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Abstract. We give an algorithm for testing the extremality of a large
class of minimal valid functions for the two-dimensional infinite group
problem.

1 Introduction

1.1 The group problem

Gomory’s group problem [§] is a central object in the study of strong cutting
planes for integer linear optimization problems. One considers an abelian (not
necessarily finite) group G, written additively, and studies the set of functions
s: G — R satisfying the following constraints:

er(r)ef—i-s (IR)

reG
s(r) €Z4 forallre G

s has finite support,

where f is a given element in G, and S is a subgroup of G; so f 4+ 5 is the coset
containing the element f. We will be concerned with the so-called infinite group
problem [910], where G = RF is taken to be the group of real k-vectors under
addition, and S = ZF is the subgroup of the integer vectors. We are interested
in studying the convex hull Re(G, S) of all functions satisfying the constraints
in (IR). Observe that Re(G,S) is a convex subset of the infinite-dimensional
vector space V of functions s: G — R with finite support.

Any linear inequality in V is given by a pair (m,«) where 7 is a function
7: G — R (not necessarily of finite support) and a € R. The linear inequality
is then given by > . m(r)s(r) > «; the left-hand side is a finite sum because s
has finite support. Such an inequality is called a valid inequality for Re(G,S) if
Y orec T(r)s(r) > afor all s € Re(G, S). It is customary to concentrate on those
valid inequalities for which 7 > 0; then we can choose, after a scaling, o = 1.
Thus, we only focus on valid inequalities of the form }° . 7(r)s(r) > 1 with
7 > 0. Such functions 7 will be termed walid functions for Re(G, S).
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A valid function 7 for Rg(G,S) is said to be minimal for Re(G,S) if there
is no valid function 7’ # 7 such that 7’(r) < «(r) for all r € G. For every valid
function 7 for Re(G, S), there exists a minimal valid function 7’ such that 7/ <7
(cf. [3]), and thus non-minimal valid functions are redundant in the description
of Re(G,S). Minimal functions for Re(G, S) were characterized by Gomory for
finite groups G in [§], and later for R¢(R,Z) by Gomory and Johnson [9]. We
state these results in a unified notation in the following theorem.

A function 7: G — R is subadditive if m(x+y) < w(x)+n(y) for all x,y € G.
We say that 7 is symmetric if 7(x) +7(f —x) =1 for all x € G.

Theorem 1.1 (Gomory and Johnson [9]). Let 7: G — R be a non-negative
function. Then m is a minimal valid function for Re(G,S) if and only if w(r) = 0
for allr € S, 7 is subadditive, and 7 satisfies the symmetry condition. (The first
two conditions imply that 7 is constant over any coset of S.)

1.2 Characterization of extreme valid functions

A stronger notion is that of an extreme function. A valid function 7 is extreme
for Re(G, S) if it cannot be written as a convex combination of two other valid
functions for R¢(G, 9), i.e., 7 = %m + %7@ implies m = m; = my. Extreme func-
tions are minimal. A tight characterization of extreme functions for Re(R¥, ZF)
has eluded researchers for the past four decades now, however, various specific
sufficient conditions for guaranteeing extremality [BHEI7IG5ITT] have been pro-
posed. The standard technique for showing extremality is as follows. Suppose
that 7 = 7' + 372, where 7', 7% are other (minimal) valid functions. All sub-
additivity relations that are tight for 7 are also tight for 7!, 72. Then one uses
a lemma of real analysis, the so-called Interval Lemma introduced by Gomory
and Johnson in [II] or one of its variants. The Interval Lemma allows us to
deduce certain affine linearity properties that 7! and 72 share with . This is
followed by a finite-dimensional linear algebra argument to establish uniqueness
of 7, implying 7 = 7! = 72, and thus the extremality of 7.

Surprisingly, the arithmetic (number-theoretic) aspect of the problem has
been largely overlooked, even though it is at the core of the theory of the closely
related finite group problem. In [2], the authors showed that this aspect is the
key for completing the classification of extreme functions. The authors studied
the case k = 1 and gave a complete and algorithmic answer for the case of
piecewise linear functions with rational breakpoints in the set 1Z. To capture
the relevant arithmetics of the problem, the authors studied sets of additivity
relations of the form 7(t;) + n(y) = 7(t; +y) and w(x) + 7(r; — x) = 7(r;),
where the points t; and r; are certain breakpoints of the function 7. They give
rise to the reflection group I" generated by the reflections py, : x — r; — x and
translations 7, : y — t; +y. The natural action of the reflection group I" on
the set of intervals delimited by the elements of 17 transfers the affine linearity
established by the Interval Lemma on some interval I to a connected component
of the orbit I'(I). When this establishes affine linearity of 7!, 72 on all intervals
where 7 is affinely linear, one proceeds with finite-dimensional linear algebra
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to decide extremality of . Otherwise, there is a way to perturb 7 slightly to
construct distinct minimal valid functions 7t = 7 + 7 and 72 = 7 — 7, using

any sufficiently small, I'-equivariant perturbation function (see [subsection A.1)),

modified by restriction to a certain connected component.

1.3 Contributions of the paper

In the present paper, we continue the program of [2]. We study a remarkable class
of minimal functions 7 of the two-dimensional infinite group problem (k = 2). Let
g be a positive integer. Consider the arrangement 7, of all hyperplanes (lines)
of the form (0,1)-x=1b, (1,0)-x =b, and (1,1)-x = b, where b € %Z. The com-
plement of the arrangement #, consists of two-dimensional cells, whose closures
are the triangles Ty = % conv({(9),(3),(V)}) and Ty = % conv({(3),(9),(1)})
and their translates by elements of the lattice %ZZ. We denote by P, the col-
lection of these triangles and the vertices and edges that arise as intersections
of the triangles. Thus P, is a polyhedral complex that is a triangulation of the
space R?. Within the polyhedral complex P, let P, o be the set of O-faces (ver-
tices), Py.1 be the set of 1-faces (edges), and Py 2 be the set of 2-faces (triangles).
The sets of diagonal, vertical, and horizontal edges will be denoted by P, <, P, |,
and P, _, respectively. We will use & and © to denote vector addition and sub-
traction modulo 1, respectively. We use the same notation for pointwise sums
and differences of sets. By quotienting out by Z2, we obtain a finite complex
that triangulates R?/Z?; we still denote it by P,.

We call a function 7: R? — R continuous piecewise linear over Py if it is an
affine linear function on each of the triangles of P,. We introduce the following
notation. For every I € P,, the restriction w|; is an affine function, that is
7|7(x) = my - x + by for some m; € R?, by € R. We abbreviate 7|7 as 7.

For a valid function 7, we consider the set E(7) = { (x,y) | 7(x) + 7(y) =
m(x @ y)} of pairs (x,y), for which the subadditivity relations are tight. Be-
cause P, enjoys a strong unimodularity property , we can give a
finite combinatorial representation of the set E(7) using the faces of Py; this
extends a technique in [2]. For faces I, J, K € Py, let

F(I,LJLJK)={(x,y) eR*xR? |[xc[,yc J xdyc K}
A triple (I, J, K) of faces is called a valid triple (Definition A.5) if none of the sets

I, J, K can individually decreased without changing the resulting set F'(I, J, K).
Let E(m, P,) denote the set of valid triples (I, J, K) such that

m(x)+7(y) =n(x®y) forall (x,y)e€ F(I,J K).

E(m,P,) is partially ordered by letting (I,J,K) < (I’,J',K’) if and only if
ICTI,JCJ, and K C K'. Let Enyax (m,Py) be the set of all maximal valid
triples of the poset E(m,P;). Then E(7) is exactly covered by the sets F'(I, J, K)
for the maximal valid triples (I, J, K) € Enax (7, Py) (Lemma A.7).

In the present paper, we will restrict ourselves to a setting without maximal
valid triples that include horizontal or vertical edges.
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Definition 1.2. A continuous piecewise linear function m on Py is called diag-
onally constrained if whenever (I,J,K) € Epax (7, Py), then I,J, K € Pyo U
Py UPqgo.

Remark 1.3. Given a piecewise linear continuous valid function (: R — R for
the one-dimensional infinite group problem, Dey-Richard [5, Construction 6.1]
consider the function x: R? — R, x(x) = ((1-x), where 1 = (1,1), and show that
k is minimal and extreme if and only if ¢ is minimal and extreme, respectively.
If ¢ has rational breakpoints in %Z, then k belongs to our class of diagonally
constrained continuous piecewise linear functions over P,.

We prove the following main theorem.
Theorem 1.4. Consider the following problem.

Given a minimal valid function © for Ry (R?,Z?) that is piecewise linear
continuous on Py and diagonally constrained, decide if m is extreme.

There exists an algorithm for this problem that takes a number of elementary
operations over the reals that is bounded by a polynomial in q.

As a direct corollary of the proof of the theorem, we obtain the following
result relating the finite and infinite group problems.

Theorem 1.5. Let m be a minimal continuous piecewise linear function over P,

that is diagonally constrained. Then m is extreme for Re(R?,Z?) if and only if

the restriction 7T|4LZQ is extreme for Rf(%qZ{Z?).
q

We conjecture that the hypothesis on 7 being diagonally constrained can be
removed.

2 Real analysis lemmas

For any element x € R*, k > 1, |x| will denote the standard Euclidean norm.
The proof of the following theorem appears in appendix

Theorem 2.1. If 7: R¥ — R is a minimal valid function, and ™ = %7?1 +

172 where ©', 7% are valid functions, then ©', w2 are both minimal. Moreover,

2
if limsupy, |7T‘(hli)‘ < 00, then this condition also holds for =% and w2. This

implies that w,m" and 72 are all Lipschitz continuous.

The following lemmas are corollaries of a general version of the interval lemma
or similar real analysis arguments. Proofs appear in appendix

Lemma 2.2. Suppose 7 is a continuous function and let (I,J, K) € E(m,Py)
be a valid triple of triangles, i.e., I, J, K € Pyo. Then 7 is affine in I, J, K with
the same gradient.
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Lemma 2.3. Suppose 7 is a continuous function and let (I,J,K) € E(m,Py)
where I € Py, J,K € Py UPy2. Then m is affine in the diagonal direction in
I,J,K, i.e., there exists ¢ € R such that such that (v + X (7)) =7(v) +c- A
forallv el (resp., veJ,veK)and X € R such thatv+)\(711) eI (resp.,
v+A(F)ed, v+ () e K).

Lemma 2.4. Let I,J € Py 2 be triangles such that INJ € Py | UP, . Let w
be a continuous function defined on I U J satisfying the following properties:

(i) 7 is affine on I.
(it) There exists c € R such that 7(v+ A (') =n(v)+c- A for all v € J and
A €R such that v+ A(7') € J.

Then 7 is affine on J.

3 Proof of the main results

Let Oy denote the directional derivative in the direction of v.

Definition 3.1. Let w be a minimal valid function.

a) For any I € P,, if 7 is affine in I and if for all valid functions ', 72 such
(a) Y q

that m = %71'1 + %772 we have that ©*, 72 are affine in I, then we say that
is affine imposing in I.

(b) For any I € Py, if O—1,1y7 is constant in I and if for all valid functions
w72 such that ™ = %ﬂ'l-‘r%ﬂj we have that 8(_1)1)7r1, 8(_1)1)71'2 are constant
i I, then we say that 7 is diagonally affine imposing in I.

(c) For a collection P C Py, if for all I € P, 7 is affine imposing (or diagonally
affine imposing) in I, then we say that 7 is affine imposing (diagonally affine
imposing) in P.

We either show that 7 is affine imposing in P, (subsection or construct
a continuous piecewise linear I'-equivariant perturbation over Py, that proves ™
is not extreme (subsections and . If 7 is affine imposing in P, we set up
a system of linear equations to decide if 7 is extreme or not (subsection .
This implies the main theorem stated in the introduction.

3.1 Imposing affine linearity on faces of P,

For the remainder of this paper, we will use reflections and translations modulo
1 to compensate for the fact that our function is periodic with period 1. Working
modulo 1 is accounted for by applying the translations 7(; ) and 7(¢,1) whenever
needed. Hence, we define the reflection py (x) = vOx and the translation 7 (x) =
v @ x. The reflections and translations arise from certain valid triples as follows.

Lemma 3.2. Suppose (I, J, K) is a valid triple.
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1 If K ={a} € P,o, then J = pa(I),
2. If J={a} € Pyo, then K = Ta(I).

Proof. Part 1. Since (I, J,{a}) is a valid triple, then for all x € I, there exists a
y € J such that t ®y = a, i.e., y = a©x € J, and therefore J D pa(I). Also,
for all y € J, there exists a x € [ such that x @y = a. Again, y = a© x, i.e.,
J C pa(I). Hence, J = pa(I).

Part 2. Since (I,{a}, K) is a valid triple and J is a singleton, then for all
x € I, we have x @ a € K, i.e., K D Ta(I). Also, for all z € K, there exists a
x € I such that x @ a =z, i.e., K C 7a(]). Hence, K = 75(I). O

Let G = G(Py2,€) be an undirected graph with node set P, 2 and edge set
E =& UE where {I,J} € & ({I,J} € €.) if and only if for some K € Py
(K € Py-), we have (I,J,K) € E(m,P,) or (I,K,J) € E(m, P,). For each
I € Py 2, let Gr be the connected component of G containing 1.

We now consider faces of Py 2 on which we will apply lemmas from

Ply={1,J €Py2|3IK € Py with (I,J,K) € E(r,Py) or (I,K,J) € E(m,Py) },

w2 =1L K €Pya|(I,J,K)€ E(m,Py) }.

It follows from 2|that 7 is affine imposing in P2, and from

that 7 is diagonally afﬁne imposing in 771
Faces connected in the graph have related slopes.

Lemma 3.3. Let v € R2. For § = wr,m', or w2, if 0 is affine in the v direction
in I, i.e., there ezxists c € R such that such that m(x+ Av) =7(x) + ¢ A for all
x €1 and X\ € R such that x+ v € I, and {I,J} € &, then 6 is affine in the v
direction in J as well.

The proof appears in appendix

With this in mind, we define the two sets of faces and any faces connected
to them in the graph G,

Spo={J€Pg2|JeG forsomelcP,,},

={JePya|Jelr forsomeIGP(iQ}.

It follows from Lemma that 7 is affine imposing in qu,g and diagonally affine
imposing in S} ,.

From it follows that if I € 82,5, J € Sjy and INJ € Py | UP,,

then 7 is afline imposing in J. Let
Sg2={K €Gr|1€S,, and there exists a J € S_, such that INJ € P, | UP,, _}.

Now set 3312 = 8372 US,,2 and 5;72 = S,}’Q \ 8;,2. The following theorem is a
consequence of Lemmas and

Theorem 3.4. If 53_’2 = Pgy2, then 7 is affine imposing in Py 2, and therefore

0 is continuous piecewise linear over P, for 6 = wl w2



Equivariant Perturbation II 7

3.2 Non-extremality by two-dimensional equivariant perturbation
In this and the following subsection, we will prove the following result.

Lemma 3.5. Let m be a minimal, continuous piecewise linear function over Py
that is diagonally constrained. If 83’2 # Pq.2, then m is not extreme.

In the proof, we will need two different equivariant perturbations that we
construct as follows (see [subsection A.1l). Let Iy = (pg,7g | 8 € éZQ> be
the group generated by reflections and translations corresponding to all possible
vertices of P,. We define the function ¢: R? — R as a continuous piecewise linear
function over Py, in the following way: let Ty = % conv({(9),(3),(9)}), and at
all vertices of Py, that lie in Tp, let ¢ take the value 0, except at the interior
vertices 7o (1), 2; (), 77 (3), where we assign ¢ to have the value 1. Since ¢ is
continuous piecewise linear over P44, this uniquely determines the function on
To. We then extend 1 to all of R? using the equivariance formula .

Lemma 3.6. The function ¢: R? — R constructed above is well-defined and
has the following properties:

(i) (g) =0 for all g € (77,
(i) 6(x) = —b(0g(x)) = —(g — %) for all g € 122 x € [0, 1],
() $(x) = (rg(x)) = (g + ) for all g € 172 € [0,1]2,

v) ¢

(i is continuous piecewise linear over 734q
Proof. The properties follow directly from the equivariance formula . a

It is now convenient to introduce the function Ar(x,y) = m(x)+7(y) —7(xD
y), which measures the slack in the subadditivity constraints. Let AP, be the
polyhedral complex containing all polytopes F' = F(I, J, K) where I, J, K € P,,.
Observe that Ar|p is affine; if we introduce the function Anp(x,y) = 77(x) +
77(y) -7 (x®y) for all x,y € R? then An(x,y) = Anp(x,y) for all (x,y) € F.
Furthermore, if (I, J, K) is a valid triple, then (I, J, K) € E(m, P,) if and only
if Am|prg,x) = 0. We will use vert(F) to denote the set of vertices of the
polytope F'.

Lemma 3.7. Let F' € AP, and let (x,y) be a vertex of F. Then x,y are vertices
of the complex Py, i.e., X,y € %ZQ.

The proof again uses the strong unimodularity properties of P, and appears in

appendix

Lemma 3.8. Let m be a minimal, continuous piecewise linear function over Py
that is diagonally constrained. Suppose there exists I* € Py o\ (83’2 US;VQ). Then
m 18 not extreme.

Proof. Let R =Jc¢,. int(J) € [0, 1]2. Since R is a union of interiors, it does not
contain any points in iZQ. Let 1 be the Iy-equivariant function of Lemma
Let

e =min{ Ara(x,y) #0 | F € APy, (x,¥) € vert(F) },
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and let T = dr - 1) where dr is the indicator function for the set R. We will show
that for

mt =7+ 5T, =1 — &7,
that 7', 72 are minimal, and therefore valid functions, and hence 7 is not ex-
treme. We will show this just for 7! as the proof for 72 is the same.

Since ¥(0) = 0 and 9 (f) = 0, we see that 71(0) = 0 and 7!(f) = 1.

We want to show that 7! is symmetric and subadditive. We will do this
by analyzing the function Arl(x,y) = 7!(x) + 7' (y) — 7' (x @ y). Since ¢ is
piecewise linear over Py, 7! is also piecewise linear over P4q, and thus we only
need to focus on vertices of APy,, which, by Lemma m are contained in 4%1 72

Let u,v € 4%122. First, if Amu,v) > 0, then
Arl(u,v) > w(u) —€¢/3+7(v) —€¢/3 —m(u B V) —¢/3 = An(u,v) — € > 0.

Next, we will show that if An(u,v) = 0, then Ax'(u,v) = 0. This will
prove two things. First, Arl(x,y) > 0 for all x,y € [0,1]?, and therefore 7! is

subadditive. Second, since 7 is symmetric, Ar(x,f © x) = 0 for all x € 4%122,

which would imply that Arl(x,f & x) = 0 for all x € LZ2, proving 7! is

symmetric via !

Suppose that Ar(u,v) = 0. We will proceed by cases.

Case 1. Suppose u,v,u@v ¢ R. Then dg(u) = dr(v) = dp(u @ v) = 0, and
Art(u,v) = An(u,v) > 0.

Case 2. Suppose we are not in Cases 1. That is, suppose An(u,v) =0, and at
least one of u, v, ué®v is in R. Since Rﬂz—quQ = (), at least one of u, vudv ¢ QLqu
This implies that at least one of u,v ¢ 577 Since Ar'(x,y) is symmetric in x
and y, without loss of generality, we will assume that u ¢ 2%122.

Since u ¢ 5.7%, (u,v) ¢ vert(AP,). Therefore, there exists a face F €
AP, such that (u,v) € relint(F). Since Anp > 0 (7 is subadditive) and
Arnp(u,v) =0, it follows that Arp = 0. Now let (I, J, K) € Epax (7, Py) such
that F(I,J, K) O F. We discuss the possible cases for I, J, K from Lemma

1. If I,J,K ¢ Pg2, then I,J, K € Py U P, are all vertices or edges of P,
which are all not contained in R since R is the union of interiors of sets from
Py.2. Therefore, u,v,u® v ¢ R, which means we are in Case 1.

2. If I, J,K € Py, then I, J, K € 82 ,. Therefore, u,v,u®v ¢ R, which means
we are in Case 1.

3. One of I,J, K is a diagonal edge in P, 1, while the other two are in P,
which means these sets are in S ,. Since edges are not in R, and RNS; , = 0,
and again, u,v,u® v ¢ R, which means we are in Case 1.

4. This leaves us with the case where two of I, J, K are in P, and the third
is a vertex, i.e., is in Py . Since u ¢ %ZQ, I cannot be a vertex. Therefore,
I € Py 2. We proceed with this knowledge.

There are two possible cases.
Case 2a. J € Py, I, K € Py and hence v € ;77



Equivariant Perturbation II 9

Therefore {I, K} € & and dg(u) = dg(udv). Since v € %ZQ, we have ¢¥(v) =0
and Y(u) = ¥(7y(u)) = Y(u @ v) by Lemma (iii). It follows that 7(u) +
7(v) — A(u® v) = 0, and therefore Ar'(u,v) = An(u,v) = 0.

Case 2b. I,J € P, 2, K € P, and hence u®v € %ZQ. Therefore {I, J} € &
and dr(u) = dr(v). Since ud v € %ZQ, () = —Y(pugv(un)) = —¢(v) by
Lemma (ii). It follows that @(u) + 7(v) — 7(u @ v) = 0, and therefore
Arl(u,v) = An(u,v) = 0.

We conclude that 7! (and similarly 72) is subadditive and symmetric, and
therefore minimal and hence valid. Therefore 7 is not extreme. a

3.3 Non-extremality by diagonal equivariant perturbation

We next construct a different equivariant perturbation function. Let I =
(pg,Te | 1-g8 = 0 (mod é)}, where 1 = (1,1), be the group generated by
reflections and translations corresponding to all points on diagonal edges of P;.
We define the function ¢: R? — R as a continuous piecewise linear function over
‘P4q in the following way:

1 if1~xz4iq (mod %),
p(x) =14 -1 ifl-xz%q (mod %),
0 ifl-szor%q (mod%).

This function satisfies all properties of [Lemma 3.6] but is also I'_-equivariant.

Lemma 3.9. Suppose there exists I* € 3372 and 7 is diagonally constrained.
Then m is not extreme.
Proof. Let R = (Ujcg,. /) \{x|1-x=0o0r % (mod %)}
Let
e=min{ Anp(x,y) #0 | F € APy, (x,y) € vert(F) },

and let T be the unique continuous piecewise linear function over Py, such that
for any vertex x of P4q, we have 7(x) = dg(x) - ¢(x) where g is the indicator
function for the set R. By construction, 7 is a continuous function that vanishes
on all diagonal hyperplanes in the complex P,. We will show that for

1

T =7+ 5T, =7 T,

wlo
wlo

that 7', 72 are minimal, and therefore valid functions, and hence 7 is not ex-
treme. We will show this just for 7! as the proof for 72 is the same.

Since, ¢(0) = 0 and ¢(f) = 0, we see that 71(0) = 0 and 7!(f) = 1.

We want to show that 7! is symmetric and subadditive. We will do this
by analyzing the function Arl(x,y) = 71(x) + 7!(y) — 7' (x @ y). Since 7 is
continuous piecewise linear over Pyq, 7" is also continuous piecewise linear over
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Paq, and thus we only need to focus on vertices of APy,, which, by Lemma
are contained in iZQ.

Let u,v € 4.7%.

First, if Amcu,v) >0, then Amu,v) > € and therefore

Art(u,v) > w(u) —¢/3+7(v) —¢/3 —m(u P V) — ¢/3 = An(u,v) — € > 0.

Next, we will show that if Ar(u,v) = 0, then Anl(u,v) = 0. This will
prove two things. First, Arl(x,y) > 0 for all x,y € [0,1]?, and therefore 7! is
subadditive. Second, since 7 is symmetric, Ar(x,f ©x) = 0 for all x € 4—1qZ2,

which would imply that Arl(x,f © x) = 0 for all x € iZz, proving 7! is

symmetric via

Suppose that Ar(u,v) = 0. We will proceed by cases.

Case 1. Suppose u,v,u@v ¢ R. Then dg(u) = dr(v) = dp(u @ v) = 0, and
Art(u,v) = An(u,v) > 0.

Case 2. Suppose u,v € 2—1qZ2. Then 1 (u@®v) =0 (mod %) and, by definition
of R, u,v,ud®v ¢ R, and we are actually in Case 1.

Case 3. Suppose we are not in Cases 1 or 2. That is, suppose Ar(u,v) = 0, not
both u,v are in 2—222, and at least one of u,v,u@® v is in R. Since An'(x,y)
is symmetric in x and y, without loss of generality, since not both u,v are in
iZQ, we will assume that u ¢ 2%122.

Since u ¢ ﬁZz, (u,v) ¢ vert(AP,). Therefore, there exists a face F' €
AP, such that (u,v) € relint(F). Since Anp > 0 (7 is subadditive) and
Anp(u,v) =0, it follows that Arp = 0. Now let (I, J, K) € Epax (7, Py) such
that F'(I,J, K) D F. Since 7 is diagonally constrained, by definition, I, J, K are
each either a vertex, diagonal edge, or triangle in P,. We discuss the possible
cases for I, .J, K according to Lemma

1. If I, J,K ¢ P, 2, then I, J, K are all vertices or diagonal edges of P,, which
are all not contained in R since all vertices and diagonal edges are subsets
of {x|x;+x2=0 (mod %) }. Therefore, u,v,u @ v ¢ R, which means we
are in Case 1.

2. IfI,J,K € Py, then I, J, K € 83’2. By definition of 53727 for any I’ € Sq272
and J' € 5372, either I'NJ" =0, or I'NJ" € P, . Therefore, u,v,udv ¢ R,
which means we are in Case 1.

3. If two of I,J, K are in P, and the third is a vertex, i.e., is in Py . Since
u ¢ éZQ, I cannot be a vertex. Therefore, I € P, 2. For this case, the proof is
exactly the same as Case 2a and Case 2b in the proof of Lemma [3.8 because
7(x) = 0 for all vertices x € P, . For brevity, we will not repeat it here.

4. Ifone of I, J, K is in P, , call it I, and the other two are in P, o, call them
J',K', then J',K' € S}, and {J',K'} € £_. Since I’ € Py, I'N R = 0.
Recall that S}, C 81, US7,. If either J' or K’ is in S2,, then they both
are in 33’27 ie., JJUK NR =0 and therefore u,v,u® v ¢ R, which is
Case 1. We proceed to consider the case where I’ € P, and J', K’ € 5;2
with {J', K’} € £ of which there are three possible cases.
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Case 3a. I € P, ., J,K € Py. Since {J,K} € £, 6r(v) = drp(ud v).
Since I € Py and u € [, 1-u =0 (mod ). It follows that ¢(u) = 0 and
1-v=1-(u®v) (mod %) Therefore, p(v) = ¢(u @ v). Combining these, we
have 7(u) + #(v) — 7(u® v) = 0, and therefore Ar!(u,v) = An(u,v) = 0.

Case 3b. J € P, ., I,K € Py2. This is similar to Case 3a and the proof

need not be repeated.
Case 3c. I,J € Pyo, K € Py and hence 1- (u@ v) =0 (mod %) Since

{I,J} € &, we have dg(u) = dr(v). Since 1 - (ud v) = 0 (mod %), we have
l-u=-1-v (mod é), and hence ¢p(u) = —p(v). It follows that 7(u) + 7(v) —
A(u®v) =0, and therefore Ar!(u,v) = Ar(u,v) = 0.

We conclude that 7! (and similarly 72) is subadditive and symmetric, and

therefore minimal and hence valid. Therefore 7 is not extreme. O
Proof (of Lemma . This follows directly from Lemmas and ad

The specific form of our perturbations as continuous piecewise linear function
over P44 implies the following corollary.

Corollary 3.10. Suppose m is a continuous piecewise linear function over P,
and is diagonally constrained. If m is not affine imposing over Py 2, then there
ezist distinct minimal 7', 7% that are continuous piecewise linear over Py, such
that m = %Wl + %WQ.

3.4 Extremality and non-extremality by linear algebra

In this section we suppose 7 is a minimal continuous piecewise linear function
over P, that is affine imposing in P, 5. Therefore, 7! and 72 must also be contin-
uous piecewise linear functions over Py. It is clear that whenever 7(x) + 7(y) =
7(x @y), the functions 7! and 72 must also satisfy this equality relation, that
is, 7 (x) + 7i(y) = 7' (x @ y). We now set up a system of linear equations that
7 satisfies and that 71 and 7wy must also satisfy. Let : 522 — R. Suppose ¢
satisfies the following system of linear equations:

©(0) =0, o(f) =1, ¢((})) =0, (7)) =0, ¥((1))) =0,
o) +p(v) =p(udv)ifu,v e éZQ, m(u) + 7(v) = 7(u
Since 7 exists and satisfies , we know that the system has a solution.

Theorem 3.11. Let m: R? — R be a continuous piecewise linear valid function
over Py.

i. If the system does not have a unique solution, then 7 is not extreme.
ii. Suppose m is minimal and affine imposing in Py 2. Then m is extreme if and
only if the system of equations has a unique solution.

The proof, similar to one in [2], appears in appendix
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3.5 Connection to a finite group problem

Theorem 3.12. Let w be a minimal continuous piecewise linear function over
P, that is diagonally constrained. Then m is extreme if and only if the system of
equations (1) with %qZ2 has a unique solution.

Proof. Since 7 is continuous piecewise linear over P, it is also continuous piece-
wise linear over Pyq. The forward direction is the contrapositive of Theorem [3.11](i),
applied when we view 7 piecewise linear over Py,. For the reverse direction, ob-
serve that if the system of equations (1) with ﬁZQ has a unique solution, then

there cannot exist distinct minimal 7', 72 that are continuous piecewise linear
over Py, such that 7 = %71'1 + %ﬂ‘z. By the contrapositive of Corollary mis
affine imposing in P, 2. Then 7 is also affine imposing on Py 2 since it is a finer

set. By |Theorem 3.11|(ii), since 7 is affine imposing in P4, 2 and the system of

equations (1)) on P4, has a unique solution, 7 is extreme. O
q )

Theorem [T.4]is proved by testing for minimality using Lemma [A-10]and then
testing for extremality using Theorem Theorem is a direct consequence
of Theorem B.12
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A  Appendix

A.1 Equivariant perturbations

In this section we outline the theory of equivariant perturbations for the infinite
group problem, used first in [2] for the case k = 1.

We consider a subgroup of the group Aff(R¥) of invertible affine linear trans-
formations of R” as follows.

Definition A.1. For a point r € R¥, define the reflection p,: RF — RF, x
r — x. For a vector t € R*, define the translation 7¢: R¥ — R, x +— x + t.

Given a set R of points and a set U of vectors, we will define the subgroup
I'={(py,t|reER, teU).

Let r,s,w,t € R*. Each reflection is an involution: p, o p, = id, two reflections
give one translation: p, o ps = Tr—s. Thus, if we assign a character x(py) = —1
to every reflection and x(7¢) = +1 to every translation, then this extends to a
group character of I', that is, a group homomorphism x: I" — C*.

On the other hand, not all pairs of reflections need to be considered: pso pyw =
(ps © pr) © (pr © pw) = (pr © ps) ' © (pr © pw). Thus the subgroup 7" = ker x of
translations in I" is generated as follows. Let ry € R be any of the reflection
points; then

T=(Ty—r,t|rER tEU).

It is normal in I', as it is stable by conjugation by any reflection: p, o7 0 pyt =
T_t. If v € I' is not a translation, i.e., x(v) = —1, then it is generated by an odd
number of reflections, and thus can be written as v = 7p,, with 7 € T. Thus
I'/T = {py,) is of order 2. In short, we have the following lemma.

Lemma A.2. The group I' is the semidirect product T X {py,), where the (nor-
mal) subgroup of translations can be written as

T={m|teA}
where A is the additive subgroup
A=(r—r,t|reR tcU), CR"

Definition A.3. A function ¥: RF — R is called I'-equivariant if it satisfies
the equivariance formula

Y(v(x) = x(MY(x) forxeR andy eI (2)

We note that if A is discrete, i.e., a lattice, then there is a way to construct
continuous ['-equivariant functions by defining them on a fundamental domain
and extending them to all of R* via the equivariance formula . The same is
true for the case where A is a mixed lattice, i.e., a direct sum of a lattice in a
subspace and another subspace. We omit the details.
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A.2 Polyhedral complexes Py, AP, and unimodularity

We first comment that f must be a vertex of P, of any minimal valid function.
We omit the proof here as it is very similar to ([2], Lemma 2.1).

Lemma A.4. If m is a minimal function, then f € %ZQ.

Definition A.5. For I,J,K € P, \ {0}, we say (I,J, K) is a valid triple pro-
vided that the following occur:

. KCI®J,
1. For allu € I there exists a v € J such thatu®dv € K,
11. For all v € J there exists au € I such thatudv € K,

Equivalently, a valid triple (I, J, K) is characterized by the following property.

iv. Whenever I’,J', K’ are sets such that I' C I, J C J, K/ C K and
F(I,J,K)=F(I',J',K") we have that I' = I, J' = J, K’ = K.

The construction of P, has convenient properties such as the following.

Lemma A.6. Let I,J € P,. Then I © J and I © J are both unions of faces in
Py

Proof. By construction, for any face K € Py, the set {xmod 1 | x € K } is also
a face in P,. Therefore we only need to show that the Minkowski sums I + J
and I — J are unions of faces in P,. Let

a_[-1o0 117"
00 1-11-1

Let a’ be the i*® row vector of A. Then there exists vectors b', b? such that I =
{x|Ax <b'}, J ={y | Ay < b?}. Moreover, due to the total unimodularity
of the matrix A, the right-hand side vectors b', b? can be chosen so that b, b2
are tight, i.e.,

maxa’-x = b}

7 12
ma i» Maxa -y =bj, (3)

and b!,b? ¢ %Zz.

We claim that I +J = {x | Ax < bl +b?}. Clearly I +J C {x | Ax <
b! + b?}. We show the reverse direction. Let K’ be a facet (edge) of I + J.
Then K’ = I' + J', where I’ is a face of I and J' is a face of J. Without
loss of generality, assume that I’ is an edge; then J' is either a vertex or an
edge. By well-known properties of Minkowski sums, the normal cone of K’ is the
intersection of the normal cones of I’ in I and J' in J. Thus K’ has the same
normal direction as the facet (edge) I’. This proves that I +J = {x | Ax < b}
for some vector b.

Let x*, y* be maximizers in [3| Then x* +y* € I + J. Then

bl +b?=a' x*+a'-y* < max a'-z <maxa'-x+maxa’ -y =b} +b?.
zel+J xel yeJ
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Therefore, max,er4 7 a’*-z = bl +b?, which shows that every constraint a;-z < b}
is met at equality, and therefore I + J = {x | Ax < b! + b?} and we conclude
that I + J must be a union of subsets in P,.

Thecase I —J={z—y |z € K,y € J} is shown similarly. O

Lemma A.7. E(m) = {F(,J,K) | (I,J,K) € Enax (7, Pg) }.

Proof. Clearly the right hand side is a subset of E(7). We show E(r) is a subset
of the right hand side. Suppose (x,y) € E(n). Let I, J, K € P, be minimal faces
by set inclusion containing x, y, and x @y, respectively. We show that (I, J, K)
is a valid triple. By Lemmal[A.6] 1@®.J is a union of faces in P,. Since x®y € I®.J
and x @y € K, we have that K N (I + J) # 0, and in particular, is a union of
faces of P, containing x + y. Since K was chosen to be a minimal such face in
Py containing x @y, we have that K C I ® J.

Similarly, by Lemma [A.6] K © .J is also a union of sets in P, containing x.
Since I is a minimal set containing x, it must be that I C K & J. Therefore, for
any u € I, there exists a v € J such that ué® v € K.

Similarly, we find that for any v € J, there exists a u € I such that u@ v € K.

Since I, J, K were chosen to be minimal in P, the triple satisfies criterion
(iv) of being a valid triple. Hence, (I, J, K) is a valid triple.

Next we argue that (I,J,K) € E(n,P,). This is because Ar is affine in
F(I,J,K), Ar > 0, (x,y) € relint(F(I,J, K)), An(x,y) = 0 and therefore
AW|F(I,J,K) = 0, i.e., (I, J, K) € E(W,Pq).

Lastly, if (I, J, K) is not maximal in E(m, P,), then there exists a maximal
(I',J',K') such that F(I',J', K') D (I, J, K), namely, (x,y) € F(I',J',K'). O

Next we study the complex AP,.

Proof (of , Since F' € AP,, we can write F' using the system of
inequalities F = {(x,y) € R*: A(x,y) < b} where b € éZg, the matrix A is
given by

10100010117

011000011
000101101
000011011

and the matrix A differs from A only by scaling each row individually by +1.
(This inequality representation of F' will usually be redundant.) By checking
every subdeterminant of the matrix A, it can be verified that A is totally uni-
modular, and therefore A is also totally unimodular. Therefore, the polytope
qF = {(x,y) € R*: A(x,y) < ¢b} has integral vertices in Z*.

It follows that P has vertices in %Z‘L. Therefore, x,y € %ZQ and therefore
are vertices of Py. O
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A.3 Continuity results

In this section we prove on continuity. Although similar results
appear in [I0], we provide proofs of these facts to keep this paper more self-

contained. We first prove the following lemma.

Lemma A.8. If 0: R* — R is a subadditive function and limsup,,_,, |9|(}111|)| =

L < oo, then 0 is Lipschitz continuous with Lipschitz constant L.

Proof. Fix any § > 0. Since lim supy,_,q |9‘(ﬁ1‘)‘ = L, there exists € > 0 such that

for any x,y € R satisfying |x — y| < ¢, % < L + ¢. By subadditivity,

O(x—y)| > |0(x) —0(y)| and so w < L+ ¢ for all x,y € R satisfying
[x—yl

|x —y| < e. This immediately implies that for allx,y € R, w < L+4, by

|x
simply breaking the interval [x,y] into equal subintervals of size at most €. Since
16(x)

—0(y)|
eyl < L+4

the choice of § was arbitrary, this shows that for every é > 0,

and therefore, % < L. Therefore, 6 is Lipschitz continuous with Lipschitz
constant L. O

Proof (of Theorem m) The minimality of 7!, 72 is clear. Since we assume

w72 >0, 7 = %71'1 + %71'2 implies that ¢ < 27 for ¢ = 1,2. Therefore if
lim supy, |7T|§:T)| = L < oo, then limsupy_,q |’T|Z}(1}“)‘ < 2L < oo for ¢ = 1,2.

Applying Lemma[A'8] we get Lipschitz continuity for all three functions. ad

The following is a slight generalization of the Interval Lemma that appears
in [I]. The proof is a minor modification of the original proof.

A.4 Finite test for minimality of piecewise linear functions

In this subsection, we show that there is an easy test to see if a continuous
piecewise linear function over P, is minimal.

Lemma A.9. Suppose that m is a continuous piecewise linear function over P,
and 7(0) = 0.

1. 7 is subadditive if and only if 71(x) + 7(y) > w(x D y) for all x,y € %Zz,
2. 7 is symmetric if and only if 7(x) + n(f o x) =1 for all x € %Zz.

Proof. Clearly the forward direction of both statements is true. We will show
the reverse of each. For subadditivity, we need to show that Amr > 0. Since A
is piecewise linear over AP,, we just need to show that Am(x,y) > 0 for any
(x,y) € vert(AP,). By Lemma vert(AP,) C %Z"‘, and the result follows.

Next, we show symmetry. Since 0, f € %ZQ and 7(0) = 0, we have that =(f) = 1.

Let x € [0,1]% and let F' € AP, such that (x,f &x) € F.
Similarly, to show symmetry, we need to show that An(x,y) = 0 for all
x,y € [0,1]2 such that x @y = f. Let x,y € [0,1]? such that x ® y = f. Since
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fAE %ZQ by Lemma (x,y) € relint(F) for some face F of some F € AP, and
FC{(x,y)|x®y=f}. Since Arp(u,v) =0 for all (u,v) € vert(F) C %22
when u®v = f, and Anp is affine, it follows that An(x,y) = Arp(x,y) =0. O

The following theorem is a direct corollary of Lemma and Theorem

Theorem A.10 (Minimality test). A function m: R?> — R that is continuous
piecewise linear over Py is minimal if and only if

1. #(0) =0,
2 7(x) + nly) > w(xy) for allx.y € 122,
3. m(x)+n(fox )zlforallxeéZQ.

A.5 Properties of valid triples

Lemma A.11. Suppose  is continuous piecewise linear over Py and is diago-
nally constrained. Suppose that (I,J,K) € E(m,Py). Then one of the following
18 true.

1. I,J,K € Py o UPy.,

2. 1,J,K € Py,

3. One of I,J, K 1is in Py, while the other two are in Py 2,
4. One of I1,J,K is in Py <, while the other two are in Py 2

Proof. By definition of diagonally constrained, I, J, K € P, 0UPy - UP, 2. There
are 27 possible ways to put I, J, K into those three sets. Above, 15 possibilities
are described. We will show that the 12 remaining cases not list above are not
possible because (I, J, K) is assumed to be a valid triple.

1. Suppose I,J € PyoUP, ., K €I, Then K’ =16 J C K, and therefore
F(I,J,K)=F(I,J,K'), and therefore (I, J, K) is not a valid triple.

2. Suppose I, K € Py oUPy -, J € Ig2. Then K ©1 C J, and therefore, there
exists a J' C J such that F(I,J,K) = F(I,J’, K), and therefore (I, J, K) is
not a valid triple.

3. Suppose J, K € Py oUP, ., I €1,5. This is similar to the last case.

Lemma A.12. Suppose (I,J, K) is a valid triple. The following are true.

i. Suppose I,J € Pyo. Then for every point u € int(I) there exists a point
v € int(J) such that u @ v € relint(K).

ii. Suppose I,K € Py 2. Then for every point w € int(K) there exists a point
u € int(I) such that w & u € relint(J).

Proof. Part (i). Let u € int(I) and so (1,0)Tu, (0,1)Tu and (1,1)Tu are all
nonzero modulo %. Since (1, J, K) is a valid triple, there exist v € J and w € K
such that u® v = w. Thus, (1,0)7v and (1,0)Tw are different modulo % (resp.
for (0,1)Tv, (0,1)Tw and (1,1)Tv, (1,1)Tw). Note that for any point x € R?,
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either (1,0)"x, (0,1)"x and (1,1)"x are all 0 modulo , or exactly one of these
numbers is 0 modulo %, or none of them are 0. Thus, we consider these cases :

Case 1: (1,0)Tw, (0,1)Tw and (1,1)Tw are all 0 modulo %. Then v € int(J)
since J € Py 2. Then one can choose a vector d such that w’ = w+d € relint(K)
and v =v +d € int(J). Then u® v/ = w’ and we are done.

Case 2: (1,0)"v, (0,1)"v and (1,1)"v are all 0 modulo ¢. Then w € int(K)
and one can choose again a vector d such that w' = w +d € int(K) and
v =v+d € int(J). Then u@® v’ = w’ and we are done.

Case 3: Exactly one of (1,0)Tw, (0,1)Tw and (1,1)Tw is 0 modulo % and
the same holds for v. This means w and v lie on different hyperplanes in the
arrangement 7,. But then one can again choose a vector d such that w' =
w+d € relint(K) and v/ = v+d € int(J). Then u® v/ = w’ and we are done.

Case 4: None of (1,0)Tw, (0,1)Tw and (1,1)Tw is 0 modulo % and the same
holds for v. This means v € int(J) and w € int(K) already and we are done.

Part (ii) can be proved in a similar way.

A.6 Interval lemma

The so-called Interval Lemma was introduced by Gomory and Johnson in [11].
We prove this in a more general setting with three functions by a modifying a
proof from [IJ.

Lemma A.13 (Interval Lemma). Given real numbers u1 < ug and vy < va,
let U =[uy,us], V= [v1,02], and U+ V = [ug + v1,us +vs]. Let f: U — R,
g:V >R h: U+V — R be bounded functions.

If f(u) + g(v) = h(u +v) for every uw € U and v € V, then there exists c € R
such that f(u) = f(u1) + c(u—uqy) for every u € U, g(v) = g(v1) + c(v —v1) for
every v € V, h(w) = h(ur +v1) + c(w —uy —v1) for everyw e U + V.

Proof. We first show the following.

Claim 1. Let w € U, and let € > 0 such that vy + ¢ € V. For every nonnegative
integer p such that u+pe € U, we have f(u+pe)— f(u) = p(g(v1 +¢) —g(v1)).

For h =1,...,p, by hypothesis f(u + he) + g(v1) = h(u+ he +v1) = f(u+
(h—1)e) + g(v1 +¢€). Thus f(u+ he) — f(u+ (h—1)e) = g(v1 +€) — g(v1), for
h=1,...,p. By summing the above p equations, we obtain f(u + pe) — f(u) =
p(g(v1 +¢€) — g(v1)). This concludes the proof of Claim 1.

Let w,u’ € U such that w — @’ € Q and u > @'. Define ¢ := %ﬁfﬂl)

Claim 2. For every u,u € U such that v — v € Q, we have f(u) — f(u') =
c(u—u').

We only need to show that, given u,u’ € U such that u — v’ € Q, we have
fu) = f(v') = c(u — ). We may assume u > u'. Choose a positive rational e
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such that © — u’ = pe for some integer p, u — v’ = pe for some integer p, and
v1 +€ € V. By Claim 1,

f@a) = f@@) =plg(vi+e) —g(v1)) and  f(u)— f(u') = p(g(vr+e) —g(v1)).
Dividing the last equality by v — v’ and the second to last by @ — @', we get

@) _ f) = f)

u—u

~—

g(v1 +¢) —g(v1) _ f(u
€

|

Thus f(u) — f(v') = ¢(u — u'). This concludes the proof of Claim 2.

Claim 8. For every u € U, f(u) = f(u1) + c(u — u1).

Let §(z) = f(x) — cx for all x € U. We show that 6(u) = d(uq) for all u € U
and this proves the claim. Since f is bounded on U, ¢ is bounded over U. Let
M be a number such that |6(x)] < M for all z € U.

Suppose by contradiction that, for some u* € U, §(u*) # d(u1). Let N be a
positive integer such that |N(d(u*) — d(uq1))| > 2M.

By Claim 2, 6(u*) = d(u) for every v € U such that u* — v is rational. Thus
there exists @ such that §(a) = 0(u*), us + N(@—wuy) €e U and vy +u—ug € V.
Let @ — uy = . By Claim 1,

Thus |§(u; + Ne)—d(up)| = |
implies |§(u; + Ne)| + |6(uy)| > 2M, a contradiction. This concludes the proof
of Claim 3.

By symmetry between U and V, Claim 3 implies that there exists some
constant ¢’ such that, for every v € V, g(v) = g(v1) + ¢/ (v —v1). We show ¢ = c.
Indeed, given € > 0 such that uy+e € U and vi+e € V, ce = f(ur+¢)— f(u1) =
g(v1 +¢) — g(v1) = e, where the second equality follows from Claim 1.
Therefore, for every v € V', g(v) = g(v1) +cg(v—wv1). Finally, since f(u)+g(v) =
h(u + v) for every u € U and v € V, we have that for every w € U + V|,
h(w) = h(uy +v1) + c(w — ug — vy). O

A.7 GGeneralized interval lemma and corollaries

The following lemma is a generalization to higher dimensions of the interval
lemma that appears in the literature for the infinite group problem.
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Lemma A.14 (Higher Dimensional Interval Lemma). Let 7 : R¥ — R
be a bounded function. Let U and V be compact convex subsets of R¥ such that
m(u) +7(v) =7m(u+v) for allu e U and v € V. Corresponding to every linear
subspace L of RF, there exists a vector g in the dual space L' of L with the
following property. For any u® € U and v° € V such that u® (resp. v°) is in the
interior of (W’ + L)NU (resp. (vO+ L) NV ) in the relative topology of L, the
following conditions hold:

(i) ©(u® + p) = n(u®) + (g, p) for all p € L such that u® +p € U.
(ii) 7(v° +p) =7(v®) + (g,p) for all p € L such that v® + p € V.
(iii) 7(u®+v?+p) = w(u’+v°) +(g,p) for allp € L such that vP+p € U+ V.

Proof. We fix an arbitrary linear subspace L and exhibit a vector g € L’ with
the stated property. Let p',...,p™ be a basis for L (we obviously have m < k).
Now consider any u® € U and v° € V such that u® (resp. vY) is in the interior of
(u’+ L)NU (resp. (v’ + L)NV) in the relative topology of L. Let ui < u} € R,
i=1,...,m be such that the intersection of the line u’ + Ap* with U is given by
{u® + Ap: uf < X < ub} (these numbers exist since U is assumed to be compact
and convex), similarly, vi < v4 € R are defined with respect to V, v? and p°.

Let fi: [u},u] — R be defined by f{(A\) = 7(u’ + Ap%), ¢* : [vi,vi] — R be
defined by g'(\) = 7(v® + Ap?) and A’ : [ul + v}, ub + vi] — R be defined by
hi(\) = m(u® +v° + A\p?). Applying Lemma [A.13] there exists a constant ¢; € R
such that

m(u® + Ap?) = 7(u®) + ¢; - A for all A € [ul, ud),
7(vO + Ap?) = m(u°) + ¢; - A for all X € [v},v}] and (4)
7(u® + v+ Ap?) = m(u® + v0) +¢; - A for all A € [uf + vi, ub + vi].

u
u

Notice that this argument could be made with u® and any other v € V with
the property that v is in the interior of (v + L) N V. Thus, ¢; is independent
of v0. Applying a symmetric argument by fixing v? and considering different
u € U, we see that ¢; is also independent of u’. In other words, ¢;, i =1,...,m
only depend on 7, L and the two sets U and V', and holds for any u € U
and v € V with the property that u (resp. v) is in the interior of (u+ L) NV
(resp. (u+ L) NV) in the relative topology of L.

We choose g € L' as the unique dual vector satisfying (g, p’) = ¢;. Now for
any p € L such that u® 4+ p € U. We can then represent p = >y Aip’ such
that ¢ < )\; < wb. Thus, 7(u’+p) =m(u’+> ", \;p"). Now using () with
i = m we have

m(u® + 337 Aip) = m(u + 07 A+ Awp™)
= 71'(110 + 221;1 A1pz) + Cm * A'm

which follows because the ¢;’s do not depend on the particular point u® and
in the case above we apply it on the point u® + 211711 Aip’. By applying this
argument iteratively, we find that
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m(® + 370 Aip?) = w(u®) + X0 e A
— r(?) + St
= W(u()) + <g, i=1 Aipl>

m(u’) + (g, p)
This proves condition () in the statement of the lemma. The same argument
applies for proving conditions (i7) and (). O

Now the lemmas stated in [Section 2l follow as corollaries.

Proof (of. Let U(x,r) C R? denote the /., ball of radius r around
x € R2. Define

r(u) = sup{r € R: 3v, w such that U(u,r) C I,U(v,r) C J,U(w,2r) C K}.

Since (I,J, K) is a valid triple, by Lemma (i), for any u € int(I), there
exist v € int(J) and w € int(K) such that u@® v = w. Thus, r(u) > 0 for every
uel.

Claim. r(u) is a continuous function of u.

Proof. r(u) is the optimal value of the linear program with variables r, v, w given
by

max 7 subject tou®v =w,U(u,r) C I,U(v,r) C J,U(w,2r) C K.

All the constraints can be written as linear constraints. Since the value of a para-
metric linear program is continuous in the parameter (in this case the parameter
is u) we are done. O

We will now show that for any two points x1,xs € int([I), there exist finitely
many full-dimensional parallelotopes Ui, ..., U in R? such that x; € Uy, xo €
Uy and int(U;) Nint(U;41) # 0 for all 4 = 1,...,k — 1. Moreover, we will show
that 7 is affine over each U;, ¢ = 1, ..., k. This will imply that in fact 7 is affine
over int(I) and therefore, by continuity, over I. By a symmetric argument, one
can show that 7 is affine over J. This will then show that 7 is affine over K.

Given x1,x9 € int(I), consider the minimum value ¢ of r(u) as u varies
over the line segment [x;,X2]. Note that € is strictly greater than 0 as it is the
minimum of a strictly positive function over a compact set. This implies that we
can find a set of points u; = x1,...,u; = X2 on the line segment [x7,x2] such
that if we let U; = U(u;,€) we have the property that x; € Uy, xo € Uy and
int(U;) Nint(Ui41) # 0 for all i = 1,...,k — 1. Now, by the definition of r(u;)
which is greater than or equal to €, there exist v; and w;, ¢ = 1,..., k such that
U(u;,r(w;)) € LU(vi,r(w;)) € J,U(w;,2r(w;)) € K. Applying Lemma [A.14]
with L = R2, U = U(u;,r(w;)), V = U(vi,7(w;)) and ug = u; and vq € v;, we
obtain that 7 is affine over U(u;,7(u;)) and hence over U; C U(u;, m(w;)).

The fact that the gradient over I and J (and hence over K) are the same
follows from the observation that Lemma [A:14] gives the same gradient over the
parallelotopes U = U(u;,r(u;)) and V = U(v;,r(u;)) in the above argument.

|

Similar arguments can be used to show We omit the proof.



22 Amitabh Basu, Robert Hildebrand, and Matthias Koppe

A.8 Transferring affine linearity
Proof (of|[Lemma 2.4)). Let e € Py 1 be the common edge for I and J. We assume

that e is horizontal (the argument for vertical edges is exactly the same) and let
v? € R? be the vertex of e such that the other vertex is v0 + (0,1)7. Since = is
affine on I, there exists ¢ € R such that w(v? + \(0,1)7) = 7(v%) + ¢ - X for all
0 < A < 1. Now observe that any point in J can be written as v? + 1 (0,1)T +
pa(—1,1)T with 0 < py, po < 1 and therefore, m(v0? + 11 (0, 1)T + pa(=1,1)T) =
(v + p1(0,1)T) + ¢ - po (using (i) in the hypothesis) and m(v® + 11 (0,1)T) +
c-pg =7n(v0) + ¢ -y +c- pg. Thus, 7 is affine on J. ad

Proof (of, Case (i). Suppose {I,J} € &. Since 7, 7!, 7% are all
continuous, we just prove that 9y is constant on int(J). If {I,J} € £, Ja € %ZQ
such that, setting K = {a} € P, 0, one of the following two cases occurs.
Case 1. (I,J,K) € E(m,Py). Then m;(x) + m;(y) = 7 (a) for all x € I,y €
J,x @y = a, or rewriting this, we have 7;(x) = mx(a) — m7(a & x). For any
u € int(J), it follows from Lemma [3.2] that a © u € int([). Since the right hand
side is differentiable in the direction of v at a © u, the left hand side is as well.
The result in this case follows by the chain rule.
Case 2. (I,K,J) € E(r,P,). Then 7;(x) + nx(a) = n;(y) for all x € I,y €
J,x @ a =y, or rewriting this, we have 7;(x @ a) = 77(x) + 7k (a). For any
u € int(J), it follows from Lemma [3.2] that u & a € int([). Since the right hand
side is differentiable in the direction of v, the left hand side is as well. The result
again follows by the chain rule.

Case (ii). Suppose {I,J} € £_. Using Lemma the proof follows similar
to Case (i). O

A.9 Proof of [Theorem 3.11]
Proof (of|Theorem 3.11)). Part (i). Suppose (1) does not have a unique solution.

Let @: %Zz — R be a non-trivial element in the kernel of the system above.
Then for any €, 7|1 g2 T €P also satisfies the system of equations. Let
q

e =min{ Arp(x,y) #0 | F € AP,, (x,y) € vert(F) }.

Let 7: R? — R be the continuous piecewise linear extension of ¢ over P, and
set 1 = 7+ A= m? = 7 — g @ Note that 0 < ||7|| < oo since ¢
comes from a non-trivial element in the kernel. We claim that 7!, 72 are both
minimal. As before, we show this for 7!, and the proof for 72 is similar. Since

7|1 - satisfies the system and @ is an element of the kernel, 7! satisfies the

q
system as well. In particular, we have 71(0) = 0,71(f) = 1,71((0,1)) =
0,71((0,1)) = 0,7((1,1)) = 0.

Next, 7! is symmetric because the symmetry conditions are implied here,
that is, since we require that ¢(f) = 1, and since 7 is minimal, Az (u,f —u) =0
whenever u € %ZZ, hence, by Theorem 7! is symmetric.



Equivariant Perturbation II 23

Lastly, we show that 7! is subadditive. Let u,v € %Z? If An(u,v) =0, then
Ap(u,v) =0, as implied by the system of equations. Otherwise, if An(u,v) > 0,
then

€

P(v) pludv)

Arl(u,v) = Ar(u,v —4—%@11-1— - —,;
(u,v) = Am(u,v) + g e (W + 3o (V) — g5

Therefore, by Theorem 7! (and 7?) is subadditive and therefore minimal
and valid. Therefore 7 is not extreme.

Part (ii). Suppose there exist distinct, valid functions 7!, 72 such that = =
1

§7T1 + %71'2. Since 7 is minimal and affine imposing in P, 2, ml, 72 are mini-
mal continuous piecewise linear functions over P,. Furthermore, 7|1 - and, also

™1
q
solution, then m = 7' = 72, which is a contradiction since ', 7% were assumed
distinct. Therefore 7 is extreme.
On the other hand, if the system does not have a unique solution, then
by Theorem |3.11} 7 is not extreme. a

q
22,71'2| 1, satisfy the system of equations . If this system has a unique
q

1
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