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Abstract

Fibonacci gate problems have severed as computation primitives to solve other problems by
holographic algorithm [5] and play an important role in the dichotomy of exact counting for
Holant and CSP frameworks [6]. We generalize them to weighted cases and allow each vertex
function to have different parameters, which is a much boarder family and #P-hard for exactly
counting. We design a fully polynomial-time approximation scheme (FPTAS) for this general-
ization by correlation decay technique. This is the first deterministic FPTAS for approximate
counting in the general Holant framework without a degree bound. We also formally intro-
duce holographic reduction in the study of approximate counting and these weighted Fibonacci
gate problems serve as computation primitives for approximate counting. Under holographic
reduction, we obtain FPTAS for other Holant problems and spin problems. One important ap-
plication is developing an FPTAS for a large range of ferromagnetic two-state spin systems. This
is the first deterministic FPTAS in the ferromagnetic range for two-state spin systems without
a degree bound. Besides these algorithms, we also develop several new tools and techniques to
establish the correlation decay property, which are applicable in other problems.
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1 Introduction

Holant is a refined framework for counting problems [5, [, [§], which is more expressive than previous
frameworks such as counting constraint satisfaction problems (CSP) in the sense that they can be
simulated using Holant instances. In this paper, we consider a generalization called weighted Holant
problems. A weighted Holant is an extension of a Holant problem where each edge e is assigned
an activity A, and if it is chosen it contributes to the partition function a factor of .. Given a
graph G(V, E), a family of node functions F = {F,|v € V'}, and edge weights A = {\.|e € E}, the
partition function for a weighted Holant instance Q (G, F, A) is the summation of the weights over
all configurations o : E — {0, 1}, specifically the value of
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We use Holant(F, A) to denote the class of Holant problems where all functions are taken from F
and all edge weights are taken from A. For example, consider the PERFECT MATCHING problem
on (. This problem corresponds to attaching the EXACT-ONE function on every vertex of G —
for each 0-1 edge assignment, the product [],ci Fu(0 |g(y)) evaluates to 1 when the assignment is
a perfect matching, and 0 otherwise, thereby summing over all 0-1 edge assignments gives us the
number of perfect matchings in G. If we use the AT-Mo0sT-ONE function at each vertex, then we
can count all matchings, including those that are not perfect.

A symmetric function F' can be expressed by |[fo, f1,..., fx], where f; is the value of F' on
inputs of hamming weight ¢. The above mentioned EXACT-ONE and AT-M0OST-ONE functions are
both symmetric and can be expressed as [0,1,0,0,...] and [1,1,0,0,...] respectively. A Fibonacci
function F' is a symmetric function [fo, f1,..., fx], satisfying that f; = cfi_1 + fi—2 for some
constant c¢. For example, the parity function [a,b,a,b,...] is a special Fibonacci function with
¢ = 0. If there are no edge weights (or equivalently all the weights are equal to 1) and all the node
functions are Fibonacci functions with a same parameter ¢, we have a polynomial time algorithm
to compute the partition function exactly [5]. These problems also form the base for a family
of holographic algorithms, where other interesting problems can be reduced to the Fibonacci gate
problems [5]. Furthermore, this family of functions is interesting not only because of its tractability,
but also because it essentially captures almost all tractable Holant problems with all unary functions
available [0 [§].

If we allow edges to have non-trivial weights or each functions to have different parameters
in Fibonacci gates, then the exact counting problem becomes #P-hard [0, 8]. Nevertheless, it is
interesting to study the problem in the approximation setting. We first introduce the solution
concepts for approximate counting. A fully polynomial-time approximation scheme (FPTAS) is an
algorithm scheme that approximates the answer to a problem within an arbitrarily small relative
error in polynomial time. More precisely, an FPTAS is an algorithm scheme such that for any
given parameter ¢ > 0, the algorithm produces an output Z’ satisfying (1 —¢)Z < Z' < (1+¢)Z,
where Z is the correct answer, and runs in time poly(n,1/e). Its randomized relaxation is called
a fully polynomial-time randomized approximation scheme (FPRAS), which uses random bits in
the algorithm and requires that the final output be within the range [(1 — €)Z, (1 + €)Z] with high
probability. In contrast to the exact counting setting, the approximability of Holant problem is
much less well-understood. In this paper, we study approximate counting for weighted Fibonacci
gate problems.

Another closely related and well-studied model is spin systems. In this paper, we focus on two-
state spin systems. An instance of a spin system is a graph G(V, E). A configuration o : V' — {0, 1}



assigns every vertex one of the two states. The contributions of local interactions between adjacent
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vertices are quantified by a matrix A = [ ’Y]’ where 3,7 > 0. The partition

function is defined by

There has been a lot of studies on the approximability of the partition function in terms of param-
eters § and . The problem is exactly solvable in polynomial time if 5y = 1. When g+ < 1, the
system is called anti-ferromagnetic and we have a complete understanding of its approximability:
there is a uniqueness boundary, above which there is an FPTAS [34] 2], 28] 22] and below which
it is NP-hard [29, 30, 12].

The story is different in ferromagnetic range Sy > 1. Jerrum and Sinclair [I8] gave an FPRAS
for Ising model (8 = v > 1) based on Markov Chain Monte Carlo (MCMC) method and lately
Goldberg et al. extended that to all 8y > 1 plane. However, these algorithms are all randomized.
Can we design a deterministic FPTAS for it as that for anti-ferromagnetic range? Indeed, this is
an interesting and important question in general and many effort has been made for derandomizing
MCMC based algorithms. For instance, there is an FPRAS for counting matchings [I7] but FPTAS
is only known for graphs of bounded degree [2]. The situation is similar in computing permanent of
nonnegative matrix, although an FPRAS is known [20], the current best deterministic algorithm can
only approximate the permanent with an exponential large factor [24]. To the best of our knowledge,
no deterministic FPTAS was previously known for two-state spin systems in ferromagnetic range.
In particular, the correlation decay technique, the main tool to design FPTAS in anti-ferromagnetic
range, cannot directly apply.

1.1 Our Results

The main results of this paper are a number of FPTAS’s for computing the partition function of
different Holant problems and spin systems.

Weighted Fibonacci gates. We design an FPTAS for weighted Fibonacci gates when the pa-
rameters satisfy certain conditions. We have several theorems to cover different ranges. In
Theorem B, we prove that for any fixed choice of other parameters, we can design an FPTAS
as long as the edge weights are close enough to 1, which corresponds to the unweighted case.
This result demonstrates a smooth transition from the unweighted case to weighted ones in
terms of approximation.

Another interesting range is that we have an FPTAS for the whole range as long as the
Fibonacci parameter c is reasonably large (no less than a constant 1.17) and edge weights are
no less than 1 (which means all the edges prefer to be chosen) (Theorem B.2]). It is worth
noting that we allow Fibonacci functions on different nodes to have different parameters c,
which contrasts the exact counting setting where it is crucial for different functions to have
the same parameter in order to have a polynomial time algorithm.

Ferromagnetic two-state spin systems. We design an FPTAS for a large range of ferromag-
netic two state spin systems. This is the first deterministic FPTAS in the ferromagnetic
range for two-state spin systems without a degree bound. To describe the tractable range,
we present a monotonically increasing function I' : [1,00] — R with I'(1) = 1 and I'(z) < z.

We have an FPTAS for a ferromagnetic spin system [f ﬂ as long as 7 < T'(8) or B <TI'(y)



(Theorem [3.4)). The exact formula of I' is complicated and we do not spend much effort to
optimize it. However, it already enjoys a nice property in that limg_, oo @ = 1. This means
that although the range does not cover the Ising model (5 = =), it gets relatively close to

that in infinity. We also have similar results for two-spin system with external fields.

Other Holant Problems. We can extend our FPTAS to functions [fo, f1,..., fq] with form
fire = afiy1 + bf; if the parameters satisfy certain conditions. This is a much broader
family than Fibonacci gates, since Fibonacci gates corresponds to b = 1.

1.2 Our Techniques

Our main approach for designing FPTAS’s is the correlation decay technique as introduced in [1]
and [34]. While the general framework is standard, it is highly non-trivial to design a recursive
computational structure and especially to prove the property of exponential correlation decay for
a given set of problems. This is in analog to designing an FPRAS with the Markov Chain Monte
Carlo (MCMC) method: though general framework for these algorithms is the same, it is still
difficult to design Markov chains for different problems and especially to prove the rapid mixing
property [19]. One powerful technique here is to use a potential function to amortize the decay
rate, which has been introduced and used in many problems [27, 21|, 28 22 25] and which we
utilize here. Besides this, to enrich the tool set, we introduce several new techniques to design the
recursive computational structure and to prove the correlation decay property. We believe that
these techniques can find applications in other problems.

Working with dangling edges. The recursive computational structure for spin problems usually
relates a marginal probability of a vertex to that of its neighbors. In Holant problems, we
are talking about the assignments and marginal probabilities of edges. Since an edge has two
ends, it has two set of neighbors, which complicates things a lot. In this paper, we choose to
work on instances with dangling edges, which is a half edge that have neighbors only on one
end. It is much easier to write recursions on dangling edges. This technique works for any
Holant problems and we believe it is the right thing to work with in the Holant framework.
Indeed, the idea has later been successfully used in [23].

Computation tree with bounded degrees. Usually, the correlation decay property only im-
plies an FPTAS for systems with bounded degrees. One exception is the anti-ferromagnetic
two-state spin systems, where a stronger notion of computationally efficient correlation decay
is introduced[21]. In this paper, we also establish the computationally efficient correlation
decay for systems without a degree bound, but via a different approach. By making use of
the unique property of Fibonacci functions, we can decompose a node into several nodes with
constant degrees. Thus, at each step of our computation tree, we only involve constant many
sub-instances even if the degree of the original system is not bounded.

Bounding range of variables. After we get a recursion system, the main task is to prove the
correlation decay property. This is usually achieved by proving that a certain amortized decay
rate, which is a function of several variables, is less than one for any choice of these variables
in their domain. If we can prove that these variables are always within smaller domains,
then we only need to prove that the rate is less than one under these smaller domains, which
becomes weaker and easier to prove. Some naive implementation of this idea already appeared
in approximate counting of coloring problems [I3| 25]. In this paper, we develop this idea
much further. We divide sub-instances involved in the computation tree into two classes:



deep ones for which we can get a much better estimation of their range and shallow ones
for which we can compute their value without error. Then we can either compute the exact
value or we can safely assume that it is within a smaller domain, which enables us to prove
the correlation decay property easier.

Holographic reduction. We formally introduce holographic reduction in the study of approx-
imate counting. We use weighted Fibonacci gate problems as computation primitives for
approximate counting and design holographic algorithms for other problems based on them.
In particular, we use the FPTAS for Fibonacci gates to obtain an for ferromagnetic two-state
spin systems. It is noteworthy that the correlation decay property does not generally hold for
ferromagnetic two-state spin systems. So we cannot do a similar argument to get the FPTAS
in the spin world directly. Moreover, the idea of holographic reduction can apply to any
Holant problems, which extends known counting algorithms (both exact and approximate,
both deterministic and randomized) to a broader family of problems. Indeed, the other di-
rection of holographic reduction is also used in our algorithm. We design an exact algorithm
for shallow sub-instances of Fibonacci instance by a holographic reduction to the spin world.

1.3 Related Works

Most previous studies of the Holant framework are for exact counting, and a number of dichotomy
theorems were proved [8], [15] 3]. Holographic reduction was introduced by Valiant in holographic
algorithms [31], 4], which is later also used to prove hardness result of counting problems [5] [8, [7].

For some special Holant problems such as counting (perfect) matchings, their approximate
versions are well studied [2, 17, 20]. In particular, [2] gave an FPTAS to count matchings but only
for graphs with bounded degrees. It is relatively less studied in the general Holant framework in
terms of approximate counting except for two recent work: [35] studied general Holant problems
but only for planar graph instances with a bounded degree; [26] gives an FPRAS for several Holant
problems. Another well-known example is the “sub-graph world” in [I8]. It is indeed a weighted
Holant problem with Fibonacci functions of ¢ = 0, for which an FPRAS was given. In that paper,
holographic reduction was also implicitly used, which extends the FPRAS to the Ising model.

Most previous study for FPTAS via correlation decay is on the spin systems. It was extremely
successful in the anti-ferromagnetic two-spin system [34, 211 28| 22]. It is also used in multi-
spin systems [13], 25]. Many more works focused on randomized approximate counting, such as
examples [18], 20, [14], 10, 1T}, 16 33].

2 Preliminaries

A weighted Holant instance Q = (G(V, E),{F,|v € V},{\c|e € E}) is a tuple. G(V, E) is a graph.
F, is a function with arity d,: {0, 1}d” — RT, where d, is the degree of v and R* denotes non-
negative real numbers. Edge weight ). is a mapping {0,1} — R*. A configuration o is a mapping
E — {0,1} and gives a weight

wa(0) = [T Aclo(e) TT Folo |nw).
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where F(v) denotes the incident edges of v. The counting problem on the instance 2 is to compute

the partition function:
Z@Q) =3 (H Ae(a(e)) [T Fulo IE(U>)> -
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We can represent each function F, by a vector in (R1)2™ or a tensor in ((RT)2)®4. This is
also called a signature. A symmetric function F' can be expressed by [fo, fi,..., fi], where f; is
the value of F' on inputs of hamming weight j. For example, the equality function is [1,0,...,0, 1].
Edge weight is a unary function, which can be written as [A¢(0), A¢(1)]. Since we do not care about
global scale factor, we always normalize that A.(0) = 1 and use the notation A\ = A\.(1) as a real
number.

A Holant problem is parameterized by a set of functions F and edge weights A. We denote by
Holant(F, A) the following computation problem .

Definition 2.1. Given a set of functions F and edge weights A, we denote by Holant(F,A) the
following computation problem.

Input: A Holant instance Q = (G(V, E),{F,|v € V},{\c|e € E}), where F, € F and e € A ;
Output: The partition function Z(2).

The weights of configurations also give a distribution over all possible configurations:
_ wo(o)
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This defines the marginal probability of each edge ey € F.

ZO’:O’(EO):O (HeEE /\6(0-(6)) Hve\/ FU(U |E(v))) '
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Similarly, we can define the marginal probability of a subset of edges. Let Ey C E'and e, e2,.. ., €g|
be an enumeration of the edges in Ey. Then we can define o(Ep) = o(e1)o(e2) - o(eg,) as a

Boolean string of length |Ey|. Let o € {0, 1}/#0l, we define

Zaza(ei):ai,i:1,2,...,\Eo| (HeEE )\6(0'(6)) HUEV FU(J |E(U)))
Z(Q) '

Pa(o(Ep) = a) =

We denote the partial summation as

Z(Q,0(Ey) =) = Z <H Ae(o(e)) H Fy(o |E(v))> :
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We define a dangling instance QP of Holant(F,A) also as a tuple (G(V,E U D), {F,jv €
Vi {Xele € E}), where G(V,E U D) is a graph with dangling edges D. A dangling edge can
be viewed as a half edge, with one end attached to a regular vertex in V' and the other end dangling
(not considered as a vertex). A dangling instance QP is the same as a Holant instance except for
these dangling edges. In G(V, E U D) each node is assigned a function in F (we do not consider
“dangling” leaf nodes at the end of a dangling edge among these), each regular edge in F is assigned
a weight from A and we always assume that there is no weight on a dangling edge in this paper.
A dangling instance can be also viewed as a regular instance by attaching a vertex with function
[1,1] at the dangling end of each dangling edge. We can define the probability distribution and
marginal probabilities just as for regular instance. In particular, we shall use dangling instance )¢
with single dangling edge e extensively in this paper. For that, we define

o Pac(o(e) = 1)
RO = B o =0)



Definition 2.2. Given a Holant instance Q = (G(V,E),{F,|v € V},{\c|le € E}), a vertex ey =
(ui,u2) € E and 7 € [0,1]. We can define a weighted pinning operation PIN, () = (G'(V,E —
{eo}), {F)|lv € V},{\cle € E —{eo}}). The graph of PIN. () is the same as that of @ except
that e is removed; All the edge weights in the remaining edges are the same in both instances;

all the vertex functions are the same except u1 and ug. For v € {uj,uz} and o € {0,1}% 1
Fl(a) = (1 —7)F,(a0) + TF,(al).

In this definition, we have the coincidence that for € {0,1}, PIN, »(€) is exactly the Holant
instance by fixing the edge e to x.

2.1 Holographic Reduction

Holographic reduction is powerful reduction among counting problems expressible in Holant frame-
work. We use Holant(G|R) to denote all the counting problems, expressed as unweighted Holant
problems on bipartite graphs H = (U, V, E), where each signature for a vertex in U or V is from G
or R, respectively. Signatures in G are are denoted by column vectors (or contravariant tensors);
signatures in R, are denoted by row vectors (or covariant tensors) [9]. One can perform (con-
travariant and covariant) tensor transformations on the signatures, which may produce exponential
cancelations in tensor spaces. We shall define a simple version of holographic reductions, which
are invertible. Suppose Holant(G|R) and Holant(G'|R’) are two holant problems defined for the
same family of graphs, and 7" € GL(C) is a basis. We say that there is a holographic reduction
from Holant(G|R) and Holant(G'|R’) , if the contravariant transformation G’ = T®9G and the
covariant transformation R = R'T®" map G € Gto G’ € G’ and R € R to R’ € R/, where G and
R have arity g and r respectively. (Notice the reversal of directions when the transformation 7®"
is applied. This is the meaning of contravariance and covariance.)

Theorem 2.1 (Holant Theorem [32]). Suppose there is a holographic reduction from Holant(G|R)
to Holant(G'|R’) mapping instance Q to ', then Z(Q) = Z (V).

The proof of this theorem follows from general principles of contravariant and covariant ten-
sors [9].

3 Results and Applications

We first list our FPTAS for various ranges of Fibonacci gates and show their applications in other
Holant problems and spin systems. The proof of these theorems shall be given in later sections.

3.1 Fibonacci Signature

A symmetrical function [fo, f1,..., f4] is called a (generalized) Fibonacci function if there exists a
constant ¢ such that
fi+2:cfi+1+fi7 where 1207177d_2

We denote this family of function as F., the Fibonacci functions with parameter ¢. Another useful
way to parameterize Fibonacci functions is

where A, B are two constants and p is the positive root of t> = ¢t + 1. Thus, there is a one to
one correspondence between parameter ¢ and p. In this paper, when one of them is defined in a



context, we assume that the other one is also defined automatically and accordingly. We shall use
the other one directly and freely.

We use F2'? to denote a subfamily of F, such that f;11 > pf; and fir1 < qf; for all i =
0,1,---,d — 1. When the upper bound ¢ is not given, we simply write F~. We use F2%, to denote
Uey<e<en FP49. We use Ay, \, to denote the set of edge weights A, such that A\; < Ae < Ao.

Here is a list of FPTAS’s we get:

Theorem 3.1. For any ¢ > 0 and p > 0, there exists \(p,c) < 1 and \2(p,c) > 1 such that there
is an FPTAS for Holant(FZ, Ay, (p.c) ra(p.c))-

Theorem 3.2. Let p > 0. Then there is an FPTAS for Holant(}'f177+oo,A1,+oo).

Theorem 3.3. Let A > 0 and ¢ > 2.57. There is an FPTAS for Holant( 5/2’C+2/C,A>\,+oo).

3.2 Beyond Fibonacci

We use L, to denote the set of all symmetric functions [fo, f1,..., fq] which satisfies that
fi+2:afi+1+bfi7 where 1207177d_2

And we use L to denote all these functions for different a and b. We shall show that an instance
of Holant(L£,A) can be transformed to an instance of Fibonacci gates. Given an instance Q) =
(G(V, E),{Fy|v e V} {)e|e € E}) of Holant(L, A), we can modify a function F, = [fo, f1,.-., fd] €

Ea,b to
f1 Ja
190,915+ 9a) = [for o g

Then these [go, g1, - - -, gq] satisfies that

a .
9i+2 = 7592'4-1 +gl7 where i :0717"'7d_27

which is a Fibonacci function. At the same time, we modify the edge weight of each neighbor of v
from A to AV/b. By the definition of partition function, it is easy to verify that the partition function
remains the same after these simultaneous modification of vertex function and edge weighs. We
can do this for all the vertex functions and edge weights. This is indeed a holographic reduction

1
under the basis [0 \95] Finally we can get an instance of Fibonacci gate. So all our FPTAS

results for Fibonacci gates can be translated to an FPTAS results of a subfamily of Holant(L, A).

3.3 Holographic reduction and spin world

Weighted Holant problem can also be interpreted as an (unweighed) Holant problem defined on
bipartite graphs. For any Holant instance on a general graph, we can make it bipartite by adding
an additional vertex on each edge, and for the new vertex on a edge with weight A, the function
on it is [1,0,\]. The new bipartite graph is unweighed (no edge weights). It is clear that this
modification does not change the partition function of the instance. For this bipartite Holant, we

1
can apply a holographic reduction under base [p ot ] to get the following lemma.
P



Lemma 3.1. Let A >0, p>1,t(1—X) >0, and [t|< 1. Let § = % and vy = %. The two

spin problem with edge function [f i] and external field p is equivalent to Holant(F o 1,A\0),
P

where ]:p_; is a set of Fibonacci functions with parameter ¢ = p — % and the one of arity n has
P

form
fi ="+ pt*(=p) 7~ (1)

Through this reduction, Theorem B.IH3.3] give a region on the 8-+ plane in which the ferro-
magnetic two-state spin system problem admits an FPTAS. The explicit range is complicated and
not very informative. We use a function I'(3) to denote the combined range of the above three
theorems and have the following FPTAS for ferromagnetic two spin system.

Y
L'(B)
1
< uniqueness threshold
(0,0) 1 g

Figure 1: This figure illustrates the rough shape of I'(-) when there is no external field. It also
includes anti-ferromagnetic range. Parameters (3,7) admit FPTAS in green region and hard to
approximate in red region.

Theorem 3.4. There is a continuous curve I'(f) defined on [1,4+00) such that (1) T'(1) =1; (2)
)

1 <T(B) < B forall B >1; and (3) limg_, 4 % = 1. There is an FPTAS for the two-state spin

system with local interaction matrix [ '1)'] and external field p < 1 if By > 1 and v < T(S).

1
Proof. The main idea is to make use of the holographic reduction as stated in Lemma Bl to
transform FPTAS for the Fibonacci function f;, = p* 4 ut™(—p)~* with edge weight A to a FPTAS
3&%@3, v = t(lj;igfz) and external field p. In the following, we
first choose some parameters p, A and [t|= 1 in the tractable range of Theorem B3] Theorem B.2]
and Theorem Bl to define the boundary I'(3) by the holographic reduction. Then we cover the
below area by choosing some suitable |¢|< 1.

We first specify the boundary curve I'(8) = max {I'1(8),T2(8),'3(5)} where I'1(8),T'2(5) are

for spin system with parameters g =



curves parameterized by A and I'3(f) is a curve parameterized by p defined as follows.

1+ 2.922)\ 1+2.9272)\
I‘1=<5: =

>, A e (0,1);

1—x T T 1o
14 1.752)\ 14 1.7572)
1+ p*Xa(p) 1+ P2>\2(P)>
I's = = Y = , € (1,00
o= (=P = 2 E) et

where A\a(-) is the one in Theorem 311

I'; is obtained from Lemma Bl combined with Theorem B3] by taking ¢ = 1 and p = 2.92
(equivalently ¢ = 2.57) as it is easy to verify that the condition ¢/2 < % < ¢+ 2/c hold in this
case. I'y is obtained from Lemma Bl combined with Theorem by taking t = —1 and p = 1.75
(equivalently ¢ = 1.17). T's is obtained from Lemma Bl combined with Theorem Bl by taking
t = —1 and A = A9(p). Note that although in the statement of Theorem [BI], Aa(-) is a function of
p and p, p is also a function of p for fixed ¢ and p in our case. Thus Ag(+) is a function of p.

Now we can discuss the shape of I'(3) on -y plane. The maximum in the definition of T'(3) is
achieved by I'y, 9, I's consecutively for § from 1 to oco.

e When £ is relatively small, I'(5) = I'1(8) , which starts from the point (1,1).

e As 8 grows, I'(8) = T'2(B) as the slope L) approaches L2922 () 117 while 12 ap-

" JE] 1+2.922 B
proaches 11‘531'_7;’52 ~ 0.3265.

e We 3 is large enough, we have I'(3) = I's(3) with the slope approaches 1: limg_, o % =

: 1472
hm)\—>l+,p—>l+ o2 =1

—

It remains to prove that an FPTAS exists for v < I'(3). It is easy to verify that for fixed choice
of p and X\ as above, if we choose a t with the same sign but smaller absolute value, it remains
in the tractable range of Theorem [B.3] Theorem [B:2] and Theorem Bl For any pair (5,v) with
% < v <T(p), there exist a pair (5*,~7*) in the curve I" such that Sy = §*y*. By the definition of

I', we know that * = tizrl)‘_pi) and v* = % for some p, A and t* = 1 or —1, for which the
Fibonacci gates fi, = p* + u(t*)"(—p)~* has an FPTAS. By our observation, we still have FPTAS

if we replace t* by a t with the same sign but smaller absolute value. In particular, if we choose

t = %, we get 3 = % and v = %. So (8,v) also admits an FPTAS by holographic
reduction.

O

4 Computation Tree Recursion

In the exact polynomial time algorithm for Fibonacci gates without edge weights, one crucial
property of a set of Fibonacci functions with a fixed parameter is that it is closed when two
nodes are connected together [5]. This is no longer true if we have non-trivial edge weights or
when different Fibonacci function have different parameters. However, we can still use the special
property of a Fibonacci function to decompose a vertex, which is the key property for all FPTAS
algorithms in our paper.

Let Q = (G(V,E),{F,|v € V},{)\c|e € E}) be an instance of Holant(F2%,, Ay, »,), v €V be a
vertex of the instance with degree di+ds (d1,d2 > 1) and ey, e, . .., €4, +4, be its incident edges. We



can construct a new Holant instance ': ) is the same as ) except that v is decomposed into two
vertices v/, v". ey, eq,...,eq, are connected to v and eg, 11, €4, 42, - - -, €d,+d, are connected to v”.
There is a new edge e connecting v" and v”. If the function on the original v is [fo, f1, ..., fd,+ds], &
Fibonacci function with parameter ¢, then the function on v’ is [fo, f1,. .., fa4,] and the function on
v is [1,0,1,c...], also a Fibonacci function with parameter c¢. The edge weight on the new edge e
is 1. The functions on all other nodes and edge weights on all other edges (except the new e) remain
the same as that in ). We use the following notation to denote this decomposition operation

Q/ = D(Q7U7 {617 €2,... 7ed1}7 {edl—l—h €d14+25 - - - 7ed1+d2})'

Figure 2: Vertex decomposition

Lemma 4.1. Let Q' = D(Q,v, Ey, Ey). Then Z(Q) = Z(Q) and for all e € E, Pg(o(e) = 0) =
Po(o(e) = 0).

Proof. There is a natural one-to-two correspondence of configuration o of Q to o(, and o of Q": o,
and o} are identical to o on E while o((e) = 0 and ¢/ (e) = 1 for the additional edge e in . Then
our conclusion follows from the fact that

wa (o) = wa(0g) + war(a}).

We verify this in the following. The contribution of all the other vertex function and edges weights
are the same in both sides. So, we only need to verify that

F,(0(E1+ E2)) = Fy(0(E1)0)Fyr (0(E2)0) + Fiy(0(E1)0)Fy (0(E7)0).

or
fioBi+ )| = flo(B)910(B2)) T flo(B)|+19)0(B2) 415

where {g;} in the Fibonacci function of v”. Then the above identity can be verified by the definition
of f and g. O

Let Q¢ be a dangling instance of Holant(FZ, c,, Ay, ,). Let v be the attaching vertex of the
dangling edge e and ej,eg,...,e4 be other incident edges of v. We compute R(2¢) by smaller
instances depending on d. If d = 0, then R(Q2¢) can be computed directly. If d = 1, we construct a
smaller dangling instance 2! by removing ey and v from G and make e; be the new dangling edge

and remove its weight.
_ [1 1 A f2R(Q7)

RO = A AR )
We define F AT
_J1 e1J2%
he) = fo+ Ae f1x

10



Figure 3: Vertex decomposition (d = 3)

If d > 2, we use the above lemma to decompose the vertex v into v' and v” and let e and e
connect to v” and the remaining edges connect to v’. We use €’ to denote the edge between v and
v”. By removing e and v” from € , we get a dangling instance Q¢! with two dangling edges ¢/, e;.

Z(Q¢0(e) =1)
Z(Qe,0(e) =0)
A, Z(Q 4 a(eer) = 01) + Z(Q1, o(e'er) = 10) + che, Z(QF 1 (e e) = 11)
B Z(Qeher a(eler) = 00) + A, Z (€1 o(ley) = 11)
A Poere (0(€ler) = 01) + Py e, (0(€'er) = 10) + che, Per e, (0(€'e1) = 11)
N Poer ey (o(€'e1) = 00) + A, Poer o, (0(e'er) = 11) ’

R(Q) =

In the above recursion, the marginal probability of the original instance is written as that of
smaller instances but with two dangling edges. In order to continue the recursive process, we need
to convert them into instances with single dangling edge. This can be done by pinning one of the
two dangling edges, or just leaving one of the edges free (in which case the dangling end of the free
edge can be treated as a regular vertex with signature [1,1]). There are many choices in deciding
which edge to pin, and to what state the edge is pinned to. Each choice leads to different recursions
and consequently have an impact on the following analysis. Here we give an example which is used
in the proof of Theorem Bl and Theorem B3l In the proof of Theorem B2 we use a different one.

Set Q¢ = PINg, o(Q¢1), Q° = PINy (Q¢¢1) and Qe = PNy 1(Q°°1). By the definitions, we
have

Poe (0(€) = 0) = Poer., (0(€') = Olo(e1) = 0),
Poer (o(e1) = 0) = Pger.e, (0(e1) = 0lo(e) = 0),
Pﬁﬁl (0'(61) = O) = ]P’Qe/761 (0'(61) = O\a(e/) = 1).

Given these relation and the fact that
Poer e, (0(€'er) = 00) + Pger o, (0(e'€1) = 01) 4+ Poer o, (0(€'e1) = 10) + Pgpere, (0(€'er) = 11) = 1.

We can solve these marginal probabilities and get

1

Fara o(eer) = 00) = T R 1 RO R

11



_ R(Q4)

14 R(QY) 4 R(Q°) + R(Q€)R(Qe1)
_ R(Q)

14 R(Q€) + R(Q) + R(Q)R(Qe1)
_ R(Q)R(Q)

1+ R(Q) + R(Q9) + R(QY)R(Q)

Substituting these into the above recursion, we get

Poer e, (o(eer) = 01)

]P)QE”El (0’(6/61) = 10)

]P)QE”El (0’(6/61) = 11)

R(@) = 2RO + RQ) + Ao ROT)R(Q™) 3)
1+ A, R(Q%)R(Qe1)

We define
AetY + T + che,x2

14 A, z2

9(x,y, 2) =

If ¢ and e; are in different connected components of Q°"¢1_ then the marginal probability of e;
is independent of €’ and as a result R(Q%) = R(2°). So in this case, we have

Ae; R(QE) 4+ R(QF) + che, RO R(Q°)

R(Y) = L5 A, ROOT)VR(Q) )

We define
Aet¥ + 2+ che, 2y

14+ Ae,zy

Starting from an dangling instance Q°, we can compute R(Q2€) by one of @), @) and (@)
recursively. We note that if Q¢ € Holant(F&%,, Ay, »,), the instances involved in the recursion
are also in the same family. By expanding this recursion, we get a computation tree recursion
to compute R(€2€). We need one more step to compute the marginal probability of an edge in a
regular instance. Let e = (u,v) be an edge in a regular instance 2. We can use Lemma [£.1] to
decompose vertices u and v in two smaller ones if their degrees are larger than three. Therefore,
we can assume that the degrees of u and v are both less than four. In the following, we assume
d(u) = d(v) = 3. Other cases are similar and simpler. We denote the other two incident edges of
u as e; and es, the other two incident edges of v as eg and e4. The function on u is F, and the
function on v is F,. We use QF = Q€1:¢2:¢3:¢4 to denote the dangling instance by removing u, v and
the edge e = (u,v) from Q. Then it follows from the definition that

g(w,y) =

Pq(o(e) =0)
Zm17m27m37m4€{0’1} Z(QP, o(eresezes) = w1202324) Fy(21220) Fy (23240)
Ex1,xz,x3,x4€{07l} (Z(QP o(eresezey) = wiwowswy)(Fy(11220) Fy (23240) + Fy(z1201) Fy(23741)))
Zm17m27m37m4€{0’1} Poo(o(erezeses) = x1xow324) Fry(21220) Fy (23240)
Em’xz,x&me{m} (P (o(eresezes) = wiwowsmy)(Fy(21220) Fy(23240) + Fy(x1221) Fy(23241)))’

where Pqp(o(erezeses) = x1xox3w4) can be further written as a product of four probability for
dangling instances with one single dangling edge each.

Pop(o(e1eaeses) = x1x0w374) = H P, (o(er) = xg),
k=1,2,3,4

12



where Q¢ is obtained by pinning QP: ej, es,...e,_1 are pinned to z1,zs,...x,_ respectively;
€k+1,€k+2, - - - €4 are all pinned with weight % (see them free). Thus if we can estimate the marginal
probabilities of dangling instances in sufficient precision, we can use the above relation to compute
Pq(o(e) = 0). Since this recursion only involves constant many sub-instance and their derivatives
are all bounded, we conclude the following lemma.

Lemma 4.2. If we can € approzimate R(Q°) for any dangling instance Q¢ of Holant(F&%,, Ay, x,)

in time poly(n, %), we can also € approximate the marginal probability of any edge of a reqular

instance of Holant(F5%,, Ay, »,) in time poly(n,L).

5 Algorithm

The general framework of the algorithm is standard. We use the marginal probabilities to compute
the partition function and use the computation tree recursion to estimate the marginal probabilities.

Lemma 5.1. If for any € > 0 and any Q¢ of Holant (F&%,, Ay, »,), we have a deterministic
algorithm to get P in time poly (n, ) such that |P — Pqe(o(e) = 0)|< €, we have an FPTAS for
Holant (}'51’?02, A)\L)\z)'

Proof. By Lemma [£32] if we can compute an e additive approximation of the marginal probability
of a dangling instance in time poly (n, %) , we can also compute a e additive approximation of
the marginal probability of an edge in a regular instance in poly (n, %), and further compute a &
additive approximation in poly (n, %)

The partition function can be approximated from estimations of marginal probabilities by the
following standard procedure. Let eq1,es,...,¢e, be an enumeration of the edges E.

1. Let 4 :AQ. For k =1,2,...,m, assuming that the Q. is well-defined, use the algorithm to
compute P, (o(ey) = 0). If Pg, (o(ex) = 0) > 3, set zj, = 0; otherwise set ;, = 1. Construct
Q.11 by pinning e of Q. to xy.

2. Z(9) = —walnirs on) Z(9).
Compute Z(Q2) T P (o(en) o) and return Z(92)

It is clear that the running time is in poly (n, %) By the construction, we have that PQk(U(ek) =
z)) > 1. Since it is a & additive approximation of Pq, (o(ex) = zx), we have that Pq, (o(ex)
z)) > 3. Thus

B (0(ep) = o
a,(7(ex) = 7i) ell— 14—
Pq, (o(ex) = ) 2m 2m

iti e — WQ(xlxzmxm) — wQA(xle“‘xm)
By definition we have Pq(z1z9 - - zp,) 7y thus Z(Q) T, P (olen)an)” Therefore,

we have
€ m Z(Q) " @g) (X’Uk = ka) € m
1—e§<1——> < 20 T §(1+—> <1+4e
2m Z(Q) - Pa, (Xy, = T0,) 2m
which is simplified as that 1 — e < % < 1+ e. This completes the proof. O

Before we use the computation tree recursion to compute the marginal probability, we need the
following lemma to handle shallow instances separately. We denote by SP(2¢) the longest simple
path containing e in G.

13



Lemma 5.2. Let L be a constant. We have a polynomial time algorithm to compute R(Q€) for all
Q° of Holant(F?, c,, Ay, »,) with SP(Q°) < L.

The proof of the above Lemma uses holographic reduction to spin world and makes use of the
self-avoiding walk tree [34] for two-state spin systems. The length of the longest simple path is the
same as the depth of the self-avoiding walk tree. In order to make the argument through, we define
an extended two state spin system to be a two state spin system where the vertex weight could be
any real number and the edge function could be any (not necessary symmetric) real function. In
this system, we can also define partition function as usually. By that, we can algebraically define
formal marginal probability which can be any real number. Under these definitions, the technique
of self-avoiding walk tree is still valid and can be used to compute the partition function of extended
two state spin systems. This conclude the following lemma.

Lemma 5.3. The partition function of extended two state spin system with bounded simple path
can be computed in polynomial time.

Any instance of Holant (F&%,, Ay, »,) can be transform to an instance of extended two spin
system with same partition function under holographic reduction. If we can compute the partition
function, we can also compute marginal probabilities. This proves Lemma

Now we give out formal procedure to estimate Pqge(o(e) = 0). Since there is a one to one
relation between Pqe(o(e) = 0) and R(€€), we can define our recursion on R(2¢), and at the final
step we convert R(€Q¢) back to Pq(o(e) = 0). Let bounds Ry, Ry and depth L be obtained for the
family of dangling instance in the sense that for any dangling instance with SP(Q€) > L, we have
R(Q°) € [Ry, Ry]. Formally, for ¢t > 0, the quantity R'(2¢) is recursively defined as follows:

o If SP(Q°) < 2L, we compute R'(Q2¢) = R(Q°) by Lemma [5.21

e Else If t = 0, let R°(Q2¢) = R.

e Else If £ > 0, use one of the recursion to get RY(Q¢) = g(R™1(QF), R-1(Qer), RE-1H(Qer),
RI(Q7) = A(RH(Q)) or RIQ7) = (R (Q7), R (@
RY(Q€) = Med(Ry, R (), Ry).

There are three possible recursions and we define four amortized decay rates:

1)). Return the median of Ry, R*(Q°), Ra:

o) = W) l2]
1 dg dg dg
o 2) = g (| 9] 20 + 52 20 + |32 29
% ()
R )
5 o(y)
) =B gy

where ®(-) is a potential function.

Definition 5.1. We call a function ® :

[1,4+00) —

(0, +00) —

(0,+00) such that for any ¢ > 1 and x,y > 0 with T <y < cx, we have

14
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d

For any fixed constant d, ®(z) = x“ is a nice function while ®(z) = 2% is not.

Lemma 5.4. Let bounds Ry, Ry and depth L be obtained for dangling instances of Holant (F2%.,, Ay, a,)
such that for any dangling instance with SP(Q€) > L, we have R(Q°) € [R1, Ro]. If there exist a
nice function ®(-) and a constant o < 1 such that ai(x) < « for all x € [R1, Ra|, aa(z,y,2) < «
for all z,y,z € [Ry, Ra], as(x,y) < « for all x € [Ry, Ra], and ay(x,y) < « for all y € [Ry, Rs).
Then there is an FPTAS for Holant(F&%,, Ax, x,)-

Proof. By Lemmal5.1] it is enough to give a poly (n, %) algorithm to get P such that ]]3—]P’Qe (o(e) =
0)|< e. We shall use the above recursive algorithm to compute an estimation of R(2¢) and then to
compute ]3

Given any Q¢ and constant L, we can test if SP(€2¢) < 2L in polynomial time. Let ¢ = [ q>1 dx
be a monotonously increasing function. We prove by induction that

(RN (Q7)) — ¢(R(Q))|< o' [p(R1) — S(R(Q))].

For the base case t = 0, if SP(Q°) < 2L, then it is trivially true since R°(Q°¢) = R(Q°).
Otherwise, it is also trivial since we set R°(Q¢) = R;.

Now we assume that the inequality is true for t—1 and prove it for t. If SP(£2¢) < 2L, then this is
trivially true since R'(Q¢) = R(Q°¢). Now we assume that R(2¢) > 2L and as a result it is computed
by a recursion. It is enough to prove for the case that R'(Q¢) = Med(R;, Rt(Q°), Ry) = R'(Q°).
In other cases, R'(2¢) is even closer to R(Q€) since R(Q¢) € [Ry, Rs]. There are three cases to
consider:

1. RY(Q°) = h(R!71(Qe1)). If SP(Q°) < 2L, then by the calculation R*~1(Q°) = R(Q%) and as
aresult RY(Q°) = h(R(Q°)) = R(Q2°). Otherwise, we have that R=1(Q¢), R(Q) € [Ry, Ra).

OUR)) 9RO = 001~ @) 6RO )= el =1 20) (@),
by mean value theorem, where z is between R!=1(Q°) and R(Q°!) and as a result = € [Ry, Ra).

2| dh
By the fact that a;(x) = %@# < a for z € [Ry, Ry], we get

(R (29)) — $(R(29))|< alg(R™HQ) — ¢(R(Q))[< a'[¢(R1) — (R(Q))],
where the last inequality uses induction hypothesis.

2. RY Q) = g(R1Q), R1(Qe1), R=1(Q1). In this case, we know that e; and ¢’ are con-
nected and thus )
SPQ)

2

If min{SP(Q), SP(Q°),SP(Q)} > L, we know that R(Q¢), R(Q°'), R(Q¢) € [Ry, Ry
and by a similar argument as above we get that the conclusion by the fact that as(x,y,z) <
a,Vx,y,z € [R1, Ra]. Otherwise, we have that max{SP(Q°), SP(Qel) SP(Q)} < 2L and
we have RI™1(Q) = R(Q¢), R1(Q%) = R(Q€), and R'™1(Q¢1) = R(Q%). Therefore, we
have R!(Q¢) = R(Q°).

< SP(Q) = SP(Q) < 25P(Q%).

3. RY(Q°) = §(R1(Q), R1(Q°1)). In this case, if max{SP(Q°),SP(Q)} < 2L, we have
RY1(Q) = R(Q¢) and R*=1(Q1) = R(Q%). If min{SP(Q°), SP(Q)} > 2L, we know that
both R(Q¢) and R(Q) are in [Ry, Ry]. Then it is a weaker version of the above recursion
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of g and we get the result. The remaining case is that min{SP(Q°), SP(Q¢)} < 2L and
max{SP(Q), SP(Q¢)} > 2L. For that, one of R(Q¢) and R(Q) is in [Ry, Ry and the
other one is equal to the correct value without error. We get our conclusion by the fact that
as(x,y) < a,Vz € [Ry, Ro] or ay(x,y) < a,Vy € [Ry, Ra] respectively.

This completes the induction proof for

(RN (Q7)) — ¢(R(Q))|< o'[p(R1) — S(R(Q))].

Since

B(RHQ9)) — 6(R(Q°))|= ﬁrmm ~R(Q)], and [p(Ry) — S(R(Q%))|= @ml ~ R,

for some z,y € [Ry, Ra] by the Mean Value Theorem. Given the fact that ®(-) is nice and g—f is
bounded by a constant, we conclude that there is a constant C such that

[RI(Q%) = R(Q%)|< Ca'[Ry — R(Q)].

Let P = 1+R+(QE) then we have that
~ 1 1
P - ]PJ e = = —
1P~ Par(o(e) = 0 = I ~ 5
R - R@)
(1+ RY(Q2¢))(1 4+ R(2¢))
_ CallRy - R)
e +Rt(96))(1 + R(Q2))
< Cat
Thus by an appropriate choice of t = O (log %) , we have |1B —Pqe(o(e) =0)|< e O
6 Bounds

In this section, we shall prove various upper and lower bounds for R(€€). These bounds are
crucial to obtain the correlation decay property and hence FPTAS. We start with the following
straightforward bounds which work for any dangling Holant instance.

Lemma 6.1. Let Q° be a dangling Holant instance, v be the vertex attaching e and the function
onv be Fy, = [fo, f1,--., far1]- Then

Jrr1 < RO < Srr1

Oled fr k0ted i
Proof. Let D = {e1,es,...,eq} be other incident edges of v. For any fixed configuration 7 € {0, 1},
the R(Q) = % Average over all the possible configurations 7 € {0,1}”, we know that that

R(€2°) is sandwiched between two extreme configurations. O

In the above argument, we used the worst configuration for the edges e, es, ..., eq. If we already
establish that the marginal probabilities of these edges are within certain range, we can get a more
accurate estimation of R(£2¢). Recursively using this idea, we can get better and better bounds.
This is the main approach to get better bounds in this section.
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Lemma 6.2. If R(Q°) € [Ry, Ro] for any dangling instance Q¢ from a family Holant(F2 c,, Ax, x,)
with SP(Q°) > L. Then for a dangling instance Q° of Holant(FZ, c,, Ay, ,) with SP(Q¢) > L+ 1,
we have

1
min p——l- (L+cp)ho < R(Q%) < max p+ L+ cp)ax 1+ cp))\x.

p>po,cElet,c2],AE[A1, 2], zE[R1,R2] 1 + )\Zﬂp p>po,cEler,ca],AE[A1,A2],2E€[R1,R2] 1 + )\:Ep

Proof. Formally, let QP be the dangling instance obtained from Q¢ by removing v and thus D =
{e1,e9,...,eq} consists of d dangling edges. v; is the vertex in QP that attaches e; for all 1 < i < d.
Without loss of generality, we assume that in one longest simple path, e is followed by e;. We
define D' = {eg, e3,...,e4} and assume F, = [fo, f1,..., fd]-

Then we have

o Po(ole) =1)  Z(2,0(e) = 1)
B = B0 =0) ~ Z(@0(e) =0)

Zwe{o,l}D (Z(QD7U(D) m) - f 1 vvz f||7r||+1)
2re{01}P (Z(QD,O'(D) =) TIZ A (U o) f||7r||>
> reqonyr iz A(z,(v)) (Z(QP,0(D) = 0m) - fijrj+1 + Awwn) - Z(27,0(D) = 17) - fizj42)
> reqonyr Il X(T(el.)) (Z(QP,0(D) = 07) - fin| + Moywr) - Z(20,0(D) = 17) - fimjs1)
S retonyr T M) (Pan(0(D) = 07) - fiajr + Awan) - Pan(0(D) = 17) - fi12)
S retonyr s AL (Pan (0(D) = 07) - fie) + Awan) - Pap(0(D) = 17) - fiizs1)
Thus

Pop(a(D) = 07) - fizj+1 + Aww) - Pap (0(D) = 17) - fiz|+2

R(Q° . 5
(@) < we%i}iD’ Poo(a(D) =0m) - fiix| + Aww) - Pap(a(D) = 17) - fiz+1 (5)
RO > min Pop(0(D) = 07) - fiz|+1 + Aww) - Pap (0(D) = 170) - fiix|+2 (©)

refo,32 Poo(o(D) =07) - fiz| + Aww) - Pap(0(D) = 17) - fix+1

For a fixed 7 € {0, 1}D , we can define a new dangling instance (22! with dangling edge e; by
pinning the configurations of D’ to m. Then we have
]PQD (O'(D) = 17T)
Poo(o(D) = 0m)
By our choice of e, we have that SP(QS) > L. As a result, R(Q%) € [Ry, Ro]

By the definition of Fibonacci function, we have fjizj+2 = cfjz|+1 + fix|- Let p = %,

R(QF) =

get that claimed bounds.

We denote by
p+ (1+cp)x
1+ Xxp
We use 7—[(]:51702,AA17,\2) to denote the family {hip | c1 < c < e, M1 <A< Ag,u > w}. By
recursive using Lemma [6.2] we can get the following bound.

Lemma 6.3. If for any x > 0 and any hy, ha, ..., h, € H(FE co, Ay 2y)s we have hihg -+ hp(z) €

[R1, Ro]. Then for any dangling instance Q¢ of Holant(]:cl,cQ,AAh,b) with SP(Q¢) > L, we have
R(Q°) € [R1, Ra].

hSp(2) =
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6.1 For Theorem

Lemma 6.4. Let co > 0,pg > 0,L > 2 + ;—g and hi,ha,...,hr € {hf\p]c > co, A > 1,p > po}.
Then for any x > 0, we have
thL—l . hl(x) > Co.

it (1+cipi)Nizi—
Proof. We denote x; = hjhi—1...h1(z) and x; = h;j(x;—1) = %.
If there exists some z;_1A; > cg, then

pi + (L4 cipi) Nizi—1

hilzi 1) =
i(@i1) L+ Aiwi—1p;

S bit (14 copi) Niwi—1

- I+ Nzi—1p;i
pi+ AiTi—1 — ¢

= CO —|—

L+ Nizi—1p;

2%+m+%—%
1+ Nzi—1p;i

> Cp.

Then it remains above cg.
Now we assume x;_1\; < ¢g for all ¢ = 1,2,..., L. In this case, we have

x; — xi—1 = hi(xi—1) — i1
_pit (1 + cipi)Nizi—a

— T
1+ Nxi—1p; t
S pit (1 + copi) NiTi—1 — Ti—1 — N7,
- 1+ Nzi—1p;
S Pit (A — Dziqg
14 Nz
bi
T 1 Nz
> Po .
1 4+ copo
o at every step, it is increased by at leas . So if L > TP we can conclude tha
So at tep, it is i d by at least 2. S 'fL>co(1;Ocopo) lude that
Iy, > Co. |

By Lemma and the above bound, we have the following bound which is used in the proof
of Theorem

Corollary 6.1. Let co > 0,pg > 0,L > c2 + ;—8 and Q¢ be an instance of Holant(FLy o, A1 00) with
SP(Q°¢) > L. Then R(2°) > co.

6.2 For Theorem [3.1]

Lemma 6.5. Let hy, 1, hag o € H(Ftic, Ax+oo) be two functions, then for any x > 0,

. >\M2 * M+(1+C,u)/\c 1 .
mln{m e } < xg g Poxg s () < maX{T,C—F ;,:17 .

where x* is the larger fizpoint of hy, ,,.
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Proof. We only prove the lower bound, the proof of the upper bound is analogous.
If 11 > p then the lemma obviously holds since hy, ,, (z) > ¢ for any > 0. Thus we assume
w1 < p, then we distinguish between two cases:

(1) p2 > p, then the lemma follows from the fact that hy, ,,(z) > c for any x and hy, ,, (z) >«
when z < z*.

(2) p2 < p, then we have
h>\1,u1 h>\27/12 ($) > h>\1,u1 (:U)’

and thus ( ) )
p1+ (14 cpn)Ap Ap
B (1) = > 5 C.
1+ A 14+ A
O
In the following, we say a number x is warm if % -c <z < max {W, c+ é} when

we work with functions in H(Fle, Ay +o0)-

Lemma 6.6. Let u, \,c > 0 be three numbers, let x* be the larger fixpoint of h§ W then

Ap|A =1 |p — pl
(p* + 1A

|2

Proof. Solving the equation h§\7 “(ZE*) = z* and taking the larger root, we obtain

A =Dp—Ap* +1)u+ \/(A —1)%p% + (A2p1 = 20\ = 2)p% + A?) 52 + 2 (AN — D)p(p? — 1)) p

r = p+
App

A=Ap*+ D — (A= 1)p,
B=M\-12p"+ (A" —22(A = 2)p + X?) 2 +2 (A — D)p(p* — 1))

Then z* — p = \//\E;);A and it holds that

B—A?=B— (N(p*+ 1% = 22X\ = 1)(p* + L)up + (A — 1)%p?)

= 4(A = DA p(p — ),
VB+A>Np* +1)u

Notice that if A =1 or = p, then z* = p. We need to distinguish between four cases

1) A>1and p > p;

3

(1)

(2) A>1and pu< p;
(3) A< 1and pu > p;
(4)

4) A< 1and p < p.
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We only prove (1), the other cases are analogous. If A > 1 and p > p, then z* < p and we have

. A-VB A’ - B A\ = Dp(p = p)
p —xTr = = S 3
Apis (VB + A)pu (P* + D) Au

O

Lemma 6.7. Let hy, 0 € H(Ftic, Ax+o00) and po < p. Let k be a number such that k(1 + (1 —
EYu?) < (1 — k2)p3. Then for every warm z, if max{|\ — 1|, | o — 1|} < k, then

|Prg, o () — pI< c1|w — p|4-61

fora1:%<1 and 61 = kp.
+

c(1—k2)p
1+(1—k)p?
Proof.
o — 1 = | EH 20 (o) (g - 1) O
0,10 P 1+ zpgho 1+ xzAopo
1+k
= c(1_k2)3 |z — pl + kp.
1 1+(1—k)u?

O

Lemma 6.8. Let k < p?—1 be a number and hy, ;,, hxy yy € H(Fhc, Ay 100) where > p. Assume
max{|A1 — 1|, [\ — 1|, |A = 1|} < k, then for every warm z,

’h)\l,,ulh)\z,lm(x) - p’é a2‘x - pH_(SZ

1) ,2
foragzlj—f<1and52:(%+%>k.

Proof.
‘h)\17ﬂ1h>\27/»12 (x) - P’
p— p1 A1 p—p1
' P 1 + h)\27uz (;U),UIAI ( )\27N2( ) p) ( 1 )1 + hA27M2(33)/\1M1
pP— A1 (P—m A2 P — 12 >
= . . r—p)+A—1)——— | +
‘ p 1+ h)\%uz ()1 A1 P 1+ zug A ( p)+ (2 )1 + xAg0
p— 1
A —1 7
( ! )1 + h>\27M2 (:E))‘l:ul ( )
Take
A Athg H1—p P2 —p
p2 1+ h)\27u2 (l’),ul)\l 1+ :E/LQ/\Q ’
B— pP— M :
L+ hag s (z) 1\
c_| HF2=p p1—p A
L+apade 1+ hy, w(@)mAr p
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It holds that

A< A1 21 o p
— 2 2
p? Appipe + (MAgppn + (AA2 (02 — 1)) g1 + Agp) po)  + p
< A1 241 fho 1
= 2
p Atpipe +1

< 1tk
p p
_ 2
B< m < 1 S1+(1 21@)2”7
1 +h}\2,u2(x)ﬂl)‘l h}\z,ug(x)(l — k) (1 — k) pnee
P 1
C=A-—<-.
A2 T p

Then
@=1A-|z—p[+B- (A —1)+C- (A2 —1)|
|Al-|lz — p|+(IB|+|C]) - k

1+k 1+ —Fk)p? 1
e '“’"*( a—rpe o)k

IN

IN

Thenang—gk<1and52:<%+%>k‘

O

Lemma 6.9. Consider functions in H(Fre, Ay x) and define k = max{|A—1|, |\ —1|}. We assume
that k satisfies k < p*> — 1 and k(1 + (1 — k)u?) < c(1 — k?)u. There exist constants M, 6, o < 1
such that for any sequence of d > 0 functions hy, ha, ..., hg € H(Fte,Ax ) and any warm z, if the

sequence satisfies one of following three criterions:
(1) d =1 and hy has its corresponding p < p;
(2) d < M and exact hy and hy in the sequence have their corresponding > p;
(8) d =M and exact hyq has its corresponding (> p,

then
’hdhd—l s hl(x) — p’ <« ]a: - p! + 9.

Proof. Assume h; = hy, ,, for every 1 <i < d. We consider three criterions respectively:

(1) We can take a« = ay and § = d;.

(2) For every 1 < i < d, define ; = Ao lmi=pl gy every 2 < i < d—1, h; is an increasing

(PP+D)Aip
function, then due to Lemma [6.6], for any = > 0,

— If z < p, then
min{z, p — v} < hi(z) < p+ .

— If x > p, then
p— i < hi(r) < max{z, p + v}

Let v = maxi<j<q i, then for any > 0, one of following two must be true:
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(a)
|haha—1 .. hi(z) = p| < |hahi(p)] -

(b)
|hahd—1 - hi(x) — p| < max {|ha(p + ) = pl, [ha(p —7) = pl} -

Notice that hq(x) = hy, ,,(x) is monotone on pg for fixed x, thus

. 1 u+(1+cu)>\d(p+’v)}
min < ¢ + , < hg(p +
{ Aa(p +) L4 pXa(p +7) alo+7)
1 u+(1+cu)Ad(p+'v)}
< max<{ c+ , ,
{ Aa(p+1) L+ pXa(p +7)
. 1 N+(1+Cﬂ)/\d(f’_7)}
min< ¢+ , < hg(p—7
{ Aa(p =) L+ pXa(p — ) ( )
1 u+(1+cu)Ad(p—’v)}
< maxqc+ , .
{ Aa(p—7) L+ pXa(p =)
Therefore we can take o« = a9 and
5:max{52, 1 _1"‘N+(1+Cﬂ))\d(l)+7)_p"
Aalp+7)  p L+ pAalp +7)
1 _}‘ ‘N+(1+Cﬂ)/\d(9_7) _p‘}
Alp=7)  pl'] 1+ phalp—7)
(3) Assume hy = hy, ,,, then
p— I At p— I
hi(z) — p| < : - A1) [ E—
R e e e L L R P o
~ px P Az

Let of = p—lx and M be the number such that o/a}! < a; < 1, then we can take a = o/a™

andtakeéza"m—km.

O

Let hi,hg, ..., hg € H(FE ey, Ax; \,) be a sequence of functions. If for every function h; and
every x > 0, we have |h;(x) — p|< a|x; — p|+d holds for some a < 1 and §, then for every z > 0,

6
\haha—1 ... hi(z) — p|< oz — p|—|—E

holds.

Consdier functions in H(FLe, Ay, x,) and define & = max {|A\; — 1], |A2 — 1|}. Assume k < 1/2,
then for a sequence of functions fi,..., fg € H(Fre, Ay, 2,) that satisfies one of three criterions in
Lemma[6.9] it holds that for every warm z,

|hgha—1 ... hi(x) — p|< alx — p|+d
where

5 S max {Aly AQ) A37 A47 A57 AG}

22



and
a < max{ay,as},

for
1+(1—k)p* 1
Al=b=—+——+-]k
P < 1-kp2e o))"
1 01 k
Ay = — .
T 1—a1+(1—k)w’
Az = max { #—l'},
rebue) L[A(p+7)  p
A= max { p+(1+epAp+y) ‘}
A€l A2] L+pA(p+17)
1 1
As = max { 7——'},
repaal L[A(p—7)  p
1 _
Ap— max { p+ (1+cp)Ap—7) _p‘}7
AE[A1, 2] 14+ pA(p—7)
1+k
A= —— e 01 =kp,
L+ o
1+k
Qg = )
2
< . {4pM—1Hu—p!} < 4p°k
el el pelptoo] | (PP + DA J T (14 p2)(1 = k)p
In the following, we shall bound ﬁ, ﬁ and each A; respectively. Since
1+ k 1+k 41+ k)(1 + p?)
a1 = | 4 c0=k)p° = 143, T 4+ 4p? + 3cp3
toane TIiy
we have
1 4 + 4p® + 3cp?
1—a1 = 3ep* —4(1 +p?)k’
If we require that k < min{#ég), %}, then

1 444p® +3cp® 111 +p®)(1 +¢)
< < .
1—ay cpt pic

Using the fact that p? > ¢ + 1, we have

1 p?

1—a2:p2—/<;—1
<c2+1
— 22—k
2(c + 1)
2

<
c
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1+ (1 =kp* 1
o= (e )

1+ (1-kp* 1
= ( (1 —k)?*p2e +C>k
_ L+ (1—k)p?+ (1 —k)?p?

-k
1 - Rpe
14+p°+p°
~ (1—k)?p%e
2
_ 80 +p)k
1 01 k
Ay = — -
2 pT 1—0z1+(1—l<:)3:
k k

= z(1—aq) + (1—-Fk)x

_E 1 N 1
oz \l-ag 1-—k

(1+ 1 —k)p?) k (11(1+p*)(1 +¢) 1
T (A —kpe < ple +1—k>
2(14+p%) k (11(1+p*)(1 +¢)
< e ( e + 2>
70(1 + p?)(1 + pM) (1 + o)k
< p662
210(1 + p%) (1 + )k
< p662

It follows from monotonicity that

max {Ag, A4, A5, Aﬁ}

<max{p+(1+6p)(1+k)(p+7) ) p_p+(1+cp)(1—k)(p—7)
- 1+ p(1+k)(p+7) ’ L+p(l—k)(p—")

;_ll_;}
A=K)p=7) pp QA+kp+v)])"

If we require that k < 17(11%52), then we have
p+(1+cep)A+k)(p+7) _p:p—p+(1+k‘)(p+7)(1+cp—pp)
L+p(l+Ek)(p+7) L+p(l+Ek)p+7)
- kp+~(1+ k)
p(p+7)
12
k (1 + (1+pg):n>
<
p
cla —;—p)k‘
p
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_p+(+p)A-k)p—) _ p—p+0—-k)(p—7)(p—cn—1)
1+p(l=k)(p—7) L+p(1=k)(p—7)
< 2(kp+7)
~ plp—7)
- 32(1—;—p)k‘
p

1t p=(0=Kp—)
I=Kp-7 p A=Fkplp—7)
< 20+ kp)
~ ple—)
§32(1—|—p)k‘

cp

1 (L+k)(p+7)—p

p (A+E)p+7)  p(L+E)(p+7)
< kp+~v(1+k)
p(p+7)
12(1 + p)k
cp
Take all bounds into account, we have
3 2
5 < max 11(1+p )(1—|—c)72(c +1)1
phe 2
8(1+p?) 210(1 + p%)(1 32(1 32(1
e {SLEF) 2O +9) F4p) 920 +p))
cp pPc p cp
Lemma 6.10. Let ¢,p, A\1, A2, L > 0 and hy, ha, ..., hi € H(Fre, Ay, ) and define k = max {|\; — 1], [Ag — 1]}.

If k < min {1/27 2(16_{;2), %, p(llgf) }, then for any warm x,

hrhr_1. ..hl(ac) S [Rl,Rg]
for Ry = p— A, Ry = p+ A where
3 2 2 6
A:maX{H(Hp)(Hc) 2(c +1>,}.max{8<1+p) 210(1 4 p%)(1 +¢) 32(1 +p) 32<1+p)}.k

p4c ’ C2 Cp2 ’ p662 ’ p2 ’ cp
L
4 (a0 R+ P) 12 #( >"w_p‘
4+ 4p2 + 3cpd T 1+ 2

and g : N — N is a non-decreasing and unbounded function.

Proof. The lemma follows from previous discussion and the fact that any sequence of L functions

can be consecutively grouped such that each group satisfies one of three criterions in Lemma
Thus

g(L) = min {number of groups in fr, fr—1,..., f1}.
a sequence of L functions in H(FZe, Ay, 1)
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Corollary 6.2. Let ¢, p, A1, A2, L > 0 and Q° be an instance of Holant(FZ ¢, Ay, »,) with SP(Q°) >
L + 2. Define k = max{|\; — 1],|\2 — 1|}. Ifk:<mln{1/2,21+p),é,p(llgpp%}. Then R(Q°) €
[R1, Ra] for Ry = p— A, Ry = p+ A where
11 +p*(1 2(c? +1 1+p?) 21001 +p%(1 2(1 2(1
A /P40 2 1) | (8014 p7) 210040014 0) 3200 4p) B2049)
pic 2 D2 P52 D2 p

i (max 0RO+ LR N pt (Lt ewe
44 4p% 4+ 3cp? T 1+ 2 1+ A2 ’ pUAC

and g : N = N is a non-decreasing and unbounded function. Moreover, it holds that im0 A =
0.

Proof. For any two functions hy, hy € H(FEe, Ay, x,) and any z > 0, it follows from Lemmal6.5] that

hiha(z) is either warm or lies in the range [p —, p+1] for v = max)c(\; xo),pelp,+o0] {%}

7 Correlation Decay

In this section, we are going to prove Theorem [B.I] Theorem and Theorem [3.3] by analyzing
the correlation decay property stated in Lemma [5.4l To this end, we shall study the recursions
discussed in Section [

7.1 Proof of Theorem [3.1]

It follows from Corollary [6.2] that for every n > 0, there exists (n) > 0 such that k = max{|\; —
1],]A2 — 1|} < B(n) implies A = max{|p — R1],|p — Ra|} < n by choosing L sufficiently large.

We use the trivial potential function ®(x) = 1 and as discussed in Section [ it is sufficient to
bound

dh g
Oél(x) d.’,l' (‘T Yy, z) = ‘ ‘ ‘ ag(x,y) = % ; 044(1',y) = ‘g_z
where
1
h(z) = p+ (cp+ 1)z
14+ Apx
(z )_)\cxz+/\y+:17
KOV 2 = TN 1
i )_)\cxy+/\y+:1:
9@ Y= Azy + 1
for some p > p and A > 0.
We shall frequently use the following equality:
Fact. Assume a,b, A, B,x are all positive numbers. If b— Bx > 0, then ‘”’Am =3+ b?lffgf)w.

Lemma 7.1. Let%<)\<2 and € < %. If p—e<x,y,z<p-+e, then ag < /@z_ﬂl + 15¢.
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Proof.

dg Az +1—Nyz
or (Azz +1)2
Ap=3)p+e)+1-XN(p—e)?
- (A(p—€)* + 1)
< (Ap2 + D)X = 1|+(Ap + 2A%p)e
(A2 +1)2 —4p(Ap? + 1)Ae
=1 4p|IA — 1A + (2X%p + Mp)
TRl T R0 —dpOp? + e

A —1] 8p+8p+2p
ST R DpOw L - dhe)
A —1] n 18p .

AL (2 Dp(2VA - )
A -1 18 A— 1]
S + %(%+1)6< YR + 15e.

Lemma 7.2. Let J <A <2ande <1 Ifp—ec<a,yz<pte, then - < M1y g,

Ox — Ap2+1
Proof.

dg  Nyz—Acz—1
Tor (Azz +1)2
N(p+e) =Mp—3)p—e)—1
- (Alp —€)* + 1)?
< (A% + 1)IA = 1|+(2N\%p + A% 4+ Ap)e
- (Ap? +1)2 —4p(Xp? + 1)Ae
IN—=1]  4pl]A = 1A+ 2N+ A2+ Ap)
TP O+ 02— 4p(ME + D)Ae

A —1| 8p+8p+4+2p
S R+ Do+ L —dre)

-1 18p + 4
SN O DA - )

A -1 22 A —1]
_)\p2+1+%(%+1)6< )\p2+1+19€

Lemma 7.3. Let A <2 and e < % If p—e<x,y,2<p+e, then ‘g—g‘ < )\pg\ﬂ + 3e.
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Proof.

' )\xz+1

- A(p ) +1
_ A
T2+ 1—2)\pe

A 2)\2p
BB S Vo oV a sy e
< A 2)\%p -
T2+l A2+
A 2)\?
_)\p2+1+)\p+%6
__ A N 2>\2€
AP+l 2VA
< /\p2—|—1+3€'

Lemma 7.4. Let1<)\<2anda<4 Ifp—e<xyz<p+te, then\a—g\

. g | _ [Nzy+Az2—Xcz|
Proof. Since ‘Bz‘ = T wn? and

Ny + X2 — Aex = Az(\y +z — ¢)

EADC(%(P—E)JF(P—E)—P‘F%))

1 3

P (RS )

2 p 2
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we have

dg| _ Nay+ A a? = dex

0z| (Azz +1)2
_ W+ N+ =Ap—3)(p—¢)
< CIP

<AQ&+1H%QZ+M@p+@+AM6
- (A2 +1)2 —4p(Ap? + 1)Ae
A 4pAZ + (N2 +N)(2p+ )+ Ap
S+ (A2 12 —4p(Mp? + 1))e

A 16p +6(2p + 1) + 2p
A1 (A2 +1)p(p + § —4de)

A 16p +6(2p + 1) + 2p
<33 +

AP H1 (A2 +1)p(2VA = )
- A N 30 + %

3

TP+ 232+ )
oA 36 A
A+l A d 1) AP+l

+ 30¢.

Lemma 7.5. For 1 < A< 2 and e <

2
A=1]42X
A2 4 52e.

%, ifp—e < x,y,z < p-+e, then

5] + [22

.CB

Proof. 1t holds from previous lemmas that
99| , |99 , 99| _ 9y
—l—‘ay—i-‘az = max 97’

O

Lemma 7.6. Assume p < 2. Ifmax{%,ﬁ,l—ﬁ (%)} <AL mm{6+5373p2,1+5 <pT>},

then ‘ 89

Proof. Choose ¢ in Lemma [7.5] such that 52 < ”T_l. According to Lemma [6.2] this can be done by
setting |\ — 1|< <208>

(1) When A > 1, according to Lemma [T.5], we have

ool 3]

=142

2.
- A2 +1 o2

Z

2L <.

Z‘

3)\—1 p—1
+
)\p +1 4

5_
36+p3 302 -1 p—1

_|_
— 5_
6—|—p3 3p2p +1 4

5—p

4

9
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(2) When X < 1, according to Lemma [T.5], we have
3} 0 A+1 -1
dg| 99|, [0a] o A+1 L p

x dy 2| T A2 +1 4

1
2p— p7+2+1 /0_1
2+1f" +1 4

2p—p
_5-»p
-
O
Lemma 7.7. Assume p > 2. Ifmax{%,l—ﬂ(ﬁ)} <A< min{2,1+ﬂ(4i)} then —x +
|3 <1
oz| = 8-

Proof. Choose € in Lemma such that 52¢ < %. According to Lemma [6.2] this can be done by
setting [A — 1|< B (135)-

(1) When X > 1, according to Lemma [.5], we have

3)\—1 1 7
+o< -
4)\+1 87 8
(2) When X < 1, according to Lemma [.5], we have
A1 1 3+1 1 7
g_ + +o<EF—+<-.
4D +1 8 45 +1 8 8
O
Lemma 7.8. Letmax{%,%} <A<2ande<i. Ifp—e<z<p+e, then|d |—711‘5’$235p+

64¢.
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Proof.

dh Mep + 1) — Ap?
dz| ' (14 Aux)?
App+ X+ A2
(1 +u(p—e))?
Ap + X+ Ap?
T (L4 Aup)? = 22u(1 + Aup)e
Aup 4+ A+ Ap? (up + 1+ pu?)2X%p _
(L Aup)® (14 Mup) ((1 + Ap)? = 221 (1 4 Ap) E)
Ao+ XA+ A2 (mp + 1+ p2)22%u
ST 2+ Ma2p (L4 Aap)(1+ 2 + A220% — I — 3au%p)
Ap + X+ Ap? (o + 14 12222 )
T L 20up+MPp (14 App) (1+ 5A%62p)
Ap 4+ X+ Ap? X212 p 4 202+ 202 3

T T2t N2p | IR N2 p o dup + 1
Ap 4+ X+ Ap? 812p + 8u + 8y

ST 22w+ M2e | Iptptpt Lt
Ap + X+ Ap? T A+ X+ A

64e < S AT ATAME L gy
ST v+ e g_maX{2’1+2)\u+)\u2}+ ©

O

Lemma 7.9. Assume(0 < pu < 1.Ifmax{%, %,1 - (%)} <A< min{27 %,1 +p (%)},
then|%| <1l-4 <1

Proof. Choose ¢ in Lemma [Z.§ such that 64e < 45, according to Lemma [6.2] this can be done by
setting |A — 1]< B ($45)-
{ T A+ A+ A? } i

2714 2\ + A2 20

10—u 2
< max { 1 (P22 —10p+10 (h+1+p?) . } L H
7

bE 10— 4 10— 1 20
21+ 2w —topgol T 20

w3 +2u2—10p+10

O

Lemma 7.10. Assume pu > 1. If max{%,l—lﬂl —-p (5’5;6;)} <AL min{2,1+5 (%)}, then
dh 3p+1

|H| = elp <L

Proof. According to Lemma [7.8)]

2
dh| _ pp+1+p

— + 64xe.
dz| = 2up+p2p
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+1

>

Set « . Since

N
© ‘

14 2 1-2 2 _ap?
potl4p” o (upt app) + (p° — ap p)<07

2up + 12p 2up + p2p

if we choose € in Lemma [.§ such that 128¢ < I_To‘, then

dh 1-— 3p+1
— | < a+ e _ Pt .
dz 2 4p
O
Lemma 7.11. Letmax{%,%} <A< 2ande < i. If p—e <z < p+e, then‘%‘ < %—i—
256¢.
Proof.

@‘ < Aoy + AN2y? + 1

Ox| = (A(p—e)y+1)°

- Apy + A%y2 + 1

T N2p%y2 4+ 20py + 1 — 2 y(Apy + 1)e

N2p2y + 222 + 1 (Apy + A%y +1)2\y .
T A2p22 20y + 1 (Apy + 1) (A2p2y2 + 2Xpy + 1 — 20y (Apy + 1) &)
Apy + N2y +1 n (Apy + A2y? +1)2\y .
T2 20y + 1 (Apy + 1) (A2p2y2 4+ 2X0py + 1 — X2py2 — 1)y)
Aoy + A2y2 + 1 (Apy + N2y? 4+ 1)2)y
T2+ 200y +1 0 Ay + 1) (1+ Moy + A2py2 (p— 3)) ©
Apy + A2y? +1 (Apy + A2y +1)2)y
T2+ 22y + 1 (Apy + 1) (1+ $A2py2) y
Apy + N2y + 1 202 py? 4 23 + 2)y

TN Dy + 1 Apy+ L+ N2+ %AzpyzE
_Apy + Ay2 41 8py? + 1643 + 4y
TR Doyt 1 Lo hP 4 by

Apy + N2y + 1
T N2p%y% + 22y + 1

+ 256¢.

In the following, we fix p as a nonnegative number, then we have:

Lemma 7.12. Ifrnax{%7 %, 1-p (ﬁ mln{ﬁ L})} <A< min{27 1+ 8 (% min{p2_1 P

2p2 7 p+1 51 2p% 7 p+1
. 2
and y > p, then ‘%‘ < max{p2;;1, %} < 1.
Proof. Set @ = max {p%, 2‘;%22}. Since
Apy + A2y2 + 1 Aoy +1 = 2a)py — @) + (N?y° — ar?p?y?)
—a= <0,
A2p2y2 + 2)\py + 1 Apy? 4+ 2 py + 1
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if we choose € such that 256e < 1_Ta, then according to Lemma [.T1], we have

g l-a l+a PP +1 3p+4
< = = , <1
‘ =T ax{2p2+1 prd

2 2
It follows from Lemma [.9] and Lemma [Z.10] that

Lemma 7.13. Assumep < 1. Ifmax{%, %,1 - p (12}%)} <A< min{Z, 1%2;20—%’ 1+ (12’%)},

dh 3p+1
then ‘H‘ gmax{ flp ,1— —} < 1.
Lemma 7.14. Assume p > 1. If max{%,l—lﬂl - B (%)} < A < min {2,1 + 05 (%)}, then
|G| < 3p+1 <L
If we define h(u,x) := W%lx))‘x = h(z), then g(z,y) = h(x,y). Thus % Then according
to Lemma and Lemma we have

Lemma 7.15. Assume(0 < p < 1.Ifmax{ ,%,1 - B (12}%)} <A< min{Z, 1%2;20—%’ 1+3 (121%)}

1

2

> 49| < 3p+1 P
and x > p, then Ty | < max (757 =g <1

Lemma 7.16. Assume p > 1.Ifmax{%,%,l - B (%)} <AL min{2,1 + 05 (%)} and > p,

then‘ ‘< sptl -,

Proof of Theorem[31. According to Lemma [5.4] and Lemma [T.6] [7.7], [7.13] [7.14] [7.12] [7.15] [7.16]

we have the following results.

Casel. If 0<p<1landl<p<2, then

1 1 p—1\ 1 P
A -8 =) 2 -8 (-
L= max{zz — 2+ 2 B<2O8>’p’ 5<1280>’
2

. 5—p p—1 10—p
- 7P
Az mm{6+ PP —3p% +B<208>’p3+2p2—10p+10’
p-—1 p
145 (55) +ﬁ< {2/) p+1}>}’

o — max 5—p 3p+1 1P pP+1 3p+4
N 4 0 dp 7200 202 Ap+4f-
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CaseIl. If 0 < p <1 and p > 2, then

1\ 1 p 1 . (pP=1 p
) 518 ()t (i { S5 ) )

1
A = 1B
! max{2’ b (416 1280

. 1 10—-p p
Ao = 2,1 1

1 21
1+ 38| —=min P , P ,
512 202 "p+1

7 3p+1 241 3p+4
a:m{ prl, p pt p+}.

8 4p T 20 2p% 'dp+4

Case IIl. If p > 1 and 1 < p < 2, then
1 1 p—1\ 1 p—1
A = - 1 r_ ) 21— £_-
1 max{ ) ’ 5( 208 >7p7 5<5l2p>7

2'2p — p2 + 2
_B p2_1 p
512 202 "p+1 ’
. d5—p 1 p—1
A = S A — 1 ——
2 mm{6+p3—3p2’ +5<208>’ +B<512p>7
2
. fp =1 p
v (s {5 ) )

5 — 2
a = max p’3p+17p —|—1’3p—|—4 )
4 4p 202 T4p+4

Case IV. If p> 1 and p > 2, then

)\Q:min{ 1+ﬁ<416>,1+ﬁ<512 >

1 p? p
1 (s S 1) |

7 30+1 p*+1 3p+4
a = max< —, , , .
8 4p 202 '4p+4

Here the §(-) is defined in the beginning of the section.
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7.2 Proof of Theorem

In order to use Lemma [5.4] we need to establish four inequalities of the form % < a< 1. It turns
out that each multivariable polynomial A — aB enjoys the property that the highest degrees of
variables x,y, z, A are no greater than two. Therefore it is possible to determine the monotonicity
of each variable within the given range. We shall show that it is decreasing with respect to variables
x,y, 2, A respectively and verify the fact that A — aB|y—y—.—c r=1< 0.

In the following proof, we use ®(z) = = as potential function and a different set of recursions
from those used in the proof of Theorem B.Il These recursions can be obtained by the same
methods proposed in Section [] except for one step: when converting an instance with two dangling
edges to one with single dangling edge, we define three different sub-instances. Let Q¢ denote the
sub-instance of Q€€ achieved by leaving e; free (which is equivalent to attaching a vertex with
signature [1,1] on the dangling end of e;), and set Q' = PINy (Q¢1) and Qe = PINg 1(Q°°1).
Now we have

Poe(o(e') = 0) = Pgo., (o() = 0),

Poer (0(e1) = 0) = Pgere, (0(e1) = Olo(e’) = 0),
Poei (0(e1) = 0) = Pgere, (0(e1) = 0o(e’) =1).
Applying the remaining steps in Section (] gives the following recursions:

z(1+y)+Ay(l+2) + Acx(l +y)z
14+ z+ Xx(1+y)z
dg _ (W+DE+1D(=crz+ Nyz —1)

9(x,y,2) =

or (1+z+Xx(1+y)z2)?

99 _ (z+1DMexzz+2z+1)+ Nzz + )
Ay (14 z+ Xx(1+1y)z)?

Jg _ Ca(y+ DAz —cty(A+2) +1)
0z (14 z4+ Xx(1+y)z)?

h(z) and §(z,y) are the same as they were in the last part.
In the following, let ¢g = 1.17 be a constant.
Note that g—g(x,y,z) >0 and %(m,y,z) <0 for z,y,z > cand A\ > 1. Let

%(m,y,z)x + g_g(xayaz) - %(‘Tayaz)z

91(113,11,2) = g(m y Z) >
— (@, y, )7 + G2,y 2)y — Gy, 2)2

92(1',:1/,2) = g(.’,l' y Z) )

it is clear that
% (2, 2)| @(@) +| 321, 2)| O) + | Rlw,,2)| 8(2)
= max{gl(a:,y,z),gg(x,y,z)} .
®(g(z,y,2))

We shall bound ¢; and g» separately.
Lemma 7.17. 2(22¢® 4+ ¢® 4+ ¢+ 1) + 22(—94c® — 54c® +¢) < 0 for ¢ > ¢p.
Lemma 7.18. —36c2\2 +2¢(—94c2 22 + 2262\ — 36¢cA2) + 22X +2¢(A2 + A +21) +2X < 0 for A > 1

and ¢ > ¢g.
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Proof.
— 36¢° A% + 2¢(—94c2 N + 222\ — 36¢A?) + 262N + 2¢(A? + X+ 21) + 2\
=2(—94¢% — 54¢% + )N +2(22¢3 + A + ¢+ 1)\ + 42¢

which is a parabola of A and according to Lemma [T.17] its center is to the left of 1. Therefore it is
decreasing with A, and if we set A = 1 we have

—36¢2A\% + 2¢(—94c*A? + 2262\ — 36cA?) 4 262\ + 2¢(A\% 4+ N+ 21) + 2\
<2(22¢% + A + e+ 1) +2(=94¢% — 54¢? + ¢) + 42¢
= — 144¢® — 106¢® + 46¢ + 2 < 0.
The last less-than clause derives from the condition that ¢ > ¢p. O
Lemma 7.19. 2c(11¢® + ¢ + ¢+ 1) + 4e(—47¢3 — 36¢? + ¢) < 0 for ¢ > co.

Lemma 7.20. 2¢(z(cA + A2 + 21) + A\2%(11c — 9A) + 11) + 2¢(—2eA22(192 + 9) — A\2(9cAz — 1)) —
2X02(9cAz — 1) <0 forz>¢c, A > 1, ¢ > ¢.

Proof.
2¢(z(eA + X2 4 21) + Az2(11c — 9N) + 11) + 2¢(—2cA?2(192 + 9)
— Az(9cAz — 1)) — 2Xz(9cAz — 1)
=22(=94c2\? + 2262 X\ — 36cA?) + 2(—36¢2N2 + 2¢2 N + 2¢(\? + A + 21) + 2)) + 22¢.

This is a parabola of z and according to Lemma [I8] its center is to the left of ¢ so it is decreasing
with z. If we set z = ¢ we have

2¢(z(eh 4+ A% 4 21) + A\2%(11c — 9N) + 11) + 2¢(—2cA?2(192 + 9)
—Az2(9cAz — 1)) — 2Xz(9cAz — 1)
<AA(—94¢® A% + 226\ — 36cA?) + (=362 A% 4 2¢° A + 2¢(A2 + A 4 21) 4 2)\) + 22¢
=2¢(—47¢3 — 36¢% + )A? + 2¢(11¢3 + & + ¢+ 1)A + 2¢(21c + 11).

This is a parabola of A and according to Lemma [T.19] its center is to the left of 1 so it is decreasing
with . If we set A = 1 we have

2¢(z(eA 4+ A% 4 21) + A\2%(11c — 9N) + 11) + 2¢(—2cA?2(192 + 9)
— Az(9cAz — 1)) — 2X2(9cAz — 1)
<2e(11¢ + & 4 ¢+ 1) + 2¢(—47¢% — 36¢ + ¢) + 2¢(21c + 11)
=2¢(—36¢ — 35¢% 4 23¢ + 12) < 0.
The last less-than derives from the condition that ¢ > ¢g. O
Lemma 7.21. 44c* + 6¢® — 17¢? + 2(—94c¢* — 90¢3 — 16¢2) +2¢+ 1 < 0 for ¢ > cp.

Proof. This is a numerical result. O

Lemma 7.22. —18c3A\2 4+ 23\ + c2(202 — 17A442) +2¢(—47c3 A2 + 223N 422\ (1 — 18)) — 9eA?) +
20(A4+11)+ A <0 for A>1 and ¢ > cy.
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Proof.
— 183N + 263N + 2(20% — 17T\ + 42) + 2c(—47A3N? + 223\ + 22\ (1 — 18)) — 9cA?)
+2¢(A+11) + A
=42¢% + (—94c* — 90¢® — 16¢%)\? + (44 4 6¢% — 17¢% 4 2¢ + 1)\ + 22¢.

This is a parabola of A\ and according to Lemma [T.21] its center is to the left of 1, so it is decreasing
with . If we set A = 1 we have

—183A% + 23N 4 P (207 — 1T\ + 42) + 2¢(—47c3 )02 4+ 2263 X + 262 A (1 — 18)) — 9e)?)
+2c(A+11) + A
< —50c* — 84¢® 4+ 9¢% 4 24¢ +1 < 0.

The last less-than derives from the condition that ¢ > ¢g. O

Lemma 7.23. 22¢° + 4¢* — 17¢3 + 2¢? + 2(—47¢° — 54 — 7¢3) + ¢ < 0 for ¢ > cp.
Proof. This is a numerical result. U
Lemma 7.24. 2c(y(z(ch + A2+ 21) + A22(11c — 9)\) + 11) + cAz? — 9ehz — N2y%2(192 + 9) + 112 +
) =AMy +1)22(9cAz — 1) <0 fory,z > ¢, A > 1, ¢ > cp.
Proof.
2c(y(z(eh + A2 4+ 21) + X223 (11e — 9N) + 11) + cAz? — 9edz — N2y%2(192 +9) + 112 + 1)
— Ay +1)%2(9cAz — 1)
=2c2\2% — 182Nz + 1% (—2eX\?2(192 + 9) — Az(9chz — 1))
+y(2c(z(eh + A2 4 21) + X% (11c — 9N) + 11) — 2X2(9chz — 1))
— Az(9cAz — 1) 4 22¢z + 2c.

This is a parabola of y and according to Lemma [.20] its center is to the left of ¢, so it is decreasing
with y. If we set y = ¢ we have

2c(y(z(eh + X2 4+ 21) + X223 (11e — 9N) + 11) + Az — 9edz — N2y%2(192 +9) + 112 + 1)
— Ay +1)%2(9cAz — 1)
< (—2eX22(192 4+ 9) — Az(9chz — 1)) + 22022 — 18¢% Mz
+ c(2¢(z(eh + N2 +21) + X% (11e — 9N) + 11) — 2X2(9chz — 1))
— Az(9cAz — 1) 4 22¢z + 2¢
=29¢% 4 22(—473 0% + 223X 4 22 A (1 — 18)) — 9¢A?)
4 2(=18¢3A2 + 263N 4 2 (207 — 17T\ + 42) + 2¢(\ + 11) + \) + 2¢.

This is a parabola of z and according to Lemma [7.22]its center is to the left of ¢, so it is decreasing
with z. If we set z = ¢ we have

2c(y(z(eh + X2+ 21) + X223 (11c — 9N) + 11) + ehz? — 9edz — N2y%2(192 +9) + 112 + 1)
— My + 1)%2(9cAz — 1)
<22¢% + A(—4TAENE + 223N 4 22\ (1 — 18)) — 9eA?)
+ c(—183N2 + 23N 4 2 (202 — 17X 4 42) + 2¢(A + 11) + \) + 2¢
=426 4 44¢% 4 (—47¢5 — 5Act — TN + (2267 + 4 — 173 + 27 + )\ + 2¢.
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This is a parabola of A and according to Lemma [T.23] its center is to the left of 1, so it is decreasing
with . If we set A = 1 we have

2c(y(z(eh + A2 4+ 21) + X223 (11e — 9N) + 11) + Az — 9edz — N2y%2(192 +9) + 112 + 1)
— Ay +1)22(9cAz — 1)
< —25¢° — 50t +18¢3 + 46¢% + 3¢ < 0.
The last less-than derives from the condition that ¢ > ¢g. O
Lemma 7.25. 24¢® + 3¢2 + 2(—36c5 —36¢* — 76¢3 — 36¢2 + ¢)+2c+2<0 forc>cy.
Proof. This is a numerical result. O

Lemma 7.26. 2c3\ — 18¢2)\2 + 32\ + 2¢(—18c*A\2 — 18¢3 A2 — 38¢2A2 + 112X — 9eA? + \) + ¢(\2 +
21)+2XA <0 for A >1 and ¢ > ¢p.

Proof.
23N — 182X\ + 36X 4 2¢(—18¢*A? — 18¢3 A% — 38¢? A% + 1162\ — 9eA? 4+ \) + ¢(A? + 21) + 2\
—=(24¢® 4 3¢% + 2¢ + 2\ + (—36¢° — 36¢ — 76¢3 — 36¢2 + c)\? + 21c.

This is a parabola of A and according to Lemma [[.25] its center is to the left of 1, so it is decreasing
with . If we set A = 1 we have

23N — 18?2\ 4+ 32X\ + 2¢(—18c A% — 18¢3A% — 38c2A\2 + 112X\ — 9cA? + ) + ¢(\? + 21) + 2\
< —36¢” — 36¢* — 52¢® — 33¢% + 24¢ + 2 < 0.
The last less-than derives from the condition that ¢ > ¢g. O
Lemma 7.27. 13¢* + 3¢® 4+ ¢ +2(—18c% — 18¢° — 38¢* — 27¢3 + ¢?) +2¢+ 1 < 0 for ¢ > cp.
Proof. This is a numerical result. O

Lemma 7.28. —18c30222 + 2\z(112 + 3) + 2¢(—9c3 0222 + 2z — eA22(192 4+ 9)) + (=922 +
A2 +2D)z+11) + Az +1)2 <0 forz>c, A\ > 1, ¢ > cp.
Proof.

— 1830222 + AAz(112 + 3) + 2¢(—93 N2 + Az — eA?2(192 +9))
+ (=N 22 + (A2 +21)2 4+ 11) + Az + 1)?
=2(23\ — 1822 + 32\ + c(\? 4 21) + 2))
+ 22(—18c*A? — 18¢3A% — 38 A% + 112X — 9eA + \) + 1le + A
This is a parabola of z and according to Lemma [T.26]its center is to the left of ¢, so it is decreasing
with z. If we set z = ¢ we have
—18¢3A%22 + Az(112 4 3) 4 2¢(—93 0222 + Az — eX?2(192 + 9))
+ (=222 + (N2 +21)2 4+ 11) + A(z + 1)?
<c(23N — 18222 4+ 32X\ + ¢(\? 4 21) +2))
+ A(—18¢"2\? — 1832% — 38c22\2 4 112\ — 9eA? + \) + 11+ A
=21¢? + (13¢* + 3¢ + 2 + 2c + DA + (=185 —18¢° — 38¢* — 27¢3 + 2)A2 + 11c.

38



This is a parabola of A and according to Lemma [(.27] its center is to the left of 1, so it is decreasing
with . If we set A = 1 we have

— 1830222 + AAz(112 + 3) + 2¢(—93 N2 + Az — eA?2(192 +9))
+ (9N 22 + (A2 +21)2 4+ 11) + Az + 1)?
< —18¢5 — 18¢° — 25¢* — 24¢3 +23¢2 4+ 13¢ 4+ 1 < 0.

The last less-than derives from the condition that ¢ > ¢g. O

Lemma 7.29. ¢(23c® + 5¢2 — 6¢ + 2) + 2¢(—18¢° — 36¢* — 56¢3 — 27¢2 +¢) < 0 for ¢ > .
Proof. This is a numerical result. O
Lemma 7.30. ¢(c3\ —9c¢®A? + 3¢ A + ¢(A? — 8X +21) +2X + 11) + 2¢3(—9c¢* A\ — 18¢3A? — 28¢2 N2 +
11N+ (A =922 +X) <0 for A > 1 and ¢ > .
Proof.
(AN = 9PA% + 3PN + (A2 — 8\ + 21) + 2\ + 11)
+2¢2(—9¢* A% — 18¢3X02 — 28¢2 X\ + 112X\ + ¢(X — 9NH) + \)
=c(23¢® 4 5¢% — 6¢ + 2)N + ¢(—18¢° — 36¢* — 56¢3 — 27¢% + )\ + ¢(21c + 11).

This is a parabola of A and according to Lemma [{.29]its center is to the left of 1, so it is decreasing
with . If we set A = 1 we have

(AN = 9PA% + 3N + (N2 — 8\ +21) + 2\ + 11)
+2¢2(—9c¢*A2 — 18¢302 — 282 N2 + 112X + ¢(A — 9A2) + ))
<c(23¢® + 5¢% — 6+ 2) 4+ ¢(—18¢° — 36¢* — 56¢% — 27¢? + ¢) + ¢(21c + 11)
= — ¢(18¢° 4 36¢* + 33¢® + 22¢% — 16¢ — 13) < 0.

The last less-than derives from the condition that ¢ > ¢g. O

Lemma 7.31. 12¢° + 4c* — 7¢3 + 2¢? 4+ 2(—9¢” — 18¢6 — 28¢% — 18¢* 4+ ¢3) +¢ < 0 for ¢ > ¢.
Proof. This is a numerical result. U
Lemma 7.32. gi(x,y,2) < 1% forx,y,z>¢c, A>1, ¢c> ¢g.
Proof. g1(x,y,z2) < % is equivalent to
z(y(z(eA + A2 +21) + A22(11c — 9N) + 11) 4+ eAz? — 9edz — N2?2(192 +9) + 11z + 1)
2z (y +1)22(9chz — 1) + My(z + 1)? < 0.

This is a parabola of x and according to Lemma [7.24] its center is to the left of ¢, so it is decreasing
with x. If we set x = ¢ we have

z(y(z(eh + A2 4 21) + 223 (11c — 9N) 4 11) 4+ eAz? — 9edz — N2y?2(192 4+ 9) + 112 + 1)
— A (y +1)22(9chz — 1) + My(z + 1)?
< =AMy +1)22(9chz — 1) + c(y(z(eh + A% +21) + A22(11c — 9N) + 11) + ehz? — 9edz
~A%y22(192 +9) + 112 + 1) + My(z + 1)2
= —93N22% + N2 — 8Pz + A (93N 4 Ay — eA?2(192 + 9))
+ y(—183X22%2 + AXz(112 + 3) + c(—9N222 + (N2 + 21) 2 + 11) + Az + 1)?) + 1lez +
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This is a parabola of y and according to Lemma [[.28] its center is to the left of ¢, so it is decreasing
with y. If we set y = ¢ we have

z(y(z(eh + A2 4+ 21) + A22(11c — 9N) 4 11) + erz? — 9ehz
—2%22(192 4+ 9) 4+ 112 + 1) — Az (y + 1)%2(9chz — 1) + Ay(z + 1)?
<= 93N 22+ N2 — 8P Ay + (9N + Ay — eA?2(192 +9))
+ (=183 A222 + PAz(112 + 3) + c(—9N222 + (N2 +21)2 4+ 11) + A(z + 1)?) + 1lez + ¢
=cz2(3N — 9PN 4 32N + ¢(A? — 8\ +21) + 2\ + 11)
4 ¢22(—9¢MA? — 18¢32A% — 28¢2 N2 + 11PN + ¢(A — 9INH) + \) + c(llec + A+ 1).

This is a parabola of z and according to Lemma [7.30]its center is to the left of ¢, so it is decreasing
with z. If we set z = ¢ we have

z(y(z(eA + A2 4 21) + 223 (11c — 9N) 4 11) 4+ edz? — 9edz — N2y?2(192 4+ 9) + 112 + 1)
— Az (y +1)22(9chz — 1) + My(z + 1)?
<A(AEN = 9N 432N+ (A% — 8\ +21) + 2)\ + 11)
+ 3 (=9 N2 — 18322 — 28¢2A2 + 112N + ¢(A — 9N2) + \) + ¢(1le + A + 1)
=21¢% 4+ 22¢% + (12¢° + 4c* — 763 + 262 + )N + (—9¢" — 18¢5 — 28¢° —18¢* + A)\2 + ¢
This is a parabola of A and according to Lemma [T.31]its center is to the left of 1, so it is decreasing
with A. If we set A = 1 we have
z(y(z(eh 4+ A2 4 21) + X% (11c — 9N) + 11) + edz? — 9ehz — N2%2(192 + 9) + 112 + 1)
— A% (y 4+ 1)22(9chz — 1) + Ay(z + 1)
< —9¢” —18¢% — 16¢° — 14c* + 15¢ + 24¢% + 2¢ < 0.

The last less-than derives from the condition that ¢ > ¢g. O

Lemma 7.33. 1+ 4c?X + 2122 + cA(—15 4 22X) + 2cA (11X — 36¢2\ — 36¢3 A\ + ¢(—9 + 2))) < 0 for
A>1 and ¢ > c.

Proof.

14 42N + 2102 + eA(—15 + 22)) + 2eA (11X — 36¢* X — 36¢3 X 4 ¢(—9 + 2)))
=1+ (—15¢ — 14c®)A + (21 + 4dc + 4¢® — T2¢° — T2c)\2

This is a parabola of A and it is decreasing when A > 1 and ¢ > ¢g. Therefore if we set A = 1 we
have

144N + 2102 + eA(=15 4 22)) + 2eA (11X — 362X\ — 363\ + ¢(—9 + 2)))
<22 +29¢ — 10¢* — 72¢3 — 726 < 0.

O

Lemma 7.34. —9+(1—15cA+21A2)z+A(—9c+ 11X —36c2\) 2% +2cAz(2c— 18c2 Az + A (114-2)) <0
forA>1,z>c> c.
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Proof.

— 94 (1 = 15X 4 210%) 2 + A(—9¢ + 11X — 36¢*N) 2% + 2eA2(2¢ — 182 Az + A\(11 + 2))
= — 9+ (1 43X+ 2107 4+ A (=15 + 220))z + A(11X — 36¢2X — 36¢3 X\ + ¢(—9 + 2))) 2%

This is a parabola of z and according to Lemma [T.33] it is decreasing when z > ¢. Therefore if we
set z = ¢ we have

— 94 (1 — 15eA 4 210%)2 4+ A(—9¢ + 11X — 36¢2N) 22 + 2cAz(2¢ — 18c2 Xz + A(11 + 2))
< — 94 AANAIN = 362X — 36PN + ¢(—9 + 2X)) + (1 + 42X\ + 210N + eA(—15 + 22)))
= — 9+ c+ (—15¢% = 53N + (21c + 33¢? + 2¢% — 36¢t — 36¢°)\2.

This is a parabola of A and it is decreasing when A > 1 and ¢ > ¢g. Therefore if we set A = 1 we
have

— 94 (1 — 15X + 21A%) 2 + A\(—9¢ + 11X — 36¢*N) 22 + 2cA2(2¢ — 18¢* Az + A\(11 + 2))
< — 94 22¢+18¢% — 3¢® — 36¢ — 36¢° < 0.
O

Lemma 7.35. —9 — 15¢2\ + 2¢3\ + 11202 + ¢(1 — 27X + 2102) + 2¢(—9¢2\ — 17222 — 36¢3\% —
18c¢IN2 + A (=19 + 11X)) <0 for A > 1 and ¢ > c.

Proof.
— 9 — 152N + 23N + 112N + ¢(1 — 27X + 21)0?)

+2¢(—9¢2X\ — 172 X2 — 36¢3 02 — 18¢* A2 + eA\(—19 + 11)))
=—9+c+ (=27c —53c? — 16¢*)\ + (21c + 33¢* — 34c® — 72¢* — 36¢°) A2

This is a parabola of A and it is decreasing when A > 1 and ¢ > ¢g. Therefore if we set A = 1 we
have

— 9 — 152N + 23N + 11202 + ¢(1 — 27X + 210?%)
+2¢(—9¢2X — 172X — 36¢3 N2 — 18¢* A2 + eA(—19 + 11)))
< —9—5¢—20c¢% — 50¢® — 72¢* — 36¢° < 0.
O

Lemma 7.36. —19 — 9z — 29cAz — 19cA2? + A2y22(11 + 2) — 2eA(1 + y)?2(—1 + 9eAz) + y(—9 +
(1 —19cA +21X%)z + A(=9c + 11M\)22) <0 for A\ > 1, y,2 > ¢ > co.

Proof.
— 19 — 92 — 29¢Az — 19eA2? + A2y22(11 + 2) — 2eA(1 4+ 3)22(—1 + 9c)2)
+ (=94 (1 — 19eX + 210%)z + A(=9¢ + 11))2?%)
= — 19— 9(1 4 3cA\)z — cA(19 + 18¢c))2?
+ (=94 (1 — 15X 4+ 2102)z + AM(—=9¢ + 11X — 36¢*N)22) + Ay?2(2¢ — 182 Az 4+ A(11 + 2)).
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This is a parabola of y and according to Lemma [7.34] it is decreasing when y > ¢. Therefore if we
set y = ¢ we have

— 19 — 92 — 29¢Az — 19eA2% + N2y22(11 + 2) — 2eA(1 4 9)22(—1 4+ 9c)z)
+ (=94 (1 — 19eX + 210%)z + A(=9¢ + 11))2%)
< — 19— 9(1 +3cA)z — cA(19 + 18cN) 2>
(=94 (1 = 15eA + 210%) 2 + A(=9c + 11X\ — 36¢°N)2?) 4 2 Az(2¢ — 18 Az + A(11 + 2))
=—19—9c+ (=9 — 152N + 23N + 11202 + ¢(1 — 27X + 21)?))z
+ (=92X — 17202 — 363 2\2 — 18 A2 4 eA(—19 + 11)))22.

This is a parabola of z and according to Lemma [7.35] it is decreasing when z > c¢. Therefore if we
set z = ¢ we have

—19 — 92 — 29cAz — 19cA2? + N2y%2(11 + 2) — 2eA(1 4 y)?2(—1 + 9c)z)
+ (=9 4+ (1 — 19c)\ + 2102z + A(—9c + 11))2?)
< —19 = 9c+ A (—92N — 17202 — 36322 — 18¢*A2 + eA(—19 + 11N))
+¢(—=9 — 152N + 263N 4+ 11202 + ¢(1 — 27X\ + 21)\?))
=—(19—c)1+¢)— (14 )27 + TN — (1 + ¢)(—21c? — & + 18¢* 4 186°)\2.

This is a parabola of A and it is decreasing when A > 1 and ¢ > ¢g. Therefore if we set A = 1 we
have

— 19 — 92 — 29cAz — 19cA2% + N2y22(11 + 2) — 2eA(1 4+ 3)%2(—1 + 9cA2)
+y(—=9 + (1 = 19eA + 21032 + A(—9¢ + 110)2%)
< —19 — 18¢ — 5% — 1263 — 24¢* — 36¢° — 18¢° < 0.

O

Lemma 7.37. c+2A—172A+23A4+21eA2+22¢2 A% +2¢(A =92 A+ 11eA?+2c2 02 —18c3 02— 18¢1)\2) <

0 forA>1andc> ¢.

Proof.

C4 2\ — 172N+ 263X + 21eA? + 22202 + 2¢(X — 92\ + 11eA? + 2¢?A% — 18c3)\? — 18¢*\?)
=c+ (24 2c — 17¢% — 16¢3)A + (21¢ + 44¢% + 4¢® — 36" — 36¢°)\2.

This is a parabola of A and it is decreasing when A > 1 and ¢ > ¢g. Therefore if we set A = 1 we
have

C4 2\ — 172N + 263N + 21eX? + 226202 + 2¢(X — 92\ + 11eA? + 26?22 — 18c3)\2 — 18¢1\?)
<2+ 24c + 27¢2 — 12¢% — 36¢* — 36¢° < 0.

O

Lemma 7.38. —18c)\222 + \(1 4 2)% — ®A2(17 + 92) 4+ (=9 + 2z + 21022 4+ 112222) + 2¢(P Az —
930222 +eX?2(11 +2)) <0 for A>1, 2 > ¢ > cq.
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Proof.

— 18N 22 N1+ 2)% — AA2(17 + 92) + e(—9 + 2 + 21022 4 110227)
+ 2¢(P Az — 93N222 + eX?2(11 + 2))
= —9c+ A+ (c+ 2\ — 17PN+ 23N + 21eA? + 22¢°02) 2
+ (A= 92N + 11eA? + 26?27 — 18¢302 — 18¢\%) 22,

This is a parabola of z and according to Lemma [7.37] it is decreasing when z > ¢. Therefore if we
set z = ¢ we have

—18c3A22% + A1+ 2)% — Az(17 + 92) + c(—9 + 2 + 21\%z + 11)A%2?)
+ 2¢(P Az — 93N222 + eA?2(11 + 2))
< —9c+ A+ cle+2X — 172N + 23N 4 21eA? 4 22¢2)?)
+ PN = 92N + 11eA? + 2¢* A% — 18c302 — 18¢\?)
=—9c+ A+ (1+2c+ 17 — TN+ (21¢% 4 336 + 26 — 18¢° — 18c5) 2.

This is a parabola of A and it is decreasing when A > 1 and ¢ > ¢g. Therefore if we set A = 1 we
have

— 183N 22 N1+ 2)2 — AA2(17 + 92) + ¢(—9 + 2 + 21022 4 11022?)
+ 2¢(A Az — 93N 2% 4 eA?2(11 + 2))
<1 —Te+23¢% 4+ 16¢% — 5¢t —18¢° — 188 < 0.
O

Lemma 7.39. 2c¢2(A—9c2\ —8c?A% — 18c3A% — 9 A2 + A (=194 11N)) + ¢(—9+2X — 172N + 3N +
11202 4 (1 — 28X + 21M2)) < 0 for A > 1 and ¢ > cp.

Proof.
22 (X — 92X\ — 8c2N2 — 18322 — 9c* N2 + cA(—19 + 11)))

+ (=94 20 — 17AEN + AN + 112N + (1 — 28X + 21A%))
=(=9+c)c+ (2 — 26¢ — 55¢% — 173N\ + ¢(21c + 33c? — 16¢ — 36¢* — 18¢7)\2.

This is a parabola of A and it is decreasing when A > 1 and ¢ > ¢g. Therefore if we set A = 1 we
have

23 (X — 92N — 8c2X2 — 18¢302 — 9¢M N\ 4 eA(—19 + 11)))
(=9 + 2\ — 17N + A + 11202 4 ¢(1 — 28X + 210%))
< — (T + 4+ 22¢% + 33¢® + 36¢* + 18¢°) < 0.

Lemma 7.40. g3(z,y,2) < 1% forA>1and x,y,z > c> ¢.
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Proof. ga(z,y,2) < % is equivalent to

M1+ 2)% = Az?(1+9)%2(=1 + 9erz) + 2(—19 — 92 — 29cAz — 19cAz? + A%y 2(11 + 2)
Fy(=9 + (1 — 19eA 4 2102)z + A(=9¢ + 11X)22)) < 0.

Denote the left hand-side of the above inequality by A. A is a parabola of x and according to
Lemma [7.30] it is decreasing when x > ¢. Therefore if we set = ¢ we have

A<My(1+ 2)% = N1+ y)?2(—1 + 9eX2)
+ (=19 — 92 — 29cAz — 19cA2? 4+ N2y%2(11 + 2)
+ (=9 + (1 —19eA + 2103z + A(—9c + 111)2%))
= —19¢ — 9z — 28¢% Xz — 1962022 — 930222
+y2(Az — 930222 4 eA?2(11 + 2))
+y(—18N222 + A1+ 2)% — AA2(17 + 92) + ¢(—9 + 2 + 21022 + 11022%)).

This is a parabola of y and according to Lemma [7.38] it is decreasing when y > ¢. Therefore if we
set y = ¢ we have

A< —19¢ — 9cz — 28¢* Az — 196 A2 — 93N 22 + P (P Az — 93N 22 + eA?2(11 + 2))
+¢(—183N222 £ N1+ 2)% — X217 + 92) + (=9 + 2 + 21022 + 11)%2?))
=c(=19 = 9c + A) + (=9 + 2X — 17N + X + 112N + (1 — 28X + 2102))2
4 ¢(A — 92X — 8¢ A% — 18¢3A? — 9¢ A% 4- e\ (—19 + 11)))22.

This is a parabola of z and according to Lemma [.39] it is decreasing when z > ¢. Therefore if we
set z = ¢ we have

A<e(=19—=9c+ A) + A\ — 92X — 8c2X2 — 183 A2 — 9c* N2 + eA(—19 + 11)))
+ (=9 42X — 17N+ AN+ 11EN% + ¢(1 — 28X + 21)02))
=—(19—c)c(l+¢) —c(l+e) (=1 —c+28¢% +8c*)A — c(1 + ¢)(—21c — ¢ +9¢c* + 9¢”)\2.

This is a parabola of A\ and it is decreasing when A > 1 and ¢ > ¢g. Therefore if we set A = 1 we
have

A < — (18 4 16¢ 4 5¢? + 14¢3 + 16¢* 4 18¢° + 9¢5) < 0.

O

|52 (@y.2)|(@)+| 32 (@.y.2) |2 +] B (@) | 2()

We now combine Lemmal[7.32]and Lemmal[7.40]to give a bound for IATE)

Lemma 7.41.

29 (2,9,2)|®(x)+| 52 (,y,2)| @ (y)+| 5 (,y,2)| ®(2)
|az | ‘Bé(g(‘%y’t)) |<9z | S % fO'f' Ty, 2 2 c, )\ 2 1; ¢ 2 co-

h

L |52 (2)| 2(2) 1 14ptp?
emma 7.42. ngax 20 ) (112p) <lwhenz>c>21, A>21, u>p>0.
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Proof.

|®(x)  [Aep+1) = P
(h(x)) (L4 Ap)(p + (cp + 1)Az)
(Aep + 1) + Ap?)z
T (1 + Apz)(p+ (ep+ 1)Ax)
B Mep + 1) + A
A (ep 4 Dpx + B4 Aep + 1) + Ap?
Mep + 1) + A2
T XN(ep+ Dpe+E+ Mep + 1) + Ap?
B (cpp+ 1) + p?
C Mep+Dpe+ L+ (cp+1) + 42
(cpp+ 1) + p?
T (ep A+ Dpe+ E + (ep+ 1) + p?
(1 +cu+ p?)
(L+ep)(e+ p+ctu)

2
Since the derivative of ~—ctesti) ) with respect to ¢ is

(Itcp)(etptc?u

p((ct = D)p? + (2 = 1) +2¢(® — Vp + Au? + 23 u3) <0
(L4 cp)?(c+p+c?p)? -

it is decreasing when ¢ > 1. Therefore we have
B@[e@) 14+t
®(h(x)) — A+pA+2u)

{1 14+ p+p? }
<max{ -, ———— 5.
2" (1+p)(1+2p)

| 52| @) 1 14p+p?
Lemma 7.43. qf(A(x’y)) < max{i,%} <lwhenz>c>1,A>1,y>p>0.

Proof.

| ®(x) B 114+ Ay — N2 | @
O (g(x,y)  (1+Azy)(z + Ay + Aexy)
- (14 chy + Nz
~ (1 + Azy)(x + Ay + Acxy)
1+ chy + \%y?
Ay + e 2y?)x + % + 14 chy + A%y
- 1+ chy + A%y?
T Ay +eXy?)e+ % + 1+ chy + A\2y2
c(1 + ey + A%y?)
(1+cAy)(c+ Ay + Ahy)’
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c(14+cdy+212y?)
(I+cAy) (c+Ay+c2Ay)

Since the derivative of with respect to c is

My((2 = 1)+ 2chy(c® — 1) + 2292 (c* — 1) + A2N\%y2 + 2c630393)

_ <0
(14 cAy)?(c+ Ay + 2 hy)? -
it is decreasing when ¢ > 1. Therefore we have
99| @ () 2,2
oz < 1+ )\y + A Yy (8)
®(g(z,y) — 1+ )1 +2Xy)
1+p+p? }
<max{ -, ——— 9
<mx{ 3 Tr 3 ©
O
L 7.44. sjew L Lipip? lwheny>c>1,A>1, 2>
emma 06 y))_max{§,m}< wheny>c>1, A>1, x>p>0.

Proof. Observe that g(x,y) = ( ) ]M z, and thus a—g = 4%(y) |z From Lemma 42 we know

that this bound also holds for O

52
‘NQ(%Z/)) ’
Proof of Theorem [3.2. The proof follows immeadiately from Lemmal[5.4land Lemmal7.41], [7.42] [7.43] [7.44]
witha:max{%,(lf'%}. O
p)(1+2p)

7.3 Proof of Theorem [3.3

The recursion we use in this proof is the same as those in proving Theorem B.Il The difference is
that this time we use potential function ®(z) = z.

Lemma 7.45. Ifc¢/2 < x,y,z < 2¢, A > 0, and ¢ > 44/ V2 — 1 =257, then there is some constant
| 52| @) +| 52 |ow)+] 2 |e(2)
(g(w,% )

a(\ ¢) <1 such that

Proof.
8 9 9
5o (@) + |52 @ ) + |3 @ =)
®(g(z,y,2))
A2tez) Az(—ctatA
Oz ) (o 2550 v ] + < Mt
= cAxz+ Ay +z
A24czA+1 A Az (—ctz+y)
. (Azz+1) (xyz(/\mfl)z tYszerr T# x(Axczle . D
= ATz + Ay + '
Let
)\2 by Az (— A
( ) (Azz +1) (xyz(xxifnjl + yxx?ﬂ Tz xéksfjf& y)> (10)
x,Y,z) =
9g1\%, Y, cArz+ Ay +x
20z + Nayz — Atz + dy 4 (11)

(Axz 4+ 1)(cAzz + Ay + x)
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and

A24czA+1 A Az (—ct+z+Ay)
(Azz +1) <$yz(,\mzf1)2 T YN TP Qw12 >

92(®, 9, 2) = cAxz + Ay + (12)
_ 3N22yz + A’z + My + o (13)
(Azz + 1) (cAzz + Ay + @)’
then
% O (z)+ ‘g—g‘@(y)—i- % P (z)
(g (2.9.2) < max{g1(z,y,2), 92(z,y,2)} .
The result follows immediately after Lemma and Lemma [Z.5T1 O
Lemma 7.46. If ¢/2 < z,y,z < 2¢, ¢ > 0, and X\ > N9 > 0, then g1 (defined in (1)) satisfies
8c2A2+(6c24+32) A+8
g1(z,y,2) < I (ERRp ean (FeeNE ) puRE

Proof.

_ 2ch\xz + Nayz — A’z + My + o

= 14
a1y, 2) (Axz + 1) (cAzz + \y + 2) (14)
3c2\z + 2c (Azyz + 1) + 4y
by L AT 15
(cAz +2) (2Az + c+ 2\y) v Lemma (15)
4eX%z 4+ A(3cz + 8) + 2
by L .48 16
=z +2)(Mez +4) +1) Y Lemma (16)
8¢ A% + (6c* +32) A+ 8
< by L (.49 17
= @A+ 4) (S +8)A+2) y Lemma [7.43 (17)
8c?AG + (6¢% +32) Ao + 8
by Lemma 18
= @0t ) (@801 Y (18)
_ 8ANG+ (62 +32) Ao + 8 (19)
(A +8) AR+ (62 +32) Ao+ 8
U
Lemma 7.47. ([Id)) is decreasing monotonically with respect to x when x > c/4.
Proof. The derivative of (I4]) with respect to x is
Az (2% (220222 + ez (N2yz + 4) + 2X%yz + 2) + 2Xzy(chz + 2) — cAy) <0
(Axz 4+ 1)2(cAzz + Ay + )2 -
U
Lemma 7.48. (I3 is increasing monotonically with respect to y.
Proof. The derivative of (I5]) with respect to y is
2c3\322
;20
(eAz +2) (P2 4+ ¢+ 2\y)
U
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Lemma 7.49. (I8) is decreasing monotonically with respect to z.
Proof. The derivative of (18] with respect to z is

A2z (4cA?z 4+ A(3cz + 16) + 4)
(eAz +2)2(Mez+4)+1)2 —

Lemma 7.50. (I7) is decreasing monotonically with respect to X when \ > 0.

4c?\2(84(32+3¢2)A+4c2\?)

(44202 (2+(84+c2)AN)? <0. =

Proof. The derivative of (I7]) with respect to A is —

Lemma 7.51. If c¢/2 < x,y,2 < 2¢, A > X\g > 0, and ¢ > 4\//2 — 1 = 2.57, then gy (defined in
. 19222 +20X0+1
(@3] ) satisfies g2(x,y,z) < ngﬂ < 1.

Proof.
e 2) = G )
2 2
B
2

= éi?fszf I i)) I f) by Lemma .53 (22)

= 2(2?12)2(((;2 I ;)6 )AA;;)S by Lemma (23)

0

Lemma 7.52. 20) is decreasing monotonically with respect to x when ¢ > 2, x,z > ¢/2, and
y < 2¢.

Proof. The derivative of ([20) with respect to x is

A2y (36)\21'222 +2cAxz + ¢ + 20222 — 2)\y)

_ 26
(Arz +1)2(chrz + Ay + x)? (26)

) A2y (30)\295222 + % +c+ % — 4c) o)

= (Axz + 1)2(cAxz + Ay + x)?
B A2y (36)\2x222 + %c (62 — 4)) (28)
(Axz 4+ 1)2(cAzz + Ay + )2

<0. (29)

]

Lemma 7.53. (21 is increasing monotonically with respect to y.
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Proof. The derivative of (2I]) with respect to y is
2¢20%2(3chz +4)
(eAz +2) (A2 + ¢ + 2)y)?

O

Lemma 7.54. (22)) is decreasing monotonically with respect to z when z > ¢/2 and ¢ > 47/ V2-1=
2.57.

Proof. The derivative of ([22]) with respect to z is
cA (1202/\3,22 + A2 (c2z2 + 16¢cz — 64) +4chz + 4)
(eAz +2)2(M(ez +4) +1)2
B cA (1202)\3732 + A2 <% + 8¢ — 64) +4chz + 4)
- (eAz +2)2(N(ez +4) +1)2

<0.
U
Lemma 7.55. (23)) is decreasing monotonically with respect to ¢ when ¢ > 4v/ /2 — 1 = 2.57.
Proof. The derivative of (23] with respect to ¢ is
4eX (126223 + 82X\ + (¢ 4 32¢% — 256) A? + 16) <0
(A +4)? (2 +8) A+ 2)? -
U
Lemma 7.56. (24)) is decreasing monotonically when A > 0.
Proof. The derivative of (24)) with respect to A is _iﬁ%%i—% < 0. O

Lemma 7.57. If z,y > ¢/2 > 1, ¢ > 1.60, and A > \g > 0, then there is some constant a(Ng) < 1
|52 |2 ()

such that o) < a(X) < 1.
Proof.
5| @ (@)
® (g (x,y)) (30)
- Do (31)
(Aay + 1) (cAzy + Ay + )
z (cAy+ N2y? +1) -
= (A\zy + 1) (cAzy + Ay + 2)
2¢ (chy + Ny +1) 7
L 3
=y +2) @y + e+ 20) by Lemma [7.58 (33)
2°A(A+2) +8 7
L S 4
(A +4) (2 +2)2+2) by Lemma [7.50 (34)
A2 F 2\ 42
202 + 5\ + 2 0
T2X2 4+ 5042 by Lemma (35)
)\g +2X0+2 1
< N0 - N A A .
= { 203 +5X + 272 } by Lemma [Z.61l (36)
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Lemma 7.58. (32)) is decreasing monotonically with respect to x when x > ¢/2 > 1.

Proof. The derivative of ([82]) with respect to x is

Ay (Ay + A%y +1) (2% (chy +1) — 1) <0
Azy + 1)%2(cAzy + Ay + x)? -

O
Lemma 7.59. [B3) is decreasing monotonically with respect to y when ¢ > % (1 + v 17) = 1.60.
Proof. The derivative of (B3] with respect to y is

2eA (N2 + 23Ny + & + (¢! — 2 — 4) Ay?)

(ehy + 2)2 (2Ay + ¢ + 2\y)? =0
O
Lemma 7.60. (34) is decreasing monotonically with respect to ¢ when ¢ > /2.
Proof. The derivative of ([B84]) with respect to A is
A (N 2(ct = 4) N +8( —2) A +8) <0,
(A4 4)% (2 +2) A +2) -
O

A242)+2 A2+2X0+2
Lemma 7.61. If A > Ao > 1, then 5525575 < max{72/\2+5>\0+2, 5¢ <L

: d A242042 . A2—4X—6 . - . : : :
Proof. Since g5 TN — NI it is decreasing and then increasing when A > 1. Hence its
maximum is achieved on either boundary. O

Lemma 7.62. If ¢/2 < z,y < c+2/c and ¢ > 0, then there exists a constant a(c) < 1 such that

5212y
% <alc) < 1.
Proof.
[5]ew
® (g (z,y))
Ay‘caz—:ﬁ—l—l‘

- Ay + 1)(cAzy + Ay + )
My (cx + 2?2+ 1)
“(Axy + D) (cAzy + Ay + )
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Since | 120 here tant A b that i > Ao, then Lo4/2
ince im0 G757y = 0, there is some constan o(z,y, c) such that if A > g, then D)

. S2\o(y) .
Let A\1(e) = max, /o<y y<ct2/c Ao(Z, 9, ¢). Then if A > A, we have bezyg(x,y)) < % Otherwise,

<

Z
D=

%)@ w)
®(9(z,y))

x

(Azy + 1)(cAzy + Ay + )
c

=1- 2(42 X1 (c) + 1)(43 N1 () + 2cA1(c) + 2¢)

O

The proof is done by setting a(c) = max {%, 1-— 2(402)\1(c)+1)(4036)\1(c)+2c)\1(c)+2c) }

Lemma 7.63. Ifc/2 < z,u < c+2/c and ¢ > 0, then there exists a constant o(c) < 1 such that
3z 2@)

Sy = alc) < 1.

Proof. Since h(x) = §(u, x), the result follows immediately after Lemma O
Proof of Theorem[3.7} This theorem is an application of Lemma [.4 Required conditions are
verified in Lemma [(.45] Lemma [7.57] Lemma [7.62] and Lemma [7.63] O
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