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Abstract. In this paper we study a generalization of the classic network creation game
in the scenario in which the n players sit on a given arbitrary host graph, which con-
strains the set of edges a player can activate at a cost of α ≥ 0 each. This finds its
motivations in the physical limitations one can have in constructing links in practice,
and it has been studied in the past only when the routing cost component of a player
is given by the sum of distances to all the other nodes. Here, we focus on another pop-
ular routing cost, namely that which takes into account for each player its maximum
distance to any other player. For this version of the game, we first analyze some of
its computational and dynamic aspects, and then we address the problem of under-
standing the structure of associated pure Nash equilibria. In this respect, we show that
the corresponding price of anarchy (PoA) is fairly bad, even for several basic classes
of host graphs. More precisely, we first exhibit a lower bound of Ω(

√
n/(1 + α)) for

any α = o(n). Notice that this implies a counter-intuitive lower bound of Ω(
√
n) for

very small values of α (i.e., edges can be activated almost for free). Then, we show that
when the host graph is restricted to be either k-regular (for any constant k ≥ 3), or a
2-dimensional grid, the PoA is still Ω(1 + min{α, nα}), which is proven to be tight for
α = Ω(

√
n). On the positive side, if α ≥ n, we show the PoA is O(1). Finally, in the

case in which the host graph is very sparse (i.e., |E(H)| = n− 1 + k, with k = O(1)),
we prove that the PoA is O(1), for any α.

Keywords: Network creation games, Pure Nash equilibrium, Price of Anarchy, Host
graph.

1 Introduction
In a network creation game (NCG), we are given n players identified as the nodes of
a graph, and each player attempts to connect itself to all the other players. In such
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a decentralized process, each player aims to selfishly optimize a certain routing cost
towards the other players. Thus, its action consists of choosing a suitable subset of
players, which are then made adjacent through the activation of the corresponding
set of incident edges. Unavoidably, activating a link incurs a cost to the player, and
so the overall building cost should be strategically balanced with the aforementioned
routing cost.

Due to their generality, it is in clear evidence that NCGs can model very different
practical situations, depending on how all the build-up ingredients are mixed. In the
very classic formulation of the game [7], each player has no limitations in choosing
a subset of adjacent players, its routing cost is a function of the sum of distances to
all the other players (i.e., the so called sum cost), and activating a link has a fixed
cost α ≥ 0. Not surprisingly, this model was devised by the economists, which were
mainly interested in understanding whether the attainment of an equilibrium status
(i.e., a status in which players are not willing to move from) for a mutual-relationships
social system is compatible with the behavior of the players, which tend to establish
selfishly their personal contacts.

With the recent advent of the algorithmic game theory, the interest on NCGs
has been reawakened. This is especially due to the fact that NCGs are fit to model
the decentralized construction of communication networks, in which the constituting
components (e.g., routers and links) are activated and maintained by different owners,
as in the Internet. According to its performance measurement philosophy, computer
scientists put a new special emphasis on the challenge of understanding how the social
utility for the (very large) system as a whole is affected by the selfish behavior of the
players. This trend originated from the paper of Fabrikant et al. [6], and was then
followed by a sequel of papers, as detailed in the following.

Previous work. As said before, the canonical form of a NCG, also known as SumNCG,
is as follows: We are given a set of n players, say V , where the strategy space of player
v ∈ V is the power set 2V \{v}. Given a combination of strategies σ = (σv)v∈V , let G(σ)
denote the underlying undirected graph whose node set is V , and whose edge set is
E(σ) = {(v, u) : v ∈ V ∧ u ∈ σv}. Then, the cost incurred by player v under σ is

Cv(σ) = α · |σv|+
∑

u∈V

dG(σ)(u, v) (1)

where dG(σ)(u, v) is the distance between nodes u and v in G(σ). Thus, the cost
function implements the inherently antagonistic goals of a player, which on one hand
attempts to buy as little edges as possible, and on the other hand aims to be as
close as possible to the other nodes in the resulting network. These two criteria are
suitably balanced in (1) by making use of the parameter α ≥ 0. Consequently, the
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Nash Equilibria1 (NE) space of the game is a function of it. Actually, if we characterize
such a space in terms of the Price of Anarchy (PoA), then this has been shown to
be constant for all values of α except for n1−ε ≤ α ≤ 65n, for any ε ≥ 1/ log n (see
[12,13]).

A first natural variant of SumNCG was introduced in [3], where the authors
redefined the player cost function as follows

Cv(σ) = α · |σv|+ max
u∈V

dG(σ)(u, v). (2)

This variant, named MaxNCG, received further attention in [13], where the authors
improved the PoA of the game on the whole range of values of α, obtaining in this
case that the PoA is constant for all values of α except for 129 > α = ω(1/

√
n).

Besides these two basic models, many variations on the theme have been defined.
In an effort of defining α-free models, in [9] the authors proposed a variant in which
a player, when forming the network, has a limited budget to establish links to other
players. This way, the player cost function will only describe the goal of the player,
namely either the maximum distance or the total distance to other nodes. Since in
[9] links and hence the resulting graph are seen as directed, a natural variant of the
model was given in [5], where the undirected case was considered. Afterwards, in [2]
the authors proposed a model complementing the one given in [5]. More precisely,
they assumed that the cost function of each player now only consists of the number
of bought edges (without any budget on them), and a player needs to connect to
the network by satisfying the additional constraint of staying within a given either
maximum or total distance to the rest of players. Then, in [1] the authors proposed
a further variant, called BasicNCG, in which given some existing network, the only
improving transformations allowed are edge swap, i.e., a player can only modify a
single incident edge, by either replacing it with a new incident edge, or by removing
it. Recently, this model has been extended to the case in which edges are oriented and
players can swap only outleading edges [14]. Notice that, differently from the previous
models, the problem of computing a best-response strategy of a player in BasicNCG
is not NP-hard. This inspired a subsequent model [11] in which a player can swap,
add, or delete a single edge. Here the best response strategy is still computable in
polynomial time while the player has more freedom to act.

Generally speaking, in all the above models the obtained results on the PoA are
asymptotically worse than those we get in the two basic models, and we refer the
reader to the cited papers for the actual bounds.

Our results. In this paper we concentrate on a seemingly underplayed generalization
of NCGs, namely that in which for each player the set of possible adjacent nodes is

1 In this paper, we only focus on pure strategies Nash equilibria.
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constrained by a given connected, undirected graph H, which in the end will host
the created network. This finds its practical motivations in the physical limitations of
constructing links, and was originally studied in [4] for SumNCG, where it is shown
that the PoA is upper bounded by O(1 +

√
α) and O(1 + min{

√
n, n2/α}) for α < n

and α ≥ n, respectively, and lower bounded by Ω(1+min{α/n, n2/α}). Here, we focus
on the max-distance version, that we call MaxNCG(H), and we show that also in
this case the PoA is fairly bad,2 even when the host graph is restricted to some basic
standard layout patterns. More precisely, we show that the PoA is Ω(1+min{α, n/α})
for the classes of k-regular (with any constant k ≥ 3) and 2-dimensional grid host
graphs. This lower bound is asymptotically tight for α = Ω(

√
n), since we can prove

a general upper bound of O
(

1 + n
α+ρH

)
, where ρH is the radius of H. Moreover, on

general host graphs, we exhibit a lower bound of Ω
(√

n
1+α

)
for 0 ≤ α = o(n). Quite

surprisingly, this implies that the PoA is Ω(
√
n) even when the players can build edges

for free. On the positive side, if α ≥ n, we show the PoA is at most 2 (this is a direct
consequence of the fact that in this case any equilibrium is a tree). Finally, in the
meaningful practical case in which the host graph is sparse (i.e., |E(H)| = n− 1 + h,
with h = O(n)), we prove that the PoA is O(1 + h), and so for very sparse graphs,
i.e. h = O(1), we obtain that the PoA is constant.

Preliminarily to the above study, we also provide some results concerning the com-
putational and dynamic aspects of the game. First, we prove that computing a best
response for a player is NP-hard for any 0 < α = o(n), thus extending a similar result
given in [13] for MaxNCG when α = 2/n. Then, we prove that MaxNCG(H) is not a
potential game, by showing that an improving response dynamic does not guarantee
to converge to an equilibrium, even if we assume a minimal liveness property that
no player is prevented from moving for arbitrarily many steps. This implies that an
improving response dynamic may not converge for the MaxNCG game as well (after
relaxing such a liveness property). A deeper discussion on dynamics in NCGs can be
found in [8,10].

The paper is organized as follows: in Section 2 we analyze the computational/convergence
aspects of the game, while Sections 3 and 4 discuss the upper and lower bounds to
the PoA, respectively.

2 According to the spirit of the game, we concentrate on connected equilibria only. In fact, to avoid patho-
logical disconnected equilibria, we can slightly modify the player’s cost function (2) as it was done in [5],
in order to incentivize the players to converge to connected equilibria. Alternatively, this can be obtained
by assuming that initially the players sit on a connected network (embedded in the host graph), and they
move (non-simultaneously) with a myopic best/improving response dynamics.
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2 Preliminary results

First of all, we observe that, as for the sum-distance version of the problem studied in
[4], it is open to establish whether MaxNCG(H) always admits an equilibrium. This
problem is particularly intriguing, since the topology of H could play a discriminating
role on that. We conjecture an affirmative answer to this question for any α > 0 (for
α = 0 it is trivially true as any strategy profile σ such that G(σ) = H is a NE). As a
first step towards this direction, observe that given any H, a breadth-first search tree
rooted at a center of H, and in which each node owns the edges towards its children,
is an equilibrium whenever α ≥ ρH , where ρH is the radius of H. Indeed, notice
that each vertex u has no unactivated edges towards the vertices of its subtrees. This
immediately implies that u cannot improve its cost by changing to a strategy having
at most the same number of bought edges. Moreover, in any other strategy, u must
incur a cost of at least α ≥ ρH to buy some additional edges while its routing cost,
which is actually less than or equal to 2ρH cannot decrease by more than ρH since it
can never be less than ρH .

Besides that, and similarly to other NCGs, we also have the bad news that the
problem of computing the best response of player is NP-hard, as stated in the following
theorem.

Theorem 1. For every constant ε > 0 and for every 0 < α = o(n), the problem of
computing a best response strategy of a player is NP-hard.

Proof. The reduction is from the NP-complete 3-Exact 3-Cover problem (3X3C for
short) which, given (i) a set O of 3k objects, with k ∈ N, and (ii) a set S of subsets
of O each having cardinality equal to 3 and such that every o ∈ O is a member of
at most three sets in S, asks for determining whether there exists a subset S ′ ⊆ S of
cardinality equal to k that covers O, i.e.,

⋃
S∈S′ S = O. The reduction is the following.

Let η > (k+1)α. For a given instance of the 3X3C problem with 3k objects we build a
host graph H having n = Θ(ηk) vertices. More precisely, H contains an object vertex
vo for every object o ∈ O, and a set vertex uS for every S ∈ S. For every set S ∈ S
and for every o ∈ O, H contains a path of length η having vo and uS as endpoints
iff o ∈ S. All paths are vertex-disjoint except for at most their endpoints. Finally, H
contains an additional path P of length 2η which is vertex-disjoint w.r.t. all the other
paths, and an additional vertex x linked to all the set vertices and to one endpoint of
P , that we denote by z.

Let σ be any strategy profile such that G(σ) contains all edges of H except those
incident to x. We claim that any best response strategy of player x has cost equal to
α(k + 1) + 2η + 1 iff S contains a subset of cardinality k that covers O.

To prove one direction, observe that if S ′ ⊆ S has size k and covers O, then, by
buying the edge towards z and all the k edges (x, uS) for every S ∈ S ′, x would incur
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a cost equal to α(k+ 1) + 2η+ 1. In fact, it is easy to see that each vertex of G which
is neither x nor a vertex in P is at distance of at most η from some object vertex.
Furthermore, each object vertex is at distance of at most η from some set vertex uS
such that S ∈ S ′.

To prove the other direction, let σ′ be the strategy profile obtained from σ by
changing x’s strategy with one of its best response strategies and assume that Cx(σ′) =
α(k + 1) + 2η + 1. Let S ′ be the subset of S containing set S iff x is buying the edge
towards uS in σ′. First of all, observe that if S ′ does not cover O, or x has not
bought the edge towards z, then the routing cost of x is greater than or equal to
3η + 1 > α(k + 1) + 2η + 1. Consequently, x has bought the edge towards z and S ′
covers O. Therefore |S ′| ≥ k. As the distance from x to the endpoint of P different
from z is 2η + 1, and since Cx(σ′) = α(k + 1) + 2η + 1, it follows that |S ′| = k. ut

Notice that the result stated in Theorem 1 holds for any 0 < α = o(n), and so
this extends the NP-hardness proof given in [13] which holds for complete host graphs
and α = 2/n.

We now discuss a negative result about the convergence of the improving response
dynamics. To the best of our knowledge, this is the first result showing that an
improving response dynamics on MaxNCG might not converge to an equilibrium. A
deeper discussion about dynamics in NCGs can be found in [8,10].

Theorem 2. For every value of α < n
2 − 6, MaxNCG(H) is not a potential game.

Moreover, if α > 0, an improving response dynamics may not converge to an equilib-
rium.

Proof. We prove the non existence of a potential function by showing a cyclic sequence
of strategy profiles where, at the end of each cycle, the total cost of the moving players
has decreased by a positive constant.

Let l > α + 6 be an integer satisfying l ≡ 1 (mod 3) and consider a host graph
H similar to the one shown in Figure 1. H is composed by a cycle of l nodes labelled
from 1 to l, by a path of l−2 edges having x and z as endpoints, and by all the edges
between x and the nodes of the cycle. The strategy profile σa being played is shown
by using a graphical notation explained in the caption.
In such a status, player 1 is paying α + l − 1, whilst changing the strategy to σb by
removing the edge (1, 2) yields a cost of l−1, thus saving α. Observe that now Cx(σb)
is α + l, and so x has interest in swapping the edge (x, 1) with the edge (x, 4), thus
obtaining the strategy σc and saving 1. In such configuration C1(σc) has increased to
2l − 4, therefore player 1 can buy back the edge (1, 2), as shown in strategy σd, thus
reducing its cost to α + l + 2, i.e., saving l − (α + 6) > 0.

Notice how configuration σd is similar to σa, with the only difference being the
edge bought by x. Since l ≡ 1 (mod 3), by repeating l times these strategy changes,
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Fig. 1. Representation of the strategy changes used in the proof of Theorem 2. On the left side, the initial
configuration, where directed edges exit from their respective owner node, dashed edges are non-bought
edges of H, and the spline denotes a path between z and x, whose edges are arbitrarily owned.

every node in the cycle 〈1, . . . , l〉 will play a move at least once, and the resulting
configuration is identical to σa, hence the players will cycle.

To prove the latter part of the claim it suffices to note that after each cycle: (i)
for α > 0 each strategy change is an improving response, and (ii) that the nodes in
the path from x to z other than x, can never change their strategy. ut

Actually, the above proof shows that the improving response dynamics may not
converge even if the minimal liveness property that each player takes a chance to make
an improving move every fixed number of steps is guaranteed. Indeed, as observed in
the proof, the players sitting on the path appended to x do not move just because
they cannot. Therefore, we can extend the above proof to the case in which H is
a complete graph if the players sitting on the path appended to x can never move.
This shows that the improving response dynamics may not converge on complete host
graphs as well, i.e., for the classic NCG.

3 Upper bounds

In this section we prove some upper bounds to the PoA for the game. In what follows,
for a generic graph G, we denote by ρG and δG its radius and its diameter, respectively,
and by εG(v) the eccentricity of node v in G. Moreover, we denote by SC(σ) the social
cost of a generic strategy profile σ (i.e., the sum of players’ individual costs), and by
Opt a strategy profile minimizing the social cost. Then

Lemma 1. Let G = G(σ) be a NE, and let α = O(n). Then, we have that SC(σ)/SC(Opt) =
O
(

ρG
α+ρH

)
.

Proof. Let u be a center of G, and let T be a shortest path tree of G rooted at u.
Clearly, the diameter of T is at most 2 ρG. Now, for every node v, let us denote by
kv the number of edges of T bought by v in σ. The key argument is that if a node v
bought only the kv edges of T , its eccentricity would be at most εT (v) ≤ 2 ρG. Hence,
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since σ is a NE, we have that Cv(σ) ≤ αkv + 2 ρG. By summing up the inequalities
over all nodes, we obtain

SC(σ) =
∑

v

Cv(σ) ≤ α
∑

v

kv + 2n ρG = α(n− 1) + 2n ρG.

Now, since SC(Opt) ≥ α(n− 1) + n ρH , we have

SC(σ)
SC(Opt) ≤

α(n− 1) + 2n ρG
α(n− 1) + n ρH

≤ 1 + 2n ρG
α(n− 1) + n ρH

= O
( ρG
α + ρH

)
. ut

As an immediate consequence, we obtain the following:

Theorem 3. For α = O(n), the PoA is O( n
α+ρH ). ut

Another interesting consequence of Lemma 1 concerns sparse host graphs:

Theorem 4. If the host graph H has n− 1 + h edges, and h = O(n), then the PoA
is O(h+ 1).

Proof. Let G = G(σ) be an equilibrium network. Since G must be connected, we have
that |E(H) \E(G)| ≤ h. This is sufficient to provide an upper bound to the diameter
of G. Indeed, in [15] it is shown that the diameter of a connected graph obtained from
a supergraph of diameter δ by deleting ` edges is at most (`+ 1)δ. This implies that
in our case δG ≤ (1 + h)δH . Now, the claim follows from Lemma 1. ut

Theorem 4 implies that, for very sparse host graphs H, i.e., |E(H)| = n − 1 + h
and h = O(1), we have that the PoA is O(1), for any α.

Next theorem shows that the PoA is upper bounded by 2 when α is at least n.
A similar result has already been proved in [3] for the case in which H is a complete
graph. In fact, it turns out that the same proof extends to any host graph H.

Theorem 5 ([3]). For α ≥ n, the PoA is at most 2.

We end this section by showing that when either α is small, or the host graph
has small diameter, every stable tree (if any) is a good equilibrium. This generalizes
a result in [13] given for complete host graphs, which states that the social cost of
every acyclic equilibrium is O(1) times the optimum.

Lemma 2. Let (u, v) ∈ E(H) be an edge of the host graph. Then, for every stable
graph G, we have |εG(u)− εG(v)| ≤ 1 + α.

Proof. W.l.o.g. assume εG(u) ≥ εG(v). If (u, v) ∈ E(G), then the claim trivially
holds. Otherwise, if u buys the edge (u, v) then its eccentricity will decrease at least
by εG(u)− εG(v)− 1, while its building cost will increase by α. Since G is stable, we
have εG(u)− εG(v)− 1 ≤ α, and the claim follows. ut
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Corollary 1. For every u, v ∈ V and for every stable graph G, it holds that |εG(u)−
εG(v)| ≤ (1 + α) dH(u, v).

Lemma 3. Let G = G(σ) be a stable graph. If there are two nodes u, v ∈ V such that
εG(v) ≥ c · εG(u) + k with c > 1 and k ∈ R, then δG

δH
≤ 2 ·

1+α− k
δH

c−1 .

Proof. We have

εG(v)− εG(u)≥ c · εG(u) + k − εG(u)

≥ (c− 1)εG(u) + k ≥ (c− 1)ρG + k ≥ (c− 1)1
2δG + k.

Moreover, from Corollary 1, we have

εG(v)− εG(u)≤ (1 + α)dH(u, v) ≤ (1 + α)δH ,

from which, we obtain

(c− 1)1
2δG + k ≤ (1 + α)δH

and hence the claim. ut

We are now ready to give the following

Theorem 6. Let σ be a NE such that G = G(σ) is a tree. Then, SC(σ)
SC(Opt) ≤ min{O(1+

α), O(ρH)}.

Proof. Let us consider a center u of G, and let v be a node in the periphery of G,
namely εG(v) = δG. Since G is a tree, we have εG(v) = δG ≥ 2 ρG − 1 = 2 εG(u)− 1.
Now, using Lemma 3 and Lemma 1, the claim follows. ut

4 Lower bounds

In this section we prove some lower bounds to the PoA of the game, as summarized
in Table 4.

α O( 3√n) O(
√
n) Ω(

√
n)

PoA Ω
(√

n
1+α

)
Ω(α) Ω

(
1 + n

α

)
Table 1. Obtained lower bounds to the PoA.
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Before getting to the technical details, let us discuss the significance of the above
bounds. First of all, we notice that the lower bound for α = Ω(

√
n) is tight, due the

upper bound given in the previous section. Moreover, observe that we can obtain such
a lower bound for two prominent classes of host graphs, namely for k-regular graphs
(for any constant k ≥ 3) and for 2-dimensional grids.3 We view this as a meaningful
result, due to the practical relevance of such host topologies. Concerning the case
α ∈ Ω( 3

√
n) ∩ O(

√
n), we notice that the lower bound still holds for the classes of

k-regular graphs (for any constant k ≥ 3) and 2-dimensional grids, but now it is not
tight. Finally, the lower bound of Ω(

√
n

1+α) for α = O( 3
√
n) is quite because it implies

a very large lower bound of Ω(
√
n) for tiny values of α. Summarizing, we point out

that we get a polynomial lower bound for α = O(n1−ε), for any ε > 0, in strong
contrast with the almost everywhere constant upper bound to the PoA of MaxNCG.

Theorem 7. If the host graph is a 2-dimensional square grid, then the PoA is Ω
(
1+

min{α, n
α
}
)
.

Proof. Let k = 2p where p is an odd number, and let H be a 2-dimensional square
grid of n = k × k vertices. In the rest of the proof, we assume that the vertex in the
i-th row and j-th column of the grid is labeled with 〈i, j〉, where 1 ≤ i, j ≤ k.

For every 1 ≤ j ≤ k, let Pj be the path in H which spans all the vertices of the
j-th column of H. Let k∗ = min{1 + bα2 c, k}. Let F be the set of edges linking vertex
〈1, j〉 with vertex 〈1, j + 1〉 iff j is even and let F ′ be the set of edges linking vertex
〈k∗, j〉 with 〈k∗, j + 1〉 iff j is odd.

1

k∗

1 p

√
n

√
n

. . .. . .

Fig. 2. The stable graph G when the host graph H is a square grid of n vertices.

Let G be the subgraph of H whose edge set is E(G) = F ∪ F ′ ∪
⋃k
j=1 E(Pj)

(see also Figure 2). Observe that G is a tree of radius greater than or equal to
1
2kk

∗ = Ω
(√

n · min{1 + α,
√
n}
)
. Observe also that 〈k∗, p〉 and 〈k∗, p + 1〉 are the

two centers of G. Let 〈k∗, p〉 be the root of G and let Ḡ be the directed version of
G where all the root-to-leaf paths are directed towards the leaves. Finally, let σ be

3 Notice that a 2-dimensional grid is also planar and bipartite.
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the strategy profile induced by Ḡ, i.e., each player v is buying exactly the edges in Ḡ
outgoing from v. Clearly, G(σ) = G.

We prove that σ is a NE by showing that every vertex 〈i, j〉, with 1 ≤ i ≤ k
and 1 ≤ j ≤ p, is playing a best response strategy. Indeed, if we show that 〈i, j〉 is
playing a best response strategy, then, by symmetry, also 〈i, k − j + 1〉 is playing a
best response strategy.

Let i and j be two fixed integers such that 1 ≤ i ≤ p and 1 ≤ j ≤ k and let t
be the number of edges bought by 〈i, j〉 in σ. Since G is a tree and since 〈k∗, p〉 and
〈k∗, p + 1〉 are the two centers of G, there exists a vertex 〈i′, j′〉, with 1 + p ≤ i′ ≤ k
and 1 ≤ j′ ≤ k, such that the distance in G from 〈i, j〉 to 〈i′, j′〉 is exactly equal to
the eccentricity of 〈i, j〉 in G. Observe also that the (unique) path in G from 〈i, j〉 to
〈i′, j′〉 traverses the root as well as the vertex 〈k∗, p+1〉. Let 〈i′, j′〉 be any vertex such
that 1 + p ≤ i′ ≤ k and 1 ≤ j′ ≤ k. First of all, observe that if we add to G all the
edges adjacent to 〈i, j〉 in H, then the distance from 〈i, j〉 to 〈i′, j′〉 decreases by at
most α. Since the cost of activating new links is at least α, 〈i, j〉 cannot improve its
cost function by buying more than t edges. Now we prove that 〈i, j〉 cannot improve
its cost function by buying at most t edges. First of all, observe that t is the minimum
number of edges 〈i, j〉 has to buy to guarantee connectivity. Moreover, to guarantee
connectivity, 〈i, j〉 has to buy an edge towards some vertex of every subtree of G
rooted at any of its t children. Since the subtree of G rooted at 〈i, j〉 does not contain
〈i′, j′〉 when 〈i, j〉 is not the root, 〈i, j〉 cannot improve its eccentricity, and thus its
cost function, by buying an edge towards some vertex of every subtree of G rooted at
any of its t children. Furthermore, if 〈i, j〉 is the root of G, then 〈i, j〉 cannot improve
its eccentricity, and thus its cost function, by buying an edge towards some vertex of
every subtree of G rooted at any of its t children as 〈i, j〉 is already buying the unique
edge of H linking it to the subtree of G rooted at 〈k∗, 1 + p〉.

To complete the proof, observe that SC(Opt) is upper bounded by the social
cost of H, i.e., SC(Opt) = O

(
n(α +

√
n)
)
. Since SC(σ) ≥ α(n − 1) + 1

2kk
∗n =

Ω
(
n3/2 min{1 + α,

√
n}
)
, we have that

SC(σ)
SC(Opt) =

Ω
(
n3/2 min{1 + α,

√
n}
)

O
(
n(α +

√
n)
) = Ω

(
1 + min{α, n/α}

)
. ut

We now show that a similar lower bound holds also when the host graph is k-
regular.

Theorem 8. If the host graph is k-regular, with 3 ≤ k = o
(
n
α

)
, then the PoA is

Ω
(
1 + min{α, n

αk
}
)
.

Proof. First of all, observe that for α = O(1) and α = Ω(n) the claim trivially holds
since the lower bound becomes Ω(1). Therefore, we consider the case α = ω(1) and
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α = o(n). For the sake of readability, we provide the complete proof for even values
of k and we only sketch it for odd values of k as the construction is very similar.

Let l be the greatest integer such that l ≤ bα+ 1c, and let η be a large value such
that η ≡ 1 (mod l). Notice that if the number of players n is sufficiently large, then
l ≥ 3. We will use a host graph H composed by: (i) a path P of η nodes, numbered
from 0 to η − 1, (ii) a set of shortcut edges on P (as described in the following), and
(iii) a set of gadgets appended to P and used to increase to k the degree of its vertices
(as described in the following).

Concerning the shortcut edges, let ui be the node on P numbered i · l for i =
0, . . . , g, where g = η−1

l
. Then, a shortcut edge connects ui to ui+1, for 0 ≤ i < g.

Notice that any node on P \ {u1, . . . , ug−1} has now degree 2 while the degree of all
the nodes u1, . . . , ug−1 is equal to 4.

Concerning the gadgets, for each node u on P that has degree d < k, we augment
H as follows:

– we add a complete, loop-free, graph Ku on k + 1 vertices to H;
– we remove k−d

2 vertex-disjoint edges from Ku. So, d vertices of Ku have degree k
while the other k − d vertices have degree k − 1;

– we connect u to the k − d nodes of Ku with degree k − 1.

At the end of this process the resulting host graph H is k-regular. Consider now a
strategy profile σ such that:

– all the edges of the path P are bought (arbitrarily) by vertices other than ui,
i = 0, . . . , g;

– each vertex of a gadget that has an edge towards a node on P buys it;
– the remaining vertices of the gadgets buy a single edge towards a vertex adjacent

to a node of P .

An example of the resulting configuration for k = 4 along with the edges of the
host graph is shown in Figure 3(b).

We show that σ is a NE. Indeed, every node ui can only change its strategy by
buying either one or two edges, but this can decrease its eccentricity by at most l−1,
while increasing its building cost of at least α ≥ l−1. Moreover, the remaining nodes
in P cannot change their strategy, as doing so will cause the disconnection of the
graph. Finally, the nodes of the gadgets buy just a single edge, and no other choice
can decrease their eccentricity.

Clearly SC(σ) = Ω(αn + nη), as G(σ) is a tree with radius Θ(η). Let now Ĝ be
the graph obtained by adding to G(σ) the shortcut edges of H. The number of edges
of Ĝ is n− 1 + g ≤ 2n, and its diameter is bounded by 2 · εĜ(u0) ≤ 2 · (g + l + 2), as
u0 can take advantage of the shortcut edges. As a consequence, with a small abuse of
notation, we have SC(Ĝ) = O(αn+ n(g + l)).

12



u0 u1 u2 ug-1 ug. . .

. . .u0 u1 u′
1

u2 u′
g-1

ug

(b)

(c)

u0 u1 u2 ug-1 ug. . .(a)

Fig. 3. Representation of the host graph and the equilibrium used in the proof of Theorem 8 for (b) k = 4,
and (c) k = 3.

Using the relations l = Θ(α), η = Θ(lg), and n = Θ(ηk), we have that

PoA ≥ SC(σ)
SC(Ĝ)

= Ω(αn+ nη)
O(αn+ n(g + l)) = Ω

(
η

α + η
α

)
= Ω

(
n

αk + n
α

)

from which the claim easily follows.
If k is odd, then a host graph similar to the one shown in Figure 3(c) (for the

case k = 3) is considered. Notice that the shortcut edges are now vertex-disjoint, and
each node incident to them has degree 3, but for u0 and ug that have degree 2. We
first append a gadget to every node x with degree 2, in order to obtain a 3-regular
graph. This gadget is a similar to a clique on 4 vertices where an edge e between two
adjacent vertices has been replaced by two vertices going from the endpoints of e to
a new node u. The vertex u is then connected to x using a new edge (bought by u).
If k = 3 we are done, otherwise we can append a gadget similar to the one shown for
the even case to each node of the graph we just constructed, in order to increase the
degree of each node to k. ut

Notice that we can extend the previous lower bound to outerplanar and series-
parallel graphs just by considering the host graph composed by the path plus the
shortcut edges, without any additional gadget, as shown in Figure 3(a).

Theorem 9. The PoA is Ω
(
1 + min{α, n

α
}
)
, even when the host graph is a an out-

erplanar or a series-parallel graph.

We end this section by proving a non-constant lower bound to the PoA when
α = o(n). Remarkably, our lower bound implies a non-constant lower bound to the
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PoA for every small value of α, i.e., players buy edges for free. Our lower bounding
construction is a non-trivial modification of the 2D-torus-rotated-45◦ construction
used in [1] to prove a lower bound for BasicNCG.

Theorem 10. For α = o(n), the PoA is Ω
(√

n
1+α

)
.

Proof. Let k ∈ N and let H̄ be an edge-weighted 2D-torus-rotated-45◦ consisting of
2k2 vertices that we call junction vertices. For every pair of integers 0 ≤ i, j < 2k,
with i+ j even, there is exactly one vertex of H̄ labeled with 〈i, j〉. We treat the two
integers of a vertex label as modulo 2k. Each vertex 〈i, j〉 has exactly four neighbors
in H̄: 〈i ± 1, j ± 1〉. All edge weights are equal to ` = 2(1 + dαe). For every pair of
integers 0 ≤ i, j < 2k, let Xi,j = {〈i′, j′〉 | i′ = i or j′ = j}. The properties satisfied
by H̄ are the following:

(i) H̄ is vertex transitive, i.e., any vertex can be mapped to any other by a vertex
automorphism, i.e., a relabeling of vertices that preserves edges;

(ii) the distance between two vertices 〈i, j〉 and 〈i′, j′〉 in H̄ is equal to
` ·max

{
d̄(i, i′), d̄(j, j′)

}
, where d̄(h, h′) = min

{
|h− h′|, 2k − |h− h′|

}
;

(iii) the eccentricity of each vertex in H̄ is equal to `k;
(iv) for every 0 ≤ i, j < 2k, the distance from every vertex v ∈ Xi,j to vertex 〈|i −

k|, |j − k|〉 is equal to `k;
(v) for every edge e of H̄, the eccentricity of both endpoints of e in H̄ − e is greater

than or equal to `(k + 1);
(vi) for every edge e of H̄ and for every vertex 〈i, j〉, the distance from 〈i, j〉 and the

closest endpoint of e is less than or equal to `(k − 1).

It is easy to see that (i) holds and it is also easy to see that (iv) holds once (ii) has
been proved. To prove (ii), it is enough to observe that each label can change by
±1 each time we move from one vertex to any of its neighbors. To prove (iii), we
use (i) and the fact that the distance from vertex 〈i′, j′〉 to 〈k, k〉, which is equal to
max{|k − i′|, |k − j′|}, is maximized for i′ = j′ = 0. To prove (v), we first use (i) to
assume that, w.l.o.g, e is the edge linking 〈k, k〉 with 〈k− 1, k− 1〉. Next, we observe
that any path in H̄ − e going from 〈k, k〉 to 〈1, 1〉 must traverse a neighbor v of 〈k, k〉
in H̄ − e and the distance between v and 〈1, 1〉 in H is equal to `k because one of
the two integers in the label of v is equal to k + 1. Finally, to prove (vi), we first use
(i) to assume that, w.l.o.g., i = j = k, i.e., 〈i, j〉 is 〈k, k〉, and the two endpoints of e
are, respectively, 〈i′, j′〉 and 〈i′ + 1, j′ + 1〉, where 0 ≤ i′, j′ < k. Using (ii), it is easy
to see that the distance from 〈k, k〉 to 〈i′ + 1, j′ + 1〉 is less than or equal to `(k− 1).

Let G be an unweighted graph obtained from H̄ by replacing each edge of H̄ with
a path of length ` via the addition of ` − 1 new vertices per edge of H̄. Let H be
the host graph obtained from G by adding an edge between 〈i, j〉 and every vertex
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in Xi,j, for every junction vertex 〈i, j〉 (see also Figure 4). Notice that the number of
vertices of H is n = 2k2 + 4k2(` − 1) = Θ

(
(1 + α)k2). In what follows, we call the

vertices in H which are not in H̄ path vertices.

〈k, k〉

0

1

k

2k ≡ 0k10
2k ≡ 0

Fig. 4. The lower bound construction of Theorem 10. On the left side, the host graph H is depicted. For
the sake of readability, only junction vertices are visible and not all the edges are shown. The white vertices
of row 2k ≡ 0 are copies of the vertices of row 0 while the white vertices of column 2k ≡ 0 are copies of the
vertices of column 0. The solid edges are paths of length `, while the dashed edges are all the other edges
adjacent to vertex 〈k, k〉. On the right side, the stable graph G is depicted.

Let σ be any strategy profile such that G(σ) = G and all edges of G(σ) are
bought by players sitting on path vertices, i.e., no edge of G(σ) is bought by some
player sitting on junction vertices. We prove that σ is a NE.

We start proving that players sitting on junction vertices are playing a best re-
sponse strategy. Let 〈i, j〉 be a junction vertex. Observe that 〈i, j〉 is not buying any
edge, therefore it suffices to show that 〈i, j〉 cannot improve its cost function by buy-
ing edges. First of all, observe that by (iii) and (vi), the eccentricity of 〈i, j〉 in G is
equal to `k. Indeed, if v is a path vertex of a path P corresponding to edge e of H̄,
then the distance from 〈i, j〉 to the closest endpoint of P (which corresponds to the
closest endpoint of e) is less than or equal to `(k − 1). Therefore, the distance from
〈i, j〉 to v is less than or equal to `k. To prove that 〈i, j〉 is in equilibrium, simply
observe that if we add to G all edges of H incident to 〈i, j〉, i.e., all edges linking 〈i, j〉
to vertices in Xi,j, then by (iv) the distance from 〈i, j〉 to 〈|i− k|, |j − k|〉 is still `k.

Now, we prove that players sitting on path vertices are playing a best response
strategy. Let v be a path vertex. First of all, the eccentricity of v in G is less than or
equal to `k + 1

2` by (vi). Indeed, if v is a vertex of a path P corresponding to edge e
of H̄, then the distance from any junction vertex to the closest endpoint of P (which
corresponds to the closest endpoint of e) is less than or equal to `(k − 1). Therefore,
the distance from v to every junction vertex is less than or equal to `k and the distance
from v to every other path vertex is less than or equal to `k + 1

2`. Now, observe that
G already contains all edges of H incident to v and, moreover, the degree of v in G
is equal to 2. Therefore, v might improve its cost function by removing exactly one
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edge incident to it, i.e., by buying fewer edges than those it is buying in σ. However,
if v removes any of its incident edges in G, thus saving an α factor from its building
cost, then by (v) the eccentricity of the unique junction vertex closest to v becomes
greater than or equal to `(k + 1) and thus, the eccentricity of v also becomes greater
than or equal to `(k + 1). Since `(k + 1)− α ≥ `(k + 1)− `−2

2 > `k + 1
2`, v does not

improve its cost function by buying fewer edges than those it is buying in σ.
To complete the proof, we have to show that PoA is Ω

(√
n

1+α

)
. First of all,

observe that the radius of H is Θ(`) = Θ(1 +α). Let T be a breadth-first-search tree
rooted at 〈k, k〉. Clearly the radius of T is also Θ(1+α). Furthermore, the social cost of
Opt is upper bounded by the social cost of T , i.e., SC(Opt) ≤ α(n−1)+n·O(1+α) =
O
(
(1 + α)n

)
. As SC(σ) ≥ α(4`k2) + n`k = Ω(n`k) = Ω

(
(1 + α)nk

)
, we have that

SC(σ)
SC(Opt) =

Ω
(
(1 + α)nk

)

O
(
(1 + α)n

) = Ω(k) = Ω

(√
n

1 + α

)
. ut

5 Conclusions

In this paper, we studied the MaxNCG in the scenario in which the strategy space
of all the players is constrained by a host graph. Our game is interesting for two
reasons. First of all, it models the practical situation in which not all the links can
be constructed due to physical limitations. Furthermore, the NP-hardness barrier of
computing a best response strategy of a player in the MaxNCG, which clearly carries
over into our game, can be easily broken if we restrict our game to the class of host
graphs of (constant) bounded degree.

In our paper, we proved a strong lower bound of Ω(1+min{α, n/α}) to the PoA for
two meaningful graph classes, namely bounded-degree host graphs and 2-dimensional
square grids. Our lower bound asymptotically matches the general upper bound we
provided for every α = Ω(

√
n). Since the PoA in the classical MaxNCG is mostly

constant (see [13]), we therefore have that the drawback of having a polynomial-time
computability of best response strategies is the existence of stable networks of large
social cost.

Finally, we concluded our paper by proving another lower bound of Ω(
√

n
1+α) to

the PoA. Observe that all our lower bounds are never smaller than the lower bound
of Ω(1 + min{α/n, n2/α}) known for the corresponding sum version of the game (see
[4]). This is mainly due to the fact that reducing the routing cost of a player in our
game is costlier, in terms of the building cost incurred by that player, than in the
corresponding sum version of the game.
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