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FOREWORD 

In the course of fuzzy technological development, fuzzy graph theory was 
identified quite early on for its importance in making things work. Two very 
important and useful concepts are those of granularity and of nonlinear ap
proximations. The concept of granularity has evolved as a cornerstone of 
Lotfi A.Zadeh's theory of perception, while the concept of nonlinear approx
imation is the driving force behind the success of the consumer electronics 
products manufacturing. 

It is fair to say fuzzy graph theory paved the way for engineers to build 
many rule-based expert systems. In the open literature, there are many 
papers written on the subject of fuzzy graph theory. However, there are 
relatively books available on the very same topic. Professors' Mordeson 
and Nair have made a real contribution in putting together a very com
prehensive book on fuzzy graphs and fuzzy hypergraphs. In particular, the 
discussion on hypergraphs certainly is an innovative idea. 

For an experienced engineer who has spent a great deal of time in the lab
oratory, it is usually a good idea to revisit the theory. Professors Mordeson 
and Nair have created such a volume which enables engineers and design
ers to benefit from referencing in one place. In addition, this volume is a 
testament to the numerous contributions Professor John N. Mordeson and 
his associates have made to the mathematical studies in so many different 
topics of fuzzy mathematics. 

The Center for Research in Fuzzy Mathematics and Computer Science, 
under the direction of Dr. John N. Mordeson, is one of the earliest of these 
establishments in the world. The scholarly and academic products that 
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have grown out from the center certainly are very impressive indeed, both 
in terms of quality as well as quantity. 

In a sense, fuzzy mathematics is a generalization of traditional mathe
matics. In this regard, 1 have no doubt that Professor John N. Mordeson 
and ms associates will be recognized as important leading researchers and 
the Center for Research in Fuzzy Mathematics and Computer Science will 
have its place in the annals of fuzzy theory as an important innovation and 
institution. 

Paul P. Wang 
Duke University 



PREFACE 

In 1965, L. A. Zadeh introduced the concept of a fuzzy subset of a set 
as a way for representing uncertainty. Zadeh's ideas stirred the interest of 
researchers worldwide. His ideas have been applied to a wide range of sci
entific areas. Theoretical mathematics has also been touched by the notion 
of a fuzzy subset. We consider two areas of mathematics here. 

The book deals with fuzzy graph theory and fuzzy hypergraph theory. 
The book is based on papers that have appeared in journals and conference 
proceedings. The purpose of this book is to present an up to date account 
of results from these two areas and to give applications of the results. The 
book should be of interest to research mathematicians and to engineers and 
computer scientists interested in applications. For the purpose of a com
prehensive presentation of fuzzy graph theory, we include not only much 
of what appears in volume 20 of this series, but also a greatly expanded 
version. 

In Chapter 1, basic concepts of fuzzy subset theory are given. The notion 
of a fuzzy relation and its basic properties are presented. The concept of 
a fuzzy telation is fundamental to many applications given, e. g., cluster 
analysis and pattern classification. Chapter 1 is based primarily on the 
work of Rosenfeld and Yeh and Bang. 

Chapter 2 presents many concepts and theoretical results of fuzzy graphs. 
The material from this chapter is the result of the work of many authors 
including that of the authors of this book. However much of the work is 
an outgrowth of the ideas of Rosenfeld. We acknowledge the authors at 
the beginning of each section. This chapter deals with the fuzzification of 
such concepts as paths, connectedness, bridges, cut vertices, trees, forests, 
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cut sets, chords, cotrees, twigs, l-chains, cocycles, line graphs, intersection 
graphs, and interval graphs. 

In Chapter 3, applications of fuzzy graph theory are presented. Here 
again many of the results of this chapter are based on the work of Rosenfeld 
and Yeh and Bang. Applications of fuzzy graphs to cluster analysis and 
database theory are presented. Applications of fuzzy graphs to the problem 
concerning group structure are also given. 

In Chapter 4, we present theoretical aspects of fuzzy hypergraph theory 
with applications to portfolio management, managerial decision making 
with an example to waste management, and to neural cell-assemblies. The 
results of this chapter are taken mainly from the work of Goetschel and 
his coauthors. We have reorganized Goetschel's work and added some ex
amples. This chapter deals with the concepts of fuzzy transversals of fuzzy 
hypergraphs, colorings of fuzzy hypergraphs, and intersecting fuzzy hyper
graphs. In 1982, Z. Pawlak introduced the idea of a rough set in order to 
provide a systematic approach for the study of indiscernibility of objects. 
We show how (fuzzy) hypergraphs and rough sets are related in such a way 
that ideas may be carried back and forth between the two areas. 

John N. Mordeson 
Premchand S. Nair 



ACKNOWLEDGMENTS 

The authors are grateful to the editorial and production staffs of Physica
Verlag, especially Janusz Kacpryzk, Martina Bihn, and Gabriele Keidel. 
We are indebted to Paul Wang and Hu Cheng-ming for their support of 
fuzzy mathematics. We are also appreciative of the support of Frs. Michael 
Proterra and Albert Agresti, Deans, Creighton College of Arts and Sciences 
and Dr. and Mrs. George Haddix. The first author dedicates the book to 
his children-in-law, James, Brigid, Todd, and Christy. The second author 
is very grateful to his wife, Suseela, and his parents, Mr. Sukumaran Nair 
and Ms. Sarada Devi, for supporting his dreams. 



CONTENTS 

FOREWORD 

PREFACE 

ACKNOWLEDGMENTS 

1 FUZZY SUBSETS 
1.1 Fuzzy Relations . . . . . . . . 
1.2 Fuzzy Equivalence Relations . 
1.3 Pattern Classification 
1.4 Similarity Relations 
1.5 References .... 

v 

vii 

ix 

1 
4 
6 
9 

11 
16 

2 FUZZY GRAPHS 19 
2.1 Paths and Connectedness 20 

Bridges and Cut Vertices 21 
Forests and Trees . . . . . 22 
Trees and Cycles . . . . . 25 
A Characterization of Fuzzy Trees 26 
(Fuzzy) Cut Sets . . . . . . . . . . 31 
(Fuzzy) Chords, (Fuzzy) Cotrees, and (Fuzzy) Twigs . 33 
(Fuzzy) 1-Chain with Boundary O, Coboundary, and Cocyles 35 
(Fuzzy) Cycle Set and (Fuzzy) Cocycle Set 36 

2.2 Fuzzy Line Graphs . . . . . . . . . . . . . . . . . . . . . .. 40 



Xli CONTENTS 

2.3 Fuzzy Interval Graphs . . 
Fuzzy Intersection Graphs 
Fuzzy Interval Graphs .. 
The Fulkerson and Gross Characterization . 
The Gilmore and Hoffman Characterization 

2.4 Operations on Fuzzy Graphs .... 
Cartesian Product and Composition 
Union and Join ..... . 

2.5 On Fuzzy Tree Definition 
2.6 References ........ . 

45 
46 
47 
49 
51 
62 
62 
66 
70 
78 

3 APPLICATIONS OF FUZZY GRAPHS 83 
3.1 Clusters..... 86 
3.2 Cluster Analysis .... 87 

Cohesiveness ...... 92 
Slicing in Fuzzy Graphs 93 

3.3 Application to Cluster Analysis 97 
3.4 Fuzzy Intersection Equations 102 

Existence of Solutions . . . . . 102 
3.5 Fuzzy Graphs in Database Theory 108 

Representation of Dependency Structure T(X, Y) 111 
3.6 A Description of Strengthening and Weakening Members of 

a Group . . . . . . . . . . . . . . . . 112 
Connectedness Criteria. . . . . . . . 114 
Inclusive Connectedness Categories . 117 
Exclusive Connectedness Categories 118 

3.7 An Application to the Problem Concerning Group Structure 120 
Connectedness of a Fuzzy Graph . . . . . . . . . . . . . 121 
Weakening and Strengthening Points a Directed Graph. 123 

3.8 References.......................... 129 

4 FUZZY HYPERGRAPHS 135 
4.1 Fuzzy Hypergraphs . . . . . . . . . . . . . 135 
4.2 Fuzzy Transversals of Fuzzy Hypergraphs 141 

Properties of Tr(H) ...... 153 
Construction of ris . . . . . . . 158 

4.3 Color ing of Fuzzy Hypergraphs 170 
,B-degree Coloring Procedures . 179 
Chromatic Values of Fuzzy Colorings . 194 

4.4 Intersecting Fuzzy Hypergraphs . . . . 199 
Characterization of Strongly Intersecting Hypergraphs 205 
Simply Ordered Intersecting Hypergraphs 207 
ri-dominant Transversals 212 

4.5 Hebbian Structures . . . 217 
4.6 Additional Applications 221 



CONTENTS xiii 

4.7 References............................ 229 

LIST OF FIGURES 

LIST OF TABLES 

LIST OF SYMBOLS 

INDEX 

233 

235 

237 

243 


