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On the Value of Job Migration in Online Makespan Minimization

Susanne Albers∗ Matthias Hellwig†

Abstract

Makespan minimization on identical parallel machines is a classical scheduling problem. We consider
the online scenario where a sequence ofn jobs has to be scheduled non-preemptively onm machines so as
to minimize the maximum completion time of any job. The best competitive ratio that can be achieved by
deterministic online algorithms is in the range[1.88, 1.9201]. Currently no randomized online algorithm
with a smaller competitiveness is known, for generalm.

In this paper we explore the power of job migration, i.e. an online scheduler is allowed to perform a
limited number of job reassignments. Migration is a common technique used in theory and practice to
balance load in parallel processing environments. As our main result we settle the performance that can
be achieved by deterministic online algorithms. We developan algorithm that isαm-competitive, for any
m ≥ 2, whereαm is the solution of a certain equation. Form = 2, α2 = 4/3 and limm→∞ αm =
W−1(−1/e2)/(1 +W−1(−1/e2)) ≈ 1.4659. HereW−1 is the lower branch of the LambertW function.
Form ≥ 11, the algorithm uses at most7m migration operations. For smallerm, 8m to 10m operations
may be performed. We complement this result by a matching lower bound: No online algorithm that uses
o(n) job migrations can achieve a competitive ratio smaller thanαm. We finally trade performance for
migrations. We give a family of algorithms that isc-competitive, for any5/3 ≤ c ≤ 2. For c = 5/3, the
strategy uses at most4m job migrations. Forc = 1.75, at most2.5m migrations are used.
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1 Introduction

Makespan minimization on identical machines is a fundamental scheduling problem that has received con-
siderable research interest over the last forty years. Letσ = J1, . . . , Jn be a sequence of jobs that has to be
scheduled non-preemptively onm identical parallel machines. Each jobJi is specified by a processing time
pi, 1 ≤ i ≤ n. The goal is to minimize the makespan, i.e. the maximum completion time of any job in a
schedule. In the offline setting all jobs are known in advance. In the online setting the jobs arrive one by one.
Each jobJi has to be scheduled immediately on one of the machines without knowledge of any future jobs
Jk, k > i. An online algorithmA is calledc-competitive if, for any job sequence,A’s makespan is at mostc
times the optimum makespan for that sequence [23].

Early work on makespan minimization studied the offline setting. Already in 1966, Graham [12] presented
theList scheduling algorithm that schedules each job on a least loaded machine.List can be used as an offline
and online strategy and achieves a performance ratio of2 − 1/m. Hochbaum and Shmoys devised a famous
polynomial time approximation scheme [15]. More recent research, published mostly in the 1990s, investi-
gated the online setting. The best competitive factor that can be attained by deterministic online algorithms
is in the range[1.88, 1.9201]. Due to this relatively high factor, compared toList’s ratio of 2 − 1/m, it is
interesting to consider scenarios where an online scheduler has more flexibility to serve the job sequence.

In this paper we investigate the impact of job migration. At any time an online algorithm may perform
reassignments, i.e. a job already scheduled on a machine may be removed and transferred to another machine.
Process migration is a well-known and widely used techniqueto balance load in parallel and distributed
systems. It leads to improved processor utilization and reduced processing delays. Migration policies have
been analyzed extensively in theory and practice.

It is natural to investigate makespan minimization with jobmigration. In this paper we present a com-
prehensive study and develop tight upper and lower bounds onthe competitive ratio that can be achieved
by deterministic online algorithms. It shows that even witha very limited number of migration operations,
significantly improved performance guarantees are obtained.

Previous work: We review the most important results relevant to our work. Asmentioned above,List
is (2 − 1/m)-competitive. Deterministic online algorithms with a smaller competitive ratio were presented
in [2, 4, 10, 11, 16]. The best algorithm currently known is 1.9201-competitive [10]. Lower bounds on the
performance of deterministic strategies were given in [2, 3, 9, 14, 18, 19]. The best bound currently known
is 1.88, for generalm. Randomized online algorithms cannot achieve a competitive ratio smaller thane/(e−
1) ≈ 1.58 [6, 21]. No randomized algorithm whose competitive ratio isprovably below the deterministic
lower bound is currently known, for generalm. If job preemption is allowed, the best competitiveness of
online strategies is equal toe/(e− 1) ≈ 1.58 [7].

Makespan minimization with job migration was first addressed by Aggarwal et al. [1]. They consider an
offline setting. An algorithm is given a schedule, in which all jobs are already assigned, and a budget. The
algorithm may perform job migrations up to the given budget.The authors design strategies that perform
well with respect to the best possible solution that can be constructed with the budget. Online makespan
minimization onm = 2 machines was considered in [17, 22]. The best competitiveness is 4/3. Sanders et
al. [20] study an online setting in which before the assignment of each jobJi, jobs up to a total processing
volume ofβpi may be migrated, for some constantβ. Forβ = 4/3, they present a 1.5-competitive algorithm.
They also show a(1 + ǫ)-competitive algorithm, for anyǫ > 0, whereβ depends exponentially on1/ǫ. The
algorithms are robust in that the stated competitive ratioshold after each job assignment. However in this
framework, over time,Ω(n) migrations may be performed and jobs of total processing volumeβ

∑n
i=1 pi

may be moved.
Englert et al. [8] study online makespan minimization if an algorithm is given a buffer that may be used to

partially reorder the job sequence. In each step an algorithm assigns one job from the buffer to the machines.
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Then the next job inσ is admitted to the buffer. Englert et al. show that, using a buffer of sizeΘ(m), the best
competitive ratio isW−1(−1/e2)/(1 +W−1(−1/e2)), whereW−1 is the LambertW function.

Our contribution: We investigate online makespan minimization with limited migration. The number of
job reassignments does not depend on the length of the job sequence. We determine the exact competitiveness
achieved by deterministic algorithms, for generalm.

In Section 2 we develop an optimal algorithm. For anym ≥ 2, the strategy isαm-competitive, whereαm is
the solution of an equation representing load in an ideal machine profile for a subset of the jobs. Form = 2, the
competitive ratio is 4/3. The ratios are non-decreasing andconverge toW−1(−1/e2)/(1 +W−1(−1/e2)) ≈
1.4659 asm tends to infinity. Again,W−1 is the lower branch of the LambertW function. The algorithm
uses at most(⌈(2 − αm)/(αm − 1)2⌉+ 4)m job migrations. Form ≥ 11, this expression is at most7m. For
smaller machine numbers it is8m to 10m. We note that the competitiveness of 1.4659 is considerablybelow
the factor of roughly 1.9 obtained by deterministic algorithms in the standard online setting. It is also below
the ratio ofe/(e − 1) attainable if randomization or job preemption are allowed.

In Section 3 we give a matching lower bound. We show that no deterministic algorithm that useso(n)
job migrations can achieve a competitive ratio smaller thanαm, for anym ≥ 2. Hence in order to beat the
factor ofαm, Θ(n) reassignments are required. Finally, in Section 4 we trade migrations for performance. We
develop a family of algorithms that isc-competitive, for any constantc with 5/3 ≤ c ≤ 2. Settingc = 5/3
we obtain a strategy that uses at most4m job migrations. Forc = 1.75, the strategy uses no more than2.5m
migrations.

Our algorithms rely on a number of new ideas. All strategies classify incoming jobs into small and large
depending on a careful estimate on the optimum makespan. Thealgorithms consist of a job arrival phase
followed by a migration phase. The optimal algorithm, in thearrival phase, maintains a load profile on the
machines with respect to jobs that are currently small. In the migration phase, the algorithm removes a certain
number of jobs from each machine. These jobs are then rescheduled using strategies by Graham [12, 13]. Our
family of algorithms partitions them machines into two setsA andB. In the arrival phase the algorithms
prefer to place jobs on machines inA so that machines inB are available for later migration. In general,
the main challenge in the analyses of the various algorithmsis to bound the number of jobs that have to be
migrated from each machine.

We finally relate our contributions to some existing results. First we point out that the goal in online
makespan minimization is to construct a good schedule when jobs arrive one by one. Once the schedule
is constructed, the processing of the jobs may start. It is not stipulated that machines start executing jobs
while other jobs ofσ still need to be scheduled. This framework is assumed in all the literature on online
makespan minimization mentioned above. Consequently it isno drawback to perform job migrations when
the entire job sequence has arrived. Nonetheless, as for thealgorithms presented in this paper, the machines
can start processing jobs except for the up to 10 largest jobson each machine. A second remark is that the
algorithms by Aggarwal et al. [1] cannot be used to achieve good results in the online setting. The reason is
that those strategies are designed to perform well relativeto the best possible makespan attainable from an
initial schedule using a given migration budget. The strategies need not perform well compared to a globally
optimal schedule. The algorithms by Aggarwal et al. and oursare different, see [1].

On the other hand, our results exhibit similarities to thoseby Englert et al. [8] where a reordering buffer is
given. The optimal competitive ratio ofαm is the solution of an equation that also arises in [8]. This isdue to
the fact that our optimal algorithm and that in [8] maintain acertain load profile on the machines. Our strategy
does so w.r.t. jobs that are currently small while the strategy in [8] considers all jobs assigned to machines. In
our framework the profile is harder to maintain because ofshrinking jobs, i.e. jobs that are large at some time
t but small at later timest′ > t. In the job migration phase our algorithm reschedules jobs removed from some
machines. This operation corresponds to the ”final phase” ofthe algorithm in [8]. However, our algorithm
directly applies policies by Graham [12, 13] while the algorithm in [8] computes a virtual schedule.
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In general, an interesting question is if makespan minimization with limited migration is equivalent to
makespan minimization with a bounded reordering buffer. Wecannot prove this in the affirmative. As for
the specific algorithms presented in [8] and in this paper, the following relation holds. All our algorithms
can be transformed into strategies with a reordering buffer. The competitive ratios are preserved and the
number of job migrations is equal to the buffer size. This transformation is possible because our algorithms
aremonotone: If a job does not have to be migrated at timet, assumingσ ended at timet, then there is no
need to migrate it at timest′ > t. Hence, at any time a buffer can store the candidate jobs to bemigrated. On
the other hand, to the best of our knowledge, the algorithms by Englert et al. [8] do not translate into strategies
with job migration. All the algorithms in [8] use the given buffer of sizecm, for some constantc, to store the
cm largest jobs of the job sequence. However in our setting, a migration of the largest jobs does not generate
good schedules. The problem are shrinking jobs, i.e. jobs that are among the largest jobs at some timet but not
at later times. We cannot afford to migrate all shrinking jobs, unless we investΘ(n) migrations. With limited
job migration, scheduling decisions are final for almost allof the jobs. Hence the corresponding algorithms
are more involved than in the setting with a reordering buffer.

2 An optimal algorithm

For the description of the algorithm and the attained competitive ratio we define a functionfm(α). Intuitively,
fm(α) represents accumulated normalized load in a “perfect” machine profile for a subset of the jobs. In
such a profile the load ratios of the first⌊m/α⌋ machines follow a Harmonic series of the form(α− 1)/(m−
1), . . . , (α−1)/(m−⌊m/α⌋) while the remaining ratios areα/m. Summing up these ratios we obtainfm(α).
Formally, let

fm(α) = (α− 1)(Hm−1 −H⌈(1−1/α)m⌉−1) + ⌈(1− 1/α)m⌉α/m,

for any machine numberm ≥ 2 and real-valuedα > 1. HereHk =
∑k

i=1 1/i denotes thek-th Harmonic
number, for any integerk ≥ 1. We setH0 = 0. For any fixedm ≥ 2, let αm be the value satisfying
fm(α) = 1. Lemma 1 below implies thatαm is well-defined. The algorithm we present is exactlyαm-
competitive. By Lemma 2, the valuesαm form a non-decreasing sequence. There holdsα2 = 4/3 and
limm→∞ αm = W−1(−1/e2)/(1 +W−1(−1/e2)) ≈ 1.4659. This convergence was also stated by Englert et
al. [8] but no thorough proof was presented. The following two technical lemmas are proven in the appendix.

Lemma 1 The functionfm(α) is continuous and strictly increasing inα, for any integerm ≥ 2 and real
numberα > 1. There holdsfm(1 + 1/(3m)) < 1 andfm(2) ≥ 1.

Lemma 2 The sequence(αm)m≥2 is non-decreasing withα2 = 4/3 andlimm→∞ αm = W−1(−1/e2)/(1+
W−1(−1/e2)).

2.1 Description of the algorithm

Let m ≥ 2 andM1, . . . ,Mm be the available machines. Furthermore, letαm be as defined above. The
algorithm, calledALG(αm), operates in two phases, ajob arrival phaseand ajob migration phase. In the
job arrival phase all jobs ofσ = J1, . . . , Jn are assigned one by one to the machines. In this phase no job
migrations are performed. Onceσ is scheduled, the job migration phase starts. First the algorithm removes
some jobs from the machines. Then these jobs are reassigned to other machines.

Job arrival phase. In this phaseALG(αm) classifies jobs into small and large and, moreover, maintains a
load profile with respect to the small jobs on the machines. Atany time the load of a machine is the sum of
the processing times of the jobs currently assigned to it. Let time t be the time whenJt has to be scheduled,
1 ≤ t ≤ n.
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Algorithm ALG(αm):
Job arrival phase.EachJt, 1 ≤ t ≤ n, is scheduled as follows.

• Jt is small: AssignJt to anMj with ℓs(j, t) ≤ β(j)L∗
t .

• Jt is large: AssignJt to a least loaded machine.

Job migration phase.

• Job removal: SetR := ∅. While there exists anMj with ℓ(j) > max{β(j)L∗, (α − 1)L}, remove the
largest job fromMj and add it toR.

• Job reassignment:R′ = {Ji ∈ R | pi > (αm − 1)L}. For i = 1, . . . ,m, setPi containsJ i
r, if

i ≤ |R′|, andJ2m+1−i
r , if p2m+1−i

r > pir/2 and2m + 1 − i ≤ |R′|. Number the sets in order of
non-increasing total processing time. Fori = 1, . . . ,m, assignPi to a least loaded machine. Assign
eachJi ∈ R \ (P1 ∪ . . . ∪ Pm) to a least loaded machine.

Figure 1: The algorithmALG(αm).

In order to classify jobsALG(αm) maintains a lower boundLt on the optimum makespan. Letp+t =
∑t

i=1 pi be the sum of the processing times of the firstt jobs. Furthermore, fori = 1, . . . , 2m + 1, let pit
denote the processing time of thei-th largest job inJ1, . . . , Jt, provided thati ≤ t. More formally, if i ≤ t, let
pit be the processing time of thei-th largest job; otherwise we setpit = 0. Obviously, whent jobs have arrived,
the optimum makespan cannot be smaller than the average load1

mp+t on them machines. Moreover, the
optimum makespan cannot be smaller than3p2m+1

t , which is three times the processing time of(2m + 1)-st
largest job seen so far. Define

Lt = max{ 1
mp+t , 3p

2m+1
t }.

A job Jt is calledsmall if pt ≤ (αm − 1)Lt; otherwise it islarge. As the estimatesLt are non-decreasing
over time, a large jobJt does not necessarily satisfypt > (αm − 1)Lt′ at timest′ > t. Therefore we need a
more refined notion of small and large. A jobJi, with i ≤ t, is small at timet if pi ≤ (αm − 1)Lt; otherwise
it is large at timet. We introduce a final piece of notation. In the sequencep1t , . . . , p

2m
t of the 2m largest

processing times up to timet we focus on those that are large. More specifically, fori = 1, . . . , 2m, let
p̂it = pit if pit > (αm − 1)Lt; otherwise let̂pit = 0. Define

L∗
t =

1
m (p+t −

∑2m
i=1 p̂

i
t).

Intuitively, L∗
t is the average machine load ignoring jobs that are large at timet. Sinceαm ≥ 4/3, by Lemma 2,

andLt ≥ 3p2m+1
t , there can exist at most2m jobs that are large at timet.

We describe the scheduling steps in the job arrival phase. Initially, the machines are numbered in an
arbitrary way and this numberingM1, . . . ,Mm remains fixed throughout the execution ofALG(αm). As
mentioned above the algorithm maintains a load profile on themachines as far as small jobs are concerned.
Define

β(j) =

{

(αm − 1) m
m−j if j ≤ ⌊m/αm⌋

αm otherwise.

We observe thatfm(αm) = 1
m

∑m
j=1 β(j), taking into account thatm − ⌊m/αm⌋ = ⌈(1 − 1/αm)m⌉. For

any machineMj 1 ≤ j ≤ m, let ℓ(j, t) denote its load at timet beforeJt is assigned to a machine. Letℓs(j, t)
be the load caused by the jobs onMj that are small at timet. ALG(αm) ensures that at any timet there exists
a machineMj satisfyingℓs(j, t) ≤ β(j)L∗

t .
For t = 1, . . . , n, eachJt is scheduled as follows. IfJt is small, then it is scheduled on a machine with

ℓs(j, t) ≤ β(j)L∗
t . In Lemma 3 we show that such a machine always exists. IfJt is large, then it is assigned

to a machine having the smallest load among all machines. At the end of the phase letL = Ln andL∗ = L∗
n.
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m 2 3 4 5 6 7 8 9 10 11

αm
4
3

15
11

11
8

125
89

137
97

273
193

586
411

1863
1303

5029
3517

58091
40451

≈ 1.3636 1.375 1.4045 1.4124 1.4145 1.4258 1.4298 1.4299 1.4360

µm 10 9 9 8 8 8 8 8 8 7

Table 1: The values ofαm andµm, for smallm.

Job migration phase. This phase consists of ajob removal stepfollowed by ajob reassignment step. At
any time during the phase, letℓ(j) denote the current load ofMj , 1 ≤ j ≤ m. In the removal stepALG(αm)
maintains a setR of removed jobs. InitiallyR = ∅. During the removal step, while there exists a machineMj

whose loadℓ(j) exceedsmax{β(j)L∗, (αm − 1)L}, ALG(αm) removes the job with the largest processing
time currently residing onMj and adds the job toR.

If R = ∅ at the end of the removal step, thenALG(αm) terminates. IfR 6= ∅, then the reassignment step
is executed. LetR′ ⊆ R be the subset of the jobs that are large at the end ofσ, i.e. whose processing time is
greater than(αm − 1)L. Again there can exist at most2m such jobs.ALG(αm) first sorts the jobs ofR′ in
order of non-increasing processing time; ties are broken arbitrarily. Let J i

r, 1 ≤ i ≤ |R′|, be thei-th job in
this sorted sequence andpir be its processing time. Fori = 1, . . . ,m, ALG(αm) forms jobs pairs consisting
of the i-th largest and the(2m + 1 − i)-th largest jobs provided that the processing time of the latter job is
sufficiently high. A pairing strategy combining thei-th largest and the(2m + 1 − i)-th largest jobs was also
used by Graham [13]. Formally,ALG(αm) builds setsP1, . . . , Pm that contain up to two jobs. Initially, all
these sets are empty. In a first stepJ i

r is assigned toPi, for anyi with 1 ≤ i ≤ min{m, |R′|}. In a second step
J2m+1−i
r is added toPi provided thatp2m+1−i

r > pir/2, i.e. the processing time ofJ2m+1−i
r must be greater

than half times that ofJ i
r. This second step is executed for anyi such that1 ≤ i ≤ m and2m+ 1− i ≤ |R′|.

For any setPi, 1 ≤ i ≤ m, let πi be the total summed processing time of the jobs inPi. ALG(αm) now
renumbers the sets in order of non-increasingπi values such thatπ1 ≥ . . . ≥ πm. Then, fori = 1, . . . ,m, it
takes the setPi and assigns the jobs ofPi to a machine with the smallest current load. IfPi contains two jobs,
then both are placed on the same machine. Finally, ifR \ (P1 ∪ . . . ∪ Pm) 6= ∅, thenALG(αm) takes care
of the remaining jobs. These jobs may be scheduled in an arbitrary order. Each job ofR \ (P1 ∪ . . . ∪ Pm)
is scheduled on a machine having the smallest current load. This concludes the description ofALG(αm). A
summary in pseudo-code is given in Figure 1.

Theorem 1 ALG(αm) is αm-competitive and uses at most(⌈(2 − αm)/(αm − 1)2⌉+ 4)m job migrations.

As we shall see in the analysis ofALG(αm) in the job migration phase the algorithm has to remove at most
µm = ⌈(2−αm)/(αm−1)2⌉+4 jobs from each machine. Table 1 depicts the competitive ratiosαm (exactly
and approximately) and the migration numbersµm, for small values ofm. We point out thatαm is a rational
number, for anym ≥ 2.

2.2 Analysis of the algorithm

We first show that the assignment operations in the job arrival phase are well defined. A corresponding
statement was shown by Englert et al. [8]. The following proof is more involved because we have to take care
of large jobs in the current schedule.

Lemma 3 At any timet there exists a machineMj satisfyingℓs(j, t) ≤ β(j)L∗
t .

Proof. Suppose that there exists a timet, 1 ≤ t ≤ n, such thatℓs(j, t) > β(j)L∗
t holds for allMj, 1 ≤ j ≤ m.

We will derive a contradiction.
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Among the jobsJ1, . . . , Jt, at most2m can be large at timet: If there were at least2m + 1 such jobs,
thenLt ≥ 3p2m+1

t > 3(αm − 1)Lt ≥ Lt becauseαm ≥ 4/3, see Lemma 2. Hence each of the jobs that is
large at timet is represented by a positive entry in the sequencep̂1t , . . . , p̂

2m
t . Conversely, every positive entry

in this sequence corresponds to a job that is large at timet and resides on one of them machines or is equal
to Jt if Jt is large. Hence ifJt is large,

∑m
j=1 ℓ(j, t) + pt =

∑m
j=1 ℓs(j, t) +

∑2m
i=1 p̂

i
t. If Jt is small, then

∑m
j=1 ℓ(j, t) + pt ≥

∑m
j=1 ℓ(j, t) =

∑m
j=1 ℓs(j, t) +

∑2m
i=1 p̂

i
t. In either case

m
∑

j=1

ℓ(j, t) + pt ≥
m
∑

j=1

ℓs(j, t) +

2m
∑

i=1

p̂it >

m
∑

j=1

β(j)L∗
t +

2m
∑

i=1

p̂it

= m(αm − 1)L∗
t

⌊m/αm⌋
∑

j=1

1/(m− j) + (m− ⌊m/αm⌋)αmL∗
t +

2m
∑

i=1

p̂it.

Taking into account thatm− ⌊m/α⌋ = ⌈(1− 1/αm)m⌉ and thatfm(αm) = 1, we obtain

m
∑

j=1

ℓ(j, t) + pt > mL∗
t ((αm − 1)(Hm−1 −H⌈(1−1/αm)m⌉−1) + ⌈(1− 1/αm)m⌉αm/m) +

2m
∑

i=1

p̂it

= mL∗
t fm(αm) +

2m
∑

i=1

p̂it = m(1/m

t
∑

i=1

pt − 1/m

2m
∑

i=1

p̂it) +

2m
∑

i=1

p̂it =

t
∑

i=1

pi.

This contradicts the fact that
∑m

j=1 ℓ(j, t) + pt is equal to the total processing time
∑t

i=1 pi of J1, . . . , Jt. ✷

We next analyze the job migration phase.

Lemma 4 In the job removal step ALG(αm) removes at most⌈(2 − αm)/(αm − 1)2⌉ + 4 jobs from each of
the machines.

Proof. Consider anyMj , with 1 ≤ j ≤ m. We show that it suffices to remove at most⌈(2 − αm)/(αm −
1)2⌉ + 4 jobs so thatMj ’s resulting load is upper bounded bymax{β(j)L∗, (αm − 1)L}. SinceALG(αm)
always removes the largest jobs the lemma follows.

Let timen+ 1 be the time when the entire job sequenceσ is scheduled and the job migration phase with
the removal step starts. A jobJi, with 1 ≤ i ≤ n, is small at timen + 1 if pi ≤ (αm − 1)L; otherwise it is
large at timen + 1. SinceL = Ln any job that is small (large) at timen + 1 is also small (large) at timen.
Let ℓ(j, n+1) be the load ofMj at timen+1. Similarly, ℓs(j, n+1) isMj ’s load consisting of the jobs that
are small at timen+ 1. Throughout the proof letk := ⌈(2 − αm)/(αm − 1)2⌉.

First assumeℓs(j, n+ 1) ≤ β(j)L∗. If at timen+ 1 machineMj does not contain any jobs that are large
at timen + 1, thenℓ(j, n + 1) = ℓs(j, n + 1) ≤ β(j)L∗. In this case no job has to be removed and we are
done. IfMj does contain jobs that are large at timen+ 1, then it suffices to remove these jobs. Let timel be
the last time when a jobJl that is large at timen+ 1 was assigned toMj . SinceLl ≤ L, Jl was also large at
time l and hence it was assigned to a least loaded machine. This implies that prior to the assignment ofJl, Mj

has a load of at mostp+l /m ≤ Ll ≤ L. Hence it could contain at most1/(αm − 1) jobs that are large at time
n + 1 because any such job has a processing time greater than(αm − 1)L. Hence at most1/(αm − 1) + 1
jobs have to be removed fromMj , and the latter expression is upper bounded byk + 4.

Next assumeℓs(j, n + 1) > β(j)L∗. If ℓs(j, n) ≤ β(j)L∗ = β(j)L∗
n, thenJn was assigned toMj. In

this case it suffices to removeJn and, as in the previous case, at most1/(αm − 1) + 1 jobs that are large at
timen+ 1. Again1/(αm − 1) + 2 ≤ k + 4.
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In the remainder of this proof we consider the case thatℓs(j, n + 1) > β(j)L∗ andℓs(j, n) > β(j)L∗
n.

Let t∗ be the earliest time such thatℓs(j, t) > β(j)L∗
t holds for all timest∗ ≤ t ≤ n. We havet∗ ≥ 2 because

ℓs(j, 1) = 0 ≤ β(j)L∗
1. Hence timet∗ − 1 exists. We partition the jobs residing onMj at timen + 1 into

three sets. SetT1 is the set of jobs that were assigned toMj at or before timet∗ − 1 and are small at time
t∗ − 1. SetT2 contains the jobs that were assigned toMj at or before timet∗ − 1 and are large at timet∗ − 1.
Finally T3 is the set of jobs assigned toMj at or after timet∗. We show a number of claims that we will use
in the further proof.

Claim 4.1. Each job inT2 ∪ T3 is large at the time it is assigned toMj .

Claim 4.2. There holds
∑

Ji∈T1\{Jl}
pi ≤ β(j)L∗

t∗−1, whereJl is the job ofT1 that was assigned last toMj.

Claim 4.3. There holds|T2| ≤ 3.

Claim 4.4. For anyJl ∈ T3, Mj ’s load immediately before the assignment ofJl is at mostLl.

Claim 4.5. Let Jl ∈ T3 be the last job assigned toMj . If Mj contains at leastk jobs, different fromJl, each
having a processing time of at least(αm − 1)2L, then it suffices to remove thesek jobs andJl
such thatMj ’s resulting load is upper bounded by(αm − 1)L.

Claim 4.6. If there exists aJl ∈ T3 with pl < (αm−1)2L, thenMj ’s load immediately before the assignment
of Jl is at most(αm − 1)L.

Proof of Claim 4.1.The jobs ofT2 are large at timet∗ − 1 and hence at the time they were assigned to
Mj. By the definition oft∗, ℓs(j, t) > β(j)L∗

t for any t∗ ≤ t ≤ n. HenceALG(αm) does not assign small
jobs toMj at or after timet∗.

Proof of Claim 4.2.All jobs of T1 \ {Jl} are small at timet∗ − 1 and their total processing time is at most
ℓs(j, t

∗ − 1). In fact, their total processing time is equal toℓs(j, t∗ − 1) if l = t∗ − 1. By the definition oft∗,
ℓs(j, t

∗ − 1) ≤ β(j)L∗
t∗−1.

Proof of Claim 4.3.We show that for any timet, 1 ≤ t ≤ n, whenJt has been placed on a machine,Mj

can contain at most three jobs that are large at timet. The claim then follows by consideringt∗ − 1. Suppose
that whenJt has been scheduled,Mj contained more than three jobs that are large as timet. Among these
jobs letJl be the one that was assigned last toMj . Immediately before the assignment ofJl machineMj had
a load greater thanLl because the total processing time of three large jobs is greater than3(αm − 1)Lt ≥
3(αm − 1)Ll ≥ Ll sinceαm ≥ 4/3, see Lemma 2. This contradicts the fact thatJl is placed on a least loaded
machine, which has a load of at mostp+l /m ≤ Ll.

Proof of Claim 4.4.By Claim 4.1Jl is large at timel and hence is assigned to a least loaded machine,
which has a load of at mostp+l /m ≤ Ll.

Proof of Claim 4.5. Claim 4.4 implies that immediately before the assignment ofJl machineMj has
a load of at mostLl ≤ L. If Mj contains at leastk jobs, different fromJl, with a processing time of at
least(αm − 1)2L, then the removal of thesek jobs andJl from Mj leads to a machine load of at most
L− k(αm − 1)2L ≤ L− ⌈(2 − αm)/(αm − 1)2⌉(αm − 1)2L ≤ (αm − 1)L, as desired.

Proof of Claim 4.6.By Claim 4.1Jl is large at timel and hencepl > (αm−1)Ll. Sincepl < (αm−1)2L,
it follows Ll < (αm − 1)L. By Claim 4.4,Mj ’s load prior to the assignment ofJl is at mostLl and hence at
most(αm − 1)L.

We now finish the proof of the lemma and distinguish two cases depending on the cardinality ofT2 ∪ T3.
Case 1: If |T2 ∪ T3| < k + 4, then by Claim 4.2 it suffices to remove the jobs ofT2 ∪ T3 and the last job

of T1 assigned toMj.
Case 2: Suppose|T2 ∪ T3| ≥ k + 4. By Claim 4.3,|T2| ≤ 3 and hence|T3| ≥ k + 1. Among the jobs of

T3 consider the lastk+ 1 ones assigned toMj . If each of them has a processing time of at least(αm − 1)2L,
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then Claim 4.5 ensures that it suffices to remove thesek+1 jobs. If one of them, sayJl, has a processing time
smaller than(αm − 1)2L, then by Claim 4.6Mj ’s load prior to the assignment ofJl is at most(αm − 1)L.
Again it suffices to remove thesek + 1 jobs fromMj . ✷

After the job removal step each machineMj , 1 ≤ j ≤ m, has a load of at mostmax{β(j)L∗, (αm−1)L}.
We first observe that this load is at mostαmL. If (αm − 1)L ≥ β(j)L∗, there is nothing to show. We
evaluateβ(j)L∗. If j > ⌊m/αm⌋, thenβ(j) = αm andβ(j)L∗ = αmL∗ ≤ αmL. If j ≤ ⌊m/αm⌋, then
β(j) = (αm − 1)m/(m − j) ≤ (αm − 1)m/(m − ⌊m/αm⌋) = (αm − 1)m/⌈(1 − 1/αm)m⌉) ≤ αm and
thusβ(j)L∗ ≤ αmL. HenceMj ’s load is upper bounded byαmOPT , whereOPT denotes the value of the
optimum makespan for the job sequenceσ. The following lemma ensures that after the reassignment step,
each machine still has a load of at mostαmOPT .

Lemma 5 After the reassignment step each machineMj , 1 ≤ j ≤ m, has a load of at mostαmOPT .

Proof. We show that all scheduling operations in the reassignment step preserve a load of at mostαmOPT
on each of the machines. We first consider the assignment of the setsP1, . . . , Pm. Suppose that these sets
are already sorted in order of non-increasing total processing times, i.e.π1 ≥ . . . ≥ πm. We first argue
that π1 and hence anyπi, 1 ≤ i ≤ m, is upper bounded byOPT . If P1 contains at most one job, there
is nothing to show becauseOPT cannot be smaller than the processing time of any job inσ. Assume that
P1 contains two jobs. Then it consists of jobsJ i1

r andJ2m+1−i1
r , for somei1 with 1 ≤ i1 ≤ m. Since

the two jobs are paired there holdsp2m+1−i1
r > pi1r /2 and hencep2m+1−i1

r > π1/3. Let OPT ′ denote the
optimum makespan for the job sequenceJ1

r , . . . , J
2m+1−i1
r . SinceJ i1

r andJ2m+1−i1
r are paired, jobsJ i

r and
J2m+1−i
r are also paired, for anyi1 < i ≤ m, becausep2m+1−i

r ≥ p2m+1−i1
r > pi1r /2 ≥ pir/2. Further,

the setsP1, . . . , Pm contain all jobsJ1
r , . . . , J

i∗−1
r , and none of these was paired. Thus the setsP1, . . . , Pm

contain all the jobsJ1
r , . . . , J

2m+1−i1
r , which impliesπ1 ≥ OPT ′ andp2m+1−i1

r > OPT ′/3. It follows
pir > OPT ′/3, for all i with 1 ≤ i ≤ 2m + 1 − i1. Graham [13] showed that given a sequence of up to2m
jobs, each having a processing time greater than a third times the optimum makespan, an optimal schedule is
obtained by repeatedly pairing thei-th largest and(2m+1− i)-th largest jobs of the sequence. This is exactly
the assignment computed byALG(αm) for J1

r , . . . , J
2m+1−i1
r . We concludeπ1 = OPT ′ andπ1 ≤ OPT .

A final observation is that each job ofR′ that is not contained inP1 ∪ . . .∪Pm has a processing time of at
mostOPT/3. A job in R′ \ (P1 ∪ . . . ∪ Pm) is equal to a jobJ2m+1−i0

r , with 1 ≤ i0 < i1. SinceJ2m+1−i0
r

is not paired withJ i0
r , there holdsp2m+1−i0

r ≤ pi0r /2. Assume thatp2m+1−i0
r > OPT/3. Thenp2m+1−i0

r is
greater than a third times the optimum makespan for the jobsJ1

r , . . . , J
2m+1−i0
r . Using again the results by

Graham [13], we obtain that an optimal schedule for the latter job sequence in obtained by repeatedly pairing
J i
r with J2m+1−i

r . However, sincep2m+1−i0
r ≤ pi0r /2, the processing timep2m+1−i0

r is at most a third times
the resulting optimum makespan forJ1

r , . . . , J
2m+1−i0
r . Hencep2m+1−i0

r is at most a third timesOPT , which
is a contradiction.

Next we compare the processing time of the jobs ofP1 ∪ . . .∪Pm to
∑2m

i=1 p̂
i
n. SetR′ contains the jobs of

R that are large at timen+1. There exist at most2m jobs that are large at timen+1 and hence the processing
time of each job inR′ is represented by a positive entry in the sequencep̂1n, . . . , p̂

2m
n . It follows that the total

processing time of the jobs inR′ and hence the total processing time of the jobs inP1 ∪ . . . ∪ Pm is at most
∑2m

i=1 p̂
i
n. Recall thatπ1 ≥ . . . ≥ πm. Then, for anyj with 1 ≤ j ≤ m, the productjπj is upper bounded by

the total processing time ofP1 ∪ . . . ∪ Pm and hencejπj ≤
∑2m

i=1 p̂
i
n.

Now consider the assignment of the setsP1, . . . , Pm to the machines. Each set is assigned to a least loaded
machine. Hence whenPj , 1 ≤ j ≤ m, is scheduled, it is assigned to a machine whose current loadis at most
max{β(j)L∗, (αm − 1)L}. If the load is at most(αm − 1)L, then the machine’s load after the assignment is
at most(αm − 1)L + πj ≤ (αm − 1)L + OPT ≤ αmOPT . If the current load is only upper bounded by
β(j)L∗, then we distinguish two cases.
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If j ≤ ⌊m/αm⌋, thenj ≤ m/αm, which is equivalent tom/(m − j) ≤ αm/(αm − 1). The resulting
machine load is at most

β(j)L∗ + πj = (αm − 1)
m

m− j
(
1

m

n
∑

i=1

pi −
1

m

2m
∑

i=1

p̂jt ) + πj ≤ (αm − 1)
1

m− j
(mL− jπj) + πj.

The last inequality follows because, as argued above,jπj ≤
∑2m

i=1 p̂
i
t. It follows that the machine load is

upper bounded by

(αm − 1) 1
m−j (mL−mπj) + αmπj ≤ αm(L− πj) + αmπj = αmL.

The last inequality holds becausem/(m− j) ≤ αm/(αm − 1), as mentioned above.
If j > ⌊m/αm⌋, thenj ≥ m/αm becausej is integral. In this case the machine load is upper bounded by

β(j)L∗ + πj = αm(
n
∑

i=1

pi −
2m
∑

i=1

p̂it)/m+ πj ≤ αm(
n
∑

i=1

pi − jπj)/m+ πj ≤ αmL,

becausejαm ≥ m.
Finally we consider the jobsR \ (P1 ∪ . . . ∪ Pm). Each job ofR \ R′ has a processing time of at most

(αm − 1)L. As argued above, each job ofR′ \ (P1 ∪ . . . ∪ Pm) has a processing time of at mostOPT/3,
which is upper bounded by(αm − 1)OPT sinceαm ≥ 4/3. Hence each job ofR \ (P1 ∪ . . . ∪ Pm) has a
processing time of at most(αm−1)OPT . Each of these jobs is scheduled on a least loaded machine andthus
after the assignment the corresponding machine has a load ofat mostOPT + (αm − 1)OPT ≤ αmOPT . ✷

The proof of Theorem 1 is complete.

3 A lower bound

We present a lower bound showing thatALG(αm) is optimal.

Theorem 2 Letm ≥ 2. No deterministic online algorithm can achieve a competitive ratio smaller thanαm

if o(n) job migrations are allowed.

Proof. Let A be any deterministic online algorithm that is allowed to useup to g(n) job migrations on a
job sequence of lengthn. Suppose thatA achieves a competitive ratio smaller thanαm. We will derive a
contradiction.

Choose anǫ > 0 such thatA has a competitive ratio strictly smaller thanαm − ǫ. Let ǫ′ = ǫ/3. Since
g(n) = o(n) there exists ann0 such thatg(n)/n ≤ ǫ′/(2m), for all n ≥ n0. Hence there exists ann0 such
thatg(n+m)/(n+m) ≤ ǫ′/(2m), for all n ≥ max{m,n0}. Letn′, with n′ ≥ max{m,n0}, be the smallest
integer multiple ofm. We haveg(n′ +m)/n′ ≤ ǫ′/m becausen′ +m ≤ 2n′. An adversary constructs a job
sequence consisting ofn′+m jobs. Letp1 = m/n′. By our choice ofn′, there holdsp1 ≤ ǫ′/g(n′+m). The
following adversarial sequence is similar to that used by Englert et al. [8]. However, here we have to ensure
that in migratingo(n) jobs, an online algorithm cannot benefit much.

First the adversary presentsn′ jobs of processing timep1. We will refer to them asp1-jobs. If after the
assignment of these jobsA has a machineMj , 1 ≤ j ≤ m, whose load is at leastαm, then the adversary
presentsm jobs of processing timep2 = ǫ′/m. Using job migration,A can remove at mostg(n′+m) p1-jobs
from Mj . Sinceg(n′ + m)p1 ≤ ǫ′, after job migrationMj still has a load of at leastαm − ǫ. On the other
hand the optimal makespan is1 + ǫ′/m. In an optimal assignment each machine containsn′/m p1-jobs and
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onep2-job. The ratio(αm − ǫ′)/(1 + ǫ′/m) is at leastαm − ǫ by our choice ofǫ′ and the fact thatαm ≤ 2,
see Lemma 1. We obtain a contradiction.

In the following we study the case that after the assignment of the p1-jobs each machine inA’s schedule
has a load strictly smaller thanαm. We number the machines in order of non-decreasing load suchthat
ℓ(1) ≤ . . . ≤ ℓ(m). Hereℓ(j) denotes the load ofMj after thep1-jobs have arrived,1 ≤ j ≤ m. For
j = 1, . . . ,m − 1, defineβ(j) = (αm − 1)m/(m − j). We first argue that there must exist a machineMj,
1 ≤ j ≤ m− 1, in A’s schedule whose load is at leastβ(j). Suppose that each machineMj, 1 ≤ j ≤ m− 1,
had a load strictly smaller thanβ(j). By Lemma 1,αm > 1 and hence⌈(1 − 1/αm)m⌉ ≥ 1. Consider the
⌈(1 − 1/αm)m⌉ machines with the highest load inA’s schedule. Each of these machines has a load strictly
smaller thanαm. The remaining machines have a load strictly smaller thanβ(j) = (αm − 1)m/(m − j),
for j = 1, . . . ,m − ⌈(1 − 1/αm)m⌉. We conclude that after the arrival of thep1-jobs the total load on the
machines is strictly smaller than

(αm − 1)m

m−⌈(1−1/αm)m⌉
∑

j=1

1

m− j
+ ⌈(1− 1/αm)m⌉αm

= m((αm − 1)(Hm−1 −H⌈(1−1/αm)m⌉−1) + ⌈(1 − 1/αm)m⌉αm/m) = mfm(αm) = m.

The last equation holds becausefm(αm) = 1, by the choice ofαm. We obtain a contradiction to the fact that
after the arrival of thep1-jobs a total load of exactlym resides on the machines.

Let Mj0, with 1 ≤ j0 ≤ m − 1, be a machine whose load is at leastβ(j0). SinceA’s machines are
numbered in order of non-decreasing load there exist at mostj0 − 1 machines having a smaller load than
β(j0). The adversary presentsj0 jobs of processing timep2 = m/(m − j0). Using job migrationA can
remove at mostg(n′ +m) p1-jobs from any of the machines, thereby reducing the load by at mostǫ′. Hence
in A’s final schedule there exists a machine having a load of a least β(j0) +m/(m− j0)− ǫ′. This holds true
if the p2-jobs reside on different machines. If there exists a machine containing twop2-jobs, then its load is at
least2m/(m− j0) ≥ (αm−1)m/(m− j0)+m/(m− j0) = β(j0)+m/(m− j0) as desired. The inequality
holds becauseαm ≤ 2, by Lemma 1. HenceA’s makespan is at leastβ(j0) +m/(m− j0)− ǫ′.

The optimum makespan for the job sequence is upper bounded bym/(m−j0)+ǫ′. In an optimal schedule
thej0 p2-jobs are assigned to different machines. Then′ p1-jobs are distributed evenly among the remaining
m − j0 machines. Ifn′ is an integer multiple ofm − j0, then the load on each of thesem − j0 machines
is exactlyn′p1/(m − j0) = m/(m − j0), which is exactly equal to the processing time of ap2-job. If n′

is not divisible bym − j0, then the maximum load on any of thesem − j0 machines cannot be higher than
m/(m− j0) + p1 ≤ m/(m− j0) + ǫ′/g(n′ +m) ≤ m/(m− j0) + ǫ′.

Dividing the lower bound onA’s makespan by the upper bound on the optimum makespan we obtain
(αmm/(m− j0)− ǫ′)/(m/(m− j0)+ ǫ′) ≥ (αm− ǫ′)/(1+ ǫ′) ≥ αm− ǫ. The last inequality holds because
ǫ′ = ǫ/3 andαm ≤ 2, see Lemma 1. We obtain a contradiction to the assumption that A’s competitiveness is
strictly smaller thanαm − ǫ. ✷

4 Algorithms using fewer migrations

We present a family of algorithmsALG(c) that uses a smaller number of job migrations. We first describe the
family and then analyze its performance.

4.1 Description of ALG(c)

ALG(c) is defined for any constantc with 5/3 ≤ c ≤ 2, wherec is the targeted competitive ratio. An important
feature ofALG(c) is that it partitions the machinesM1, . . . ,Mm into two setsA = {M1, . . . ,M⌊m/2⌋} and
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B = {M⌈m/2⌉, . . . ,Mm} of roughly equal size. In a job arrival phase the jobs are preferably assigned to
machines inA, provided that their load it not too high. In the job migration phase, jobs are mostly migrated
from machines ofA (preferably to machines inB) and this policy will allow us to achieve a smaller number of
migrations. Settingc = 5/3 we obtain an algorithmALG(5/3) that is5/3-competitive using4m migrations.
Forc = 1.75 the resulting algorithmALG(1.75) is 1.75-competitive and uses at most2.5m migrations. In the
following let 5/3 ≤ c ≤ 2.

Algorithm ALG(c): Job arrival phase. At any time t ALG(c) maintains a lower boundLt on the
optimum makespan, which is defined asLt = max{ 1

mp+t , p
1
t , 2p

m+1
t }. Here we use the same notation as in

Section 2. Recall thatp1t andpm+1
t are the processing times of the largest and(m + 1)-st largest jobs in

J1, . . . , Jt, respectively. A jobJt is small if pt ≤ (2c − 3)Lt; otherwise it islarge. A job Ji, with i ≤ t,
is small at timet if pi ≤ (2c − 3)Lt. For any machineMj and any timet, ℓ(j, t) is Mj ’s load immediately
beforeJt is assigned andℓs(j, t) is its load consisting of the jobs that are small at timet.

Any job Jt, 1 ≤ t ≤ n, is processed as follows. IfJt is small, thenALG(c) checks if there is a machine in
A whose load valueℓs(j, t) is at most(c − 1)Lt. If this is the case, then among the machines inA with this
property,Jt is assigned to one having the smallestℓs(j, t) value. If there is no such machine inA, thenJt is
assigned to a least loaded machine inB. If Jt is large, thenALG(c) checks if there is machine inA whose
load valueℓ(j, t) is at most(3− c)Lt. If this is the case, thenJt is scheduled on a least loaded machine inA.
OtherwiseJt is assigned to a least loaded machine inB. At the end of the phase letL = Ln.

Job migration phase. At any time during the phase letℓ(j) denote the current load ofMj , 1 ≤ j ≤ m.
We first describe the job removal step. For any machineMj ∈ B, ALG(c) removes the largest job from that
machine. Furthermore, while there exists a machineMj ∈ A whose current load exceeds(c − 1)L, ALG(c)
removes the largest job from the machine. LetR be the set of all removed jobs. In the job reassignment step
ALG(c) first sorts the jobs in order of non-increasing processing times. For anyi, 1 ≤ i ≤ |R|, let J i

r be the
i-th largest job in this sequence, and letpir be the corresponding processing time. Fori = 1, . . . , |R|, J i

r is
scheduled as follows. If there exists a machineMj ∈ B such thatℓ(j) + pir ≤ cL, i.e.J i

r can be placed on
Mj without exceeding a makespan ofcL, thenJ i

r is assigned to this machine. Otherwise the job is scheduled
on a least loaded machine inA. A pseudo-code description ofALG(c) is given in Figure 2.

Algorithm ALG(c): Let 5/3 ≤ c ≤ 2.

Job arrival phase.EachJt, 1 ≤ t ≤ n, is scheduled as follows.
• Jt is small: LetA′ = {Mj ∈ A | ℓs(j, t) ≤ (c−1)Lt}. If A′ 6= ∅, then assignJt to a machineMj ∈ A′

having the smallestℓs(j, t) value. Otherwise assignJt to a least loaded machineMj ∈ B.

• Jt is large: If there is anMj ∈ A with ℓ(j, t) ≤ (3 − c)Lt, then assignJt to a least loaded machine in
A. Otherwise assignJt to a least loaded machine inB.

Job migration phase.

• Job removal: SetR := ∅. For anyMj ∈ B, remove the largest job fromMj and add it toR. While
there exists anMj ∈ A with ℓ(j) > (c− 1)L, remove the largest job fromMj and add it toR.

• Job reassignment: Sort the jobs ofR in order of non-increasing processing time. Fori = 1, . . . , |R|,
scheduleJ i

r as follows. If there is anMj ∈ B with ℓ(j) + pir ≤ cL, then assignJ i
r to Mj . Otherwise

assign it to a least loaded machine inA.

Figure 2: The algorithmALG(c).

Theorem 3 ALG(c) is c-competitive, for any constantc with 5/3 ≤ c ≤ 2.

The proof of the above theorem is presented in Section 4.2.1.In order to obtain good upper bounds on the
number of job migrations, we focus on specific values ofc. First, setc = 5/3. In ALG(5/3)a jobJt is small
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if pt ≤ 1/3 · Lt. In the arrival phase a small job is assigned to a machine inA if there exists a machine in
this set whose load consisting of jobs that are currently small is at most2/3 · Lt. A large job is assigned to a
machine inA if there exists a machine in this set whose load is at most4/3Lt.

Theorem 4 ALG(5/3) is5
3 -competitive and uses at most4m job migrations.

In fact, for anyc with 5/3 ≤ c ≤ 2, ALG(c) uses at most4m job migrations. Finally, letc = 1.75. In
ALG(1.75)a jobJt is small if pt ≤ 0.5 · Lt. In the arrival phase a small job is assigned to a machine inA if
there is a machine in this set whose load consisting of jobs that are currently small is no more than0.75Lt. A
large job is assigned to a machine inA if there exists a machine in this set whose load is at most1.25Lt.

Theorem 5 ALG(1.75) is1.75-competitive and uses at most2.5m job migrations.

Again, for anyc with 1.75 ≤ c ≤ 2, ALG(c) uses at most2.5m job migrations. The proofs of Theorems 4
and 5 are contained in Section 4.2.2.

4.2 Analysis of ALG(c)

In this section we analyzeALG(c), for any c with 5/3 ≤ c ≤ 2, and prove Theorems 3, 4 and 4. We
first determine the competitive ratio ofALG(c) and then bound the number of job migrations performed for
c = 5/3 andc = 1.75.

4.2.1 Analysis of the competitive ratio

We start by showing two lemmas that will allow us to bound loadon machines inB. Again, let timen + 1
be the time when the entire job sequenceσ = J1, . . . , Jn has been scheduled and the migration phase starts.
A job Ji, 1 ≤ i ≤ n, is small at timen + 1 if pi ≤ (2c − 3)L = (2c − 3)Ln; otherwise the job islarge at
timen + 1. For anyMj, 1 ≤ j ≤ m, let ℓ(j, n + 1) be its load at timen + 1 and letℓs(j, n + 1) be the load
consisting of the jobs that are small at timen+ 1. LetLn+1 := L.

Lemma 6 For any timet, 1 ≤ t ≤ n+ 1, and anyMj ∈ B, there holdsℓ(j, t)− pl ≤ (3− c)Lt−1, whereJl
with l < t is the last job assigned toMj .

Proof. By the definition ofALG(c), whenJl is assigned toMj , all machines ofA have a load greater than
(c−1)Ll andMj is a least loaded machine inB. HenceMj ’s load at timel is at most(3−c)Ll since otherwise
the total load on them machines would be greater than⌊m/2⌋(c−1)Ll+⌈m/2⌉(3−c)Ll ≥ mLl ≥

∑l
i=1 pi,

which is a contradiction. Henceℓ(j, t) = ℓ(j, l) + pl ≤ (3− c)Ll + pl ≤ (3− c)Lt−1 + pl. ✷

Lemma 7 Suppose that there exists a machineMj∗ ∈ A with ℓs(j
∗, n + 1) < (2 − c)L. Then, for any

Mj ∈ B, ℓ(j, n + 1)− pl ≤ (c− 1)L, whereJl is the last job assigned toMj .

Proof. Consider anyMj ∈ B and letJl be the last job assigned to it. First assume thatJl is large at time
l. By the definition ofALG(c), at timel all machines ofA have a load greater than(3 − c)Ll. Moreover,
Mj is a least loaded machine inB at time l. We argue that a least loaded machine inB has a load of at
most(c − 1)Ll. If this were not the case, then immediately after the assignment ofJl the total load on the
m machines would be greater than⌊m/2⌋(3 − c)Ll + ⌈m/2⌉(c − 1)Ll + pl ≥ (m/2 − 1/2)(3 − c)Ll +
(m/2+1/2)(c− 1)Ll +(2c− 3)Ll = mLl +(3c− 5)Ll. The inequality holds because3− c ≥ c− 1. Since
c ≥ 5/3 it follows ⌊m/2⌋(3 − c)Ll + ⌈m/2⌉(c − 1)Ll + pl ≥ mLl ≥

∑l
i=1 pi, which is a contradiction.

Henceℓ(j, n + 1) = ℓ(j, l) + pl ≤ (c− 1)Ll + pl ≤ (c− 1)L+ pl.
Next assume thatJl is small at timel. This impliesℓs(j, l) > (c − 1)Ll, for all Mj ∈ A. In particular,

ℓs(j
∗, l) > (c − 1)Ll. Sinceℓs(j∗, l) ≤ ℓs(j

∗, n + 1) < (2 − c)L it follows Ll < (2 − c)/(c − 1) · L.
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By Lemma 6,ℓ(j, l + 1) ≤ (3 − c)Ll + pl and we concludeℓ(j, n + 1) = ℓ(j, l + 1) ≤ (3 − c)Ll + pl ≤
(3−c)(2−c)/(c−1) ·L+pl ≤ (c−1)L+pl. The last inequality holds because(3−c)(2−c)/(c−1) ≤ c−1
holds sincec ≥ 5/3. ✷

We next analyze the job migration phase assuming that the jobremoval step has already taken place, i.e.
each machine ofA has a load of at most(c − 1)L and the largest job was removed from each machine ofB.
We show that given such a machine configuration each job ofR can be assigned to a machine so that a load
bound ofcL is preserved. For the analysis of the reassignment step we study two cases depending on whether
or not at timen+ 1 all machinesMj ∈ A have a loadℓs(j, n + 1) ≥ (2− c)L.

Lemma 8 If ℓs(j, n+1) ≥ (2−c)L, for all Mj ∈ A, then in the reassignment step all jobs ofR are scheduled
so that the resulting load on any of the machines is at mostcL.

Proof. By assumption, at the end of the job arrival phaseℓs(j, n + 1) ≥ (2 − c)L, for all Mj ∈ A. We
first show that this property is maintained throughout the job removal step. Suppose that a jobJi that is small
at timen + 1 is removed from a machineMj ∈ A. SinceALG(c) always removes the largest jobs from a
machine,Mj currently contains no jobs that are large at timen+ 1. HenceMj ’s current loadℓ(j) is equal to
its current loadℓs(j) consisting of jobs that are small at timen+1. Since a job removal needs to be performed,
ℓs(j) = ℓ(j) > (c− 1)L. Sincepi ≤ (2c − 3)L, the removal ofJi leads to a load consisting of small jobs of
at leastℓs(j)− pl > (c− 1)L− (2c− 3)L = (2− c)L.

After the job removal step each machineMj ∈ A has a load of at most(c − 1)L. By Lemma 6 each
machine ofB has a load of at most(3 − c)L < cL after ALG(c) has removed the largest job from any of
these machines. We show that eachJk ∈ R can be scheduled on a machine such that the resulting load is
at mostcL. Consider anyJk ∈ R. There holdspk ≤ L. Suppose thatJk cannot be feasibly scheduled on
any of the machines. Letℓ(j) denoteMj ’s load immediately before the assignment ofJk, 1 ≤ j ≤ m. If Jk
cannot be placed on a machine inA, then each machineMj ∈ A must have a load greater than(c − 1)L: If
ℓ(j) ≤ (c−1)L, thenℓ(j)+pk ≤ cL and the assignment ofJk toMj would be feasible. Hence since the start
of the reassignment step each machineMj ∈ A must have received at least one jobJij and its current load
is ℓ(j) ≥ (2 − c)L + pij . WhenJij was reassigned, it could not be scheduled on any machine inB without
exceeding a load ofcL. This implies, in particular, thatℓ(⌊m/2⌋ + j) + pij > cL. Recall that the machines
of A are numbered1, . . . , ⌊m/2⌋ and those ofB are numbered⌊m/2⌋ + 1, . . . ,m. Finally, sinceJk cannot
be placed on a machine inB, we haveℓ(m) + pk > cL.

It follows that whenJk has to be scheduled the total processing time of the jobs is atleast

m
∑

j=1

ℓ(j) + pk ≥ ⌊m/2⌋(2 − c)L+

⌊m/2⌋
∑

j=1

pij +

m
∑

j=⌊m/2⌋+1

ℓ(j) + pk.

If m is even, then
∑m

j=⌊m/2⌋+1 ℓ(j) =
∑m/2

j=1 ℓ(m/2 + j). In this case we have

m
∑

j=1

ℓ(j) + pk ≥ m/2 · (2− c)L+

m/2
∑

j=1

(ℓ(m/2 + j) + pij ) + pk > m/2 · (2− c)L+m/2 · cL = mL.

If m is odd, then
∑m

j=⌊m/2⌋+1 ℓ(j) =
∑⌊m/2⌋

j=1 ℓ(⌊m/2⌋ + j) + ℓ(m) and

m
∑

j=1

ℓ(j) + pk ≥ ⌊m/2⌋ · (2− c)L+

⌊m/2⌋
∑

j=1

(ℓ(⌊m/2⌋ + j) + pij) + ℓ(m) + pk

> ⌊m/2⌋ · (2− c)L+ ⌊m/2⌋ · cL+ cL

= (m/2− 1/2)2L + cL > mL.
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In both cases with obtain
∑n

i=1 pi ≥
∑m

j=1 ℓ(j) + pk > mL, which contradicts the definition ofL. ✷

Lemma 9 If ℓs(j∗, n + 1) < (2 − c)L, for someMj∗ ∈ A, then in the reassignment step all jobs ofR are
scheduled so that the resulting load on any of the machines isat mostcL.

Proof. In the removal stepALG(c) removes the largest job from each machineMj ∈ B. Hence, ifℓs(j∗, n+
1) < (2 − c)L for someMj ∈ A, then by Lemma 7 each machine ofB has a load of at most(c − 1)L after
the removal step. Moreover, each machine ofA has a load of at most(c− 1)L after the job removal.

Hence when the reassignment step starts, all machines have aload of at most(c − 1)L. By the definition
of L each job has a processing time of at mostL. Hence in the reassignment step the firstm jobs can be
scheduled without exceeding a load ofcL on any of the machines.ALG(c) sorts the jobs ofR in order of
non-increasing processing times. Thus whenm jobs ofR have been scheduled, each of the remaining jobs
has a processing time of at most1/2L. This holds true because by the definition ofL there cannot existm+1
jobs of processing time greater than1/2L. Each job of processing time at most1/2L can be scheduled on a
least loaded machine without exceeding a load ofcL sinceL + 1/2L < cL. Hence every remaining job can
be scheduled on a machine ofB andA. ✷

Lemmas 8 and 9 imply Theorem 3.

4.2.2 Analysis of the job migrations

It remains to evaluate the number of job removals in the job migration phase. We first considerALG(5/3).

Lemma 10 In the removal step ALG(5/3) removes at most seven jobs from each machineMj ∈ A.

Proof. We show that, for anyMj ∈ A, it suffices to remove at most seven jobs fromMj such that the resulting
load is upper bounded by2/3L. The lemma then follows because in each removal operationALG(5/3)
removes the largest job.

First assume thatℓs(j, n + 1) ≤ 2/3L. In this case it suffices to remove all jobs that are large at time
n + 1. Each such job has a processing time greater than1/3L and was large at the time it was assigned to
Mj. Consider the last time when such a job was assigned toMj . At that timeMj had a load of at most4/3L
and hence could contain no more than three jobs of processingtime greater than1/3L. Thus at timen + 1
machineMj contains at most four of these large jobs.

Next assumeℓs(j, n + 1) > 2/3L. If ℓs(j, n) ≤ 2/3Ln, thenJn is assigned toMj becauseL = Ln.
Hence it suffices to removeJn and, as shown in the last paragraph, four additional jobs of processing time
greater than1/3Ln = 1/3L.

In the following we concentrate on the case thatℓs(j, n+1) > 2/3L andℓs(j, n) > 2/3Ln. Let t∗ be the
earliest time such thatℓs(j, t) > 2/3Lt holds for all timest ≥ t∗. We havet∗ > 1 becauseℓs(j, 0) = 0. We
partition the jobs that reside onMj at timen+ 1 into three sets. SetT1 (setT2) contains those jobs that were
assigned toMj at or before timet∗ − 1 are small (large) at timet∗ − 1. SetT3 contains the remaining jobs,
which have arrived at or after timet∗.

Claim 10.1. Each job ofT2 ∪ T3 is large at the time it is assigned toMj .

Claim 10.2. There holds
∑

Ji∈T1\{Jl}
pi ≤ 2/3Lt∗−1, whereJl is the job ofT1 that was assigned last toMj.

Claim 10.3. There holds|T2| ≤ 4.

Claim 10.4. For anyJl ∈ T3, Mj ’s load immediately before the assignment ofJl is at most4/3Ll.
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Claim 10.5. Let Jl ∈ T3 be the last job assigned toMj . If Mj contains at least four jobs, different fromJl,
each having a processing time of at least1/6L, then it suffices to remove these four jobs andJl
such thatMj ’s resulting load is upper bounded by2/3L.

Claim 10.6. If there exists aJl ∈ T3 with pl < 1/6L, thenMj ’s load immediately before the assignment of
Jl is at most2/3L.

Claim 10.7. If there exists aJk ∈ T2 with pk < 1/6L, then
∑

Ji∈T1
pi + pk ≤ 2/3L.

Proof of Claim 10.1.The jobs ofT2 are large at timet∗ − 1 and hence at the time they were assigned to
Mj. By the definition oft∗, ℓs(j, t) > 2/3Lt, for anyt∗ ≤ t ≤ n, and henceALG(5/3) does not assign small
jobs toMj .

Proof of Claim 10.2.By the choice oft∗, all jobs ofT1 \ {Jl} are small at timet∗ − 1 and their total
processing time is at mostℓs(j, t∗ − 1) ≤ 2/3Lt∗−1.

Proof of Claim 10.3.Each job ofT2 has a processing time greater than1/3Lt∗−1. Consider the last time
l when a jobJl ∈ T2 was assigned toMj . Immediately before the assignment,Mj had a load of at most
4/3Lt∗−1 and hence could contain not more than three jobs of processing time greater than1/3Lt∗−1.

Proof of Claim 10.4.Consider anyJl ∈ T3. By Claim 10.1Jl is large at timel and henceMj ’s load prior
to the assignment ofJl is at most4/3Ll.

Proof of Claim 10.5.By Claim 10.4Mj ’s load immediately before the assignment ofJl is at most4/3Ll.
Removing four jobs of processing time at least1/6L each as well asJl reducesMj ’s load to a value of at
most2/3L.

Proof of Claim 10.6.By Claim 10.1Jl is large at timel and hencepl > 1/3Ll. Sincepl < 1/6L, we have
Ll < 1/2L. By Claim 10.4,Mj ’s load immediately before the assignment ofJl is at most4/3Ll and hence
at most2/3L.

Proof of Claim 10.7.JobJk is large at timet∗ − 1 and hencepk > 1/3Lt∗−1. Sincepk < 1/6L it
follows Lt∗−1 < 1/2L. By Claim 10.2, we have

∑

Ji∈T1
pi ≤ 2/3Lt∗−1 + pl, whereJl is the last job

of T1 assigned toMj . Sincepl is small at timet∗ − 1 we havepl ≤ 1/3Lt∗−1 < 1/6L. In summary
∑

Ji∈T1
pi + pk ≤ 1/3L+ 1/6L + 1/6L = 2/3L.

We proceed with the actual proof and distinguish two cases.
Case 1: If |T2 ∪ T3| ≤ 4, then by Claim 10.2 it suffices to remove the jobs ofT2 ∪ T3 and the last job of

T1 assigned toMj .
Case 2: Assume|T2 ∪ T3| ≥ 5. Then by Claim 10.3 there holds|T2| ≤ 4 and thusT3 6= ∅. Let Jl be the

last job ofT3 assigned toMj . If T2 ∪ T3 \ {Jl} contains at least four jobs of processing time at least1/6L,
then by Claim 10.5 it suffices to remove these four jobs andJl. So suppose that this is not the case. Then
T2 ∪ T3 \ {Jl} must contain a job of processing time smaller than1/6L.

Assume there exists a job inT3 \{Jl} with this property. Then letJl′ be the last job assigned toMj having
a processing time smaller than1/6L. By Claim 10.6, immediately before the assignment ofJl′ machineMj

has a load of at most2/3L. Therefore it suffices to removeJl′ and the jobs ofT3 subsequently scheduled on
Mj. In addition toJl, this sequence consists of at most three jobsJk 6= Jl, becauseT3 \ {Jl} contains less
than four jobs of processing time at least1/6L.

Finally consider the case that all jobs ofT3 \ {Jl} have a processing time of at least1/6L and there is a
job Jl′ ∈ T2 having a processing time smaller than1/6L. By Claim 10.7 it suffices to removeT2 \ {Jl′}∪T3.
By Claim 10.3 we have|T2 \{Jl′}| ≤ 3. SinceT3 \{Jl} contains less than four jobs, each having a processing
time of at least1/6L, we have|T3| ≤ 4. We conclude that at most seven jobs have to be removed. ✷

Lemma 7 ensures that in the job removal stepALG(5/3) removes at most7 jobs from any machine inA.
For any machine inB, one job is removed. Hence the total number of migrations is at most7⌊m/2⌋+⌈m/2⌉ ≤
4m. This concludes the proof of Theorem 4. We next turn to the algorithm ALG(1.75).
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Lemma 11 In the job removal step ALG(1.75) removes at most four jobs from each machineMj ∈ A.

Proof. We show that, for anyMj ∈ A, it suffices to remove at most four jobs fromMj such that the resulting
load is upper bounded by0.75L.

First assume thatℓs(j, n+1) ≤ 0.75L. Then it suffices to remove all jobs that are large at timen+1. Each
such job has a processing time greater than0.5L and was large at the time it was assigned toMj . Consider
the last time when such a job was assigned toMj . At that timeMj had a load of at most1.25L and hence
could contain no more than two jobs of processing time greater than0.5L. Thus at timen + 1 machineMj

contains at most three of these large jobs.
Next assumeℓs(j, n + 1) > 0.75L. If ℓs(j, n) ≤ 0.75Ln, thenJn is assigned toMj becauseL = Ln.

Hence it suffices to removeJn and, as shown in the last paragraph, three additional jobs ofprocessing time
greater than0.5Ln = 0.5L.

We concentrate on the case thatℓs(j, n + 1) > 0.75L andℓs(j, n) > 0.75Ln. Let t∗ be the earliest time
such thatℓs(j, t) > 0.75Lt holds for all timest ≥ t∗. We partition the jobs that reside onMj at timen + 1
into three sets. SetT1 (setT2) contains those jobs that were assigned toMj at or before timet∗ − 1 are small
(large) at timet∗ − 1. SetT3 contains the remaining jobs, which have arrived at or after time t∗.

Claim 11.1. Each job ofT2 ∪ T3 is large at the time it is assigned toMj .

Claim 11.2. There holds
∑

Ji∈T1\{Jl}
pi ≤ 0.75Lt∗−1, whereJl is the job ofT1 that was assigned last to

Mj.

Claim 11.3. There holds|T2| ≤ 3.

Claim 11.4. For anyJl ∈ T3, Mj ’s load immediately before the assignment ofJl is at most1.25Ll.

Claim 11.5. Let Jl ∈ T3 be the last job assigned toMj . If Mj contains at least three jobs, different fromJl,
each having a processing time of at least1/6L, then it suffices to remove these three jobs and
Jl such thatMj ’s resulting load is upper bounded by0.75L.

Claim 11.6. If there exists aJl ∈ T3 with pl < 1/6L, thenMj ’s load immediately after the assignment ofJl
is at most0.75L.

Claim 11.7. If T ′
2 ⊆ T2 is a subset with1 ≤ |T ′

2| ≤ 2 andpi ≤ 1/6L, for all Ji ∈ T2, then
∑

Ji∈T1
pi +

∑

Ji∈T ′
2

pi ≤ 0.75L.

Proof of Claim 11.1.The jobs ofT2 are large at timet∗ − 1 and hence at the time they were assigned to
Mj. By the definition oft∗, ℓs(j, t) > 0.75Lt, for any t∗ ≤ t ≤ n, and henceALG(1.75) does not assign
small jobs toMj at timest ≥ t∗.

Proof of Claim 11.2.All jobs of T1 \ {Jl} are small at timet∗ − 1 and their total processing time is at
mostℓs(j, t∗ − 1) ≤ 0.75Lt∗−1, by the choice oft∗.

Proof of Claim 11.3.Each job ofT2 has a processing time greater than0.5Lt∗−1. Consider the last time
l when a jobJl ∈ T2 was assigned toMj . Immediately before the assignment,Mj had a load of at most
1.25Lt∗−1 and hence could contain not more than two jobs of processing time greater than0.5Lt∗−1.

Proof of Claim 11.4.Consider anyJl ∈ T3. By Claim 11.1Jl is large at timel and henceMj ’s load prior
to the assignment ofJl is at most1.25Ll.

Proof of Claim 11.5.By Claim 11.4Mj ’s load immediately before the assignment ofJl is at most1.25Ll.
Removing three jobs of processing time at least1/6L each as well asJl reducesMj ’s load to a value of at
most0.75L.
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Proof of Claim 11.6.By Claim 11.1Jl is large at timel and hencepl > 0.5Ll. Sincepl < 1/6L, we have
Ll < 1/3L. Using Claim 11.4 we obtain thatMj ’s load immediately after the assignment ofJl is at most
1.25Ll + pl ≤ 5/12L + 1/6L < 0.75L.

Proof of Claim 11.7.Any job Ji ∈ T ′
2 is large at timet∗ − 1 and hencepi > 0.5Lt∗−1. Sincepi < 1/6L

it follows Lt∗−1 < 1/3L. By Claim 11.2, we have
∑

Ji∈T1
pi ≤ 0.75Lt∗−1 + pl ≤ 0.25L + 1/6L, whereJl

is the last job ofT1 assigned toMj. Thus
∑

Ji∈T1
pi +

∑

Ji∈T ′
2

pi ≤ 0.25L+ 3 · 1/6L ≤ 0.75L.
We finish the proof of the lemma using a case distinction on thesize ofT3.

• |T3| = 0: Then by Claim 11.2 it suffices to removeT2 and the last job ofT1 assigned toMj. By
Claim 11.3,T2 contains no more than three jobs.

• |T3| = 1: We may assume that the only jobJl ∈ T3 has a processing time of at least1/6L since
otherwise by Claim 11.6 no job has to be removed. Moreover, wemay assume that|T2| = 3 since
otherwise, by Claim 11.2 it suffices to removeT2 ∪ T3 and the last job ofT1 assigned toMj . If all the
jobs ofT2 have a processing time of at least1/6L, then Claim 11.5 ensures that it suffices to remove
T2 ∪ T3. If one job inT2 has a processing time of at most1/6L, then Claim 11.7 ensures that it suffices
to remove the other two jobs ofT2 andT3.

• |T3| = 2: We assume that both jobs inT3 have a processing time of at least1/6L since otherwise, by
Claim 11.6, we can just remove one job ofT3 andT2. If |T2| = 1, then by Claim 11.2 it suffices to
removeT2 ∪ T3 and the last job ofT1 assigned toMj . It remains to consider the case|T2| ≥ 2. If none
of the jobs inT2 has a processing time smaller than1/6L, then Claim 11.5 applies. If one of the jobs
has a processing time smaller than1/6L, then Claim 11.7 applies and it suffices to remove the at most
two other jobs ofT2 and the jobs ofT3.

• |T3| = 3: Again we assume that all jobs inT3 have a processing time of at least1/6L since otherwise
the desired statement follows from Claim 11.6, Moreover, weassume|T2| > 0; otherwise we can apply
again Claim 11.2. If there is one job inT2 having a processing time of at least1/6L, the desired number
of job removals follows from Claim 11.5. If this is not the case, then Claim 11.7 ensures that it suffices
to remove the last job ofT2 assigned toMj as well asT3.

• |T3| ≥ 4: If four jobs inT3 have a processing time of at least1/6L, then by Claim 11.5 it is sufficient
to remove three out of these in addition to the last job assigned toMj . If at most three jobs have a
processing time of at least1/6L, then letJl ∈ T3 be last jobs assigned toMj having a processing time
smaller than1/6L. By Claim 11.6 it suffices to remove the jobs ofT3 subsequently assigned toMj , and
there exist at most three of these.

This concludes the proof. ✷

Recall thatALG(1.75) migrates⌈m/2⌉ jobs from machines inB. Hence, using the above Lemma 11, we
obtain that the total number of migrations is at most4⌊m/2⌋ + ⌈m/2⌉ ≤ 2.5m. This finishes the proof of
Theorem 5.
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Appendix

Proof of Lemma 1. Fix m ≥ 2. We first evaluatefm(2) andfm(1 + 1/(3m)). For α = 2, we have
⌈(1 − 1/α)m⌉ ≥ m/2. Hence⌈(1 − 1/α)m⌉α/m ≥ 1 andfm(2) ≥ 1. Forα = 1 + 1/(3m), there holds
⌈(1 − 1/α)m⌉ = 1. Thusfm(1 + 1/(3m)) = 1/(3m)Hm−1 + 1/m + 1/(3m2) < 1/3 + 1/2 + 1/12 < 1.
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It remains to show thatfm(α) is continuous and strictly increasing. To this end we show that, for anyα > 1
and smallǫ > 0, fm(α+ ǫ)− fm(α) is strictly positive and converges to 0 asǫ → 0.

First consider anα > 1 such that(1− 1/α)m /∈ N. In this case we chooseǫ > 0 such that⌈(1− 1/(α +
ǫ))m⌉ = ⌈(1− 1/α)m⌉. We have

fm(α) = (α− 1)(Hm−1 −H⌈(1−1/α)m⌉−1) + ⌈(1 − 1/α)m⌉α/m

fm(α+ ǫ) = (α+ ǫ− 1)(Hm−1 −H⌈(1−1/α)m⌉−1) + ⌈(1 − 1/α)m⌉(α + ǫ)/m.

Thusfm(α + ǫ) − fm(α) = ǫ(Hm−1 − H⌈(1−1/α)m⌉−1) + ⌈(1 − 1/α)m⌉ǫ/m. Sinceα > 1 there holds
⌈(1− 1/α)m⌉ ≥ 1 and thusfm(α+ ǫ)− fm(α) > 0. Moreover,fm(α+ ǫ)− fm(α) tends to 0 asǫ → 0.

Next letα > 1 such that(1− 1/α)m ∈ N. In this case we chooseǫ > 0 such that⌈(1− 1/(α+ ǫ))m⌉ =
⌈(1− 1/α)m⌉ + 1. There holds

fm(α) = (α− 1)(Hm−1 −H⌈(1−1/α)m⌉−1) + ⌈(1− 1/α)m⌉α/m

fm(α+ ǫ) = (α+ ǫ− 1)(Hm−1 −H⌈(1−1/α)m⌉) + (⌈(1− 1/α)m⌉ + 1)(α + ǫ)/m.

Taking into account that(1− 1/α)m ∈ N we obtain

fm(α+ ǫ)− fm(α) = −(α− 1) · 1/((1 − 1/α)m) + ǫ(Hm−1 −H⌈(1−1/α)m⌉)

+(⌈(1− 1/α)m⌉ + 1)ǫ/m + α/m

= ǫ(Hm−1 −H⌈(1−1/α)m⌉) + (⌈(1 − 1/α)m⌉ + 1)ǫ/m.

Again,fm(α+ ǫ)− fm(α) is strictly positive and tends to 0 asǫ → 0. ✷

Proof of Lemma 2. We first prove that(αm)m≥2 is non-decreasing. A first observation is thatαm ≤ m
becausefm(m) ≥ 1. We will show that, for anym ≥ 3 and1 < α ≤ m, there holdsfm−1(α) ≥ fm(α).
This implies1 = fm−1(αm−1) ≥ fm(αm−1). By Lemma 1,fm is strictly increasing and thusαm ≥ αm−1.
Consider a fixedα with 1 < α ≤ m. We study two cases depending on whether or not⌈(1−1/α)(m−1)⌉ =
⌈(1− 1/α)m⌉.

If ⌈(1− 1/α)(m − 1)⌉ = ⌈(1− 1/α)m⌉, then

fm(α) = (α− 1)(Hm−1 −H⌈(1−1/α)m⌉−1) + ⌈(1− 1/α)m⌉α/m

fm−1(α) = (α− 1)(Hm−2 −H⌈(1−1/α)m⌉−1) + ⌈(1− 1/α)m⌉α/(m − 1).

We obtainfm−1(α)− fm(α) = −(α− 1)/(m− 1) + ⌈(1− 1/α)m⌉α/(m(m− 1)) ≥ −(α− 1)/(m− 1) +
(α− 1)/(m − 1) = 0 and thusfm−1(α) ≥ fm(α).

If ⌈(1− 1/α)(m − 1)⌉ < ⌈(1− 1/α)m⌉, then⌈(1− 1/α)(m − 1)⌉ = ⌈(1− 1/α)m⌉ − 1 and

fm(α) = (α− 1)(Hm−1 −H⌈(1−1/α)m⌉−1) + ⌈(1 − 1/α)m⌉α/m

fm−1(α) = (α− 1)(Hm−2 −H⌈(1−1/α)m⌉−2) + (⌈(1 − 1/α)m⌉ − 1)α/(m − 1).

Sinceα > 1 there holds⌈(1−1/α)(m−1)⌉ ≥ 1. Hence in our case⌈(1−1/α)m⌉ ≥ 2 and⌈(1−1/α)m⌉−1 >
0. We obtain

fm−1(α)− fm(α) = − α−1
m−1 + α−1

⌈(1−1/α)m⌉−1 + ⌈(1 − 1/α)m⌉ α
m(m−1) −

α
m−1 .

Choosex, with 0 ≤ x < 1, such that⌈(1− 1/α)m⌉ = (1− 1/α)m + x. Then

fm−1(α)− fm(α) = − α−1
m−1 +

α−1
(1−1/α)m+x−1 + (1− 1/α)m α

m(m−1) +
αx

m(m−1) −
α

m−1

= α−1
(1−1/α)m+x−1 + αx

m(m−1) −
α

m−1
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In order to establishfm−1(α) − fm(α) ≥ 0 is suffices to show

α−1
(1−1/α)m+x−1 ≥ α(m−x)

m(m−1) .

This is equivalent to(α − 1)m(m − 1) ≥ (m − x)((α − 1)m + αx − α). Standard algebraic manipulation
yield that this is equivalent tom ≥ mx−αx2+αx. Letg(x) = mx−αx2+αx, for any real numberx. This
function is increasing for anyx < (m + α)/(2α). Sinceα ≤ m, the function is increasing for anyx < 1.
As g(0) = 0 andg(1) = m, it follows thatm ≥ mx − αx2 + αx holds for all0 ≤ x < 1. We conclude
fm−1(α)− fm(α) ≥ 0.

It is easy to verify thatf2(4/3) = 1. We show thatlimm→∞ αm is upper bounded byW−1(−1/e2)/(1 +
W−1(−1/e2)). Cesáro [5] proved

0 < Hm −
1

2
ln (m(m+ 1))− γ <

1

6m(m+ 1)
, (1)

whereγ ≈ 0.577 is the Euler-Mascheroni constant. Using this inequality wefind, for anyc with 0 < c ≤ 1
and⌈cm⌉ − 2 > 0,

Hm−1 −H⌈cm⌉−2 >
1

2
ln((m− 1)m) + γ −

1

2
ln((⌈cm⌉ − 2)(⌈cm⌉ − 1))− γ −

1

6(⌈cm⌉ − 2)(⌈cm⌉ − 1)

≥
1

2
(ln(m− 1) + lnm− ln(cm− 1)− ln(cm))−

1

2(⌈cm⌉ − 1)

=
1

2
(ln(m− 1) + lnm− ln(c(m− 1/c)) − ln(cm))−

1

2(⌈cm⌉ − 1)

=
1

2
(ln(m− 1)− ln(m− 1/c) − 2 ln(c)) −

1

2(⌈cm⌉ − 1)

≥
1

2
(2 ln(1/c)) −

1

2(⌈cm⌉ − 1)

≥ ln(1/c) −
1

2(cm− 1)
,

where the second to last inequality holds sinceln(m−1/c) ≤ ln(m−1). for 0 < c ≤ 1 and sufficiently large
m. We obtain

fm(α) = (α− 1)(Hm−1 −H⌈(1−1/α)m⌉−1) + (⌈(1− 1/α)m⌉)
α

m

> (α− 1)

(

ln(
α

α− 1
)−

1

2((1 − 1/α)m− 1)
−

1

⌈(1 − 1/α)m⌉ − 1

)

+ (⌈(1 − 1/α)m⌉)
α

m

≥ (α− 1)

(

ln(
α

α− 1
)−

1

(1− 1/α)m − 1

)

+ α− 1 =: F (m).

Obviously, limm→∞ F (m) = (α − 1) ln( α
α−1 ) + α − 1. We show that(α − 1) ln( α

α−1 ) + α − 1 = 1, for
α = 1

1−δ , whereδ = −1/W−1(−1/e2).
Equation(α− 1) ln( α

α−1 )+α− 1 = 1 is equivalent toln( α
α−1)+ 1 = 1

α−1 , which in turn is equivalent to

α

α− 1
· e = e

1

α−1 .

Substitutingx = 1/(α−1), which is equivalent toα = 1/x+1, we find that the above is equivalent toxe+e =
ex. Applying the LambertW function we find thatx = −W−1(−1/e2)−1 is a solution of the former equality.
Substituting we conclude that in factα = W−1(−1/e2)/(1 +W−1(−1/e2)) satisfies the equality. Using the
same techniques we can show thatlimm→∞ αm is lower bounded byW−1(−1/e2)/(1 +W−1(−1/e2)). In
the calculations, (1) yields thatHm−1 −H⌈cm⌉ < ln(1/c) + 1/(2m). ✷
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