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On Simulated Annealing and the Construction of Linear
Spline Approximations for Scattered Data
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Sciencelniversity of California, Davis, CA 95616-8562|JSA
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76128Karlsruhe Germary

Abstract. We describea methodto createoptimallinear splineapproximations
to arbitrary functionsof one or two variables,given as scattereddatawithout
known connectvity. We startwith aninitial approximationconsistingof a fixed
numberof verticesand improve this approximationby choosingdifferentver
tices,governedby a simulatedannealingalgorithm.In the caseof onevariable,
the approximationis definedby line segments;in the caseof two variables the
verticesare connectedo definea Delaunaytriangulationof the selectedsubset
of sitesin the plane.In a secondversionof this algorithm,specificallydesigned
for the bivariatecase we choosevertex setsandalsochangethe triangulationto
achieve both optimal vertex placementand optimal triangulation.We then cre-
atea hierarcly of linear splineapproximationseachonebeinga supersetf all
lower-resolutionones.

1 Intr oduction

In several apgications oneis corcernedwith the representdon of comgdex geane-
triesor compex physicd phenomera at multiple levels of resolution.In the cortext of
compuer graphics and scientific visualization,so-calledmultiresolutionmethod are
crucialfor theandysis of very large numerical datasets[1-5]. Examplesincludehigh-
resolutionterraindata(digital elevation maps)andhigh-resolutionthree-dimesional
imagingdata(e.g., magreticresonaseimagingdata).

We presentan approachfor the constructionof multi resolutionrepresentigons of
very largescatteredlatasetsusinganiterative optimizationalgorithmandtheprinciple
of simulatedanneling [9—12. Our goal is the compuation of several optimal linear
splineapgoximationsto a given scatteredlataset.

We assumehat the given datasetsare samplesof a real function of one or two
variables, with thesamplesandomlydistributedin thefunction'sdomainandnoknown
conrectivity betwea them.Eachindividual linear splineappraimation is definedby
its control pointsand in the caseof multivariate functions,by the way thesepoints
are conrectedto form a triangulation.We only place cortrol points at given sample
positionsandonly usethe suppliedfunctionvaluesat thosepositions.



1.1 Visualizing Lar geData Sets

To createa hierarcly of approxmationsto a givenscatteredlatasetwe chaoseN ver
ticesfrom the setat ead hierarcly level k. We ensurethat the setof verticesof ary
hierarcly level j < k is a subsetof level k's vertex set. After having decidel which
verticesto selectfor a hierarcly level k, thatlevel' s verticesarecomectedn anappro-
priateway to form alinearsplines controlmesh An exarmple of suchahierarcly in the
univariate caseis shavnin Fig. 1.
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Fig. 1. A hierarcly of approximationsn the univariatecase New verticesareinsertedatthesites
markedby solid triangles.

Whenrepresentindhigh-resolutiondatasetswith low-resolutionlinear spline ap-
proximatiors, onehasto be carefulwhereto placethe splines control pointsandhow
to conrectthemin orderto achieve afaithful representationf the dataset,seeFig. 2.
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Fig. 2. Uniform vs. optimal control point placemenfor univariatedata.

If thenumter of verticesfor anapproxmationlevel is prescribedpnehasto addess
two problems:

1. Whichverticesshouldonechooseor the appoximation,i. e.,how shouldonecre-
atethevertex placement?

2. How shouldoneconrectthe chosenvertices,i. e.,how shoud onecreatethe con-
nectiity?

In the specialcaseof afunctionof onevariable,we only have to addresshefirst prob-
lem, sincein the univariatecasethe comectiity is definedby the chosersites’nume-
ical ordet



1.2 Finding Optimal Approximations

Ourapproachto finding anoptimd linear splineapproxmationfor a given, fixed num-
berof verticesN is basedn aniterative optimizaion algorithm.First, we createanini-
tial corfiguration thenwe improve this corfigurationby changingits vertex placement
andits conrectiity in every step.We judgea corfiguratioris qudity by its L2 distance
from the scattereddataset. Sincethis optimizaion problem is high-dimersionaland
geneally involves local minimain abundance the algorithmof simulatedanrealingis
well suitedto construct‘good” linearsplineapproxmations[12,9].

Simulatel anrealingis aniteratve methal thatappliesrandan chargesto the cur
rent corfiguration and acceps a stepdepading on the resultingcharge of the error
measureanda value called“temperaturée’. This value determineghe probaility of ac-
ceptinga stepthatincresedthe errormeasureThe highe the temperaturgthe higher
the probaility of aceptingabadstep.The so-called‘annealingschedile” determines
how fastthetemperaturés deaeaseduringtheiteration.

In the caseof two or morevariabesthe quality of a configurationdependson both
vertex placenentandcomectvity. Therearetwo differentwaysto procesd:

1. Onecanignorethe optimizationof the conrectiity by enfordng a fixed type of
conrectiity throughouttheiterationprocess;in the bivariate case anobviouscan-
didateis the Delauray trianguldion [6]. Unde this constraintthe algorithm can
proceel exactly asin theunivariatecase.

2. Onecanattempto optimizebothpartsof thecorfigurationin parallel.For exanple,
before eachstepone could randanly dedde to either move a vertex or swapa
comma edgeof two adjecenttriangles.

2 The Optimization Algorithm

We now describethe individual stepsof our algorithm. Algorithm 1 is a high-level
description.The subsequet sectionsdescribeheimportart stepsin moredetail.

Algorithm1: Optimallinear splineapproximation.

Create initial configuration (vertex placenment and connectivity);
Determine initial tenperature and create annealing schedul e;
While iteration is not finished {

Change current configuration;

Cal cul ate change in error neasure;

Undo iteration if rejected by sinulated annealing; }
Return current configuration;

2.1 Creatingan Initial Configuration

Our approxmationsare defined over the original sites’ corvex hull. In the univariate
case,we cover the corvex hull by choosing the leftmost and the rightmostoriginal
verticesanddistribute the restof verticesuniformly betweerthem.In the multivariate



casexovertheconvex hull by alwaysselectingall non-interiorverticesthenwe chocse
therestof verticesrandanly from the original dataset.In the bivariatecase we define
theinitial conrectvity by a Delawnaytriangulationof theinitial vertices’sites.

2.2 Creatingan Annealing Schedule

A reasonhle heuristic to definetheinitial temper#ureis to apdy somestepsof theiter-
ationschemeandto definetheinitial temperaturén away thattheanrealingalgorithm
initially aceptsan “expededbad” stepwith a probability of onehalf. Next, we lower
thetemperaturén steps)eaving it constantfor afixed numkber of iterationsandscaling
it by afixed factorafterwards.

2.3 Changing the Curr ent Configuration

The simulatedanrealingalgorithm’ coreis its iterationstep.In principle,onecanuse
ary methal to charge the currentcorfiguration but we have found out thatthe “split”
appro&h, shavn in Algorithm 2, worksvery well.

Algorithm 2: Charging the currentconfiguration.

i f(accept Wt hProbability(nmoveProbability)) { /* nove a vertex */
Choose an interior vertex v;
Estimate v's contribution vE to the error neasure;
i f(VE < | ocal Movenent Factor * E)
Move v gl obal | y;

el se
Move v |ocally;
i f(moveProbability == 1) /* Vertex novenents only? */

Rest ore Del aunay property; }
else { /* swap an edge */
Choose a swappabl e edge e;
Swap edge e; }

The constantmoveProbability is usedto control the behaiour of the optimizaion
procesdor bivariate functiors. If this corstants valueis one,the algorithmmoves a
vertex in every step,andafteread vertex movementthecurrenttriangulationis updated
to satisfy the Delaung property In the other casethe algaithm can either move a
vertex or swap an edge, therely optimizing both vertex placemat and trianguldion
simultaneosly.

Estimating a Vertex’ Err or Contrib ution. To estimatehow muchtheremoval of an
interior vertex v would increasehe currenterrormeasure we estimatehe“volume” of

V's platelet:We constructan approdxmating leastsquaresyperplaneH for all vertices
surroundingv. Thenwe calculde h asVv's ordinate-directiordistancefrom H and A

asthe areaof v's platelet,seeFig. 3. We definethe error cortribution as/A-h?/2 in

the univariate caseandas \/A- h?/3 in the bivariate case to ensurethatthe ratio of a
vertex’ errorcontritution andthe usedL? errormeasurés scale-ivariart.
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Fig. 3. Estimatinga vertex’ contritution to theerrormeasure.

Global VertexMovemert. If v'serrorcontritutionis smallerthanaconstamlocalMovement&ctor
timesthe currenterror meaureE, we assumehatv is currentlylocatedin a “flat” re-

gion of the function andshouldbe moved away from this region. We move v globally

to arandanly chosennew site not alread beingpart of the currentconfiguration.By
doingthiswe assurdhatverticesgetdriven avay from nearlyflat regions of afunction

in early stagesf theiteration.Figure4 shavs the processof actually moving a vertex

globallyin detail.

Fig.4. Moving a vertex globally in the bivariatecase.1) initial state;2) removing the verte;
3) filling the hole; 4) insertingnew vertex; 5) restoringthe Delaunayproperty(only if the con-
nectiity is ignoredduringoptimization).

Local Vertex Movement. Whenaverte<' errorcortributionis largerthanlocalMovemetFactor-
E, we assumat is currentlylocatedin an“important; high-cuvatureregion of thetar-
getfunction andwe attemptto find a bettersite for this vertex by moving it locally to

aneaw, unaccuged sitein its plateld. To move avertex locally, we “slide” thevertex on

theline from its old to its new site,draggng the edges conrectingit to all surroundirny
verticesalong Whenerer asurroundingsimplex beconesdegenerateduringthevertex’
motion,we swaponeedce of theaffectedsimplex beforemoving thevertex ary further,

seeFig. 5.



@R

Fig. 5. Moving avertex locally in thebivariatecase2) initial state;2) swappingedgeeto prevent
triangleT from becomingdegenerége; 3) resultingstate.

3 Examplesand Results

In this sectionwe shav someof the experimentswe did to evaluate our algorithm’s
behaiour. We bagin with univariate andbivariate scalarvalued functions,andwe then
useaslightvariation of the algorithm,where the Euclidiandistancebetwea vedorsis
useduo calcuatetheL? errormeasureto appoximatebivariatevedor-valuedfunctiors.

3.1 Univariate Scdar-valued Functions
We have testedour apprachfor theseunivariate scalarvalued functions:

1. Thefirst testcaseis thefunction

2(1-x) ifx<1

F(x) = 41-x)(x—2)if 1<x<2
2(x—2) if2<x<3 7’
2(x—3)2 if3<x

x€[0,4],

andalinearsplineappraimationwith 14 vertices,seeFig. 6. Ouralgorithmfindsa
very goodapgoximation,although the function hasdiscortinuitiesin boththe ze-
roethandfirst derivatives.In thetwo qualraticsectiong1, 2] and[3, 4] thesitesare
uniformly distributed; we thusassumehatthe resultingapproxmationis globally
optimal.

2. Thesecondestcaseis thefunction

.
f(x)ﬂ%% . xe [o,4r,

the fourth-orderFourier approximation of a squarewave, anda linear spline ap-
proximationwith ten vertices,seeFig. 7. The numbe of verticesis too small to
captureall detailsof thefunction, but thealgorithmstill findsa very goodapprox-
mation.

3. Thethird testcaseis the samefunctionasin thesecoml, but thistime usingalinear
splineappoximationwith 30 vertices,seeFig. 8. Now all thefunctioris important
featuresarepresenin the apgroximation.



3.2 Bivariate Scala-valued Functions
We have testedour apprachfor thesebivariatescalarvaluedfunctiors:
4. Thefourthtestcaseis thefunction

2 2 sin((2i +1)x sin((2j+1)y)
f(xy) = ZZ)Z) 2|+1 2111 ;X Yy€[0,2,

thethird-orderFourierappoximationof abivariate squarevave, andalinearspline
approxmationwith 50 verticesanda gereraltriangulation seeFig. 9. Thenumter
of verticesis too smallto captureall detailsof the function but the algorithmstill
findsa decent approxmation.

5. Thefifth testcaseis the samefunctionasin the fourth, but this time usingalinear
spline approximation with 250 verticesand a geneal triangulation,seeFig. 10.
Dueto the high numter of verticestheiterationtakesmuchlonge to cornverge, but
capturesall detals of thetamgetfunction.

6. The sixth test caseis a scattereddata set corsising of 37,594 vertices, result-
ing from a laserscanof a Ski-Doo hood and a linear spline approxmation with
1,000verticesand a geneal trianguldion, seeFig. 11. This caseshaws that our
algorithmcanbe usedin surfacerecorstruction,aslong asthe sourcedatacanbe
interpretedasa bivariate, scalarvalued function

3.3 Bivariate Vector-valued Functions
We have apdied our methal to theseRGB colorimagedatasets:

7. Theseventh testcaseis a phaographof the Golden GateBridgein SanFrarcisco,
resampledo a resolutionof 329x 222 pixels, seeFig. 12, anda linear splineap-
proximationwith 400 verticesand a generé& triangulation seeFig. 13. The RGB
imageis interpretedasa bivariate vector-valuedfunction, definedby samplegosi-
tionedatthepixels’ certers.

8. Theeigthtestcasdasthesamefunctionasin theseventh, but thistime approxmated
by alinearsplinewith 1,600verticesanda generatrianguldion, seeFig. 14. The
resultinglinear splineis a supersetf the resultof experimentsevenasdefiredin
Sect.1.1.1t is hardto seein thesdow-qudity reprodutions,but theappoximation
is very closeto theoriginalimage

4 Conclusionsand Futur e Work

In this paper we presentec methodto calculae optimal linear splineapproxmations
to functiors definal by scattereddata,usingan iterative optimizationtechniqwe gov-
ernedby thesimulatedanrealingalgorithm.Our methal is agereralizationof thedata-
depandent triangulationmethal discussedy Schunaker [9]. We have demorstrated
thatour methodperformswell for univariateandbivariate scalarvalued functions.Fur
thermorewe have foundthatour algorithmappoximatesRGBimagesvery well, even



when using only a small numbe of vertices.Our techrique provides an interesting
alternatve way to transformimagesto a storage-difcient, resolution-indepndent rep-
resentation.

The mainareador futureresearcharethe gereralizationof our algorithmto func-
tions of three and more variables and the applicationof our methal to image and
video compession.If one treatsvideo data as time-varying bivariate vector-valued
functions,andexploits the strongframe cohe&enceof video streamsespeciallyin tele-
confererting, our algorithm might leadto a real-timevideo compressionmethodfor
thiskind of videostreams.
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Fig. 6. Firstexperiment Left: initial vertex placemat; right: final vertex placement.
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Fig. 7. Secondxperiment.Left: initial vertex placemet; right: final vertex placement.
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Fig. 8. Third experiment.Left: initial vertex placenent;right: final vertex placemat.

Fig. 9. Fourthexperiment.Initial andfinal configurationsandflat-shadedendering.
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Fig. 11. Sixth experiment.nitial andfinal configurationsandflat-shadedendering.



Fig. 12. Seventhexperiment.Original RGB image,329x 222 pixels.
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Fig. 13. Seventhexperiment.Left: final configuration Right: final linearsplineapproximation.

Fig. 14. Eigth experiment. Left: final configuration;Right: final linear splineapproximation.





