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1. Introduction

“Omne can conceive of Information Theory in the broad sence as covering the
theory of Gaining, Transferring, and Storing Information, where the first is
usually called Statistics.” [2].

Shannon information theory and mathematical statistics interaction revealed
to be effective. This interplay is mutually fruitful, in some works results of
probability theory and statistics were obtained with application of information-
theoretical methods and there are studies where statistical results provide ground
for new findings in information theory [12], [14], [16]-[19], [35], [39], [49], [54],
[57]-[59].

This paper can serve an illustration of application of information-theoretical
methods in statistics: on one hand this is analogy in problem formulation and
on the other hand this is employment of technical tools of proof, specifically of
the method of types [15], [17].

It is often necessary in statistical research to make decisions regarding the
nature and parameters of stochastic model, in particular, the probability distri-
bution of the object. Decisions can be made on the base of results of observations
of the object. The vector of results is called a sample. The correspondence be-
tween samples and hypotheses can be designed based on some selected criterion.
The procedure of statistical hypotheses detection is called test.

The classical problem of statistical hypothesis testing refers to two hypothe-
ses. Based on data samples a statistician makes decision on which of the two
proposed hypotheses must be accepted. Many mathematical investigations, some
of which have also applied significance, were implemented in this direction [50].
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The need of testing of more than two hypotheses in many scientific and ap-
plied fields has essentially increased recently. As an instance microarray analysis
could be mentioned [22].

The decisions can be erroneous due to randomness of the sample. The test
is considered as good if the probabilities of the errors in given conditions are as
small as possible.

Frequently the problem was solved for the case of a tests sequence, where
the probabilities of error decrease exponentially as 2~ V¥, when the number of
observations IV tends to the infinity. We call the exponent of error probability
E the reliability. In case of two hypotheses both reliabilities corresponding to
two possible error probabilities could not be increased simultaneously, it is an
accepted way to fix the value of one of the reliabilities and try to make the tests
sequence get the greatest value of the remaining reliability. Such a test is called
logarithmically asymptotically optimal (LAO). Such optimal tests were consid-
ered first by Hoeffding [48], examined later by Csiszér and Longo [18], Tusnady
[57], [58] (he called such test series exponentially rate optimal (ERO)), Longo
and Sgarro [52]. The term LAO for testing of two hypotheses was proposed
by Birge [11]. Amongst papers on testing, associated with information theory,
we can also note works of Natarajan [54], Gutman [25], Anantharam [8], Han
[26] and of many others. Some objectives in this direction were first suggested
in original introductory article by Dobrushin, Pinsker and Shiryaev [21]. The
achievable region of error probability exponents was examined by Tuncel [56].

The problem has common features with the issue studied in the information
theory on interrelation between the rate R of the code and the exponent E of
the error probability. In information theory the relation E(R) is called according
to Shannon the reliability function, while R(FE) is named the E-capacity, or the
reliability-rate function, as it was introduced by Haroutunian [28], [34], [43].

Simple but actual concept of not only separate but also simultaneous inves-
tigation of some number of objects of the same type, evidently, was first for-
mulated by Ahlswede and Haroutunian [6] for reliable testing of distributions
of multiple items. But simultaneous examination of properties of many similar
objects may be attractive and effective in plenty of other statistical situations.

The organization of this paper is as follows. We start with the definitions and
notations in the next section. In section 3 we introduce the problem of multihy-
potheses testing concerning one object. In section 4 we consider the reliability
approach to multihypotheses testing for many independent and dependent ob-
jects. Section 5 is dedicated to the problem of statistical identification under
condition of optimality. Section 6 is devoted to description of characteristics of
LAO hypotheses testing with permission of rejection of decision for the model
consisting of one and of more independent objects.

2. Definitions and Notations

We denote finite sets by script capitals. The cardinality of a set X is denoted as
|X|. Random variables (RVs), which take values in finite sets X, S are denoted
by X, S. Probability distributions (PDs) are denoted by Q, P, G, W,V , QoV.

imsart-ss ver. 2011/11/15 file: Survey.tex date: July 3, 2018



E. Haroutunian et al./Multiple Objects: Hypotheses Testing and Identification 3

Let PD of RV X, characterizing an object, be @ = {Q(x), z € X}, and con-

ditional PD of RV X for given value of state s of the object be V' 2 {V(xl|s), z €
X, s eS8}
The Shannon entropy Hg(X) of RV X with PD @ is:

A
==Y Q2)logQx
zeX
The conditional entropy Hpy (X | S) of RV X for given RV S with correspond-
ing PDs is:

Hpy(X|S)2— Y P(s)V(als)log V(als).
zeX,s€ES

The divergence (Kullback-Leibler information, or “distance”) of PDs @ and

G on X is:
DQIIE) 2 Y Q) log L)

G(z)’
reEX
and conditional divergence of the PD PoV ={P(s)V(z|s), z € X, s € S} and
PD PoW ={P(s) W(x|s),z € X, s € S} is:

V(:v|s)
Wa:|s)

D(PoV|[PoW)=DV|W|P)= ZP

For our investigations we use the method of types, one of the important tech-
nical tools in Shannon theory [17, 15]. The type Qx of a vector x = (1, ...,zn) €
XN is a PD (the empirical distribution)

Q= {@uto) - TP s e .

where N(x|x) is the number of repetitions of symbol z in vector x.
The joint type of vectors x € X and s = (s1, 82,...,55) € SV is the PD

N

Px’s:{ (:c,s|x,s)7 rex. SES},
N

where N (z, s|x,s) is the number of occurrences of symbols pair (z, s) in the pair

of vectors (x,s). The conditional type of x for given s is conditional PD

Vs = {V(z]s),z € X, s € S},

defined by relation N(z, s|x,s) = N(z[x)Vys(z|s) forallz € X, s € S.

We denote by QN (X) the set of all types of vectors in XV for given N, by
PN(S) — the set of all types of vectors s in SV and by VN (X|s) — the set of
all possible conditional types of vectors x in XV for given s € SV. The set
of vectors x of type @ is denoted by TQN (X) and the family of vectors x of
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conditional type V for given s € S of type P by TngV (X | s). The set of all
possible PDs @ on X and PDs P on § is denoted, correspondingly, by Q(X)
and P(S).

We need the following frequently used inequalities [17]:

| QY (X) [< (N + )Y, (2.1)
| VN(X]s) |< (N + )81, (2:2)

for any type Q € OV (X)
(N +1)"¥lexp{NHq(X)} <| T5'(X) |< exp{Hq(X)}, (2.3)

and for any type P € PV (S) and V € VN (X|s)

(N + 1) ¥ exp{NHpy (X]S)} <| TV (X | 8) |< exp{Hpv (X[S)}. (24)

3. LAO Testing of Multiple Hypotheses for One Object

The problem of optimal testing of multiple hypotheses was proposed by Do-
brushin [20], and was investigated in [29]-[33]. Fu and Shen [23] explored the
case of two hypotheses when side information is absent. The problem concerning
arbitrarily varying sources solved in [38] was induced by the ideas of the paper
of Ahlswede [1]. The case of two hypotheses with side information about states
was considered in [3]. In the same way as in [23] from result on LAO testing, the
rate-reliability and the reliability-rate functions for arbitrarily varying source
with side information were obtained in [38].

The problem of multiple hypotheses LAO testing for discrete stationary
Markov source of observations was solved by Haroutunian [30]-[32]. In [37]
Haroutunian and Grigoryan generalized results from [23], [30]-[32] for multi-
hypotheses LAO testing by a non-informed statistician for arbitrarily varying
Markov source.

Here for clearness we expose the results on multiple hypotheses LAO testing
for the case of the most simple invariant object.

Let X be a finite set of values of random variable (RV) X. M possible PDs
G = {Gm(x), = € X}, m = 1,M, of RV X characterizing the object are
known.

The statistician must detect one among M alternative hypotheses G,,, using
sample x = (21, ..., zy) of results of N independent observations of the object.

The procedure of decision making is a non-randomized test ¢y (x), it can
be defined by division of the sample space X on M disjoint subsets AY =
{x: pn(x) = m}, m = 1, M. The set ALY consists of all samples x for which
the hypothesis G/, must be adopted. We study the probabilities oy, (on) of
the erroneous acceptance of hypothesis G; provided that G, is true

m

pm(on) 2 GN(AN), 1,m =T, 31, m #1. (3.1)
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The probability to reject hypothesis G,,,, when it is true, is also considered

l#m
= G (AY)
= (1= GR(A)). (32)

A quadratic matrix of M? error probabilities {agm(eon), m = 1,M,1 =
1, M} is the power of the tests.

Error probability exponents of the infinite sequence ¢ of tests, which we call
reliabilities, are defined as follows:

Ejjm (@) = lim {—Nloga“m(gmv)}, m,l =1,M. (3.3)

N—o00

We see from (3.2) and (3.3) that

The matrix

called the reliabilities matriz of the tests sequence ¢ is the object of our inves-
tigation.

We recognize that a sequence ¢* of tests is LAO if for given positive values
of M — 1 diagonal, elements of matrix E(¢*) the procedure provides maximal
values for all other elements of it.

Now we form the LAO test by constructing decision sets noted R%v ). Given

strictly positive numbers E,,|,,,, m = 1, M — 1, we define the following regions:

Ron Z{Q: DQIGm) < Eni}, m =T~ 1, (3.5)
R £{Q: D(QIIGn) > Bnpm, m =LA =1}, (3.6)
RYM 2R, QY (X), m=T,M, (3.7)
and corresponding values:
im = Broton (Brajn) £ Egppay = LM =1, (3.8)

1>

B = Enp(Bmim) = inf D(QIG), 1=1M, m#l, m=1,M -1,

(3.9)

imsart-ss ver. 2011/11/15 file: Survey.tex date: July 3, 2018



E. Haroutunian et al./Multiple Objects: Hypotheses Testing and Identification 6

* * A . T AT 1
Mim = Erpjm (B11, E2p2s s Ev—1ji—1) = Pleng D(Q[|Gm), m=1,M—1,
(3.10)

min __ Ej,,. (3.11)
m:m=1,M—1

Theorem 3.1 [33]: If for described model all conditional PDs G,,, m = 1, M,
are different in the sense that, D(Gi||Gr,) > 0, | # m, and the positive numbers
E1j1, B3z, ...y Enp—1jpm—1 are such that the following M — 1 inequalities, called
compatibility conditions, hold

Fip < in D(G,,||G1),
11 mlil;n_M ( I|G1) (3.12)

* * A
Eiiv = Evv (Buyns Bajgy oo, Exr—ajv—1) =

Eyjm < min %E;‘Im(EW), min _ D(G||Gn) |, m=2,M — 1,
I=1,m—1 l=m+1,L

then there exists a LAO sequence ¢* of tests, the reliabilities matriz of which
E(p") ={E},;} is defined in (3.8)=(3.11) and all elements of it are positive.

When one of inequalities (3.12) is violated, then at least one element of matrix
E(¢*) is equal to 0.

The proof of Theorem 3.1 is postponed to the Appendix.

It is worth to formulate the following useful property of reliabilities matrix
of the LAO test.

Remark 3.1 [39]: The diagonal elements of the reliabilities matriz of the
LAO test in each row are equal only to the element of the last column:

= E}\‘/[lm, and E:n|m < El*‘m, I=1,M—-1, l#m, m=1,M. (3.13)

m|m
That is the elements of the last column are equal to the diagonal elements of
the same row and due to (3.4) are minimal in this row. Consequently the first
M — 1 elements of the last column also can play a part as given parameters for
construction of a LAO test.

4. Reliability Approach to Multihypotheses Testing for Many
Objects

In [6] Ahlswede and Haroutunian proposed a new aspect of the statistical the-
ory — investigation of models with many objects. This work developed the ideas
of papers on Information theory [1], [5], of papers on many hypotheses testing
[29]-[33] and of book [9], devoted to research of sequential procedures solving
decision problems such as ranking and identification. The problem of hypotheses
testing for the model consisting of two independent and of two strictly depen-
dent objects (when they cannot admit the same distribution) with two possible
hypothetical distributions were solved in [6]. In [39] the specific characteristics
of the model consisting of K (> 2) objects each independently of others follow-
ing one of given M (> 2) probability distributions were explored. In [47] the
model composed by stochastically related objects was investigated. The result
concerning two independent Markov chains is presented in [36]. In this section
we expose these results.

imsart-ss ver. 2011/11/15 file: Survey.tex date: July 3, 2018



E. Haroutunian et al./Multiple Objects: Hypotheses Testing and Identification 7
4.1. Multihypotheses LAO Testing for Many Independent Objects

Let us now consider the model with three independent similar objects. For
brevity we solve the problem for three objects, the generalization of the problem
for K independent objects will be discussed hereafter along the text.

Let X7, X5 and X3 be independent RVs taking values in the same finite
set X, each of them with one of M hypothetical PDs G, = {G,,(z), x € X}.
These RVs are the characteristics of the objects. The random vector (X7, X2, X3)
assumes values (z!, 22, 2%) € X3,

A
Let (x1,X2,x3) = ((z},2%,29),..., (xL,22,23), ..., (z}, 2%, 2%)), =& € X,

k=1,3, n=1,N, be a vector of results of N independent observations of the
family (X7, X2, X3). The test has to determine unknown PDs of the objects
on the base of observed data. The detection for each object should be made
from the same set of hypotheses: G,,, m = 1, M. We call this procedure the
compound test for three objects and denote it by @, it can be composed of three
individual tests cp}v, go%v, go?v for each of three objects. The test 903\,, i=1,3,
is a division of the space XV into M disjoint subsets A% , m = 1, M. The set
Al m =1, M, contains all vectors x; for which the hypothesis G, is adopted.
Hence test ®y is realised by division of the space XN x AN x XV into M3
subsets A, momg = Ak, x A2 x A3 m; =1,M, i = 1,3. We denote the
infinite sequence of compound tests by ®. When we have K independent objects
the test ® is composed of tests ¢!, 02, ... , ©¥.

The probability of the falsity of acceptance of hypotheses triple (G, , Gi,, G1,)
by the test @y provided that the triple of hypotheses (G, Gy, Gy ) 1S true,
where (ml,mg, mg) }é (ll, lQ, lg), mys, ll = L—M, 1= m, is:

A AN N N N
Q1 ,lo,13/m1,ma,ms ((I)N) = Gm1 © Gm2 © Gmg (’Al17l2,l3)

LGN (AY) -GN, (AN) -GN, (AY)
= 3 6N x) Y GN ) Y G (xs).

xleA{\{ X2€A{\; X3€A{Z

The probability to reject a true triple of hypotheses (G, Gmsy, Gmg) by
analogy with (3.2) is defined as follows:

AN
Xy mo,ms|ma,mae,m3 ((I)N) = Z Q1 ,lo,13|m1,ma,ms (q)N) (41)
(l1,l2,l3)#(m1,ma2,m3)

We study corresponding reliabilities Fj, 1, 1,(m, ma,ms (®) of the sequence of
tests P,

A — 1
El17l27l3|m17m27m3 ((I)) = J\}gnoo {_N 10g Q1 ,15,13|my,ma,ms ((I)N)} )
mi,li: 1,M, i:m. (42)
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Definitions (4.1) and (4.2) imply (compare with (3.4)) that

Eml,mg,mg\ml,mg,mg ((I)) - min Ell,lg,l3|m1,m2,m3 ((I)) (43)
(l1,l2,l3)#(m1,ma2,m3)

Our aim is to analyze the reliabilities matrix E(®*) = {E}, 1,15 m1,ma,ms (2*)}
of LAO test sequence ®* for three objects. We call the test sequence LAO for the
model with many objects if for given positive values of certain part of elements of
reliabilities matrix the procedure provides maximal values for all other elements
of it.

Let us denote by E(p?) the reliabilities matrices of the sequences of tests ¢,
i = 1,3. The following Lemma is a generalization of Lemma from [6].

Lemma 4.1: If elements El|m(goi), m,l=1,M,i=1,3, are strictly positive,
then the following equalities hold for E(®), ® = (o', ©%,©3), l;;m; = 1, M:

3
El17l21l3|m11m27m3 ((I)) = Z Ey, [m; ((pz),
i=1

El1712,13|m1,m2,m3 ((I)) = Z EliImi (@i)v
i€[[1,2,3] k]
mr = lk, m; 75 li, k= m, (45)
El1,l2,l3|m1,m2,m3 ((I)) = Eli\mi (@i)a
’L.Zm, mg =g, m; #1l;, k€ [[1,2,3]—i]. (46)

Equalities (4.4) are valid also if Ey,jm,(¢") = 0 for several pairs (m;,l;) and
several 1.

The proof of Lemma 4.1 is exposed in Appendix.

Now we shall show how we can erect the LAO test from the set of com-
pound tests when 3(M — 1) strictly positive elements of the reliabilities matrix
Enoavvtimon s Enenevvrmonr and Eng v arjar,arms m = 1, M — 1, are pre-
liminarily given.

The following subset of tests:

D:{(I)Emhn(spl) >0, m:L—Mu ZZH}
is distinguished by the property that when ® € D the elements
Engntnr)m,nr,01 (®)y Eng v vr)ava,m, v (®) and Eng g v ar,vm (@), m =1, M — 1,
of the reliabilities matrix are strictly positive.
Really, because Enm(9') > 0, m = 1,M, i = 1,3, then in view of (3.4)
Enm (') are also strictly positive. From equalities (4.4)-(4.6) we obtain that
the noted elements are strictly positive for ® € Dand m=1,M — 1

Enparntim v (@) = Earpn (91, (4.7)

Enp vt m,monr (@) = Earpm (92), (4.8)
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3
Enrvvinve,vam (@) = Engpm (07)- (4.9)
For given positive elements

Enronevtim v Ene v vmonrs e vy vgms m=1,M — 1,

define the following family of decision sets of PDs:

Rgn) :{Q:D(QHGm)SEM,M,M|m1,m2,m3; mi; =m, mj:Ma Z?’é]a.] :173}
m=T,M=1, i =13, (4.10)

i) A . . T a
ng) = {Q : D(Q”Gm) > EM,M,M\ml,mg,mgv m; =m, mj; = Ma ? #]a] = 1737
m=T,M -1}, i=1,3. (4.11)

Define also the elements of the reliability matrix of the compound LAO test
for three objects:

BN v M, a0 2 Ene v Mim v,
BN v, na (v m = Engve vivmo s (4.12)
BN v v v vm 2 Ene v, v M M mo
B} tatspmnamans = 0E D(QI|Gim, ),
QER,;;
i=1,3, mk=1l, m; #li,i #k, kel1,2,3]—i], (4.13)

A .
E;Ll,m27m3\l1,l27m3 = Z Hll%f(i) D(QHsz)v

i#k Qe 1
my =y, mi # i, k=T1,3, i € [[1,2,3] — k], (4.14)
3
* A . . T
El1,l2,l3|m1,m2,m3 = Z lnf(i) D(QHsz)v m; 7£ lia i=1,3. (415)
i=1 QER;

The following theorem is a generalization and improvement of the correspond-
ing theorem proved in [6] for the case K =2, M = 2.

Theorem 4.1 [39]: For considered model with three objects, if all distribu-
tions G,,, m = 1, M, are different, (and equivalently D(G||Gp) > 0, I # m,
l,m=1,M), then the following statements are valid:

a) when given strictly positive elements Enveviim, v, v Eneve, v vr,m v and

En o vivvms m =1, M — 1, meet the following conditions

max(Ens ar,mi,m, 00 Ene v, v, v B v, v, nn)
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< min D(Gi||Gr), (4.16)
1=2,M

and for m:2,M—1,

Eppvmpmoarar <min | min Ef &D(GlHGm)}, (4.17)
Li=1T,m—1 l=m+1,M

Enrvvvmor <min | omin Ep o &D(GlHGm)}, (4.18)
L= lm— l=m+1,M

Eng v <min | omin EL %D(Gzlle)}v (4.19)

L=T,m—1 l=m+1,M

then there exists a LAO test sequence ®* € D, the reliability matriz of which
E(®*) is defined in (4.12)—(4.15) and all elements of it are positive,

b) if even one of the inequalities (4.16)—~(4.19) is violated, then there exists at
least one element of the matriz E(®*) equal to 0.

For the proof of Theorem 4.1 see Appendix.

When we consider the model with K independent objects the generalization
of Lemma 4.1 will take the following form.

Lemma 4.2: If elements Ej,), (¢ Y, mi,li = 1, = 1, K, are strictly
positive, then the following equalities hold for ® = (¢ o)
/T O PR ( ZEz mi (@), mi # i i=TK,
Ell,lz ..... lK|m1,m2 ..... Z El |m1
i my#l,;

For given K (M — 1) strictly positive elements Ep/ as . ‘M, M,...,M|m,M,...,M>

EM,M VVVVV M|M,m,..., My =eer ,EM _____ M,M,\M,M...,ma = 1 M 1 forKlndependent
objects we can find the LAO test ®* in a way similar to case of three independent
objects.

Comment 4.1: Idea to renumber K-distributions from 1 to M* and con-
sider them as PDs of one complex object offers an alternative way of testing for
models with K objects. We can give M —1 diagonal elements of corresponding
large matrix E(®) and apply Theorem 3.2 concerning one composite object. In
this direct algorithm the number of the preliminarily given elements of the ma-
trix E(®) would be greater (because M% —1 > K(M —1), M > 2, K > 2) but
the procedure of calculations would be longer than in our algorithm presented
above in this section. Our approach to the problem gives also the possibility to
define the LAO tests for each of the separate objects, but the approach with
renumbering of K-vectors of hypotheses does not have this opportunity. In the
same time in the case of direct algorithm there is opportunity for the investigator
to define preliminarily the greater number of elements of the matrix E(®).

In applications one of two approaches may be used in conformity with pref-
erences of the investigator.

imsart-ss ver. 2011/11/15 file: Survey.tex date: July 3, 2018



E. Haroutunian et al./Multiple Objects: Hypotheses Testing and Identification 11
Ao rampie
1.1. Exzampl

Some illustrations of exposed results are in an example concerning two objects.
The set X = {0,1} contains two elements and the following PDs are given on
X: Gp = {0,10;0,90}, Go = {0,85;0,15}, G5 = {0,23;0,77}. As it follows
from relations (4.12)—(4.15), several elements of the reliability matrix are func-
tions of one of given elements, there are also elements which are functions of
two, or three given elements. For example, in Fig. 1 and Fig. 2 the results of
calculations of functions Ey 21 (E3 31,3, F3,3)3,2) and Ej g2 2(E3,3)1,3) are pre-
sented. For these distributions we have min(D(Gz||G1), D(G3||G1)) = 2,2 and
min(Fy o2,1, D(G3||G2)) =~ 1,4. We see that, when the inequalities (4.16) or
(419) are Violated, E172‘271 =0 and E172‘272 =0.
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4.2. Multihypotheses LAO Testing for Two Dependent Objects

We consider characteristics of procedures of LAO testing of probability distribu-
tions of two related (stochastically, statistically and strictly dependent) objects.
We use these terms for different kinds of dependence of two objects.

Let X7 and X2 be RVs taking values in the same finite set X and P(X) be
the space of all possible distributions on X'.

Let (x1,x2) = ((z1,22), (23,23),...(z};,7%)) be a sequence of results of N
independent observations of the pair of objects.

First we consider the model, which consists of two stochastically related ob-
jects. We name so the following more general dependence. There are given M;
PDs

Gy = {Gm, (z1), 2' € X}, my =1, M.
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The first object is characterized by RV X; which has one of these M; possible
PDs and the second object is dependent on the first and is characterized by RV
X9 which can have one of M7 x M, conditional PDs

Grglm, = {sz‘ml(aj2|xl), ot 2? € X}, my =1, My, mo = 1, M.
Joint PD of the pair of objects is
Gy yms = Gm,y © sz\ml = {Gm1,m2(xlvx2)v 5517552 € X},

where

Gm17m2(1171,172) = Gml (xl)Gm2|m1 (I2|I1)a my =1, My, mg =1, M.

The probability G} .. (x1,x2) of N-vector (x1,x2) is the following product:
A
Gy omy (X1, %2) = Gy (x2)Gy 1 (x2(x1)

N
2 T G (02) Gy, (22122,

n=1

with GN (x1) = HGm1( yand GN_ | (x2|x1) = HGm2|m1( aalzy,).

mami

In somewhat partlcular case, when X; and X are related statistically [44],
[60], the second object depends on index of PD of the first object but not
depends on value x! taken by the first object. The second object is character-
ized by RV X5 which can have one of M; x M, conditional PDs sz|m1 =
{Grzm, (#%), 2% € X}, my =1, My, my =1, M.

In the third case of strict dependence, the objects X; and X5 can have only
different distributions from the same given family of M PDs G, Go, ..., Gy;.

Discussed in Comment 4.1 the direct approach for LAO testing of PDs for
two related objects, consisting in consideration of the pair of objects as one
composite object and then use of Theorem 3.1, is applicable for first two cases
[45]. But now we consider also another approach.

Let us remark that test ®V can be composed of a pair of tests ¥ and
X for the separate objects: ®V = (o, p)'). Denote by ¢!, ©? and ® the
infinite sequences of tests for the first, for the second and for the pair of objects,
respectively.

Let X7 and X5 be related stochastically. For the object characterized by X,
the non-randomized test ¢} (x1) can be determined by partition of the sample
space XV on M, disjoint subsets AlN {x1:¢§(x1)=Ul}, h =1, My, ie. the
set Al consists of vectors x; for which the PD Gy, is adopted. The probability
all‘ml(cpN) of the erroneous acceptance of PD G}, provided that G,,, is true,
ll,ml = 1,]\417 mi 7§ ll, is defined by the set .AJY

A
ALy |my (SD}V) = Ganl ("4{\1[)
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We define the probability to reject G,,,, when it is true, as follows
aN (AT
am1|m1 SDN Z al1|m1 SDN ml (‘Ar]xl) (420)
l1:l1#ma
Corresponding error probability exponents are:

N —— 1
Ell\m1 (901) = lim {_Nlogahhru (<P}V)} ) mlall - 15M1' (421)

N—o00

It follows from (4.20) and (4.21) that

Em1|m1 (901) = I Iln;&n El1|m1( 1)7 li,m1 =1, M.
For construction of the LAO test we assume given strictly positive numbers
Erjmy, m =1, M; — 1 and we define regions R;,, | = 1, M; as in (3.5)(3.6).
For the second object characterized by RV X5 depending on X; the non-
randomized test ¢% (x2,%1,/1), based on vectors (x1,x2) and on the index of
the hypothesis [; adopted for X, can be given for each l; and x; by division of
the sample space XV on M, disjoint subsets

A
Al]\;“l(xl) = {Xz . cpév(xz,xl,ll) = lg}, ll = 1,M1, 12 = 1,M2. (422)

Let
Ah I, = {(xl,xz) © X1 € All, Xo € A{Z\ll(xl)}- (4.23)
The probabilities of the erroneous acceptance for (I1,l2) # (m1, ms) are
A
ALyl |my,me = ml,mg(All,lg)

Corresponding reliabilites are denoted Fj, j,(m, m, and are defined as in (4.2).
We can upper estimate the probabilities of the erroneous acceptance for (I1,13) #

(m1, mo)

m1 mo (’All,lg) = Z G%I (Xl)Gan2|m1 (X2 |X1)

(Xl x2)€‘All Iy

= Y G x)GY, (AN, (x1)x1)

X1 EAN

< max sz|m1("4lz\l1(x1 |x1) Z GN (x1)

X EAN
! X1 E.Al\i

=G, (Aﬁ’)xngf Gy (A1, (1) |1).

These upper estimates of y, i, jm, m.(®n) for each (I1,l2) # (m1,m2) we
denote by

AN
Bl1712\m17m2(q)N) = ijyn (’A{Y) max sz\ml('AgUl(Xl”Xl)'

x1€.A
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Consequently we can deduce that for ly,my = 1, My, la,me = 1, Ms, new
parameters

A ——> 1
El Jl2ma,ma ((I)> = ]\}gnoo{_ N log ﬁl]:,,lg\ml,mg (q)N)}a

are lower estimates for reliabilities £y, 1, m, m, ().

We can introduce for I1,m1 = 1, My, la,ms =1, Ma, mo # I,

A
/Blg‘ll,ml,mz (<P?V) = xnéa_j(N G7Nn2|m1 (Al]\gf‘ll (X1)|X1)5
1 11

and also consider

A -
ﬁm2‘llymlqm2((p?\[) = 1nax Gﬁﬂml(‘A%Q\ll(xl)lxl)

= > Bualtramsama (93)- (4.24)

laF#ma

The corresponding estimates of the reliabilities of test ¢3%, are the following

A — 1
E2|l1,m1,m2 (902) - ]\}H)I})O {_N logﬁlg‘ll,mhmz (‘P?\/)} )
ll,ml = 1,]\417 lQ,mQ = 1,M2, mo 7§ ZQ. (425)

It is clear from (4.24) and (4.25) that for every ly,m1 = 1, My, la,ma = 1, My

Fmg\ll,ml,mg (<P2) = lg:IlIgl;iéI}ng F‘lg‘ll,mhmz (902) (426)

For given positive numbers Fi, 1, m, 1, l2 = 1, M2 — 1, for @ € Ry, and for each
pair Iy, m; = 1, M let us define the following regions and values:

A .
R, (Q) ={V : D(VI|Gp,1,|Q) < Fiyjtymyia}s lo =1, Mz —1, (4.27)
Roni,(Q) ={V : DV||Gpi,1Q) > Fiyjiymyiay l2 =1, Mo — 1}, (4.28)

>
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* A -
ﬂg\ll,ml,lg (E2|11,m17l2) = E2\117m1,127 lp = 1, My —1, (429)

>

inf inf D(V||Gmsim ,
I V1IGmam, |Q)

mgzl,MQ, ,m2¢12, lQZI,MQ—l, (430)

*
FM2|l1,m1,m2 (Fl‘llthl’ ] FM2*1|llﬁm17M2*1)

A
= inf inf D(V||Gooim ,
o ver™ o (V1lGrna|m, Q)

*
F‘12|11,m1,m2 (E2|11,m17l2)

me =T, M5 1, (4.31)
Er it maonts (P my 15 oo F0 1015 my Mo —1)

A .
= min F
l2|l1,

(4.32)
lo=1,Ms—1

my,Ma*

We denote by F(¢2) the matrix of lower estimates for elements of matrix E(p2).

Theorem 4.2 [47]: If for given my,ly = 1, My, all conditional PDs Gy, ,
ly = 1, My, are different in the sense that D(G, 1, |Gy, [Q) > 0, for all
Q € Ry, lo # ma, ma = 1, My, when the strictly positive numbers Fiiyma1s
Fojiyma 250 Fv — 1)1 ;my M. —1 are such that the following compatibility condi-
tions hold

Fipm 1< min  inf DGy l|Giim. Q) 4.33
Hiamay < i it Gy, |G, |Q) (4.33)

sz\h,mhmz < min ( & inf D(G12|l1||Gm2|m1|Q>a
lo=mo+1,M> QERZI

min Flzul,ml,mg (E2117m1,lz)> , mg=1,My —1, (4'34)

lzzl,mz—l

then there exists a sequence of tests p>*, such that the lower estimates are
defined in (4.29)- (4.32) and are strictly positive.

Inequalities (4.33), (4.34) are necessary for existence of test sequence with
matriz F(p?*) of positive lower estimates having given elements Fiojtymatas b2 =

1, My — 1 in diagonal.

Let us define the following subsets of P(X) for given strictly positive elements
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EM1,l2‘l1,l27 F‘h,MgIh,lgv ll = laMl - 17 12 = 17M2 — 1

A
Ri, ={Q: D(Q||G1,) < Enpy iy o}y i =1L, My — 1, 1o =1, My — 1,

(4.35)
A - _
Ri 1, (Q) =A{V : DVI||Gii,|Q) < Fyyatojin o} i = 1L, My =1, 1o = 1, My — 1,
(4.36)
A - _
RMl = {Q : D(QHGll) > EM1112|111127 lh=1,M —1,lp=1,M; — 1}7
(4.37)
A
Rt 1, (Q) = AV : DV|G11,|1Q) > Fiy Majinge, b =1, My =1, 1y =1, My — 1}.
(4.38)
Assume also that
« A
Fll,leh,lz = E17M2‘l17l27 (4.39)
« A
B ol te = Bty ofin ey =1, M1 =1, 1o =1,Mz — 1, (4.40)
* A .
Bl thmts = g ity D(QNGm,), i #1a, (4.41)
lﬁ;lQIll,mz = inf inf D(V||Gyjm, |Q), ma # 1o, (4.42)

QGRLl V:VGRZQ/Ll (Q)
* 4

* ;o
l1,l2|m1,me ma,lz|mi,me + Ell;m2|m1;m2’ mi 7& li, 1=1,2, (44‘3)
A .
= min
(L1 l2)#(m1,me

*
le,m2|m1,m2

(4.44)

*
)‘Fll,lﬂml,mz'

Theorem 4.3 [44]: If all PDs G,,,, mi = 1, My, are different, that is
D(GL||Gm,) >0, Iy #my, li,my =1, My, and all conditional PDs Gy, ,
ly =1, Ms, are also different for all I, = 1, My, in the sense that
D(Giy1, |Gy, |Q) > 0, Iz # ma, then the following statements are valid.
When given strictly positive elements Enr, 1,imy 1, ond Fiy a1 mys M1 =

1, My —1, mg=1,M5 — 1, meet the following conditions

Eny o, < min_ D(G||Gy), (4.45)
1,=2,M,
E17M2\ll71 < min inf D(Glg\ll ||G1|m1 |Q)7 (446)

lo=2,M, QERY,

EM17l2\m1,l2 < min[ HLE;, min D(Gll ||Gm1 )]7

li=1,m;—1 fafmal? li=mi+1,M;
my = I, (1.47)
El,M2\117m2 < min[ %Et,l2|l17m27 & inf D(Glz\l1||Gm2\m1|Q)]a
la=1,m2—1 lo=ma+1,Ms QERY,
my =2, My — 1, (4.48)
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then there exists a LAO test sequence ®*, the matriz of lower estimates of which
F(®*) = {F}, 15m1,mo (P¥)} is defined in (4.39)-(4.44) and all elements of it are
positive.

When even one of the inequalities (4.45)-(4.48) is violated, then at least one
element of the lower estimate matriz F(®*) is equal to 0.

When X; and X5 are related statistically [44], [60] we will have instead of
(424), (425) ‘Al]\27|l1 {Xz ©a (Xz,ll) = lg}, ll == 1,M1, 12 = 1,M2, and

A
AN, = {xxe) - x1 € A, x € Alz\ll(xl>}' In that case we have error
probabilities

A
ml;m2 ("4117 2) = Z szyn (Xl)szyzg\ml (XQ)

(xl,xg)EAll I

Z Gml Xl Z Gm2|m1 XQ)

x1€.A i x2€Al2Ul

- Gmg\ml (Ang)Gml ('All )a (llv lQ) 7£ (mlva)'

For the second object the conditional probabilities of the erroneous acceptance
of PD Glg\ll provided that sz‘ml is true, for ll,ml = 1,]\417 ZQ,mQ = 1,M2,
are the following

A
m2|m1(A12\11) la # ma.

The probability to reject Gy, jm,, when it is true is denoted as follows

N 2
al2\l1,m1,m2 (SDN)

N . N 2
am2|11,m17m2( ) sz\ml (’Am2|l1) - Z X |t1,m1,ma (SON)'
la#ma

Thus in the conditions and in the results of Theorems 4.2 and Theorems 4.3
instead of conditional divergences Qirg D(Gi, 11, 11G g m. Q)
S 11

Qlelg D(V|G iy jm, |Q) we will have just divergences D(Gy, 1, [|Grmgjm, ),

51

D(V||Gm2|7711) a’nd in pla’ce Of F‘lz‘ll,ml,mz ((b)7 El,l2|m1,m2 ((b)7 ll7m1 = 17M17
127 mo = 1; M27 Wlu be Elglh,ml,mg (¢)5 Eh,lz‘ml,mz ((b)v llv mi = 17 M17 127 ma =
1, M5 . And in that case regions defined in (4.27), (4.28) will be changed as fol-

lows:

A -

Rii, =V : DWVIIGui,) < Bty omaia ), o =1, Mz —1,
A -

RM2|l1 = {V : D(V||Gl2|l1) > Elz\lhml,lz? lp=1,M,— 1}7
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In case of two statistically dependent objects the corresponding regions will be

A
Ri, ={Q: D(Q||G1,) < Eny oty ints =1, M1 —1,1o =1, My — 1,
A
Ripj, =V : DVI|Giy1y) < By atjiy 1}, =1, M1 =1, 1o =1,M> — 1,
(

A
Ror, ={Q : D(Q|G1,) > Epgy igji gy h =1, My — 1, 1 =1, My — 1},

A
RM2“1 = {V : D(V”Glg\ll) > El17M2\l1,l27 ll = 1,M1 — 1, 12 = 1,M2 — 1}

So in this case the matrix of reliabilities E(®*) = {E*;, 15)my msr l1,m1 =
1, My, ly,my =1, My}, will have the following elements:

A
* =
Ell,leh,lg - Ell,Mz‘ll,lz?

A
* =
EMl,lglh,lg - EM1,l2‘l1,l27

lh=1,M;—1,l5=1,Ly— 1,
. A
Ell,l2|m1,l2 = Q:érélel D(Q||Gm1)7 my # 1,

A .
El*l;lQIll;WQ = ViVlenlglzul D(V||Gm2|ml)’ ma2 7é 12’

A *
|ma1,ma = EmlJz\mhmz
E* 2 min
my,ma|mi,ma (i l2) % (m1 ,ma
Theorem 4.4: [44] If all PDs G,,,, m1 = 1, My, are different, that is
D(G1,||Gm,) >0, I3 # ma, l1,m1 = 1, My, and all conditional PDs Gy, l2 =
1, My, are also different for all ly = 1, My, in the sense that D(G, 1, |Gy m, ) >
0, la # ma, then the following statements are valid.
When given strictly positive elements Eny, 1,11, 1, and Ey, a1,

El*l)lQ +El*1, mi#liu i:1727

ma|mi,ma’

*
)Ell,l2|m1,m2'

lh=1,M -1,

los
lo =1, M5 — 1, meet the following compatibility conditions

B, o1, < min_ D(Gy,||Gh),
11=2,M;

E117M2\ll71 <l Hl;L (Glz\h”GlIml)v

2=2,M>

EM17l2\m1,l2 < min [ min El17l2\m1,l27 &D(GhHGml)] )
l1=1,m1—1 li=m1+1,M;

my = 2, Ml — 1,
E111M2\117m2 < min [ %Efl,lﬂll,my &D(thl'(}mzml)] )
lo=1,m2—1 lo=ma+1,M>
mo = 2, M2 — 1,
then there exists a LAO test sequence ®*, the matriz of which E(®*) is stated
above and all elements of it are positive.

When even one of the compatibility conditions is violated, then at least one
element of the matriz E(®*) is equal to 0.
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5. Identification of Distribution for One and for Many Objects

In [9] Bechhofer, Kiefer, and Sobel presented investigations on sequential multiple-
decision procedures. This book concerns principally with a particular class of
problems referred to as ranking problems. Chapter 10 of the book by Ahlswede
and Wegener [7] is devoted to statistical identification and ranking. Problems
of distribution identification and distributions ranking for one object applying
the concept of optimality developed in [11], [48], [29]-[32] were solved in [6]. In
papers [40], [46], [47] and [53] identification problems for models composed with
two independent, or strictly dependent objects were investigated.

In [6], [40], [47] and [53] models considered in [9] and [7] and variations of these
models inspired by the pioneering paper by Ahlswede and Dueck [5], applying
the concept of optimality developed in [11], [29]-[32], [48], were studied.

First we formulate the concept of the identification for one object, which was
considered in [6]. There are known M > 2 possible PDs; related with the object
in consideration. Identification gives the answer to the question whether r-th
PD occured, or not. This answer can be given on the base of a sample x and
by a test ¢} (x). More precisely, identification can be considered as an answer
to the question: is result [ of testing algorithm equal to r (that is [ =), or not
equal [ (that is [ # r).

There are two types of error probabilities of identification for each r = 1, M:
the probability ajy|m—r(¢©n) to accept [ different from 7, when r is in reality,
and the probability oj—,|m-r(pn) that 7 is accepted by test px, when r is not
correct.

The probability ajy|m=r(@n) coincides with the error probability of testing

arjr(pn) (see (6)) which is equal to ) ay).(¢n). The corresponding reliability
L:l#r
Eitrjm=r() is equal to E, () which satisfies the equality (3.4).

And what is the reliability approach to identification? It is necessary to de-
termine the dependence of optimal reliability El*:r\m 4y lpon given B e
E:\w which can be assigned a value satisfying conditions analogical to (3.12).

The result from paper [6] is:

Theorem 5.1: In the case of distinct hypothetical PDs G1,Go, ...,Gar, for
a given sample x we define its type Q, and when Q) € RI(N) (see (3.5)—(3.7)) we
accept the hypothesis [. Under condition that the a priori probabilities of all M
hypotheses are positive the reliability of such identification Ej—y |2, for given
Eitrjm=r = Ey)p 15 the following:

|m=r —

Eimrimzr (Erjr) = D(Q||Gm), r=1,M.

min inf
mm#r Q:D(Q[|Gr)<E,,

We can accept the supposition of positivity of a priory probabilities of all
hypotheses with loss of generality, because the PD which is known to have
probability 0, that is being impossible, must not be included in the studied
family.

Now let us consider the model consisting of two independent objects. Let
hypothetical characteristics of objects X; and X be independent RVs tak-
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ing values in the same finite set X with one of M PDs. Identification means
that the statistician has to answer the question whether the pair of distri-
butions (ri,72) occurred or not. Now the procedure of testing for two ob-
jects can be used. Let us study two types of error probabilities for each pair

(ri,7m2), r1,72 = 1, M. We denote by aEl]\lz?l2)¢( ) the proba-

r1,72)|[(mi,ma)=(r1,m2
bility, that pair (r1,72) is true, but it is rejected. Note that this probability
r1,72) (1, m2) (11 72) be the probability
that (r1,72) is identified, when it is not correct. The corresponding reliabilities

are E(llJz)#(Tl,T2)|(m1,m2):(T17T2) - ET17T2\T17T2 and E(ll,lz):(rl7T2)\(m17m2)7’5(T1,T2)'
Our aim is to determine the dependence of £, ;,) on given

ET11T2|T1,7“2 ((I)N)
Let us define for each r, r = 1, M, the following expression:

is equal to . ryjr, ., (Pn). Let aéﬁ?b):(

=(r1,r2)[(m1,m2)#(r1,r2)

A(r) =min | min D(G||G,), min D(G||G,)| .
I=1,r—1 l=r+1,M

Theorem 5.2 [40]: For the model consisting of two independent objects if the
distributions G.,, m = 1, M, are different and the given strictly positive number
Ey\ vyl ,rs Satisfy condition

ET17T2\7“17T2 < min [A(rl)u A("Q)] 5

then the reliability E(, 1,) ) is defined as follows:

=(r1,r2)[(m1,m2)#(r1,r2
E(ll712):(7“11T2)|(7n1,m2)¢(m,r2) (Eh,rzlhmz)

= min [Eml\m (Em,rzlh,rz)v Ernsira (Eh,rzlhmz)] )

M1F£Tr1,M2F#T2

where E, |r, (E, ) and E,py )y (B, ) are determined by (3.9).

1,72|7r1,T2 2|72 1,72|r1,T2

Now we will present the lower estimates of the reliabilities for LAO identi-
fication for the dependent object which can be then applied for deducing the
lower estimates of the reliabilities for LAO identification of two related ob-
jects. There exist two error probabilities for each ro = 1, Ms: the probability
alz#rz\ll,ml,mzzrz(@?v) to accept lo different from ry, when rs is in reality, and
the probability
alz:TZ‘ll)mhm#TZ(gp?\,) that ro is accepted, when it is not correct.

The upper estimate By, £r,(i, my,mamrs (%) TOT Quytry|ty my mamrs (P3) IS al-
ready known, it coincides with 8,1, m, (cp?v) which is equal to

> Buajtimars (¢%). The corresponding E2¢r2|ll,m1,m2:r2(sﬁ2) is equal to
lz:lz;é’l"z
Fr2\ll,m1,r2(902)a which satisfies the equality (4.3).

We determine the optimal dependence of Fl’;:m‘ L1y smatrs

upon given

*
la#ra|li,mi,ma=ra"
Theorem 5.3 [47]: In case of distinct PDs Gy, Gy, - Garg)i,, under
condition that a priori probabilities of all My hypotheses are strictly positive, for
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each ro = 1, M3 the estimate of Fi,—r, (1, my mostrs JOT GIUEN Flytryt) my mo=ry =
Foyjty,my o 18 the following:

EQZTQ [l1,m1,ma7rs (FTQ \llﬂnlxrz) =

D(V||Gm2\m1|Q)'

2ll1,my,7ma

min inf inf
maima#ra QER, V:D(VHG,Q”1 |Q)<F,
The result of the reliability approach to the problem of identification of the
probability distributions for two related objects is the following.
Theorem 5.4: If the distributions Gm, and Guyjm,, m1 = 1, My, ma =
1, My, are different and the given strictly positive number Fo\ ralry e satisfies
the condition

ET1|T1 < min [ min _ D(GHHGH)? %D(Gh ||GT1 ):| )
I=1,r1—1 li=r1+1,M;

or

FT2|11-,m17T2 < min [ inf %D(Grz\mlnGb\ll'Q)v
QERzl lo=1,r5—1

inf min  D(G G
QERY, |y=ry+1,M> ( l2|ll|| T2|m1|Q)]’

then the lower estimate F(1, 1,)=(ry rs)|(m1,ma)#(r1,ro) Of the reliability
B, 19)=(r1,72)|(m1,ms2)#£(r1,rs) Can be calculated as follows

F(ll-,lz):(ﬁvw)\(m17m2)¢(T11T2) (FT1=T2|T1=T2)

= min [Erl\ml (FT1=T2|T1-,T2)7 FT2\11-,m17m2 (FT17T2\T17T2 )} )
Mm1#r,Ma#r2

where By, (Fry ralryrs) 00 Fryjy g ms (B rglry ) are determined respec-
tively by (3.9) and (4.30).

The particular case, when X; and X5 are related statistically, was studied in
44], [60].

6. Multihypotheses Testing With Possibility of Rejection of Decision

This section is devoted to description of characteristics of LAO hypotheses test-
ing with permission of decision rejection for the model consisting of one or more
objects. The multiple hypotheses testing problem with possibility of rejection of
decision for arbitrarily varying object with side information and for the model of
two or more independent objects was examined by Haroutunian, Hakobyan and
Yessayan [41], [42]. These works ware induced by the paper of Nikulin [55] con-
cerning two hypotheses testing with refusal to take decision. An asymptotically
optimal classification, in particular hypotheses testing problem with rejection
of decision ware considered by Gutman [25].
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6.1. Many Hypothesis Testing With Rejection of Decision by
Informed Statistician for Arbitrarily Varying Object

In this section we consider multiple statistical hypotheses testing with possibility
of rejecting to make choice between hypotheses concerning distribution of a
discrete arbitrarily varying object. The arbitrarily varying object is a generalized
model of the discrete memoryless one. Let X be a finite set of values of RV X,
and S is an alphabet of states of the object.

M possible conditional PDs of the characteristic X of the object depending
on values s of states, are given:

Wi 2 (Wi(zls), € X, se€S}, m=T1,M,..S > 1],

but it is not known which of these alternative hypotheses W,,, m = 1, M, is
real PD of the object. The statistician must select one among M hypotheses, or
he can withdraw any judgement. It is possible for instance when it is supposed
that real PD is not in the family of M given PDs. An answer must be given

. . . A
using the vector of results of N independent experiments x = (21, xo, ...zx) and

the vector of states of the object s 2 (51,52, .0, 8N), $n €S, n =1, N.

The procedure of decision making is a non-randomized test ¢y (x,s), it can
be defined by division of the sample space X for each s on M + 1 disjoint
subsets AN (s) = {x: ¢n(x,8) =m}, m =1, M + 1. The set AN (s), =1, M,
consists of vectors x for which the hypothesis W, is adopted, and A% 41(8)
includes vectors for which the statistician refuses to take a certain answer.

We study the probabilities of the erroneous acceptance of hypothesis W}
provided that W, is true

A [
aum((pN) = Snelgﬁ W,g (AlN(s)|s) ,ml =1, M, m#I. (6.1)

When decision is declined, but hypothesis W, is true, we consider the following
probability of error:

A
ar1m(oN) = max W (AR gi(s)]s) .

If the hypothesis W, is true, but it is not accepted, or equivalently while the
statistician accepted one of hypotheses Wy, I =1, M, [ # m, or refused to make
decision, then the probability of error is the following:

. _
Onim(oN) S D aumlion) = max WY (ANG)ls), m =T, (6:2)
l:l#m

Corresponding reliabilities are defined similarly by to (3.2):

- 1
Eyjm () £ Tm {—Nloga“m((m\/)}, m=1M, =1,M+1. (6.3)

N —oc0
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It also follows that for every test ¢

Epm(@) = min  Ey, (@), m=1,M. (6.4)
I=T,M+1, I#m

The matrix
Ey - By - By Envan

E(¢)=1 Eijm---Ejm-- Exim, Envsim
E1|M .. E”M EM\M EMJFHM
is the reliabilities matrix of the tests sequence ¢ for the described model.

We call the test LAO for this model if for given positive values of certain M
elements of the matrix E(yp) the procedure provides maximal values for other
elements of it.

For construction of LAO test positive elements Ey|q, ..., Epzjar are supposed
to be given preliminarily. The optimal dependence of error exponents was deter-
mined in [41]. This result can be easily generalized for the case of an arbitrarily
varying Markov source.

6.2. Multiple Hypotheses LAO Testing With Rejection of Decision
for Many Independent Objects

For brevity we consider the problem for two objects, the generalization of the
problem for K independent objects will be discussed along the text.

Let X7 and X5 be independent RVs taking values in the same finite set X with
one of M PDs G,;, € P(X), m = 1, M. These RVs are the characteristics of the
corresponding independent objects. The random vector (X7, X2) assumes values
(z1,2%) € X x X. Let (x!,x2) 2 ((z],2%), ..., (xl, 22), ..., (z, 2%)), 2k € &,
k=1,2,n =1,N, be a vector of results of N independent observations of the
pair of RVs (X1, X2). On the base of observed data the test has to determine
unknown PDs of the objects or withdraw any judgement. The selection for each
object should be made from the same set of hypotheses: G,,, m = 1, M. We
call this procedure the compound test for two objects and denote it by Py,
it can be composed of two individual tests o}, ¢ for corresponding objects.
The test %, i = 1,2, can be defined by division of the space XV into M + 1
disjoint subsets A! , m =1, M + 1. The set A% , m = 1, M contains all vectors
x' for which the hypothesis G, is adopted and Aj, 41 includes all vectors for
which the test refuses to take a certain answer. Hence ®y is division of the
space XN x XN into (M + 1)? subsets Ay, m, = AL x A2 m; =1, M + 1.
We again denote the infinite sequences of tests by ®, !, ¢2.

Let o, 15m.,ms (P ) be the probability of the erroneous acceptance of the pair
of hypotheses (Gi,,Gy,) by the test @ provided that the pair of hypotheses
(Giny s Giny) is true, where (mqy,mso) # (I1,12), m; =1, M, l; =1, M, i=1,2:

Q0o |my ,me ((I)N) = Gml © Gm2 (Al17l2)
= Grjxl (All) : G7J7YL2 (AlZ)'
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When the pair of hypotheses (Gyn,, Gm,), mi,me = 1, M is true, but we
decline the decision the corresponding probabilities of errors are:

AN +1,M+1]mrms (PN) = Gy © Gy (Anra1,0r41)
= Gr]xl (A}W+1) ) G’r]xz (A?WJ,*I)'

or

aM+1,l2\m1,m2 (QN) = Grjxl (A}W+l) : G7J7YL2 (Al22)
or

Ay MA-1|my,me ((I’N) = Gle (Alll) ) G%Z (A?\4+1)-

If the pair of hypotheses (G, , Gm,) is true, but it is not accepted, or equiv-
alently while the statistician accepted one of hypotheses (Gy,,Gy,), or refused
to make decision, then the probability of error is the following:

QO ,ma|my,mo ((I)N) = Z Ayl lmy ma ((I)N)’ (65)
(l1,l2)#(ma,m2)

L=1,M+1, my=1,M, i =1,2.

We study reliabilities £, 1, jm, m, (®) of the sequence of tests @,

El11l2‘m17m2 ((I)) = lim — N 10gal17l2‘m17m2 ((I)N)v (66)

N —o0

m’ivzlaM; lZ:1;M+1, Z:ﬁ
Definitions (6.5) and (6.6) imply that

min Ell,ZQ\ml,mQ ((I)) (67)

Em ma|mi,m Q) =
1,ma|ma, 2( ) (Ih 1) £(m1,m2)

We can erect the LAO test from the set of compound tests when 2M strictly
positive elements of the reliability matrix EM+1)m|m)m and Em,M+1\m,mv m =
1, M, are preliminarily given (see [41]).

Remark 6.1: It is necessary to note that the problem of reliabilities inves-
tigation for LAO testing of many hypotheses with possibility of rejection of
decision for the model consisting of two or more independent objects can not
be solved by the direct method of renumbering.

7. Conclusion and Open Problems

“A broad class of statistical problems arises in the framework of hypothesis
testing in the spirit of identification for different kinds of sources, with complete
or partial side information or without it. Paper [6] is a start.” [2].

In this paper, we exposed solutions of a part of possible problems concerning
algorithms of distributions optimal testing for certain classes of one, or multiple
objects. For the same models PD optimal identification is discussed again in the
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spirit of error probability exponents optimal dependence. But these investiga-
tions can be continued in plenty directions.

Some problems formulated in [6] and [43], particularly, concerning the remote
statistical inference formulated by Berger [10], examined in part by Ahlwede and
Csiszar [4] and Han and Amari [27] still rest open.

All our results concern with discrete distribution, it is necessary to study
many objects with general distributions as in [26]. For multiple objects mul-
tistage and sequential testing [13] can be also considered. Problems for many
objects are present in statistics with fuzzy data [24], bayessian detection of
multiple hypotheses testing [51] and geometric interpretations of tests [61].

8. Appendix

Proof of Theorem 3.1: Probability G (x) for x € T)'(X) can be presented as
follows:

N B N
Gm(x) = H Gm (xn)
n=1
- HGm(x)N(le)

_ H G (x)NQ(w))

= exp {NZ (—Q(x) log Gci(g) +Q(z)log Q(@) }
exp {—N[D(Q || Gm) + Ho(X)]}- (8.1)

Let us consider the sequence of tests ¢ (x) defined by the sets

BME ) TX), m=TI0 (8.2)
Per(Y)

Each x is in one and only in one of Ban), that is

M
BYVOBM =0, 1#m, and | J BN =V
m=1

Really, for [ =1,M — 2, m =2, M — 1, for each [ < m let us consider arbitrary
x € Bl(N). It follows from (3.5) and (3.7) that there exists type Q € QN (X)
such that D(Q||G;) < Ej; and x € ’Tév(X). From (3.12) and (3.9) we have

Epm < E}, (Ey;) < D(Q]|Gr). From definition of B we see that x ¢ B,
Definitions (3.10), (3.12) and (3.7) show also that

BY\BMY =0, m=T1,M1—1.
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Now, let us remark that for m = 1, M — 1, using (2.1), (2.3), (3.1)—(3.3) and

(N

8.1) we can estimate « ) (p* as follows:

i (9) = G2 (BRY)

A R
Q:D(Q||Gm)>E7nMn

< (N4 1)1 sup Gn(T (X))
Q:D(Q||Gm)>Em|m

< (N + 1) sup exp{~ND(Q|Gyn)}
Q:D(Q||Gm)>Em|m

D(Q|[Go) —oN<1>1}}

< exp {—N[ inf
Q5D(Q||GM)>Em\m

< exp {—N[Em\m - ON(l)]} )

where oy (1) = 0 with N — oc.
For | =1,M — 1, m = 1,0, | # m, using (2.1), (2.3), (3.1)~(3.3) and (8.1),

we can obtain similar estimates:

(i) = G (BY)

=G, U 7@
Q:D(Q||G)Eu,

< (N + 1)|X‘ sup G,]X(TQN(X)
Q:D(Q||Gm)<E;

< (N +1)* sup  exp{—ND(Q[|Gm)}
Q:D(Q||Gm)<E;

e {8 (i, DQIGW -ov) . 53
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Now let us prove the inverse inequality:

(i) = G2 (B™Y)

=Gy U 7o' (X)
Q:D(Q||G1)<E;
> sup G (To(X)
Q:D(Q||G1)<E;

>N+ sup exp{-ND(Q||Gm)}
Q:D(Q||G1)<E;

—exp{—N (Q;D( inf D(Q||Gm)+oN(1))}. (8.4)

QIG)<Ey,

According to the definition (3.3) Ejj,(p*) = A}im {=N"tlogoym(py)}, tak-
—00

ing into account (8.3), (8.4) and the continuity of the functional D(Q||G|) we
obtain that

A}im {=N""log o, u(py)} exists and in correspondence with (3.9) equals to
—00

E:;l‘l. Thus Eyjp, (0*) = El*‘m, m=1M,l=1,M — 1, [ # m. Similarly we can
obtain upper and lower bounds for aasjm, (@), m = 1, M. Applying the same
resonnement we get that the reliability Eysj,,, (¢*) = B3+ By the definition
(3.4) Eym(¢*) = B0 The proof of the first part of the theorem will be
accomplished if we demonstrate that the sequence of tests ¢* is LAO, that is
for given Ey|q, ..., Epr—1 -1 and every sequence of tests ¢ for all [,m € 1, M,
Em\l((p) < E:;l”

Let us consider any other sequence ¢** of tests which are defined by the sets
’DEN), - ’Dg\ﬁlv) such that

These conditions are equivalent for IV large enough to the inequalities
al\m((p}k\?) < al|m(907\7)7 mul = 17M (86)

Let us examine the sets DS,ZIV ) ﬂB,(nN), m = 1, M. This intersection cannot be
empty, because in that case

G (79'(X)

max
QD(QIIGm)<Epmim
> exp{—N(Enm + on(1))}.
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Let us show that DZ(N) ﬂBSnN) =0, m,l =1,M —1, m # . If there exists Q
such that D(Q||Gm) < Epjm and T (X) € ’D(N) then

anm(on) = G (DY)
> G (79 (X))
> exp{—N(Epm + on(1))}.

When () # Dl(N) NTY(X) # TY (X)), we also obtain that

* %k N
am(ey) = aN(DMN

NOM 1 (X)

>
> exp{—N(Epjm + on(1))}.

Thus it follows that El|m( **) < Epm, which in turn according to (3. 4) provides
that £y, (™) = Euyjm- From condition (3.12) it follows that E, |, < E | , for

all ] =1,m — 1, hence Ejjm (™) < E | for all { = 1,m — 1, which contradlcts
to (8.5). Hence we obtain that D,(nN) ﬂBSnN) = BSRN) for m = 1,M — 1. The
intersection D,(nN) N Bg\]}) is empty too, because otherwise

anm (PN ) = arrm (PN

which contradicts to (8.6), hence PN = B m =T, 1.

The proof of the second part of the Theorem 3.1 is simple. If one of the
conditions (3.12) is violated, then from (3.9)—(3.11) it follows that at least one
of the elements E,,; is equal to 0. For example, let in (3.12) the m-th condition
be violated. It means that E,,,, > minMD(GlHGm), then there exists [* €

m+1, M such that Ey, |, > D(G}||Gp). From latter and (3.9) we obtain that
E*

m|l =
The theorem is proved.

Proof of Lemma 4.1: It follows from the independence of the objects that
Uy 1y ls |y sma,ms (PN) = H g m, (Ply), i mi # 1, (8.7)

QL 1o, l3|my,ma,ms ((I)N) = (1 = Ay |lmy, ((pljc\f)) H ALy mg (903\/)7

i€[[1,2,3]—k]
mk:lku mi#liu k:ma Z#ka (88)
Ay \lp,l3|my yma,ms ((I)N) = Qp;|m; ((pﬁ\/) H (1 = Ay |my, (903\/)) )
ke([1,2,3]—1]
my = lk, m; 75 li, 1= m (8.9)
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Remark that here we consider also the probabilities of right (not erroneous)
decisions. Because Ejj,,, (") are strictly positive then the error probability
ayjm(ply) tends to zero, when N — oo. According this fact we have

(1 ; g () og (1 — aym(9))

= 0. (8.10)

From definitions (4.2), equalities (8.7)—(8.9), applying (8.10) we obtain relations
(4.4)-(4.6).
The Lemma is proved.

Proof of Theorem 4.1: The test ®* = (b, p?* %), where ¢**, i = 1,3
are LAO tests of objects X;, belongs to the set D. Our aim is to prove that such
®* is a compound LAO test. Conditions (4.16)—(4.19) imply that inequalities
analogous to (3.12) hold simultaneously for tests for three separate objects.

Let the test ® € D be such that EM,M,M|m,M,M((I)) = EM,M,M\m,M,M
Ene v v va,m v (@) = Eng ar, v aa,movs ad Eng ar v, v, (@) = Eng v, v v, Moms
m=1,M —1.

Taking into account (4.7)—(4.9) we can see that conditions (4.16)—(4.19) for
every m = 1, M — 1 may be replaced by the following inequalities:

Eprim(¢%) < min | min inf D Gi)), min  D(Gi||Gm)] -
mim (') D e DQUIG I By oy D NN, D(GH]|Gm)

(8.11)

According to Remark 3.1 for LAO test ¢**, i = 1,3, we obtain that (8.11)
meets conditions (3.12) of Theorem 3.1 for each test & € D, Em|m(g0i) > 0,
i = 1,3, hence it follows from (3.3) that E,,;(¢") are also strictly positive. Thus
for a test ® € D conditions of Lemma 4.1 are fulfilled and the elements of the
reliability matrix E(®) coincide with elements of matrix E(¢?), i = 1,3, or sums
of them. Then from definition of LAO test it follows that El|m(goi) < El|m(<pi’*),
then By, 1, 15m1.ma.ms () < By 1. 05]m1,ma,ms (7). Consequently ®* is a LAO
test and Ej, 1, 14]m,y ;ma,ms () verify (4.12)-(4.15).

b) When even one of the inequalities (4.16)—(4.19) is violated, then at least
one of inequalities (8.11) is violated. Then from Theorem 3.2 one of elements
Em‘l(cpi’*) is equal to zero. Suppose E3|2(<p1’*) =0, then the elements
E3 i t12,m1(®*) = E3ja(ph*) = 0.

The Theorem is proved.

imsart-ss ver. 2011/11/15 file: Survey.tex date: July 3, 2018



E. Haroutunian et al./Multiple Objects: Hypotheses Testing and Identification 31

References

[1]

AHLSWEDE, R. (1979,1980). Coloring hypergraphs: a new approach to
multi-user source coding. Journal of Combinatorics, Information and Sys-
tem Sciences. 1, vol. 4, no. 1, pp. 76-115, II, vol. 5, no. 3, pp. 220-268.
AHLSWEDE, R. (2007). Towards a general theory of information transfer.
Shannon Lecture at ISIT in Seatle 2006, IEEE Information Theory Society
Newsletter, vol. 57, no. 3, pp. 6-28.

AHLSWEDE, R., ALOYAN, E. and HAROUTUNIAN, E. (2006). On loga-
rithmically asymptotically optimal hypothesis testing for arbitrarily vary-
ing source with side information. Lecture Notes in Computer Science,
vol. 4123, “General Theory of Information Transfer and Combinatorics”,
Springer Verlage, pp. 457— 461.

AHLSWEDE, R. and CsISZAR, 1. (1997). Hypothesis testing with commu-
nication constraints. IEEE Transactions on Information Theory, vol. 32,
no. 4, pp. 533-542.

AHLSWEDE, R. and DUECK, G. (1989). Identification via channels. IEEE
Transactions on Information Theory, vol. 35, no. 1, pp. 15-29.
AHLSWEDE, R. and HAROUTUNIAN, E. (2006). On logarithmically asymp-
totically optimal testing of hypotheses and identification. Lecture Notes
in Computer Science, vol. 4123, “General Theory of Information Transfer
and Combinatorics”, Springer Verlage, pp. 462— 478.

AHLSWEDE, R. and WEGENER, 1. (1987). Search Problems, Wiley, New
York.

ANANTHARAM, V. (1990). A large deriations approach to error exponent
in source coding and hypotheses testing”, IEEE Transactions on Infor-
mation Theory, vol. 36, no. 4, pp. 938-943.

BECHHOFER, R., KIEFER, J. and SOBEL, M. (1968). Sequential Identifi-
cation and Ranking Procedures. The University of Chicago Press, Chicago.
BERGER, T. (1979). Decentralized estimation and decision theory. Pre-
sented at IEEE Seven Springs Workshop on Information Theory, Mt.
Kisco, NY.

BIRGE, L. (1981). Vitesses maximales de décroissence des erreurs et tests
optimaux associeés. Z. Wahrsch. verw. Gebiete, vol. 55, pp. 261-273.
Branut, R. (1987). Principles and Practice of Information Theory,
Addison-Wesley, Reading, MA.

BroDsKY, B. and DARKHOVSKY, B. (1993). Nonparametric meth-
ods in change-point problems. Kluwer Academic publishers. Dor-
drecht/Boston/London.

CoOVER, T. and THOMAS, J. (2006). Elements of Information Theory,
Second Edition, New York, Wiley.

CsisZAR, 1. (1998). The method of types. IEEE Transactions on Infor-
mation Theory. vol. 44, no. 6, pp. 2505-2523.

CsiszAR, 1. (1998). Information thoretic methods in probability and
statistics. Shannon Lecture at ISIT in Ulm Germany 1997, IEEE Infor-
mation Theory Society Newsletter. vol. 48, no. 1, pp. 1 and 21-30.

imsart-ss ver. 2011/11/15 file: Survey.tex date: July 3, 2018



[23]

[24]

[29]

E. Haroutunian et al./Multiple Objects: Hypotheses Testing and Identification 32

CsiszAR, 1. and KORNER,J. (1981). Information Theory: Coding Theo-
rems for Discrete Memoryless Systems. Academic press., New York.
CSsISZAR, 1. and LoNGo, G. (1971). On the error exponent for source cod-
ing and for testing simple statistical hypotheses. Studia Sc. Math. Hun-
garica. vol. 6, pp. 181-191.

CsiSzAR, 1. and SHIELDS, P. (2004). Information theory and statistics:
A tutorial. Foundations and Trends in Communications and Information
Theory, vol. 1, no. 4.

DoBRUSHIN, R. (1987). On optimal testing of multiple statistical hypothe-
ses. Personal Communication.

DOBRUSHIN, R., PINSKER, M. and SHIRYAEV, A. (1963). Application of
the notion of entropy in the problems of detecting a signal in noise. (In
Russian), Lithuanian Mathematical Transactions. vol. 3, no. 1, pp. 107—
122.

Duborr, S. SHAFFER, J. and BOLDRICK, J. “Multiple hypothesis
testing in microarray experiments”, Statistical Science, vol. 18, no. 1, pp.
71-103, 2003.

Fu, F.-W. and SHEN, S.-Y. (1998). Hypothesis testing for arbitrarily
varying source with exponential-type constraint. IEFE Transactions on
Information Theory. vol. 44, no. 2, pp. 892-895.

GRZEGORZEWSKI, P. and HRYNIEWICZ, O (1997). Testing statistical hy-
potheses in Fuzzy Environment. Mathware and Soft Computing. vol. 4,
no. 2, pp. 203-217.

GUTMAN, M. (1989). Asymptotically optimal classification for multiple
tests with empirically observed statistics. IEEE Transactions on Informa-
tion Theory. vol. 35, no. 2, pp. 401-408.

Han, T. (2000). Hypothesis testing with the general source. IEEE Trans-
actions on Information Theory. vol. 46, no. 7, pp. 2415-2427.

HAN, T. and AMARI, S. (1998). Statistical inference under multiterminal
data compression. IEEE Transactions on Information Theory, vol. 44, no.
6, pp. 2300-2324.

HAROUTUNIAN, E. (1967). Upper estimate of transmission rate for mem-
oryless channel with countable number of output signals under given error
probability exponent. (in Russian), 3rd All Union Conf. on Theory of In-
formation Transmission and Coding, Uzhgorod, Publishing Hous of the
Uzbek Ac. Sc., Tashkent. pp. 83-86.

HAROUTUNIAN, E. (1988). Many statistical hypotheses: interdependence
of optimal test’s error probabilities exponents. (In Russian), Abstract of
the report on the 3rd All-Union school-seminar, “Program-algorithmical
software for applied multi-variate statistical analysis”, Tsakhkadzor, Part
2, pp. 177-178.

HAROUTUNIAN, E. (1988). On asymptotically optimal testing of hypothe-
ses concerning Markov chain. (in Russian), Izvestiya Akademii Nauk Ar-
menii, Mathemtika, vol. 23, no. 1, pp. 76-80.

HAROUTUNIAN, E. (1989). On asymptotically optimal criteria for Markov
chains. (in Russian), The First World Congress of Bernoulli Society, vol.

imsart-ss ver. 2011/11/15 file: Survey.tex date: July 3, 2018



E. Haroutunian et al./Multiple Objects: Hypotheses Testing and Identification 33

2, no. 3, pp. 153-156.

HAROUTUNIAN, E. (1989). Asymptotically optimal testing of many statis-
tical hypotheses concerning Markov chain. (in Russian), 5-th Inter. Vilnius
Conferance on Probability Theory and Mathem. Statistics, vol. 1, (A-L),
pp- 202-203, 1989.

HAROUTUNIAN, E. (1990). Logarithmically asymptotically optimal test-
ing of multiple statistical hypotheses. Problems of Control and Informa-
tion Theory. vol. 19, no. 5-6, pp. 413-421.

HAROUTUNIAN, E. (2007). On bounds for E-capacity of DMC. IEEFE
Transactions on Inform. Theory. vol. 53. no. 11, pp. 4210-4220.
HAROUTUNIAN, E. (2010). Information theory and statistics. Interna-
tional Encyclopedia of Statistical Science, Springer-Verlag, pp. 643-645.
HAROUTUNIAN, E. and GRIGORYAN, N. (2007). On reliability approach
for testing of many distributions for pair of Markov chains. Transactions
of IIAP of NAS of RA, Mathematical Problems of Computer Science. vol.
29, pp. 99-96.

HAROUTUNIAN, E. and GRIGORYAN, N. (2009). On arbitrarily varying
Markov source coding and hypothesis LAO testing by non-informed statis-
tician. Proc. of IEEFE Int. Symp. Inform. Theory, Seoul, South Korea, pp.
981-985.

HAROUTUNIAN, E. and HAKOBYAN, P. (2004). On multiple hypotheses
testing by informed statistician for arbitrarly varying object and applica-
tion to source coding. Transactions of IIAP of NAS of RA and of YSU,
Mathematical Problems of Computer Science. vol. 23, pp. 36-46.
HAROUTUNIAN, E. and HAKOBYAN, P. (2009). Multiple hypotheses LAO
testing for many independent object. “Scholarly Research Ezchange’. Ar-
ticle ID 921574.

HAROUTUNIAN, E. and HAKOBYAN, P. (2010). Remarks about reli-
able identification of probability distributions of two independent objects.
Transactions of IIAP of NAS of RA, Mathematical Problems of Computer
Science. vol. 33, pp. 91-94.

HAROUTUNIAN, E., HAKOBYAN, P. and YESSAYaN, A. (2011). Many
hypotheses LAO testing with rejection of decision for arbitrarily varying
object. Transactions of IIAP of NAS of RA, Mathematical Problems of
Computer Science, vol. 35, pp. 77-85.

HaAroOUTUNIAN, E., HAKOBYAN, P. and YEssAvyaN, A. (2011). On
multiple hypotheses LAO testing with rejection of decision for many inde-
pendent objects. Proceedings of International Conference CSIT 2011. pp.
141-144.

HAROUTUNIAN, E.; HAROUTUNIAN, M. and HARUTYUNYAN, A. (2008).
Reliability criteria in information theory and in statistical hypothesis test-
ing. Foundations and Trends in Communications and Information Theory.
vol. 4, no. 2-3.

HAROUTUNIAN, E. and YESSAYAN, A. (2007). On logarithmically asymp-
totically optimal hypothesis testing for pair of statistically dependent ob-
jects. Transactions of IIAP of NAS of RA, Mathematical Problems of

imsart-ss ver. 2011/11/15 file: Survey.tex date: July 3, 2018



[59]
[60]

E. Haroutunian et al./Multiple Objects: Hypotheses Testing and Identification 34

Computer Science, vol. 29, pp. 97 — 103.

HAROUTUNIAN, E. and YESSAYAN, A. (2008). On optimal hypotheses
testing for pair of stochastically coupled objects. Transactions of IIAP of
NAS of RA, Mathematical Problems of Computer Science, vol. 31, pp. 49
- 59.

HAROUTUNIAN, E.; YESsAvAN, A. and HAKOBYAN, P. (2010). On
reliability approach to multiple hypotheses testing and identification of
probability distributions of two stochastically coupled objects. Interna-
tional Journal “Informations Theories and Applications”. vol. 17, no. 3,
pp- 259-288.

HAROUTUNIAN, E. and YESSAYAN, A. (2011). On reliability approach to
multiple hypotheses testing and to identification of probability distribu-
tions of two stochastically related objects. IEEE International Symposium
on Information Theory, Proceedings . pp. 2671-2675.

HOEFFDING, W. (1965). Asymptotically optimal tests for multinomial
distributions. The Annals of Mathematical Statistics. vol. 36, pp. 369-401.
KULLBACK, S. (1959). Information Theory and Statistics, New York: Wi-
ley.

LenMAN, E. and Rowmano, J. (2005). Testing Statistical Hypotheses,
Third Edition, Springer.

LeoNG, C. and JoHNSON, D. (1997). On the asymptotics of M-
hypothesis bayesian detection. IEEE Transactions on Information The-
ory. vol. 43, no. 1, pp. 280-282.

LoNco, G. and SGARRO, A. (1980). The error exponent for the testing
of simple statistical hypotheses: A combinatorial approach. Journal of
Combinatorics, Information and System Sciences. vol. 5, no. 1, pp. 58-67,
1980.

NAvVAEL L. (2009). On reliable identification of two independent Markov
chain distributions. Transactions of IIAP of NAS of RA, Mathematical
Problems of Computer Science. vol. 32, pp.74-77.

NATARAJAN, S. (1985). Large derivations, hypothesis testing, and source
coding for finite Markov chains. IEEE Transactions on Information The-
ory. vol. 31, no. 3, pp. 360-365.

NIKULIN, M. (1986). On one result of L. N. Bolshev from theory of hy-
potheses statistical testing. (In Russian), Studies on Mathematical Statis-
tics. Notes of Scientific Seminars of Saint-Petersburg Branch of the Math-
ematical Institute, vol. 7, pp. 129-137.

TUNCEL, E. (2005). On error exponent in hypothesis testing”, IEEFE
Transactions on Information Theory. vol. 51. no. 8, pp. 2945-2950.
TUsSNADY, G. (1977). On asymptotically optimal tests. Annals of Statatis-
tics. vol. 5, no. 2, pp. 385-393.

TUsNADY, G. (1979, 1982). Testing statistical hypotheses (an informa-
tion theoretic approach). Preprint of the Mathematical Institute of the
Hungarian Academy of Sciences. Budapest.

VERDU, S. (1998). Multiuser Detection, Cambridge University Press.
YESSAYAN, A. (2009). On reliability approach to identification of proba-

imsart-ss ver. 2011/11/15 file: Survey.tex date: July 3, 2018



E. Haroutunian et al./Multiple Objects: Hypotheses Testing and Identification 35

bility distributions of two statistically dependent objects. Transactions of
IIAP of NAS of RA, Mathematical Problems of Computer Science. vol.
32, pp. 65 — 69.

WESTOVER, B. (2008). Asymptotic geometry of multiple hypothesis test-
ing, IEEFE Transactions on Information Theory, vol. 54, no. 7, pp. 3327-

3329.

imsart-ss ver. 2011/11/15 file: Survey.tex date: July 3, 2018



	1 Introduction
	2 Definitions and Notations
	3 LAO Testing of Multiple Hypotheses for One Object
	4 Reliability Approach to Multihypotheses Testing for Many Objects
	4.1 Multihypotheses LAO Testing for Many Independent Objects
	4.1.1 Example

	4.2 Multihypotheses LAO Testing for Two Dependent Objects

	5 Identification of Distribution for One and for Many Objects
	6 Multihypotheses Testing With Possibility of Rejection of Decision
	6.1  Many Hypothesis Testing With Rejection of Decision by Informed Statistician for Arbitrarily Varying Object
	6.2  Multiple Hypotheses LAO Testing With Rejection of Decision for Many Independent Objects

	7 Conclusion and Open Problems
	8 Appendix
	References

