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On SimulatedAnnealing and the Construction of Linear
SplineApproximations for ScatteredData

Oliver Kreylos1 � 2 andBerndHamann1

1 Centerfor ImageProcessingandIntegratedComputing(CIPIC), Departmentof Computer
Science,Universityof California,Davis, CA 95616-8562,USA

2 Institut für Betriebs-undDialogsysteme,Fakultätfür Informatik,UniversitätKarlsruhe(TH),
76128Karlsruhe,Germany

Abstract. We describea methodto createoptimal linearsplineapproximations
to arbitrary functionsof one or two variables,given as scattereddatawithout
known connectivity. We startwith an initial approximationconsistingof a fixed
numberof verticesand improve this approximationby choosingdifferent ver-
tices,governedby a simulatedannealingalgorithm.In thecaseof onevariable,
the approximationis definedby line segments;in the caseof two variables,the
verticesareconnectedto definea Delaunaytriangulationof the selectedsubset
of sitesin theplane.In a secondversionof this algorithm,specificallydesigned
for thebivariatecase,we choosevertex setsandalsochangethetriangulationto
achieve both optimal vertex placementandoptimal triangulation.We thencre-
atea hierarchy of linearsplineapproximations,eachonebeinga supersetof all
lower-resolutionones.

1 Intr oduction

In several applications one is concernedwith the representation of complex geome-
triesor complex physical phenomena at multiple levelsof resolution.In thecontext of
computer graphics andscientific visualization,so-calledmultiresolutionmethods are
crucialfor theanalysisof very largenumerical datasets[1–5]. Examplesincludehigh-
resolutionterraindata(digital elevation maps)andhigh-resolution,three-dimensional
imagingdata(e.g.,magnetic resonanceimagingdata).

We presentanapproachfor theconstructionof multi resolutionrepresentationsof
very largescattereddatasetsusinganiterativeoptimizationalgorithmandtheprinciple
of simulatedannealing [9–12]. Our goal is the computation of several optimal linear
splineapproximationsto agiven scattereddataset.

We assumethat the given datasetsaresamplesof a real function of oneor two
variables,with thesamplesrandomlydistributedin thefunction’sdomainandnoknown
connectivity between them.Eachindividual linearsplineapproximation is definedby
its control points and, in the caseof multivariate functions,by the way thesepoints
areconnectedto form a triangulation.We only place control points at given sample
positionsandonly usethesuppliedfunctionvaluesat thosepositions.



1.1 Visualizing Lar geData Sets

To createahierarchy of approximationsto agivenscattereddatasetwechooseNk ver-
ticesfrom the setat each hierarchy level k. We ensurethat the setof verticesof any
hierarchy level j � k is a subsetof level k’s vertex set.After having decided which
verticesto selectfor a hierarchy level k, thatlevel’s verticesareconnectedin anappro-
priatewayto form alinearspline’scontrolmesh.An exampleof suchahierarchy in the
univariatecaseis shown in Fig. 1.
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Fig.1. A hierarchy of approximationsin theunivariatecase.New verticesareinsertedat thesites
markedby solid triangles.

Whenrepresentinghigh-resolutiondatasetswith low-resolutionlinear splineap-
proximations,onehasto becarefulwhereto placethespline’s controlpointsandhow
to connectthemin orderto achieve a faithful representationof thedataset,seeFig. 2.
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Fig.2. Uniform vs.optimalcontrolpointplacementfor univariatedata.

If thenumberof verticesfor anapproximationlevel is prescribed,onehasto address
two problems:

1. Whichverticesshouldonechoosefor theapproximation,i. e.,how shouldonecre-
atethevertex placement?

2. How shouldoneconnect thechosenvertices,i. e.,how should onecreatethecon-
nectivity?

In thespecialcaseof a functionof onevariable,we only have to addressthefirst prob-
lem,sincein theunivariatecasetheconnectivity is definedby thechosensites’numer-
ical order.



1.2 Finding Optimal Approximations

Ourapproachto finding anoptimal linearsplineapproximationfor agiven, fixed num-
berof verticesNk is basedonaniterativeoptimization algorithm.First,wecreateanini-
tial configuration, thenwe improve thisconfigurationby changingits vertex placement
andits connectivity in every step.We judgea configuration’s quality by its L2 distance
from the scattereddataset.Sincethis optimization problem is high-dimensionaland
generally involves local minimain abundance, thealgorithmof simulatedannealingis
well suitedto construct“good” linearsplineapproximations[12,9].

Simulated annealingis aniterative method thatappliesrandom changesto thecur-
rent configurationandaccepts a stepdepending on the resultingchange of the error
measureanda value called“temperature.” This value determinestheprobability of ac-
ceptinga stepthat increasedtheerrormeasure:Thehigher thetemperature, thehigher
theprobability of acceptinga badstep.Theso-called“annealingschedule” determines
how fastthetemperatureis decreasedduringtheiteration.

In thecaseof two or morevariablesthequality of a configurationdependson both
vertex placementandconnectivity. Therearetwo differentwaysto proceed:

1. Onecanignorethe optimizationof the connectivity by enforcing a fixed type of
connectivity throughout theiterationprocess;in thebivariatecase,anobviouscan-
didateis the Delaunay triangulation [6]. Under this constraintthe algorithmcan
proceed exactly asin theunivariatecase.

2. Onecanattemptto optimizebothpartsof theconfigurationin parallel.For example,
beforeeachstepone could randomly decide to either move a vertex or swapa
common edgeof two adjacenttriangles.

2 The Optimization Algorithm

We now describethe individual stepsof our algorithm.Algorithm 1 is a high-level
description.Thesubsequent sectionsdescribetheimportant stepsin moredetail.

Algorithm1: Optimallinear splineapproximation.

Create initial configuration (vertex placement and connectivity);
Determine initial temperature and create annealing schedule;
While iteration is not finished {
Change current configuration;
Calculate change in error measure;
Undo iteration if rejected by simulated annealing; }

Return current configuration;

2.1 Creatingan Initial Configuration

Our approximationsaredefined over the original sites’ convex hull. In the univariate
case,we cover the convex hull by choosing the leftmost and the rightmostoriginal
verticesanddistribute therestof verticesuniformly betweenthem.In themultivariate



casescovertheconvex hull by alwaysselectingall non-interiorvertices;thenwechoose
therestof verticesrandomly from theoriginal dataset.In thebivariatecase,we define
theinitial connectivity by aDelaunaytriangulationof theinitial vertices’sites.

2.2 Creatingan Annealing Schedule

A reasonableheuristic to definetheinitial temperatureis to apply somestepsof theiter-
ationschemeandto definetheinitial temperaturein away thattheannealingalgorithm
initially acceptsan“expectedbad” stepwith a probability of onehalf. Next, we lower
thetemperaturein steps,leaving it constantfor afixednumberof iterationsandscaling
it by afixed factorafterwards.

2.3 Changing the Curr ent Configuration

Thesimulatedannealingalgorithm’s coreis its iterationstep.In principle,onecanuse
any method to changethecurrentconfiguration, but we have foundout that the“split”
approach,shown in Algorithm 2, worksvery well.

Algorithm2: Changing thecurrentconfiguration.

if(acceptWithProbability(moveProbability)) { /* move a vertex */
Choose an interior vertex v;
Estimate v’s contribution vE to the error measure;
if(vE < localMovementFactor * E)

Move v globally;
else

Move v locally;
if(moveProbability == 1) /* Vertex movements only? */

Restore Delaunay property; }
else { /* swap an edge */
Choose a swappable edge e;
Swap edge e; }

TheconstantmoveProbability is usedto control thebehaviour of theoptimization
processfor bivariate functions. If this constant’s value is one,the algorithmmoves a
vertex in every step,andaftereach vertex movementthecurrenttriangulationis updated
to satisfy the Delaunay property. In the other casethe algorithm can either move a
vertex or swap an edge, thereby optimizing both vertex placement and triangulation
simultaneously.

Estimating a Vertex’ Err or Contrib ution. To estimatehow muchtheremoval of an
interiorvertex v would increasethecurrenterrormeasure,weestimatethe“volume” of
v’s platelet:We constructanapproximating leastsquareshyperplaneH for all vertices
surroundingv. Then we calculate h as v’s ordinate-directiondistancefrom H and A
astheareaof v’s platelet,seeFig. 3. We definetheerrorcontribution as A � h2 � 2 in
theunivariatecaseandas A � h2 � 3 in thebivariatecase,to ensurethat the ratio of a
vertex’ errorcontributionandtheusedL2 errormeasureis scale-invariant.
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Fig.3. Estimatingavertex’ contribution to theerrormeasure.

Global VertexMovement. If v’serrorcontributionissmallerthanaconstant localMovementFactor
timesthecurrenterrormeasureE, we assumethatv is currentlylocatedin a “flat” re-
gion of the functionandshouldbemovedaway from this region. We move v globally
to a randomly chosennew sitenot already beingpartof thecurrentconfiguration.By
doingthisweassurethatverticesgetdriven away from nearlyflat regionsof a function
in earlystagesof theiteration.Figure4 shows theprocessof actually moving a vertex
globally in detail.
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Fig.4. Moving a vertex globally in the bivariatecase.1) initial state;2) removing the vertex;
3) filling thehole;4) insertingnew vertex; 5) restoringtheDelaunayproperty(only if thecon-
nectivity is ignoredduringoptimization).

Local VertexMovement. Whenavertex’ errorcontributionis largerthanlocalMovementFactor �
E, weassumeit is currentlylocatedin an“important,” high-curvatureregion of thetar-
get function, andwe attemptto find a bettersite for this vertex by moving it locally to
anew, unoccupiedsitein its platelet. To moveavertex locally, we“slide” thevertex on
theline from its old to its new site,dragging theedges connectingit to all surrounding
verticesalong. Wheneverasurroundingsimplex becomesdegenerateduringthevertex’
motion,weswaponeedgeof theaffectedsimplex beforemoving thevertex any further,
seeFig. 5.
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Fig.5.Moving avertex locally in thebivariatecase:1) initial state;2) swappingedgee to prevent
triangleT from becomingdegenerate;3) resultingstate.

3 Examplesand Results

In this sectionwe show someof the experimentswe did to evaluateour algorithm’s
behaviour. We begin with univariateandbivariatescalar-valued functions,andwe then
usea slight variation of thealgorithm,where theEuclidiandistancebetween vectorsis
usedto calculatetheL2 errormeasure,to approximatebivariatevector-valuedfunctions.

3.1 Univariate Scalar-valued Functions

Wehave testedourapproachfor theseunivariatescalar-valued functions:

1. Thefirst testcaseis thefunction

f � x ���
2 � 1 � x � if x � 1

4 � 1 � x �	� x � 2 � if 1 
 x � 2
2 � x � 2 � if 2 
 x � 3
2 � x � 3 � 2 if 3 
 x

� x ��
 0� 4� �

andalinearsplineapproximationwith 14vertices,seeFig.6.Ouralgorithmfindsa
very goodapproximation,although thefunctionhasdiscontinuitiesin boththeze-
roethandfirst derivatives.In thetwo quadraticsections
 1� 2� and 
 3� 4� thesitesare
uniformly distributed;we thusassumethattheresultingapproximationis globally
optimal.

2. Thesecondtestcaseis thefunction

f � x ��� 4
3

∑
n� 0

sin � 2n � 1 � x
2n � 1

� x ��
 0� 4π� �

the fourth-orderFourier approximationof a squarewave, anda linear splineap-
proximationwith ten vertices,seeFig. 7. The number of verticesis too small to
captureall detailsof thefunction, but thealgorithmstill findsaverygoodapproxi-
mation.

3. Thethird testcaseis thesamefunctionasin thesecond, but this timeusinga linear
splineapproximationwith 30 vertices,seeFig. 8. Now all thefunction’s important
featuresarepresentin theapproximation.



3.2 Bivariate Scalar-valuedFunctions

Wehave testedourapproachfor thesebivariatescalar-valuedfunctions:

4. Thefourth testcaseis thefunction

f � x� y ��� 2
2

∑
i � 0

2

∑
j � 0

sin � 2i � 1 � x
2i � 1

� sin � 2 j � 1 � y
2 j � 1

� x� y ��
 0� 2π� �

thethird-orderFourierapproximationof abivariatesquarewave, andalinearspline
approximationwith 50verticesandageneraltriangulation,seeFig. 9. Thenumber
of verticesis too small to captureall detailsof thefunction, but thealgorithmstill
findsa decent approximation.

5. Thefifth testcaseis thesamefunctionasin thefourth,but this time usinga linear
spline approximation with 250 verticesand a general triangulation,seeFig. 10.
Dueto thehighnumberof verticestheiterationtakesmuchlonger to converge,but
capturesall details of thetargetfunction.

6. The sixth test caseis a scattereddataset consisting of 37,594vertices, result-
ing from a laserscanof a Ski-Doo hoodanda linear splineapproximation with
1,000verticesanda general triangulation, seeFig. 11. This caseshows that our
algorithmcanbeusedin surfacereconstruction,aslong asthesourcedatacanbe
interpretedasabivariate,scalarvaluedfunction.

3.3 Bivariate Vector-valuedFunctions

Wehaveapplied ourmethod to theseRGB color imagedatasets:

7. Theseventh testcaseis a photographof theGolden GateBridgein SanFrancisco,
resampledto a resolutionof 329 � 222pixels, seeFig. 12, anda linearsplineap-
proximationwith 400 verticesanda general triangulation, seeFig. 13. The RGB
imageis interpretedasabivariatevector-valuedfunction, definedby samplesposi-
tionedat thepixels’ centers.

8. Theeigthtestcaseis thesamefunctionasin theseventh,but thistimeapproximated
by a linearsplinewith 1,600verticesanda general triangulation, seeFig. 14. The
resultinglinearsplineis a supersetof theresultof experimentsevenasdefined in
Sect.1.1.It is hardto seein theselow-quality reproductions,but theapproximation
is very closeto theoriginal image.

4 Conclusionsand Futur eWork

In this paper we presenteda methodto calculate optimal linearsplineapproximations
to functions defined by scattereddata,usingan iterative optimizationtechnique gov-
ernedby thesimulatedannealingalgorithm.Ourmethod is ageneralizationof thedata-
dependent triangulationmethod discussedby Schumaker [9]. We have demonstrated
thatourmethodperformswell for univariateandbivariatescalar-valued functions.Fur-
thermore,wehave foundthatouralgorithmapproximatesRGBimagesvery well, even



when using only a small number of vertices.Our technique provides an interesting
alternative way to transformimagesto a storage-efficient, resolution-independent rep-
resentation.

Themainareasfor futureresearcharethegeneralizationof our algorithmto func-
tions of three and more variables and the applicationof our method to image and
video compression.If one treatsvideo dataas time-varying bivariate vector-valued
functions,andexploits thestrongframecoherenceof videostreamsespeciallyin tele-
conferencing, our algorithmmight leadto a real-timevideo compressionmethodfor
this kind of videostreams.
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Fig.6. First experiment.Left: initial vertex placement; right: final vertex placement.
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Fig.7. Secondexperiment.Left: initial vertex placement; right: final vertex placement.



t

0.33

2.82

20,000

E(t)

f(x)

xx

f(x)

Fig.8. Third experiment.Left: initial vertex placement;right: final vertex placement.
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Fig.9. Fourthexperiment.Initial andfinal configurationsandflat-shadedrendering.
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Fig.10.Fifth experiment. Initial andfinal configurationsandflat-shadedrendering.
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Fig.11.Sixth experiment.Initial andfinal configurationsandflat-shadedrendering.



Fig.12.Seventhexperiment.OriginalRGB image,329 � 222pixels.
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Fig.13.Seventhexperiment.Left: final configuration; Right: final linearsplineapproximation.
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Fig.14.Eigthexperiment. Left: final configuration;Right: final linearsplineapproximation.




