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W-ALGEBRAS WHICH ARE BOOLEAN PRODUCTS

OF MEMBERS OF SR[1) AND CU-ALGEBRAS

by Antoni Torrens

Abstract: We show that the class of all isomorphic images of Booleans

producís of members of SR[1] is the class of all Archimedean

W-algebras. And the class of all isomorphic images of CW-

algebras is the class of all W-algebras such that the family

of all minimal prime implicative filters is the family of

all Stone ultrafilters.

INTRODUCTION AND PURPOSES

W-algebras (or Uajsberg algebras) are the algebraic models of

^-valued tukasiewicz's Propotional calculus. Indeed, see [7], they are

equivalent to MV-algebras introduced by C.Chang in [4J and used in [5] to

show the completeness of Lukasiewicz's Propositional Calculus. The advan-

tage of to use W-algebras is that they are defined with the operations

"implication" ( •+) and "negation" ( ~) , which have a clear logic signif ication.

The class of all W-algebras is a variety generated by the W-algebra

R_[l], defined in I.D., and it has the property that every simple W-algebra

is isomorphic to a subalgebra of it. In the other hand, every W-algebra is

isomorphic to a subdirect product of CW- algebras (or W-algebras which are

chains with the associated partial order defined in (1.12)). The purpose of

this paper is to give a characterization of the W-algebras wich are isomor¬

phic to a boolean product of a subalgebras of R [1] , or isomorphic to a boo-

lean product of CW-algebras.
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In section 1, we give a several well known definitions and results,

without proof, on W-algebras which we will need ís the paper. In section 2,

we define the toplogical Spectrum of any W-algebra, which is a Bounded Stone

Space, and we show that it is a Boolean Space if and only if the W-algebra

is Archimedean. In section 3, we see that the class of all isoraorphic ima-

ges of boolean producís of members of j>R[l] is the class of all Archimedean

W-algebras, moreover this representation is unique. Finally, in section 4,

we prove that the class of all isomorphic images of boolean products of

CW-algebras is the class of all W-algebras such that the faraily of all raini-

mal prime implicative filters is the fámily of all Stone ultrafilters, and

we see that this representation is unique.

To show the last result we could have used the results of R.Cig-

noli, see[ 6 ) , we give a direct proof because the proof using Cignoli's re¬

sults is very large. A complet study of W-algebras has been made in [ 8 ] ,

unfortunately this work has not published, any way in ( 7] can be found

the properties used in this paper. For the definition and properties of

boolean product see [ 2 ] , and for its conection with boolean sheaf spaces

see (3 ] .

1. W-ALGEBRAS: DEFINITIONS AND PROPERTIES

Along all the paper A « (A, -*■ , ~ ,u) represents an algebraic

structure of type (2,1,0), we write it Ae K(2,l,0).

l.A. Let AeK(2,l,0) we say that A is a W-algebra provided that it satisfies

the following equations:

(1.1) u x » x

(1.2) (x-t-y) -t-y » (y->-x)-*-x

(1.3) U + y) + ((y + z) + (r+z)) -

(1.5) (~x -*■ ~y) ■* (y x) - u

u
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By definition the class of all W-algebras is a Variety, we denote

it W.

To sbort we write 0 = ~u, x°-ry *> y, and for any 'n<u1xn + y =

x -*-(xn + y). X£ P is a property, W (= P denote that P is valid m all W.

It satisfies:

(1.5) V (= * + x = u

(1.6) l)|=x+u = u

(1.7) W (= xn-*(ym-v z) = y™-*■ (x"z) , for any n,m < cu.

(1.8) II (= xtO “ ~x

(1.9) W H “ y-*x

(1.10) W f= ~(~-x) = x

l.B. In any W-algebra we can define a lattice structure in the next way. We set:

(1.11) xvy = (x-*-y)-*-y and xa y " ~(~xv~y).

Then for any AeW, (A,A,v,~,0,u) is a De Morgan algebra, where A is the meet,
H —

v is the join,~is the nagation, 0 is the lower bound and u is the upper

bound. Moreover the lattice partial order is given by:

(1.12) x<y if and only if x-+y = u

To show the above results it is necessary to see the following

properties:

(1.13) W (= xn -*■ y <xm -*• y, for any 0<n<m < ¡u

(1.14) W (= (x a y) -*• z « (x-*z)v(y->-z)

(1.15) II t= (xvy)-t-z = (x -► z)a (y -*■ z)

(1.16) W t= (x + y) v (y-»x) = u

(1.17) V |= x + (y v z) = (x->y)v(x-*z)(1.18)W|=x-*-(yAz) = (x -»• y) A (x-* z)

l.C. W is an arithmetical Variety with 2/3 minority term: m(x,y,z) = ((x ■* y) -*■ z)a

K( (z -*■ y) ■* x) A (xvy) , henee it is Congruence distribntive and Congruence

permutable.
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l.D. The Variety W is generated by the following algebra:

RÍ 1| = ( lO, 1] , , ~ , 1) , where [0,l]is the unít interval of tle totally

ordered aditive group of real numbers and a-*-b ■ inf {I,l-a+b},~a “ 1-a.

l.E. Let AeW and fgA we say that f is an implicative filter when:

uef; for any a,beA, aef and a + bef implies bef. The family of all '

implicative filters of A, which we denote <{p. (A) ,is an algebraic closure
x 1 **

System and it is a subfamily of the family of all lattice filters of the

De Morgan algebra defined in l.B. Henee<£)(£) is an algebraic lattice
where the meeet is the set-theoretic intersection, the join is: f^»f2E©^C&)
f. V f - F.(f.Uf.)( F.is the associated closure ojarator to(f). (A)), A is

the upper bound and {u} is the lower bound. To short we write F^(a) ■*

Fi({a}) and F|X,a) « F.(XU(a)).
From the properties of(f)^(^) we quote the following:

(1.19) (Deduction principie).

F^(X,a) = {b C A/ an+ be F..(X), for some n<o)}.
F^(a) ■ {b e A/ an-*-b = u, for some n<u}.(1.20)(Jl(£) h.is the family of prime implicative filters (prime as

lattice filters) as a basis, henee every proper implicative filter

is characterized by the set of all prime implicative filters which

contain it.

(1.21) If f f is a proper maximal if and only if for any

a ^f there exists rr<oosuch that a11-»- Oe f.

(1.22) For every prime implicative filter there exists a prime implicative

filter contained in it which is minimal in the partial ordered set

of all prime implicative filters.
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l.F. Let ^\e W and let C(A) be the algébrale lattice of all congruence

relations of A, then the raap:

9 : (f).(A) ► C(^) : f ) *■ 0f - {(a,b) e AxA/ fe+b)* (b + a) E f)
is an order isoraophism and its inverse is:

f :C(A) *■ (F^(A): 9 \ >■ f0 = (aeA/ (a,l)e9 }.
Henee is a distributive algebraic lattice.

Now we give several properties more:

(1.23) If i^e W and 9eC(A), the quotien algebra j4/9 is a Chain, with the
partial order of I.B., if and only if f is prime implicative

y

filter.

We cali CW-algebra to a W-algebra which is Chain, and we denote

by £W the class of all CW-algebras.

(1.24) If W and 8eC(¿), then ^/9 is simple if and only if f0
is a proper maximal implicative filter, or equivalently ,

^b/9 is a subalgebra of R_[l] .

2. TOPOLOGICAL SPECTRUM OF A W-ALGEBRA

2.A. Let AeW, we considere:
x —

Sp A = (peg^A) / p is prime } ,

and for any aeA:

S(a) = {p e Sp Ib / a e P } = (peSp£ / F^aJC p}
LEMMA 1. For any ííz W it satisfies:

(2.1) S(a) • S(b) implies F^(a) = F.(b), for any a,be A
(2.2) S(aAb) » S(a)l*!S(b) , for any a,be A

(2.3) S(avb) ” S(a)us(b) , for any a,be A

(2.4) S(u) “ Sp A and S(0) = 0.

PROOF. (2,1) is a consequence of (1.20)
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(2.2) and (2.3) are consequences of the fací that every p g Sp

is a prime lattice filter. (2.4) is trivial.

It is clear that the family (S(a)/acA) is a basis for a topology

of open sets on Sp k. This topological space is called the topological

s£ectrum of ^ and ve represent it for Sp^.

2.B. In order to determine the properties of Sp^A we considere the set
of all principal implicative filters of or the compact elements

of(f). (A), which are denoted by f4. F.^ is the universe of a sublatticevi *; -l—l

of (£)..(£), because we have,for any a,beA:
F.(avb) - F.(a)dF.(b) and F.(aAb) - F.(a)VF.(b).

Henee (Ffl ,V ) is a distributive lattice, moreover it has a lower

bound tuj- Fj(u) and upper bound A ■ F^(0).
Let Sp* (^ be the topological space defined on the set of all

prime lattice filters ofjA, which are denoted by Sp*(^), and as a basis

of open sets the family (F^(aJ « (PeSp*^)/ F^(a)¿P} / a e A).
It is easy to sae that Sp*(^) is a Bounded Stone Space (in the sense of

[ 1| ,pag 79).

THEOREH 2. For any Sp ^ and Sp*^) are homeomorphic

PROOF. Let h be the correspondence defined:

h : Sp ^ *-Sp*(^) : p| *• h(p) - (F^a) / a¿p} .

That h is a map is a simple comprovation, trivially is one to one.

To see that it is onto, for any PeSp*(A) we define p * (aeA/F.(a) ¿P}

then p is implicative filter, because if a,a -*■ b e p, then F^(a) ,F^(a -*■ b) i. P,
since P is prime F^(a) V F^(a-*-b) t P, that is F^(a A feb) ) ¿ P,
by definition of implicative filter b e F^(a A (a-*• b) ) , that implies
Fj(b){F.(a4(a + b)) and henee F^(b) t P, and bep.



In the other hand if avbep, then F(a)AF(b)¿P, that is F(a) i P

or F(b)¿P, henee aep or bep. Then p is prime and p e Sp Moreover

it is easy Co see that h(p)= P.

Finally we have to see that h is homeomorphism:

P e h(S(a)) iff h_1 (P) e S(a) iff aeh-1(P) iff Fi(a)¿P iff P e F^U),
thus h(S(a)) <* F^(a). Similarly we could be shown that h *(F^(a)) “ S(a)

COROLLARY. If AeW, then Sp /I is a Bounded Stone Space.

2.C. To characterize the clopen sets of Sp we need to define a special

elements of the W-algebras.Let Aeand aeA, we say that a is archi-

medean when there exists n < u) such that (an->- 0) v a » u; and we say that

a is boolean when it has complement, is this case this is ~a. The set

of boolean elements of A is denoted by B(^l).
Now we give a previous result:

LEMMA 3. If ^AeVl, and aeA, then for any n<w , F^(a) = F^(~(a + 0)).
PROOF. We use (1.19). From (1.5), (1.7) and (1.8) we have that for any n<ai

a” -*{~(a'i- 0)) = a"->-((an-*-0)-*-0) » (an -*• 0) ■* (an ■* 0) = u

this implies that ~(an ■* 0) e F^(a) .In the other hand using (1.10) (1.9)
(1.8) and (1.13) : ~(an -*■ 0) -*• a « ~a -*■ (an ■* 0) = (a -*■ 0) -*■ (an -*• 0) = u

this shows that F^(a) <TF^(~(an -*• 0)) , and henee the Iamna is true.

THEOREM 4. For any the following ;onditions are equivalent:

(i) N is a clopen subset of Sp

(ii) N • S(a) for some a e A archimedean
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PROOF. (i)=^(ii). Let N be a clopen subset of Sp k, then N and
c

N are compact open, since Sp^ is Bounded Stone space,there exist
a,cf A such that N * S(a) and NC » S(c). We will show that a is

archimedean. It is clear that 0 = S(a)í"\S(c) = S(aAc), henee

S(0) - S(aAc), by (2.1) we have F.(aA c) - F(0), that is, OeF^(aAc)-
“ F^({a,el), henee by (l.fS) there exists n<co such that an+OeFj(c)
this implies that F^ (a11 •* 0) £ F^(c) . Thus F.(av (a'1-'- 0)) = F^(a)H F^(an-*- 0)C
?F.(a)/lF.(c) - F.(avc). But from S(avc) = S (a)OS(c) =• Sp A = S(u) ,

1. 1 2. **

we deduce that F.(avc) <* íu}, henee F,(av (an-*•())) =■ {u} then

av (an-*-0) » u. This shows that a is archimedean.(ii)=^(iii). We suppose (ii),,then there exists n < ui such

that av (an->0) = u. We will show that an + 0 is boolean , then we .will have,

by Lesna 3,S(a) - S(~(an -*■ 0)) , with ~(an-*-0) boolean.

Using Lesna 3, we have:

(u) - F.(av(a" + 0)) =■ F(a)nF.(a° + 0) - F.(~(a“ 0))nF. (a"* 0) -

- F.(~(an*0) v (an-0)).

Henee ~(an-*-0) v (an-*-0) * u, Moreover bince (A,a ,v,~,0,u) is a De Morgan

algebra , we have that (an-*-0) A~(an-* 0) • 0.

(iii) (i) is trivial.

2.D. Given Ae W we say that is archimedean W-algebra,when for any a e A

a is archimedean. Wa denotes the class of all Archimedean W-algebras.

THEOREM 5. Let AeW, then the following conditions are equivalent:(i)A e Ws(ii)Sp^A is Boolean Space(iii)Sp A is Hausdorff
T*

(iv) SPT& is Tl
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PROOF. (i)¿=¡>(ii), (ii) -3> (iii) , (iiD^dv) are iramedíate consequences

from Theorem ¡t. (iv) =^(ii) is satisfied because any Bounded Stone space

T^ is Boolean space.

CROLLARY. Let TAeW, chen A £ Wa if and only if every prime implicative

filter is a proper maximal implicative filters, that is^the family
of all proper maximal implicative filters is justly Sp X.

PROOF. By Theorem 5, Ae Wa iff Sp^ is T^, this is equivalent to every
two prime implicative filters are equal or non comparables, that is

any prime implicative filter is a proper maximal. The fact that any

proper maximal implicative filter is prime concludes the proof.

We remark that the class Wa is not the class W, because Wa is

not definable by means of geniíralized iraplications ( see [ 8])
since the direct product of raembers of Wa is not necessarily in Wa.

Xn the other hand, every Archimedean W-algebra is semisimple, but

there exist semisimple W-algebras which are not in Wa, since the

class of all semisimple W-algebra is definable by means of generalized

implications (see [ 7) .

3. BOOLEANS PRODUCTS OF MEMBERS OF SR[lj .

SRllJwill denotes the class of all isoraorphic images of subal¬

gebras of R[ll that is, SRllJis the class of all simple W-algebras.

3.A. Given a class of algebraic structures K, andjalgebra of the same

type, we say that jA is Boolean product of raembers of K, when there
exists a family (^/x£X) of _K such that :
(3.1) X can be endowed with a Boolean Space topology



10 -

(3.2) ^ is a subdirect product of ^/x£Í)
(3.3) The equalizers are clopen subsets of X. That is if ir^A *

is the canonical projection, then for any a.beA the set

la * b) ■ (x £ X / *x(a) = * (b)}is clopen subset of X.
(3.4) For any a,beA and N clopen subset of X ve define: a/N 0 b/NC

the element of ©(A^/x e X) given by:

Va/N U b/Nc>
irx(a) if xeN
x (b) if xi N

x

• then a/N u b/Nce A

To represent that k_ is Boolean product of the family /xeX)

we will write x e X). Given a class JC we will denote by

ra(K) the class of all isomorphic images of Boolean products of merabers

of !í.

3.B. The main result of this section gives the relation between Wa and

ra(SR[l] ).

THEOREM 6. Wa - V (SRl[lJ).

PROOF. Wagr (SR(lI).

Let Wa, we considere X ■ Sp A, with the spectral topology,

which is Boolean space. By (1.20) Ax « {u} , henee t X)

is the diagonal congruence relation,This implies that is isomorphic

to a subdirect product of tl.e family (A/0 / xe-X) (to ■ short we will
x X

write A - A/0 , and [a] the class of a modul 0 ). We suppose that
XX •** XX X

the isomorphism is the following:

9 :A“

We naed on to see that it satisfies (3.3) and (3.4).

(3.3) is immediate because for any a,béA [a - b] » S((a-*b)A (b-*-a))

®(Ax / x eX): a 3(a) " (|a|x>x£X’
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(3.4) Let c £ B(A) , and a,beA, we considere d = (c-*-a)A(~ic-i-b),

we will show that 3(d) = 3(a),„, .U 3(b),„, . c
fo{c) /S(c;

Let xeS(c) we need to see that [d| [aj^, that is (d -*■ a) /\ (a -*■ d) e x.
We write to the next of equalities and of inequalities the properties

used .

(a ■* d) a (d * a) =■ {a -*• ((c -»• a) A (~c -*-b))J a [((c -*■ a) a (~c •* b) ) aj

(1.18)0.14) / - [(a-(c-a))A(a->-('ic-b))]A [((c + a) - a)v( (~c - b) - a)J =(1.13)(1.12)(l.ll)/ = u a (a -► (~c -*■ b) A [(cva) v((~c ■* b) •* a) J >

(1.10)(1.9)/ > (a-(~b -*c)) a (c v a) >(1.13)/ >cA(cva)=c

Since xeS(c) then cex . x is a lattice filter then <a-»-d)A (d + a) ex.

[d|.

Similary.it can to be obtained that for any xsS(c) = S(~c),

■ [b] .

r <§RUl)£wa:

Let AeJa(SR[l] ) we suppose that the isomorphism which gives a

Boolean prodmct representation is:

3: A 1 *■ ®(Ax/ xe x) : ^ *■ 9 (a) ^x e X’

where A — 3 (A) , 3 (A)S^^®(AJ x E X) and A^ £ SR [1] •
First we observe that because W is a variety and J?£[1IS; Vf.

We neéd to see that any a £ A i£ archimedean. Fixed a £ A, since Jí is a

simple W-algebra for any xeX, if ax 1* “ « then for any x£ X such
that a / u there exists n(x) such that u

XX X
an(x)-*0 , that is

X X

»x<u> - *x(3(a)
n(x) 0) , let X ■ {x E X/ a i* u }, then we have

XX

X -(x^a)“(^0 u] ) U l 3 (a) = u) ,

since X is compact , there exist x^ x e X such that
X = [3(a)n^X1^0 * uj U ... U [ 3 (a)"^Xr^-K) = u] U [3(a) “ uj

If n = sup (n(Xj) . . .n(xr) } ,then by (1.13) 3 (a)n^xi^-K)<3 (a)
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henee X = [3(a)n + 0 = u] U I3(a) = uj Thus for any x E X we have

ir ((3 (a)n •> 0)v(3 (a))) = ir (3 (a)" -» 0) v ir (3(a)) = u ,this implies
X X X X

that (3(a)^0) v3(a) = u, as 3 is isoraorphisnij then (a^-O)va » u. That
ls, a is archimedean.

3.C. In this part we will show that the representation of archimedean W-

algebras by means Boolean producís is a good representation in the

sense that every Ae Wa is obtained by Booleans produets with stalks in
x —*

SRlllin unique way.

THEOREM 7. Let A.S- ®(A / x e X) , where A £ SR[l)for any xeX. Thení* bp xx xx —

there exist a homeomorphism h: X —* Sp such that A^Sí^A/0 .

PROOF. We define h : X —* Sp A : x I ► h(x) = (atA/ X£[a = u]}.

Since: x £ [a - uj iff ir (a) = ir (u) iff (a,u)£0 , thus
x x K.e ir x

x

A £SR[ljimplies that h(x) = fQ £ Sp A, henee h is well defined.
^ °Ker ir **

x

h is one to one , because if x,yE X and x ^ y, then there exist N

clopen subset of X such that x£N and y¿N, let a = u^ U 0y^c, then
x£[a ■* u] = N and y¿[a * uj , henee a£h(x) and a¿h(y).

We suppose that h is not onto, then there exists q£ Sp A,

such that for any x£X there existe bX£ h(x)\q. Thus

X = U( [ bX ■ u] / x £ X). By compacity X ” [ bX^ = u ] U...U [ bXr - u J

for some eX> since bXt<bX^v...v bXr, we have

X = [ bX^ v .. .v bXr ■ u) , henee bXl v . v bXt =* u £ q. Since q £ Sp A

bXi£q, for some iEÍl,.,.,r}, that contradicts the assumption, and h is onto.

h is homeomorphism; if N is clopen subset of X , then N =[ a * u]

with a • u^ U 0/jjC, henee we have :
q£h([a » ul) iff h ^(q) £ [ a ” u] iff a£q , this implies that h([ a = u ]) =“S(a)
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xeh *(S(a)) iff h(x) e S(a) iff aeh(x) iff xe| a = ul henee h *(S(a)) =

= ( a = u ] .

T.n the other hand, since h(x) = we have A — A/O9, xx x xker x
x

4. BOOLEAN PRODUCTS OF CW-ALGEBRAS

To give the main results of this section we have to analyze

the Stone filters in W-algebras.

4.A. Let Ae W, then B(A) is the univers of a Boolean algébra with the
— **

operations of A. We represents by(|)B(A) the family of all lattice

filters of B(A) . Given fQA we say that f is a Stone fill^er when f is
a lattice filter generated by a member of ©5(A) . (g^,(A) will denote
de family of all Stone filters. An Stone ultrafilter iS a proper

maximal element of(^,(A). Ug(A) denotes the family of all Stone ul-
trafilters of A.

x

LEMMA 8. If AE W, then it satisfies:
x —

(4.1) Every Stone filter is an implicative filter, i.e. (F'g(A)S(i)^(^)
(4.2) f£Ug(A) if and only if fe(F)gOO and fDB(A) is an ultrafilter

of B(A).

PROOF. (4.1): Let f e(fs(A) , we suppose ae f and a + be f( then there
exist CpC^e B(A)fif such that a and c^a-^b. Then c *■ c^Ac^efHBCA)
and c^a and c^a4b, by (1.12) c^fa-’-b) 58 u, by (1.7) a-+■ (c b)*u,

henee c^a^c^b* that is c4 (c4b) * c b = u (because c is boolean

2 x
iff c 4d =c-^djfor any efe A) t then c^b and bef. This show that fe(J¡^(A).(4.2)It deduces from the fact that if fe U (A) iff for any

S

c £ B(A) , ce f iff ~“c i f, and f
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We denote by SpmA the family of all minimal prime implicaiive

filters, in the sense of (1.22). The relation between Ug(A) and Spm^ is
given by the next result.

THEOREM 9. If W, then the following conditions are equivalent:

(i) U (A) CSpA

(ii) Ug(A) - SpmA
PROOF. (ii)=^(i) is trivial.

(i) -í>(ii): Let feü„(A)C Sp A, if p e SpmA is such that p?E
¡> **} X ->*

( it exists by (1.22)), then (f\ p)f\ B(A) j* {) , because if this is not true,

for any c e f0 B(jA) , ce p and fe p. Let ce (f\ p)(l B(A) , since c v ~c = u e p

and pe Sp A, ~cepctf, that is not posible. Henee p = f. This shows that

U„c SpmA.
s x

Xf q e SpmA, let f = F^(qAB(JA)), it is clear that f¿q and feUg(A)
henee f e Spm^k, that is f = q. This shows that Ug(A) ” SpmA.

4.B. The main result of this section characterizes the algebras which are Boolean

producís of CW-algebras.

THEOREM 10. AeTa(CW) if and only if Ae« and SpmA = !Jg (A).
PROOF. =£•) We suppose that A CL, ®(A / *r X), where A e CW for any xeX.

x bp xx —

Since CWSW and W is a Variety,chen AeW . Let xeX, we considere

p = f„ ” {a e A/ x e [ a = u] }. By (1.23) p e Sp A. To show SpmA = U (A),
X 17, X ^ >< 5 f<ker xx

by Théorem 9, it sufices to see that Px= {px/ xeX) - Ug(A).

PxC.Ug(A) : Let x e X and a £ Px> then x e [ a = uj . If c = g ^ U
O/ja j uj . then ceB(¿) and c<a and [ a » u] =[ c = u), henee ce p^OBIA).
Then p e(£L(A). Since p e Sp A , p r>B(A) is an ultrafilter of B(A) , thenX b J< X ¿K X H

p e U (A). This shows that U_(A)i>P„.
X S k 5 a a

U (A)£-P : if it is not satisfied, then there exists feiU-ÍA)
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such that for any XE X, f í p^. Then for any x£ X, there exists
Cx f)^B(A) . Thus X = U ([cX= u] / xe X), since X is Booelan

space X * [cXl - uj U...U [cXn=u] , for some x. x E X. Since
1 n

XXX I - . .

c i-'í: 1 v . .. ve n for any i e 11,.. . ,n)? we have X“[c1v...vct>«u]
henee cX^ v .. . v cXn = u£ fH B(A) , since fO B(A) is ultrafilter of

x

B(A) , then there exists rs{l ni, such that cXr e f, that contradicts
■C

the assumption. This shows that ^U^OV).
y.— Let jAejtf, such that Ug(jV) “ SpimA. First we will see that

SpmA with the induced topology by the Spectral topology is a Boolean Space.

We write Sm(a) ■ S(.a)0 SpmA, for any aEA. It is clear that for any
><

c eB(A), Sm( E) is a clopen subsetof SpmA. Now we will show that for any
K ^

aeA there exist ce B^)such that Sm(a) » Sraíc^). If Sm(a) = 0 then
c^ = 0. We suppose that Sm(a) j* 0, then f\ Sm(a) e(^(^), and a€f)Sm(a),
henee there exist c E Sm(a) such that c<a, then we have :

a a

x eSm(a) implies c Ex, henee xe Sm(c ). This shows that Sm(a)íJ Sm(c )
a a a

xe Sm(c ) implies c ex, since c <x, then aex and xeSm(a). This shows
a a a

that Sm(a) » Sm(c ). Thus for any aeA.Sm(a) is clopen subset of Spm(A).
a x’

Let Sp.B(A) be the topological Spectrum of the boolean algebra** *€

B(A) . WE considere the map h : SpmA —► Sp B(A):ff ► ff\B(A), by
*

Lemma 8 this map is one to one and onto, moreover is easy to see that

h(Sm(c)) = Sg(A) ^ antl 11 ^(SBg^)Cc)) = Sm(c) for any ceB(A), henee
h is homeomorphism ..Then SpmA is Boolean space with the topology induced

by the spectral topology of Sp jl..
From (1.23) it is easy to see that H SpmA ” {u} ^ henee A is

isomorphic to a subdirect product of (A/0x/ xe SpmA) .

This isomorphism is given by:

3: A ► ®(A/0 / xeSpmA): a( ► 3(a) ” ([al )
x x x e SpmA

Slince (3(a) » 3 (b) ] _ , = Smíía^blA (b^a)) is clopen subset of SpmA
SpmA

X
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3nd 3(a)/Sm(c) U d(bWc) = 3((c^Ca>A then
3(A)C, (&A/0 / x e X) , henee A€ra(CW)

x bp x x x

4.C. THEOREM 11. Let AeW and A^_ (A / xeX), where A eCW , then there
x — bp xx xx —

exista h : X —* SpmA homeomorphism such that A —A/8, ( v

PROOF. Let h:X A";—•• SpmA : xi ► h(x) = > (asA / x e [ a = u] },

by the proof of first part of the Theorem 10 h is ote to one and onto.

By definition h( [ a = u] ) = Sm(a) and h ^(Sra(a)) = [ a =■ ul henee h

is homeomorphism. Since h(x) ■ f_ we have A — A/0, . .
■ 0, _ xx x h(x)ker F

x

Remark: The archimedean W-algebras are speciais cases of W-algebras

represntables by means of Boolean produets of CW-algebras. They are the

limit case because the Stone ultafilters are all prime implicative filters.
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