
tion.

— If C* becomesBiblock thenA becomes the isolated robot becadsedoes not belong to the
biggestd.block. However, the distance between the biggdsibck andA is 2. This means that,
in C, the distance between the border &g 2 and the position of the border does not change.
However, by the behavior of Phase 1, only the closest robibtetd.block are allowed to move.
Therefore, it is a contradiction.

— If C* becomedIriBlock-S because the distance between the bigdddbck and othed.blocks
is 2 respectively and the size of othlibblocks is same i€*, it is a contradiction.

— Consider the case th&t* becomesTriBlock-A If the size ofBl is the biggest, theB is in
the smallesd.block inC. However, it isTriBlock-S this is a contradiction. If the size of the
largerd.block other tharB1 is the biggest an® is in B1 in C, then it isTriBlock-S this is a
contradiction. If the size of the largdrblock other tharB1 is the biggest anB is in the smaller
d.block other tharB1 in C, then the size of thd.block to whichB belonged is the biggest, this
is a contradiction.

e Cis aconfiguration of typ8lockMirror2. InC, all the robots belong td.blocks, all thed.blocks have
the same and the number @blocks is more than 2. IB becomes exactly one isolated robot, then
other robot cannot move. Therefo@, cannot become i@s, while B is exactly one isolated robot. If
B and the member af.block to whichB belonged become isolated robots, then only both of them can
move and the size af.block inC is 2. ThereforeC* cannot become i@s, while there exist isolated
robots becausle> 8 and the other robots cannot move. Consider the caseBgfiars anothed.block
D1, thenD1 becomes exactly one biggekblock and there are no isolated robot. After that, by the
configuration of typeBigBlock only the neighbors of the biggediblock are allowed to move.

— If C* becomes eitheBtart or Split-S there exist two biggest.block beforeA moves, this is a
contradiction.

— If C* becomes eitheEven-Tor Odd-T, B belongs to the biggest block and the isolated robot
belonged to the smaller block. However, then there existhiggestd.block beforeA moves,
this is a contradiction.

— If C* becomesSplit-A S1 orL2 is the biggestl.block inC*. Let SL be the biggest. Because the
size of other block than the biggest one and neighbor onestbitigest block does not change
beforeA moves, the size df2 is the original size. LefSl|, |S2|, |L1|, and|L2| be the size of
each block. Because the sizeS¥fdoes not increase, we ha\#| < [L2|. From|?| = |S1| -1
and|Sl| > |L2|, we have|S2| = |L2|. Since|L1| = |L2| -1 holds,Bis in L1 in C and moves to
Sl in C*. ThenC is Split-§ and this is a contradiction. We can similarly prove the ¢hsglL2
is the biggest irlC*.

— If C* becomeBlock it is clear that this is a contradiction befokemoves.

— If C* becomesBiblock thenA is the isolated robot and other robots move toward the bigges
d.block. However, because the distance betw&amd the biggestl.block is 2 and the nearest
robots to the biggest.block are allowed to move bigBlock it is a contradiction.

— Consider the case th&t* becomesTriBlock-S If the d.block on the axis of symmetry is the
biggest one, then the size dfblock to whichA belong does not change. Therefore, it is a
contradiction. Otherwise, there exist two biggeilock beforeA moves, this is a contradiction.
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Figure 8: Transition of the configuration by Phase 2

— Consider the case th@t becomesTriBlock-A If A andB belong to the same block 1@, since
the distance between the middle block and the side blockas&*, C is TriBlock-S Thus,A
andB belong to different blocks i€, and consequently the size of the blakkelongs to is not
changed irC*. LetD1 be the middle block i€* andD2 andD3 be the side blocks. In addition,
we assumé¢D2| = |D3|+ 1. Then,D1 or D2 is the biggest ilC*.

Consider the case thatl is the biggest ifC*. Note that the size dD2 is not equal to that of
D1 because otherwiggis notBlockMirror2. Then,B joins D1 andA belongs td2. Since the
distance betweeb1 andD2 is two, at most one block join31 betweerC andC* (otherwiseA
moves earlier than the second block joids). From|D2| = |D3| + 1, only B moves betwee@
andC*. This impliesC is TriBlock-S and this is a contradiction.

Consider the case thBR is the biggest il©*. Note that the size dD3 is not equal to that dD1
because otherwige is notBlockMirror2. Then,A belongs tdD3 andD1 is the smallest. Since
|D2| = |D3|+ 1 and the size D3| is not changed fror€, |D1| = |D3| — 1 holds. This implies
B moves fromD1 to D2, however the€ is TriBlock-S This is a contradiction.

Therefore, lemma holds.
O

Figurel8 shows the transitions between@3gconfigurations when Phase 2 Algorithm is executed. The
symmetry of the configuration is maintained in the followimgtter: If the scheduler activates only one
robot in the configuration then in the next step the robot West supposed to move is the only one that can
move. Note that this robot can be easily determined sinceave hn odd number of nodes and an even
number of robots in the ring. Thus the robots keep moving enséime direction, towards tlé&uide Hole
whose size decreases at each time. Heheaninalconfiguration is reached in a finite time. The algorithm
of Phase 3 can then be executed.

Lemma 13 Starting from a configuration of typven-T, the configuration will be of typ8plit-Sin O(1)
rounds.

Proof: The robot allowed to move in this case is the one that is atdnédp of the 1.block of sizk/2
sharing a hole with the isolated robot. Its destinationssaijacent empty node towards the isolated robot.
Once this robot moves the configuration will be symmetricaiitcontain two 1.blocks of siz&/2— 1 and
two isolated robots that are at distance 2 from each 1.bRekall that the isolated robots are considered to
be 1.blocks of size 1. Thus the configuration is of tgmit-Sand the lemma holds. O

Lemma 14 Starting from a configuration of typstart the configuration will be typ&plit-S, and the size
of the Leader hole decreases din O(1) rounds.

19



Proof: In a configuration of typé&tart two robots are allowed to move (Recall that the configuratio
is symmetric). These two robots are neighbors to the Leaalet lif the scheduler activates both robots at
the same time, once they move, the configuration remains gyriecnand will contain four 1.blocks (The
isolated robots are considered to be single 1.block of sjzélthiis means that the configuration becomes
Split-S Note that since both robots moved, the size of the Leaderdedreases by 2 and the lemma holds.
In the case the scheduler activates only one of the two raliotsed to move, the configuration becomes of
type Even-T From Lemma 113, a configuration of ty@mlit-Sis reached in 1 round. Then, since the robot
allowed to move is at the border of the 1.block of skz@ sharing a hole with the isolated robot. Once it
moves, the size of the Leader hole decreases by 2 and the lapidsa O

Lemma 15 Starting from a configuration of typ@dd-T, the configuration will be either of tydstartor of
type Terminal in @1) rounds.

Proof: The robot allowed to move in the configuration of typed-Tis the isolated robot which is at
distance 2 from the 1.block of si2¢2— 1. Its destination is its adjacent node towards the closéthck
of sizek/2— 1. Once this robots moves, it joins the 1.block. Thus the gondition will be symmetric and
contains only two 1.blocks. If the size of the Leader holeggat to 1 then the configuration reached is of
type Terminaland the Lemma holds. If the size of the Leader hole is biggan ththan the configuration
reached is of typ&tartand the Lemma holds. O

Lemma 16 Starting from a configuration of typ®plit-A, the configuration will be of typ8plit-Sin O(1)
rounds.

Proof: Note that in the configuration of typ@plit-A the robot allowed to move is at the borderSif,
its destination is its adjacent empty node in the the oppakiection of the block its belongs to. Note that,
once this robot moves, it joins thd and the configuration becomes symmetric. Note that thegumation
reached contains four 1.blocks such as the size of the holeba the two 1.blocks that are at the same
side of the axes of symmetry is equal to 1. Thus the configurattached is of typ8plit-Sand the lemma
holds. O

Lemma 17 Starting from a configuration of typ@plit-S, the Slave blocks will join the Leader blocks, and
the configuration reached will be either Terminal®tartsuch as the size of the Slave hole increases by two
in O(k) rounds.

Proof. The robots allowed to move in a configuration of typglit-Sare the two robots that are in the
border of the Salve block, sharing a hole with the Leaderlbldeir destination is their adjacent empty
node towards the Leader block. Note that in the case the slgreattivates both robots at the same time,
the two robots that have moved join the Leader block (sineeetivas only one empty node between the
two blocks). If the configuration remains of ty@plit-S the system will have the same behavior. Note that
the number of robots in the Slave block decreases at eachaticthsince the robots join the Leader block at
each time they move, the size of this block increases. Thas aff mostk/2 rounds, all the robots will be
part of the Leader blocks (Note that once the lasted robota the Slave block move the size of the Slave
hole decreases by 2). Hence the configuration will contamXwlocks of the same size. If the size of the
Leader hole is equal to 1, then the configuration is of figgeninaland the lemma holds. In the case that the
size of the Leader hole is bigger than 1, then the configurasiof typeStartand the lemma holds as well.
In the case the scheduler activates only one of the two rabloised to move, the configuration becomes
asymmetric, either of typ&plit-A however from lemm&a_16, a configuration of tyBelit is reached in 1
round (Note that the configuration reached is exactly theesasithe one reached when both robots have
moved). Thus at the end, we are sure that the same confiqugdliat are reached when both robots have
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moved will be reached when the scheduler activates only oinet from the two robots allowed to move.
Hence either a configuration of tyderminalis reached or a configuration of tyfsartsuch as the size of
the Slave Hole increases by two is reached and the lemma. holds O

Lemma 18 Starting from a configuration of typRiblock, a configuration of typdriBlock-Sis reached in
O(1) rounds.

Proof: In a configuration of typeBiblock the robot allowed to move is at the border of the 1.block
of sizek — 1 not having one robot at distance 2 as neighbor, once suchot neoves, the configuration
becomes symmetric and will contain three 1.blocks. Thenloblck of sizek — 2 is at distance 2 of two
1.blocks of size 1. Thus the configuration reached is of #yglock-Sand the lemma holds. O

Lemma 19 Starting from a configuration of typBlock, a configuration of typdriBlock-S is reached in
O(1) rounds.

Proof: The robots allowed to move in a configuration of typleckare at the border of the 1.block, and
their destination is their adjacent empty node in the ogpabiection of the 1.block they belong to. Note that
in the case the scheduler activates both robots at the samagttien the configuration remains symmetric
and contains one 1.block having one isolated robot at distarat each side. Thus the configuration contains
three 1.block and the lemma holds. In the case the schedttleatas only one of the two robots allowed
to move, then the configuration reached will be of tfiblock However, from Lemma18, in 1 round, a
configuration of typdriBlock-Sis reached and the lemma holds. O

Lemma 20 Starting from a configuration of typgiBlock-A, either a configuration of typ8tartor TriBlock-
Sis reached in @1) rounds.

Proof: In a configuration of typd&triBlock-A there are three 1.blocks such as the middle 1.bRicks
at distance 2 from both other 1.blocks. Note that, simcek+ 3, there is only one 1.block which has one
1.block at distance 2 at each side. One robot is allowed taerosguch a configuration, and this robot is at
the border oB1 sharing a hole of size 1 with smallest 1.block (among thedther 1.blocks thaBl). If
this robot is part of a 1.block of size bigger than 1, then dho®ves the configuration becomes symmetric
and contains three 1.blocks such as there is one 1.blockvighat distance 2 from the two other 1.blocks.
Thus the configuration reached is of typeBlock-Sand the lemma holds. If the robot allowed to move
is part of a 1.block of size 1, then once it moves the configamabecomes symmetric and contains two
1.blocks. Thus the configuration reached is of t@gtartand the lemma holds. O

Lemma 21 Starting from a configuration of typé&riBlock-S, a configuration of typestartis reached in
O(k) rounds.

Proof: The configuration of typdriBlock-Sis symmetric. In such a configuration, robots allowed to
move are at the border of the middle 1.block (the 1.blockliaatone 1.block at distance 2 at each side). Note
that, if the scheduler activates both robots at the same timea the configuration remains symmetric. If
the size of the middle 1.block was equal to 2, then the cordigur reached is of typ8tartand the lemma
holds. Otherwise (the size of the middle 1.block is biggantR), the configuration remaifsiBlock-S
However, the size of the middle 1.block decreases at each tfhus, after at mo%t— 2 rounds, we are
sure that the configuration reached will be of tytart In the case the scheduler activates only one of the
two robots allowed to move, then the configuration becomegpafTriBlock-A However, from Lemm@a 20,

a configuration of typé&tartor TriBlock-Sis reached in 1 round. Note that, in the second c@s8lpck-9,
the configuration is exactly the same as when both robots rabtle same time. Thus we are sure that a
configuration of typeStartis reached irD(k) rounds. O
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Lemma 22 Starting from any configuration of ty@&ock, Biblock, TriBlock-S or TriBlock-A, a configu-
ration of typeStartis reached in @Qk) rounds.

Proof: From the Lemmas 19, 18,121 and 20 we can deduct the lemma. O
Lemma 23 Starting from any configuration € Cs, Terminal configuration is reached in(&n) rounds.

Proof: From Lemma 14, 18,166,115 ahd|17 we can deduct that a confignrafttypeTerminalis reached
in O(kn) rounds and the lemma holds. O

4.3 Phase3

In the followings, the correctness of our Phase 3 algorithproven. We first show that:

Lemma 24 Starting from aTerminalconfiguration, there are no outdated robots with incorrengets by
Phasel and2.

Proof: From lemmd_1R, we are sure that after the execution of Phase tannot reach a configuration
in Csp with outdated robots that have incorrect target. Thus,etli@mo outdated robots with incorrect
target whenTerminalconfiguration is built after the execution of Phase 1. Additilly, starting from any
configuration inCsp, when Terminal configuration is created, no robot has an incorrect outdtiegbt
since, when the configuration is symmetric, if the schedatdivates only one robot, then in the second
step, the only robot that is allowed to move is the one that supposed to move when the configuration
was symmetric, so it is like the scheduler activates botlotothat are allowed to move at the same time.
Therefore, we can deduce thatliarminalconfiguration, there are no outdated robots with incorrecfetts.

O

WhenTerminalconfiguration is reached then when Algorithm of Phase 3 isugeel we have the fol-
lowing lemma:

Lemma 25 Starting from aTerminalconfiguration,Targetconfiguration is reached in @) rounds.

Proof: When the configuration i$erminal there are exactly two robots that are allowed to move. These
two robots are the ones that are at the extremity of the kiilewing a hole of size 1 as a neighbor. Let
refer to these two robots by andr, such that they are respectively part of the 1.bloBksandB2. Two
cases are possible as follow:

1. The scheduler activates both robots at the same time.idrcdlse a tower is created on the axes of
symmetry and the configuration becomeBaggetconfiguration.

2. The scheduler activates only one robbgt Oncer; moves, it joinsB,. Note thatr; andr, are
neighbors. The only robot allowed to moveris its destination is the node occupied hy Once
it moves, a tower is created and we retrieve Case 1.

From the case above, we can deduce Taaget configuration is reached i®(1) rounds and the lemma
holds. 0

Lemma 26 Starting from aTerminal configuration, a configuration with a singteblock of size k-1 is
created in @k) rounds.

22



Proof: By lemmal25h, the configuration becomes symmetaoget configuration in which there are two
1.blocks and one tower. By executing the gathering algworith[5], the robots that are neighbors at distance
2 from the tower move first, a.llock is created on the axes of symmetry, the robots thattatistance 2
from such ad.block are the only ones allowed to move and so on. By repgatirth an execution, a
configuration with a single 1.block of sie- 1 is reached iO(k) rounds and the lemma holds. a

Finally, we show that the gathering is eventually performed
Lemma 27 Starting from aTerminalconfiguration, the gathering is performed ir{(k3) rounds.

Proof: By lemmd 26, a configuration with a single 1.block of dize 1 is reached in a finite time. Observe
that the configuration is symmetric and contains a tower enattes of symmetry. On another hand, the
robots not part of the tower can see an odd number of robotseiming. By the same proofs inl[5], from

a configuration that contains a single 1.block of an odd gtze fobots part of a tower are considered as a
single robot), the gathering is performedk?) rounds. O

Thus, the following Theorem holds.

Theorem 1 Starting from any non-periodic initial configuration withbany tower, the gathering is per-
formed in Qn?) rounds.

Proof: From Lemmat 11 ard 23, we can deduce that starting from anrp@adic initial configuration
without any tower, a configuration of typkerminalis reached irO(n?) rounds. From Lemma 27, we are
sure that starting from @erminal configuration, the gathering is performed @{k?) rounds. Thus the
Theorem holds. O

5 Conclusion

We presented a gathering protocol for an even number of amony and oblivious robots that are initially
located on different nodes of a ring, and are endowed with akvecal multiplicity detector only. Our
gathering can start from any configuration that is not pécioget expects the ring to have an odd size.
This constraint permits to avoid edge-edge symmetriesdiirtitial configurations, as they are known to be
ungatherable [7].

If we relax the constraint on the parity of the ring size (tisathe ring is even) but maintain the absence
of edge-edge symmetry and periodicity requirement (than@andatory for problem solvability), no node-
edge symmetry can actually occur in the initial configumatilh the initial configuration is not symmetric, it
is known that gathering with local weak multiplicity detiect is feasible([4]. There remains the case of the
initial node-node symmetry. Witglobal weak multiplicity detection, this case is solvable for 6 atsh[1]
or more than 18 robot$ [7]. A similar characterization usamfy local weak multiplicity detection looks
challenging.
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