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Abstract. This paper proposes a learning criterion for stochastic rules. This criterion is developed by extending
Valiant’s PAC (Probably Approximately Correct) learning model, which is a learning criterion for deterministic
rules. Stochastic rules here refer to those which probabilistically asign a number of classes, {Y}, to each attribute
vector X, The proposed criterion is based on the idea that learning stochastic rules may be regarded as probably
approximately correct identification of conditional probability distributions over classes for given input attribute
vectors. An algorithm (an MDL algorithm) based on the MDL (Minimum Description Length) principle is used
for learning stochastic rules. Specifically, for stochastic rules with finite partitioning (each of which is specified
by a finite number of disjoint cells of the domain and a probability parameter vector associated with them), this
paper derives target-dependent upper bounds and worst-case upper bounds on the sample size required by the
MDL algorithm to learn stochastic rules with given accuracy and confidence. Based on these sample size bounds,
this paper proves polynomial-sample-size learnability of stochastic decision lists (which are newly proposed in
this paper as a stochastic analogue of Rivest’s decision lists) with at most  literals (k is fixed) in each decision,
and polynomial-sample-size learnability of stochastic decision trees (a stochastic analogue of decision trees) with
at most k depth. Sufficient conditions for polynomial-sample-size learnability and polynomial-time learnability
of any classes of stochastic rules with finite partitioning are also derived.

Keywords. Learning from examples, stochastic rules, PAC model, MDL principle, stochastic decision lists, sto-
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1. Introduction

In 1984, Valiant introduced the PAC (Probably Approximately Correct) learning model
(Valiant, 1984), which is a complexity-theoretic criterion for learning functions (or we call
them deterministic rules). The goal in the PAC model is to find a good approximation of
an unknown ““function” by drawing random examples of it independently. Let random ex-
amples in the form of (X, ¥) (¥ = f*(X), ™ is called a target function or a target rule),
X e X = {0, 1}", n is a positive integer), of an unknown Boolean function on X, be inde-
pendently drawn according to the probability distribution Q(X) over X (X is called the
domain, and Y = {0, 1}, the set of possible values which the target function takes, is
called the range. The random variable X € X is called an astribute vector, and the variable
Y ¢ UYis called a class). A learning algorithm takes these examples as input and outputs,
with probability at least 1 — §, a function g (called a hypothesis) that approximates 1~
in the sense that the probability of f*(X) # g(X) is at most e for X drawn independently
according to Q(X). Here e and 6 are some suitably small positive real numbers, and are
respectively called the accuracy parameter and confidence parameter. The learning algorithm
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is required to run efficiently in the sense that the needed sample size and the computation
time are both polynomial in Ve, 1/5, and n.

In the original PAC model, examples were assumed to be perfectly noise-free. In the real
world, however, examples will be afflicted with noise or other uncertainty (e.g., uncertainty
which is due to lack of relevant attributes, etc.), and some examples with identical attributes
may in fact differ in class values. That is, randomly drawn examples are not always in the
form of (X, (X)) for some target function f*. “0” is sometimes possibly assigned to a
given X, and ““1” is also sometimes possibly assigned to X with identical attribute values.
The question of how to deal with such a kind of uncertainty in classification has been one
of the main obstacles to the application of the conventional PAC model to actual problems.

Several noise models have been proposed within the PAC model: See, for example, Valiant
(1985), Kearns and Li (1988), Angluin and Laird (1988), and Sloan (1988). In all of these,
a rule to be learned is still assumed to be a function, and uncertainty in classification is
dealt with as “‘noise” filtered out of the target function. For example, Angluin and Laird
proposed a misclassification noise model (Angluin & Laird, 1988) as follows: With proba-
bility 1 — » the class value for an example of the target function f™ is correctly reported,
and with probability » it is incorrectly reported, where » is an unknown noise probability.
This kind of explanation for uncertainty is, however, too restricted since the rate of mis-
classification noise is uniform over all attribute vectors. Thus, we need to model the mis-
classification uncertainty itself without using the notion of noise filtered out through the
target function.

Haussler generalizes the PAC model in a novel approach to a model of learning under
uncertainty (Haussler, 1989) by letting U/ be a continuous range. In Haussler’s model, exam-
ples are assumed to be generated from a fixed probability distribution on X X Y (X:
domain, U: range), where the class Y € U for a given X € X is not always determined
by a “target function.” The goal of Haussler’s model is to find a good approximation of
the function with minimal loss rather than that of the target function.

In this paper, we propose a new computational model of learning under uncertainty. It
has been developed from the viewpoint of statistical estimation theory rather than from
the decision-theoretic viewpoint on which Haussler’s model is based. In our model, a rule
refers not to a function but to a conditional probability distribution over the range U for
a given input attribute vector X in X. We refer to such rules as stochastic rules in this
paper. The notion of stochastic rules provides a natural way of dealing with uncertainty
in classification. Thus, the goal of learning stochastic rules is to learn from examples not
only the deterministic classification structure but also the uncertainty itself in the classifica-
tion. This uncertainty is represented by ‘probability.” A model of learning stochastic rules
has also been considered by Kearns and Schapire (1990) independently of this work and
they call such rules probabilistic concepts.

The purpose of this paper is twofold. First, we develop a learning criterion for stochastic
rules by extending the PAC model in a manner different from that of Haussler’s approach.
Our proposed criterion is predicted on the basic idea that learning stochastic rules may
be regarded as estimation of a conditional probability distribution over the range Y for
a given attribute vector X in X. Here we assume that the “target rule,” which generates
examples, belongs to some known class. Second, we derive upper bounds on the sample
complexity of learning stochastic rules with finite partitioning (each of which is specified
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by a countable model, belonging to a finite set, and a specific type class-assignment proba-
bility parameter vector) and also derive sufficient conditions for polynomial-sample-size
learnability and polynomial-time learnability of any given class of stochastic rules with
finite partitioning. Here the sample complexity refers to the smallest sample size over all
learning algorithms required for our criterion to be satisfied.

Let us now briefly summarize our technical approach and discuss some of the previously
reported research upon which we base our work.

Our proposed learning criterion is a generalization of Valiant’s PAC model in the follow-
ing three senses: 1) The objects to be learned are classes of stochastic rules rather than
those of functions. Functions can be regarded as specific types of stochastic rules whose
class-assignment probabilities are all 0 or 1. 2) Learning confidence (the probability that
the hypothesis lies within some accuracy of the target rule) is measured in terms of a prod-
uct probability distribution on X X Y. 3) The difference between a hypothesis and the
target rule is measured in terms of some notions of deviation between two probability dis-
tributions (e.g., the Hellinger distance, the variation distance, the Kullback-Leibler diver-
gence, and the quadratic distance, etc.) rather than the probability of an erroneous predic-
tion, i.e., the probability of a symmetric difference (Q[X : f(X) # f*(X)] (Q(X) : proba-
bility distribution on the domain, f*: a target function, £ a hypothesis), which was used
in the original PAC model.

Let € be an accuracy parameter and let 6 be a confidence parameter. In our definition
of learnability of stochastic rules, a learning algorithm is required to take as input indepen-
dent random examples generated independently according to Q(X)P (Y|X) and to output,
with probability at least 1 — 6, a hypothesis P such that d(P*, P) < e for the target rule
P with respect to some distance measure d, with sample size and computation time which
are both polynomial in 1/e, 1/8, and n. This model of learnability contains Valiant’s PAC
learning model as a special case where targets are conditional probability distributions which
take values in {0, 1} only. We also stress here that Haussler’s model (Haussler, 1989; 1990),
which inspired Kearns and Schapire’s model (Kearns & Schapire, 1990), is essentially dif-
ferent from our proposed model in the sense that the former requires that the expected
loss for the hypothesis come within e of the minimum one, but the latter requires that a
hypothesis come within e of the target rule itself with respect to some distance measure.

The learning algorithm used to derive our upper bounds on the sample complexity is
different from those which have been used in the conventional PAC model or modified
PAC models. The following types of algorithms have proven to perform well in the context
of learning functions. 1) Consistent algorithms; algorithms outputting a hypothesis consis-
tent with the given examples (Valiant, 1984; Rivest, 1987, etc.). 2) Minimum disagreement
algorithms; algorithms outputting a hypothesis that best or approximately best fits the given
examples (Kearns & Li, 1988; Sloan, 1988; Angluin & Laird, 1988, etc.). Examples of
the type 1) algorithms include Blumer et al’s Occam algorithm (Blumer, et al., 1987), which
outputs an approximately minimum hypothesis which is consistent with the given examples.
Examples of the type 2) algorithms include Kearns and Schapire’s Occam algorithm (Kearns
& Schapire, 1990), which outputs a hypothesis that approximately best fits the given exam-
ples and typically must be shorter than the sample size.

However, in the presence of uncertainty, one cannot simply consider that an optimal
hypothesis is that which best fits the given examples because such a hypothesis may be



168 K. YAMANISHI

affected by statistical irregularities of the examples. That is, it may be “overfitting” the
given examples. We use an algorithm based on the MDL (Minimum Description Length)
principle as a learning algorithm for stochastic rules in order to avoid the overfitting prob-
lem and to make the hypotheses converge to the target rule faster. We refer to this algorithm
as an MDL algorithm.

The MDL principle, on which our learning algorithm is based, was developed by Rissanen
(1978; 1983; 1984; 1986; 1989), Wallace and Boulton (1968) and Solomonoff (1964), etc.
This principle gives a strategy for selecting the best hypothesis from the class of hypotheses.
The MDL principle asserts that the best hypothesis is that which requires the least code
length in bits for the encoding of itself and the given examples observed through it. Intu-
itively, the best hypothesis is selected on the basis of the trade-off between its simplicity
and its goodness of fit to the given examples.

The validity of the MDL principle in inductive learning has been reported in several
empirical studies, e.g., inferring decision trees (Quinlan & Rivest, 1989), shape reconstruc-
tion (Pednault, 1989), shape recognition (Segen, 1989), classification rules with hierarchical
parameter structures (Yamanishi, 1989; 1990a), etc. This paper specifically presents an
MDL algorithm for learning stochastic decision lists (a stochastic analogue of Rivest’s deci-
sion lists (Rivest, 1987). Further, this paper introduces a general family of stochastic rules,
called stochastic rules wtih finite partitioning, each of which is specified by a countable
model and a probability parameter vector, and presents an MDL algorithm for learning
them. Our method for applying the MDL principle to learning from examples is basically
predicated on Quinlan and Rivest’s method (Quinlan & Rivest, 1989), but our algorithm
gives a general strategy for learning general stochastic rules with finite partitioning.

In this paper, we derive upper bounds on the sample size required by the MDL algorithm
to output, with probability at least 1 — 6, a hypothesis which lies within e of the target
rule with respect to the Hellinger distance or the variation distance. We derive them apply-
ing the type of the proof techniques used in Barron (1985) and Barron and Cover (1991).
The sample-complexity estimation techniques used in this paper are different from the uni-
form convergence method used by Haussler (1989; 1990). He considers the case in which
the distance between a hypothesis and the target function can be reduced to the difference
of the expectations of some appropriate loss function. In his model, the uniform convergence
method is used to estimate the rate at which the minimum empirical loss converges to the
minimum expected loss and thereby give upper bounds on the sample complexity of learn-
ing functions. Unlike the uniform convergence method, in this paper, we directly estimate
the probability with which the distance between the target rule and the MDL rule is less
than a fixed accuracy parameter, making use of some properties of the MDL rules.

Before our investigation, Barron and Cover have proved that the Hellinger distance between
the target probability distribution and the one estimated by the MDL principle is asymp-
totically bounded by a statistical quantity, what we call the ‘index of resolvability, which
quantifies the complexity of the hypothesis space and its approximation error to the target
distribution (Barron & Cover, 1991). Unlike Barron and Cover’s results, our result gives
a new aspect to the convergence for the MDL algorithm in that, in our approach, we measure
the rate of convergence in terms of sample complexity as a function of the accuracy param-
eter, the confidence parameter and the parameters specifying the target rule. Further notice
that our results are concerned with only the cases where the target rule is parametric.
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Let Ny(I/e, 1/8, P*) be the smallest number of examples required by the MDL algorithm
to produce, with probability at least 1 — 8, a hypothesis that lies within e of the target
rule, P* with respect to the Hellinger distance. Ignoring time complexity, we prove that
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where m* is the dimension of the probability parameter vector space of the target rule,
and £(M"™) is the description length for the countable model of the target rule. Notice that
this sample complexity bound depends on the target rule.

Further, for stochastic rules with finite partitioning, we also derive an upper bound on
the sample complexity of learning by the ML (Maximum Likelihood) algorithm, and com-
pare it with that by the MDL algorithm. Here the ML algorithm is an algorithm that, from
given examples, outputs a hypothesis that maximizes the likelihood for the examples, equiv-
alently, minimizes the description length for them, ignoring rule complexities. We prove
that the upper bound on the sample size required by the ML algorithm is of the same order
as that for the MDL algorithm for the case in which the target rule has the largest-dimensional
probability parameter vector over all hypotheses and, for the encoding of the countable
models, we use a code-length function based on the uniform distribution over the set of
countable models.

For a given class O of stochastic rules with finite partitioning, satisfying some appropriate
conditions, we also derive an upper bound on the smallest sample size No(1/¢, 1/6, n) re-
quired by the MDL algorithm to produce, “for all” distribution Q on X, “for all” target
rule P* ¢ G, with probability at 1 — 8, a hypothesis that lies within e of P*. Ny(I/e, 1/8, n)
is estimated as follows.
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£(O) is the maximum value of the dimension of a probability parameter vector specifying
arule in G. JCis the set of all countable models, each of which specifies a rule in C.
e and ¢ are respectively accuracy and confidence parameters. This sample complexity estima-
tion implies that if £( C) and log | 7| are polynomial in n, then G is statistically learnable
(=learnable with sample size polynomial in 1/¢, 1/, and n) with respect to the Hellinger
distance, the variation distance, and the quadratic distance. Using this sufficient condition
for statistical learnability, we prove that the class of stochastic decision lists with at most
k literals in each term and the class of stochastic decision trees (a stochastic analogue of
decision trees) with at most k depth are statistically learnable, where k is fixed. Further,
we derive a sufficient condition for polynomial learnability (learnability in time polynomial
in Ve, 1/8, and n) of any given class of stochastic rules with finite partitioning. This condi-
tion is characterized in terms of the existence of a polynomial-time algorithm that outputs
a hypothesis which lies within a small accuracy of an output of the MDL algorithm.
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The organization of the rest of the paper is as follows: Section 2 gives a formal definition
of stochastic rules and a number of their examples. Section 3 gives a learning criterion
for stochastic rules. Section 4 gives the MDL algorithm. Section 5 gives bounds on the
sample sizes required by the MDL algorithm and the ML algorithm. Section 6 discusses
learnability of classes of stochastic rules with finite partitioning.

2. Definition of stochastic rules and some examples

In this section, a formal definition of stochastic rules and a number of their examples are
presented.

2.1. General definition of stochastic rules

Let n be a positive integer. Let X; (i = 1, ..., n) be finite or countably infinite and Y
be finite. Here X & X 1 X ... X X, is a measurable set which we call the domain and
UYis a set which we call the range. X = (xy, ..., x,) € X is called an astribute vector,
and Y € Y is called a class. Let 7”7 be a family of probability distributions on X' X Y.
Let #be a family of functions from X to U. We call f € F a deterministic rule. Let
Q(X) be a probability distribution over .X. The conventional learning problem dealt with
in Valiant’s PAC model (Valiant, 1984) is as follows: Given finite training examples (a se-
quence of examples is called a sample) DY = D, ... Dy, (D; = (x;, ;) € X X U,
v =fx), ff € Fi=1, ..., N)drawn independently according to some unknown prob-
ability distribution = € 7, find a good approximation of an unknown deterministic rule
[T € Fwhich we call a farget function. Notice that in this learning framework, X is gen-
erated according to the distribution @(X), but Y is assumed to be uniquely determined
by X; i.e., ¥ = f*(X). We will extend this learning problem to the case in which Y is
not uniquely determined by X but all classes in U are probabilistically assigned to X.
First note that for each w € 77, m may be resolved as follows:

X, V) = QXP(Y | X), (D

where X is a random variable on X and Y is a random variable on U/. In the sequel, X € X,
Y € U denote random variables, and x € X, y € U denote observed values. Q(X) is a
probability distribution over X and P(Y | X) is a conditional probability distribution over
Y for a given X € X. We call P(Y | X) a stochastic rule. In other words, a stochastic
rule assigns all classes in Y to each attribute vector X, giving each class a specific proba-
bility for each individual attribute vector.

In the discussion below, we consider only classes of stochastic rules with finite partition-
ing, each of which is specified by a finite number of partitions of the domain X and real-
valued probability parameter vectors associated with the partitions.
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Definition 1 (Stochastic rules with finite partitioning). A finite set {S;};~; =, (m < o)
of subsets of X is called (finite) partitioning of X if X = UL S, ;N §; = ¢ (i # j).
Each S, (i = 1, ..., m)is called a disjoint cell of X. The probabilities {pl(])}, L. omj=l,.

associagted with {S }i<1,...m are defined by p,(j)  the probability that ¥ = j for X ¢ S,,

where p(j) € [0, 1] ( = 1 m,j =1, , §). A stochastic rule with finite partition-
ing (specified by a finite nurnber of partitions {S }i=1,....m and a set of associated proba-
bilities, {p;(j)}i=1,. _s) is defined by the followmg type of stochastic rule:

If x € Sls

then ¥ = 1 with probability p,(1), ..., ¥ = s with probability p(s)
else if x € §,,
then Y = 1 with probability p,(1), ..., ¥ = s with probability p,(s)

else if x € S,
then ¥ = 1 with probability p,,.1(1), ..., Y = s with probability p,,_(s)
else Y = 1 with probability p,(1), ..., Y = s with probability p,(s) )]

Letting Gpp be the class of all possible stochastic rules with finite partitioning, any class
O of stochastic rules with finite partitioning is defined as a subset of Gpp. O

Explicitly, we denote a class G of stochastic rules with finite partitioning as
C={PY|X:02M)e Cp:Me T, 0€OM}.

Here P(Y | X: 8 < M) is a stochastic rule specified by a real-valued vector 6§ = (p;(1),

copis =D, o paD, ..., pa(s — 1) which we call a probability parameter vector
and by countable parameter M which we call a countable model. Here M specifies finite
partitioning of the domain X with m disjoint cells. (M) C [0, 1™ is a set of probabil-
ity parameter vectors associated with M, and JZ is a set of all countable models, each of
which specifies finite partitioning of the domain X. We define dim ©(M) as the dimension
of O(M), i.e., dim O(M) = m(s — 1). Notice that p;(s) is determined by p;(s) =
Tap) G =1 ... m).

Let C be a class of stochastic rules. In our formulation, the learning problem can be
stated simply: “Given finite training examples DY = D, ... Dy, (D; = (x, y) € X X Y
i =1, ..., N)drawn independently according to some unknown product probability distribu-
tion on X X Y; QX)P*(Y | X)(P*(Y | X) is assumed to belong to C), find a good approx-
imation of the unknown stochastic rule P*(Y | X) € O efficiently.” P*(Y | X) is called a
target rule.

Angluin and Laird’s misclassification noise model (Angluin & Laird, 1988) can be thought
of as a model of learning specific type stochastic rules. Angluin and Laird’s misclassifi-
cation noise mode! is formulated as follows: With probability 1 — » the class value for
an example of the target function f* (Boolean function) is correctly reported, and with
probability » it is incorrectly reported, where » is an unknown noise probability. Letting
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Y = {0, 1}, learning the target function f* and estimating the noise probability » in such
a noise model can be regarded as learning a stochastic rule P(Y | X) such that ¥ = f*(X)
with probability 1 — » and ¥ = 1 — f*(X) with probability », where the probability
parameter associated with the rule is only ». That is, Angluin and Laird are trying to deal
with classification uncertainty by filtering out the misclassification noise, but such a kind
of classification uncertainty can be modeled using a specific conditional probability distri-
bution in our stochastic setting.

2.2. Stochastic decision lists and stochastic decision trees

In this subsection, let us introduce a class of stochastic rules with finite partitioning, called
stochastic decision lists. The stochastic decision lists are regarded as a stochastic analogue
of Rivest’s decision lists (Rivest, 1987).

Let X; = ... = X, = Y = {0, 1}. Let n be the number of attributes and let k be
a given positive integer.

Each variable x; takes a value in {0, 1}, and is associated with two literals: x; itself and
its negation x;. A natural assignment gives a value to x; : x; = 0 if x; = 1, otherwise x; = 1.
We denote the set of 2n literals as L, - {x1, %15 ..., Xy X,}. A term is a conjunction
of literals and can be interpreted a mapping from assignments into {0, 1}. For example,
the term x; A X, A x5 is 1 if and only if x, = 0 and both x; and x5 are 1. The size of a
terr(rilefis the number of literals. We denote the set of all terms of siz? at most k as T;; i.e.,
i={z AN ANz 0=d sk, 2 € Ly, 2 # 2, (J # k), G # 5,(J # k)}. Here
T} includes the constant function “1,” which is regarded as a term with d = 0. We denote

an ordered set of m terms: ¢, ..., t, as {f;, ..., I,,)», where t,, is the constant function
land #; # ¢ for i # j. We denote a set of all ordered sets in the form (z;, ..., 7, as
Ihie, TPE M=y, oty €T =3 G=1....,m— D, t; # ;i #)),

tw =1, 1 = m < |T}|}. p; denotes the probability that ¥ = 1 for X such that #;(X)
=...=1X)=0and;X) =1(¢=1,...,m),whereO < p, < 1(i=1, ..., m.
We let § & (p1> .- -, Pm) be a probability parameter vector.

We define a stochastic decision list specified by 0 = (py, ..., pn), M = {ty, ..., 1,0,
and k as a stochastic rule which gives a class-assignment; ¥ = 1 with probability p;
and ¥ = 0 with probability 1 — p; for arbitrary X, where i is the least index such that
t(X) = 1. That is, a stochastic decision list specified by § and M has the following
semantics:

For an attribute vector X € X,
if f; = 1 for X then ¥ = 1 with probability p; (¥ = 0 with 1 — p;)
else if £, = 1 for X then Y = 1 with probability p, (Y = 0 with probability 1 — p,)

else if £,y = 1 for X then Y = [ with probability p,,_; (Y = 0 with probability 1 — p,,_y)
else Y = 1 with probability p,, for all X (Y = 0 with probability 1 — p,).
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We call M a decision form and k a degree. For a given decision form M = {t; ... #,),
we call m the depth of M and ¢; the i-th decision. k specifies the level of fineness of the
partitioning. M specifies the partitioning of X. To define a stochastic decision list, we must
first fix k, and then determine M and having fixed k£ and M, determine 6. Thus, 6, M,
and k form a hierarchical structure. We may write this structure as:

3 M=k &)

In this paper, for a fixed k, P(Y | X : § < M) denotes a stochastic decision list specified
by § and M.

Definition 2 (Class of stochastic decision lists). Let Ggp be the set of all stochastic rules
with finite partitioning on {0, 1} X {0, 1}. For a fixed %, a class of all stochastic deci-
sion lists with degree at most k, which we denote as O’Dk , is defined as: For a given n,
C’gL ={PY|X:0 M)€ Cmp:MeT}, 0 € OM)}, where (M) = [0, 1]" is a
set of probability parameter vectors associated with M, and m = dim©O(M). When we em-
phasize the number n of attributes, we will indicate this in parentheses, as in G’DkL(n).

The definition of stochastic decision lists is easily extended to the case where Y =
{1, ..., s}. Bach 6 ¢ ©(M) is written as: § = (p1(), ..., p1Gs — D, ..., @D, ...,
Pm(s — 1)) where p,(j) denotes the probability with which ¥ = j for X such that #,(X)
= ... = _4(X) = 0and (X) = 1, where 6(M) C [0, 1]"¢7V.

Let us take one more example of classes of stochastic rules with finite partitioning, called
stochastic decision trees. Let X = {0, 1}"and U = {1, ..., s}. Let S, = {x1, ..., X}
where x; is a variable which takes a values in {0, 1} (i = 1, ..., m). A stochastic decision
tree is a binary tree with probabilistic class-assignment where each internal node is labeled
with a variable in S,, and at the i-th leaf (that we assume all leaves are properly ordered)
the class j is assigned with probability p() G =1, ..., m,j =1, ..., 5). mis the num-
ber of leaves. The depth of a stochastic decision tree is the length of the longest path from
the root to a leaf. The tree form of a stochastic decision tree is the binary tree where the
class-assignment is ignored. That is, the structure of a stochastic decision tree is decom-
posed into its tree form and its probabilities for class-assignment.

Each stochastic decision tree defines a conditional probability distribution over Y for
a given attribute vector X as follows: At each internal node the left edge to a child is taken
if the variable at the internal node is 0, otherwise the right edge is taken. This assignment
determines a unique path from a root to a leaf when an attribute vector X is given. The
probability with which each class is assigned to X is the probability given at the leaf reached.
That is, stochastic decision trees are regarded as a stochastic analogue of decision trees
(see, for example, Rivest (1987, p. 233-234) and Quinlan and Rivest (1989)).

For a fixed positive integer k, let Q be the set of binary tree forms with depth at most &.
Let P(Y | X : 8 < M) denote a stochastic decision tree specified by a tree form M € Q

- and a probability parameter vector 8 = (pi(1), ..., pis — 1, .. ., D, . ... puls — D).
m is the number of leaves of the stochastic decision tree. Notice that p,(s) is determined
byl - S p(H G =1, ..., m.
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Definition 3 (Class of stochastic decision trees). Let Urp be a set of all stochastic rules
with finite partitioning defined on {0, 1}* X {1, ..., s} (s < ). For a fixed %, a class
of stochastic decision trees with depth at most k and s classes, which we denote as C 1§T(s)’
is defined as: For a given n, C’DT(X) {P(YI X:0< Mye Cep:Me Q,0ecOM)},

where O(M)(C [0, 1]¢7D) is a set of probability parameter vectors associated wtih M
and dimO(M) = m(s — 1). Specifically, we denote GDT(Z) as G’ . When we emphasize

the number » of attributes, we will indicate this in parentheses as in C’DT(S)(n) ]

3. A learning criterion for stochastic rules

In this section, a learning criterion for stochastic rules is proposed.

Before giving a general definition, let us review Valiant’s PAC model to clarify the sig-
nificance of our new criterion. In the PAC model, an attribute vector X is assumed to be
generated according to some probability distribution Q(X) over the domain .X. PAC learn-
ing refers to probably approximately correct identifying an unknown target function which
is known to belong to some specific class. The following definition of PAC learnability
appears widely in the literature of computational learning theory. The following definition
essentially follows the definiton in Valiant (1984).

Definition 4 (PAC learning criterion for deterministic rules). Let #be a class of func-
tions from X to Y. Fis called polynomially learnable if there exists an algorithm - such
that, for some polynomial Ny(., ., .), foralln, forall 0 < e < I, forall0 < 6 < 1,
for all N = Ny(l/e, 1/8, n), for all Q(X) on X, for all £*(X) € % when given N indepen-
dently drawn examples DY = (x, y,), , Gy, YW O = f7(x), i =1, ..., N, each
X; is generated according to Q(X)) as 1nput A outputs f[DN](X) € F satisfying (4)

Prob[Q[f(X) # fip,;X)] = €] < 5, 4)

and 7 runs in time Ty(l/e, 1/8, n) which is polynomial in 1/¢, 1/8, and n. Here Prob is
a probability taken with respect to N-product distribution Q(X; ... Xy) = II¥, 0(X)
(which measures the occurrence probability of D) on XV and over any coin tosses A
may make. n is the number of attributes. Q[ f*X) # f[DN (X)] denotes the probability that
X such that f*(X) # f[DN](X) occurs with respect to the distribution Q(X). ]

In the above definition, ﬁDN] is called a hypothesis (of f*) made by the algorithm .
We extend Valiant’s learnability criterion to the stochastic setting, on the basis of the
following three viewpoints:

1) The target objects to be learned are classes of stochastic rules rather than those of deter-
ministic rules.

2) Learning confidence (i.e., the probability with which a hypothesis lies within € of the
target rule) must be evaluated with respect to the product probability distribution over
X x Y.

3) An error of a hypothesis must be measured in terms of some variations of statistical
deviation between two probability distributions: the hypothesis and the target rule.
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Taking these three points into consideration, we are led to a new learning model for sto-
chastic rules. The goal of this model is probably approximately correct 1dent1ﬁcat10n of
the target stochastic rule belonging to some known specific class.

Definition 5 (PAC learning criterion for stochastic rules). Let Cbe a class of stochastic
rules. C is called swristically learnable (with repsect to the distance measure d) by an
algorithm A if, for some polynomial Ny(., ., .), for all n, for all e > 0, for ail 0 <
8 < 1, for all N = Ny(Ue, 1/8, n), for all Q(X) on X, for all P*(Y|X) € G, A takes
as input N examples DV = (X1, y1)s , (Xy, yn) drawn independently according to
Q(X)P*(Y | X) and outputs Ppn(Y | X) E G satisfying

Prob[d(P*, Ppv) = €] = 6. 5)

Here Prob is the probability taken with respect to N-product probability distribution (which
measures the occurrence probability of DM OX; ... X0P'(Y; ... WX ...X) =
Y, QX)P*(¥; | X)) (which we denote, for short, as (QP*)(D™)) on (X x )" and over
any coin tosses 4 makes. P[DN](Y| X) is called a hypothesis of 7. n is the number of at-
tributes. Here ¢ is called an accuracy parameter, and 6 is called a confidence parameter.
d(P*, P[DN]) is one of the following deviations: dy, dy, dg;, and dy:

dy(P*, Pppw) =2, 0X) O, |NP(Y | X) — VBpmx | X) |2, ©)
XeX Yely

duP*, Bpv) =2, 0X) D) | PP | X) — Ppw(Y | X) |, )
XeX YeY

. 5 . P | X)

dg (P, PipNy) = X P | X1 —_—t 8

ki D] XeZXQ )YGZ; | )ngP[zn(YlX) ®

do(P*, Bpv) =2, 0X) D | PV | X) — Ppm(¥ | X) |2 ©)
XeX Ye Y

G is said to be statistically learnable if there exists an algorithm 7 such that C is statistically

“learnable by 7.
G is said to be polynomially learnable (with respect to the distance measure d), if there
_exists an algorithm 7 such that C is statistically learnable (with respect to the distance
measure d) by 4, and, for all n, foralle > 0, forall 0 < & < 1, for all @(X) on X,
for all P*(Y| X) € G, “ runs in time Ty(I/e, 1/8, n) which is polynomial in Ve, 1/8, and n.
O

For fixed e and &, we call (5) an (e, 6)-criterion. We may weaken the definition of statis-
tical or polynomial learnability by allowing sample size and computation time to depend
* on the target rule P*(Y | X), the distribution Q(X) or both. For fixed ¢ and &, define the
sample complexity of learning a class O of stochastic rules by the minimum samples size
satisfying the (e, d)-criterion over all learning algorithms.
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The deviations dy, dy, dg;, and dyy are known as, respectively, the Hellinger distance,
the variation distance, the Kullback-Leibler divergence, and the quadratic distance. All
of them are statistical notions of ‘distances’ between two probability distributions, which
have often been used in the literature of statistical inference and information theory. Only
dy is a metric. dy and d;; are symmetric but do not satisfy the triangle inequality. dg; is
asymmetric and does not satisfy the triangle inequality. dy, dy, and dj, are bounded but
dg; is not bounded. Here it should be noted that, as will be seen in Section 5, the sample
size with which an algorithm satisfies the (¢, )-criterion depends on the choice of the devia-
tion from among dy, dy, dk;, and dy. In this paper, sample size bounds are derived with
respect to dy and dy only.

Lemma 1. For any two conditional probability distributions; P; and P,, the following in-
equalities hold.

@/Py, P))Y4 < dy(P,, Py) < di (P, Py), (10)
APy, P2 In2) < dg (P, Py), (11)
dy(Py, P) < dy(P,, P)), (12)
do(Py, Py) = d/P,, Py). (13D)

The first inequality in (10) follows Pitman (1979, p. 7). The second inequality in (10)
follow Barron and Cover (1991, p. 1047). (11) follows Kullback (1967). (12) follows Kraft
(1955). (13) is trivial.

Lemma 1 shows that dy and d) are polynomially related to each other, and both are
polynomially bounded by dg;.

As mentioned in Introduction, a learning criterion for stochastic rules have also been
developed in Kearns and Schapire (1990) for the special case ¥ = {0, 1} independently
of this work. The learning criterion proposed in this paper follows the definition in Yamanishi
(1990b). Also related are learning criteria for “density estimation” which have first been
developed by Laird (1988), followed by Abe and Warmuth (1990) and Cesa-Bianchi (1990)
independently. Here the density estimation refers to the problem of learning distributions .
on the set X itself. Various distances have been used as error measures for hypotheses
in the context of density estimation; the Kullback-Leibler divergence (Laird, 1988; Abe
& Warmuth, 1990), the variation distance (Laird, 1988), and the difference of expected -
variation distances (Cesa-Bianchi, 1990). Kearns and Schapire used the expected quadratic
distance, which can be reduced to the difference of the expected quadratic loss, as an error
measure of hypotheses over the binary range.

4. Learning strategy based on the MDL principle

In this section, an algorithm for learning stochastic rules with finite partitioning is presented.
The rule selection strategy in this algorithm is based on the Minimum Description Length
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(MDL) principle (Rissanen, 1978; 1983, 1984; 1986; 1989; Wallace & Boulton, 1968;
Solomonoff, 1964). Hereafter, “log” denotes the logarithm of base 2, and “In” denotes
the natural logarithm.

4.1. Learning stochastic rules based on the MDL principle

Learning stochastic rules can be thought of as being basically estimation of the target rule
from the given examples. The MDL principle is employed as a criterion for selecting the
best hypothesis from among possible ones.

Let N examples DV = D; ... Dy be independently drawn according to an unknown
probability distribution. Let 7/ be a class of hypotheses. The MDL principle asserts that,
when given DY, the hypothesis / that one should select from 7 is the one that minimizes
the following sum:

ey + DV | h). (14)

Here £(h) is the description length for 7 and effectively measures the complexity of 4.
¢(DY | h) is the description length for DV with respect to 4 and measures the goodness
of fit of & to DY, where a shorter description length indicates a better fit. In other words,
h is selected taking into account the trade-off between its simplicity and its goodness of fit
to given examples. Here the ‘“‘description length” is the code-length in bits needed for the
encoding of i or DY under the condition that no codeword is a prefix of another codeword.
This condition, which we call the prefix condition, is sufficient for the requirement that
the code string be uniquely decodable; i.e., every codeword can be exactly decodable even
if commas are not allowed. It is further known (Gallager, 1986, pp. 45-49, 514) that there
exists a code satisfying the prefix condition with codeword length {(k) if and only if the
length function £: 7 — R™ U {0} (R™ denotes the set of all positive real numbers) sat-
isfies Kraft’s inequality (Kraft 1949):

D27 < g (15)
he H

where £(h) is the code-length for /. Hereafter, non-integer code lengths are allowed.

LetDY =Dy, ...,DyD; = (x;,y;) (i = 1, ..., N) be examples drawn independently
according to a product distribution on X X Y. In general, when learning stochastic rules
using the MDL principle, we select a hypothesis that minimizes the total description length
for the hypothesis space itself plus the description length for y¥ = y; ... yy for given
x" = x; ... xy. Here notice that we need not take the description length for x" into con-
sideration because the hypothesis to be outputted is a conditional distribution of Y for given
X, which is independent of the distribution over X.

Let each hypothesis be specified by a real-valued probability parameter vector # and a
- countable model M. £(y" | x¥ : @ < M) denotes the description length for y* for given
x" relative to the distribution P(Y | X : § < M) specified by fixed # and M. Let 7 be
a set of all countable models and let ©5(M) be a set of real-valued parameter vectors
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associated with a ﬁxed M, such that Oy(M) is a finite set whose size depends on sample
size N. We describe y" in £(y" | xV: 6 < M) bits, letting & and M be fixed. £(8 | M) is the
description length for 6 for a fixed M and satisfies Kraft's inequality: peq (31,2~ -~ < g,
£(M) denotes the description length for M and satisfies Kraft’s inequality: Ty 72~ ‘™)
=< 1. The total description length to be minimized with respect to # and M, which we denote
as O6(yV : 0 < M| xY), is calculated as follows.

OV 0 I M| XN =N | XV 0 < M)+ N@ | M) + (M)}, (16)

where £(0 | M) + £(M) denotes the description length for the hypothesis, and \ is an adjust-
ment parameter which is not less than 1. Note that if £(6 | M) + 8(M) satisfies Kraft’s
inequality: ‘\:OEGN(M) EMEW[2_{“6‘M)+€(M)} = 1, then deeN(M) EMEWZ_)\{Z(glM)+[(M)} <1
also holds for A = 1.

4.2. MDL algorithm for learning stochastic decision lists

Details of the methods for learning stochastic decision lists based on the MDL principle
are described in the discussion to follow. Hereafter the degree k is assumed to be fixed.

Let N independent random examles DV = . Dy, D= (X y) € X >< Y@i=1,
(;N) be given. Let § = {Dy, ..., Dy} bea multlset of examples. Let Y X| ... Xy,
yN = ¥; ... Yn- N, denotes the number of examples in S in such that 7;(x) = ... =

(X)) = 0, and tj(x) =1 Nj+ denotes the number of examples in S such that tl(x) =

=144(x) = 0,7(x) = 1 and y = 1. N;” denotes the number of examples in S such
that y(x) = ... =7,,(x) = 0, f(x) = 1 and y = 0. Notice here that N; + ... + N,
=N,N"+N” =N, (G=1...,m).

Forafixedk, let P(Y | X : 0 < M) ¢ G’DkL(n) be the conditional probability distribution
defined by a stochastic decision list specified by § and M such that M € T} For given
examples DV, the conditional likelihood (hereafter, for short, called likelihood) of P(Y | X
19 2 M) for yV when given x" is defined as

N
POM XN 3 M) =TI PGiIxi:0 3 M)

i=1

H el —p,

where m is the depth of M. Notice here that the description length for yV for given xV

relative to § and M; £(y"Y | x¥ : 8 X M), is calculated as £(y" | x¥ : 8 X M) = —lo

PN | xV 10 3 M), since 8(y"V | x¥ : 6 2 M) satisfies Kraft’s inequality: I,y 270
04M — g u P(yN | xV: 0 X M) = 1. The code-length defined by the minus logarithm
of the occurrence probability is called Shannon complexity (see e.g. , Rissanen (1989, p. 38)).
Thus, the description length for yV for given x" relative to 6 and M; £(y" | xV: 6 X M),
is calculated as follows.
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o
lia

V| %V 02 M) E —log POV [ XV 0 4 M)

m . ~
—log [T P (1 = pp™
j=1

m

Z {H(p) + D®; || pp} (17

where H(x) oy logx — (1 — x) log (1 — x) is the entropy function, and 15j = Nj+/Nj.
D; |l p) = p; log (ﬁj/pj) + (0 —pplog (1 — ﬁ])/(l py) is the Kullback-Leibler diver-
gence between p; = (p;, 1 —p)andp, = (pp 1 —pp G =1, ..., m).

Since = (py, ..., Pm) is unknown, we must estimate 6 from DN Let§ = (P1» - -
Py) be a maximum likelihood estimator of 6. Here the maximum likelihood estimator is
the estimator whose value maximizes the likelihood for the given examples, or equivalently
minimizes the minus logarithm of the likelihood for the given examples. Notice here that
D@; || p) = 0 and that D(pj I pj) = 0 if and only ifp pj p;- Thus the maximum like-

lihood estimator § = (P1> --.» Pm) is given by p; = N /N; (=1, , m)t
We must describe (Zi vanh finite precision in order to apply the MDL pr1nc1p1e to hypothems
selection. Letting # = 6 + § be a truncated vector for §and 5 = (64, ..., 6,) beanm

dimensional precision, let us derive the opt1ma1 size of precision by considering the mini-
mization of the description length for y N for given x" plus the description length for the
precision 8; —log P(y" | x¥: 6 4 M) — L7, log 8;, where —L7.; log 6; is the descrip-
tion length for the precision 6 (Rissanen, 1989, p. 55). When 0 < p; < 1/2 G=1 ...
m), assume that 0 < §; < 1/2 (j = 1, ..., m). Then, from (17), we have

—log POV | XV : 6 +6 < M)

A

=20 NHG) + 23 Ny By log 5t = (1= logl—,pl—a
2

= —log POV | x¥: 0 2 M)

m . 6 .
+ > Nis —p; log [1 + 7’] -1 -5 log[
=1 Pi

< —log P(yN | xV: 6 < M)

m 5. 5 5 s )2
- N b —A_j_ - [—’\l]z] - 1 ~ b [ ] 5 [ : A] j
j—Zl ’{ & [Pj p; G T=5"1-5
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- n 52
RUTITUIRE S S
og P(y" | < M) E 7 p(1 = p)In2

where we have used general inequalities: log(l + x) = (x — xz)/ln 2 (x = 0) and
logl —x) =2 (—x — 2)/(In 2) (0 = x < 1/2). Let 5= (61, ey 0 be the value of 6
minimizing —log POV | xV: 6 <X M)+ EL N, (62/(p](1 - pj) In 2)) i1 log §;, then
we obtain that 6 = p, (1 - pj)/2N Notlce here that the following 1nequa11ty holds

—Jog POV | XV : 0 +65 3 M) < —log POV | XV : 0 2 M) + m. (18)

When for some j, 1/2 < p; < 1, we assume that §; < 0. As with the case where 0 <
P; = 1/2, we can easily obtain an optimal precision as follows: 6 = \/— — Pp)2N;.
To realize this optimal precision, we quantize O(M) to obtain GN(M ) Wthh is a rec-
tangular grid of truncated vectors, as follows: For each direction of [0, 1], the set of trun-
cated vectors consists of two sets: {p,} (2NN < p, < 12)and {p/} 12 < p/=< 1 —
1/(2NVN)), which are defined by

_ 1

Pr= NN

- /ﬁk—1(1 D) g _

Pk - pk—l + 2N (k - 27 3: s sl)a

-, _ 1

h ONVN’

- _ p/_(1 — p/_

pl=Dpi-1 — P—ILM—ML) (1 =2,3,...5), (19

where s, satisfies ps, < 1/2, p; ;4 > 12 and s, satisfies p; > 1/2, p; ,; = 1/2. Notice
here that while the optimal precision is proportional to 1/\/WJ , which depends on exam-
ples, the precision for the above quantization method is proportional to 1/7/N, which depends
only on sample size. This precision is accurate enough because 1/N; > 1/N. The method
for truncation of each component of a maximum likelihood estimator is as follows: If
0 < p < 1/2, then we let the truncated value for p be p, such that p,_; < p < pi. If
12 < p =< 1, then we let the truncated value for p be p; such that p; < p < p; ..
Hereafter, we fix the method for quantization (19), by which we define Op(M).

For this method for quantization of ©(M), we see that the precision is not larger than §
and thus &%/( p](l - pj) In2) < m. Thus, from (18), it is verified that if 6 € Oy(M) is a trun-
cated vector for the maximum likelihood estimator 6 € ©(M), the following inequality holds.

—log POV | ¥V : 0 < M) < —log POV | xV: 6 X M) + m. (20)

Further notice that for a fixed M, arg mingee,as) {—10g PN IxV:0 < M)} is calculated
as a truncated vector (in Ox(M)) of the maximum likelihood estimator 6.
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Let £(8 | M) be the description length for any point 6 € Oy(M) for fixed M and k. The
total number of elements in Ox(M) for a fixed M is bounded as

(2 X fm } dx] < (&2N)™,
12NN

where m = dim ©(M). It follows that log(4\/ﬁ\7 )" bits are sufficient for encoding any
0 € Oy(M). Thus, £(6 | M) is given by

mlg NV, om. @1)

WM =" >

Notice here that Zocq, ar) 20 < .
Let £(M) be the description length for M. The description for the i-th decision #; requires

log(| Ty | —i + 1) bits because #; € T} — {t;, ..., t;1}. Thus, £(M) is calculated as
follows.
UM = log #T7[m], (22)

def

where #T7[m] = |T7| ((T7| = D ... (|T7| — m + D).

k
m=2 (1] -
i=1

is the total number of elements in 7. Notice that the m-th decision is always the constant
function “1.” Thus the number of all possible ordered sets in the form of (¢#, ..., £,
is (7] — 1) ... (78| — m + 1) = #T°[m)/| T |. Hence, Lyern 2710 = ):‘Tk‘
(#T"[m]/l Tr|)2- 1°g#Tk i _ = 1. Therefore the code- length function (22) satisfies Kraft's
inequality. Of course, any other code-length functions can also be used provided they satisfy
Kraft’s inequality.

If an algorithm 7 always outputs a hypothesis # belonging to #/, we say that 7 uses
a hypothesis space . Notice that a hypothesis space depends on the number of examples
because, for each M, 8 is selected from Opy(M) with finite precision of OUNN). For
G’DkL(n), we define Ffy( ODkL(n)), which is a subset of CgL(n), as

FH (Gl ) € (PY|X:60 X M)e Gi(m): McTr, 0 € Ou(M)},  (23)

where Ox(M) is a rectangular grid of probability parameter vectors with cell of width § =
O(UNN ) in each direction of the m-~dimensional space [0, 1] where m is the depth of M.

An MDL algorzthm (with the adjustment parameter \ and the code-length function f)
for learning GDL(n) is an algorlthm which takes independent random examples D" as input
and outputs a rule P in Fh(Ck (1)) that attains the total minimum description length over
F(C DkL(n)) by letting the adjustment parameter be A and by using the code-length func-
tion £ : Ty > R™ U {0} (such that Tyerp 27'™ < 1) in (16).
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Below, we more precisely describe the MDL algorithm for learning G DkL(n), which we
denote as Aypy. Aypy uses a hypothesis space Hy(GF,; (n)), which depends on sample
size N. Fix an adjustment parameter \ and a code-length function ¢ : I}’ = R* U {0}
such that yerp 27°M < 1.

1° Ayp; draws N independent examples_DN .

2° For each M € T}, Zypy calculates § = arg mingeo, ) Y | XV 1 6 < M) and
OOV 0 I M| )YV [ XN 0 < M) + NGO | M) + £(D)).

3° Fyp;, chooses one countable model M € I’} which attains the minimum of £,(y" : ]
< M| xV). If there exist more than one M that attain the minimum, Fyp; choose
M from among them such that 20 | M) + L’(M) is shortest.

4° Aypy outputs P(Y [ X : 0 < M) € ]fN(G’l’)‘L(n)).

We call an output of Ayp; an MDL rule and the optimal countable model M an MDL
estimator.

Maximizing the likelihood for given examples is equivalent to minimizing the description
length for the examples relative to a rule, ignoring the description length for the rule itself.
An ML algorithm is an algorithm which takes independent random examples as input and
outputs a rule which maximizes the likelihood (we refer to such a rule as an ML rule).
We refer to a countable model that the ML algorithm chooses as an ML estimator.

The ML algorithm is an analogue to the ‘“‘minimum disagreement algorithms” (Kearns
& Li, 1988; Sloan, 1988; Angluin & Laird, 1988, etc.) used in the conventional PAC model
in the sense that both algorithms output a rule which best fits the given examples. The
“Occam algorithm” (Blumer, et al, 1987) proven to perform well in the conventional PAC
model, can be thought of as an algorithm outputting a rule minimizing the description length
for the rule, having minimized the description length for given examples. This kind of min-
imization of description lengths (for given examples and a rule) would result in outputting
nothing but a ML rule in our stochastic setting.

Notice that both of the MDL and the ML algorithms are not efficient because, in compu-
tation of an MDL estimator (an ML estimator) M, the number of countable models for
which the total description lengths (likelihoods) should be compared is II‘,Z’ | = 0(3'T’? |
|77 |1) and | T7 | = O(n*) (see Rivest (1987, p. 243)), which is exponential in n. However,
in this study we will confine our investigation to the question of sample complexity alone
and ignore time complexity in the subsequent sections.

4.3. MDL algorithm for learning general stochastic rules with finite partitioning

Letting U = {0, 1}, the MDL algorithm for general classes of stochastic rules with finite
partitioning is stated below.

Let Gpp be a set of all stochastic rules with finite partitioning defined on X X Y. Let
C be a subset of Ggp. Thatis, G = {P(Y | X :0 X M) € Cpp: M € T, 6 € OM)},
where Jis the finite set of all countable models specifying partitioning of the domain -
X, and O(M) = [0, 1] is the set of all real-valued probability parameter vectors associated
with M. m is the number of disjoint cells partitioned by M.
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As with the class of stochastic decision lists, the MDL algorithm for learning C uses
the hypothesis space H#y(C), which is defined as

def

HW(CY={PY|X:0I M) e C:Me T, 0 € OyM)}, (24)
where Oy(M) is a rectangular grid of probability vectors with cell of width of an order
O(/N/N) in each direction of the m-dimensional space [0, 1] where each direction of
[0, 1] is quantized according to (19), and IGN(M)l s @2N)".

When given dN independently drawn examples; D" = (x,, yl) . Xy, yp) N N &
X; ... Xy, YV =y, ... yy), the total description length for DV to be minimized with
respect to 8 and M is calculated as follows.

o 102g Ny 5—'” +EM) ¢ 25)

(N N6 2 M) + 0

2(yV | XV : 8 3 M) is the description length for y" for given x" with respect to fixed
6 =(p1, ... Pm) € On(M) and M € I, where p; is the probability that any example
that falls in the i-th cell belongs to the class 1. It is calculated as the minus logarithm of
the likelihood as follows.

V| XV 04 M) = —long (a - p)N~

m

=> N,{HE) + D@ || )}, (26)

where H(p)) & —p;log p; — (1 — pp log (L — p), p; ENF/N; (G = 1, ... m). N is

the number of examples whose attribute vector belongs to the ]—th cell and N; + is the num-

ber of examples whose attrlbute vector belongs to the j-th cell and whose class s1 (=1,
, m). D(P] ” PJ) Pj IOg (P]/P]) + @1 - P;) 10g @ - P])/(l PJ))

(m log N)/2 + 5m/2 is the description length for an m-dimensional real-valued probability
parameter vector 0 € Oy(M). This description length is derived as with stochastic deci-
sion lists.

£(M) is the description length for M € I, which is calculated using a code-length func-
tion satisfying Kraft’s inequality: Iy 7 2~ < 1. X is an adjustment parameter such
that A = 1

Fix an adjustment parameter X and a code-length function Z — R* U {0}. The MDL
algorithm (with the adjustment parameter A and the code-length function £) for learning
G takes examples D" as input, and then chooses one hypothesis in Hy(C) that attains
the minimum of (25) over #(C), and outputs it. That is, an MDL rule is written as

PY|X:6 < M),
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where for each M ¢ I,

j &t arg min f(yV|x¥:6 2 M),
0Oy (M)

and

MY arg min ¢V | xV: 6 < M) + N2@ | M) + 0(M))}.
Me

Notice hgre that when for a fixed M, for the truncated vector 8 for the maximum likelihood
estimator 6, the following inequality holds (the proof can be done as with (20)).

~log PGV | xV: 6 3 M) < —log POV | xV: 6 2 M) + m. 27

Further notice § = arg mingeg, ar) £(y" | X" : 6 < M) is calculated as a truncated vec-
tor of the maximum likelihood estimator 6.

5. Sample complexity bounds

In this section, ignoring time complexity, we derive upper bounds on the sample size required
by the MDL algorithm to learn stochastic rules with finite partitioning within the (e, 6)-
criterion. These bounds are derived by applying the type of information theoretic proof
techniques used in Barron (1985, pp. 92-93) and Barron and Cover (1991) (proof of Theorem
1). Next, we derive upper bounds on the sample size required by some other information-
criteria based learning algorithms and compare them with the upper bound for the MDL
algorithm. Hereafter, we assume that I/ = {0, 1}. Results will be easily extended to classes
of stochastic rules with finite partitioning over the continuous domain.

5.1. Target-dependent sample size bounds for the MDL algorithm

Let Ggp be a set of all stochastic rules with finite partitioning defined on X X Y. Let
C={PY|X:03 M)e Cep:Me T, 0 € OM)} be a class of stochastic rules with
finite partitioning where 7 is a finite set of countable models specifying partitioning of
the domain, and, for each M € J, O(M) is a set of all probability parameter vectors asso-
ciated with M. Hereafter, assume that the target rule is in G; i.e., there exist a true count-
able model M* € 7 and a true probability parameter vector 8" € O(M™).

Let M be the MDL estimator from N independently drawn examples D and let f be
a maximum likelihood estimator from DY for the fixed M. It is known from the theory
of maximum likelihood estimation (AFisher, 1956), that 6 converges to §*. The main concern
is whether or not P(Y | X : § < M) converges to P(Y | X : §* 4 M™). The almost sure
convergence of the MDL estimators has been shown in Rissanen (1978; 1983; 1984; 1986;
1989); Barron (1985); and Barron and Cover (1991). In the literature of computational learn-
ing theory, however, it is a more important concern for sample complexity evaluation how
fast the MDL rule converges to the target rule. In this subsection, we evaluate the rate
of convergence of the MDL rule to the target rule and also derive target-dependent sample
size bounds for the MDL algorithm.
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Theorem 1 (Target-dependent upper bound on the sample size required by the MDL
algorithm). Let G be a class of stochastic rules with finite partitioning in the form;
C={PY|X:0< M)e Gp:Me I, 0cOM))} where T is a finite set of count-
able models, and O(M) is a set of probability parameter vectors associated with M. Let
a code-length function £ : 7 — R+ U {0} such that L;c 77 27"™ < 1 be fixed. Let
IS[DN] € Hy(C) be a hypothesis that the MDL algorithm (with the adjustment parameter
X = 2 and the code-length function £) outputs from N independent random samples DV
drawn according to the product probability distribution Q(X)P(Y | X : 6* < M™) on
X X Y. Letting P(Y | X) = P(Y | X : 6* < M), assume that the target rule P*(Y | X)
belongs to C; i.e., M* € 7 and 6* € ©(M™). Then, for any ¢ > 0, for any @(X) on X,
for any P*(Y | X) € G, the following inequality holds.

(QPHIDY : dy(P*, Bpv) = €] < exp [— % + [gN(M*) + ’"7] In 2} . 28)

Here gny(M™) f (m* log N)/2 + 5m"/2 + ¢(M") and m" = dim ©(M"). £(M") denotes
the description length for M* € . dy is the Hellinger distance (see (6)).
For 0 < § < 1, and sample size

e ., 64m* . 1
= oo +(21n2)l’(M)+2ln5], 29)

the probability in the lefthand side in (28) is at most §. O

Note that, without loss of generality, we assume that P* is a rule with the minimum
dimensional probability parameter vector over all the equivalent rules. Here we say that
for P;, P, € G, Py is equivalent to P, if and only if for all (X, Y), Py(Y | X) = P,(Y | X).

The following lemma, which was used in Haussler and Long (1990), is also employed
in the proof of Theorem 1.

Lemmas 2. Let x, y € R". Then
Inx < xy — In ey.

(See Haussler and Long (1990, p. 16) for the proof.) 0
Proof of Theorem 1. Let gy(8, M) < £(0 | M) + LM = (rlog N)/2 + Sm/2 + (M)
where m = dim ©(M). Specifically, we let gy(M™) = gn(0, M™) = (m* log N)/2 + 5m™/2
+ £(M™). Let FHy(O) (for short, Fy) be the hypothesis space which the MDL algorithm
uses for learning G, where the notation follows the previous section.

First, by the definition of the MDL estimator in the case of A = 2 (see 4.2), notice
that the following inequality holds for glve%n examples DV = (xq, y1), ..., (Xy, YN) €

def
(X x DY (we let x¥ fxl...xN,yN Vi ... YN
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min {¢(y"N | xV: 0 < M) + 2gy0, M)}
P€‘7[N

= min min {-log P(y" | x": 60 3 M) + 2g50, M)}
Me T 960, (M)

< —log P(y" | xV: 0 3 M) + 2gy(M), (30)
where 5 is the truncated vector for 6",

Let § be the non-truncated maximum likelihood estimator from D¥. From the relation-
ship between the likelihoods for § and its truncation § (see (27)), the following inequality
holds.

~PON [ xV: 0 3 M) + 2gv(M")
< —log PN | x¥: 6 2 M") + m" + 2gyM*). (3D
Since § is the maximum likelihood estimator for M*, the following inequality holds.
—log POV | XV : 8 X MY + m* + 2gp(M")
< —log PN | xV: 0" I MY + m* + 2gy(MY). (32)

By combining (30), (31), with (32), we have

min min {—log P(y" | xV : 0 X M) + 2gn(0, M)}
Me T 9eOy(M)

< =log P(yN | xV: 0" 3 M™) + m* + 2gy(M*).  (33)

Notice that if dgy(P", ﬁ[DN P = ¢, then the minimum value of the total description length
is attained by one of rules Ps such that P € Fy, dy(P*, P) = e. It follows that —log
POV XN 0" 3 MY + m" + 2gy(M) > Milpe 7, 4,,(P" P)=e oM XV 63 M) +
2gn(0, M)}. Hence we have the following inequalities using (33).

(QPHID" : dy(P*, PpN)) = €]
< (QP"[—log POY™ | XV : 6" 3 M™) + m" + 2gy(M")

> min_ (N XN 0 2 M)y + 2550, M)}
Pe Hydy(P",P)=¢

= (QPHIPON | XV : 6" 3 M2

< maxye grocoyon PO™ [ X700 3 M272av@M) - (34)
dH(P P)=e
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= Zyuem EGEGN(M) @PHOE)PON | XV : g* 4 M2~ 28O
dy(P*,P) =

< Q&YPOYN | XV 1 6 3 M2 (35)
For the sake of simplicity, we write P(Y | X : 6* < M*) as P*(Y | X) and P(Y | X :
6 < M) as P(Y| X). For each P(Y | X) satisfying dy(P*, P) = ¢, we have the following
inequalities using a Chernoff style inequality. Below, (X~ & N) denotes the summation
with respect to x and y" under the constraint that oY )P (yN | x )2”23N(M " <

QGMP(y" | xVy2 7200,

@PHOENP (YN | xM)2 20 M0—m" < oxMyp(yY | xNy2~2emOM)

.
= [Z ZJ oGNP (Y | xV)
& N

i X .
* ZZgN(M )—2gn0,M)+m P N N %
< {% ZNJ 0P (y”st>[ el | >]
y

.
= 28080 M o' [Z ZJ QNP (Y | XPGN | Xy
&

< 28vM)=sn@A+m 2 3TN oMy pr(yN | kPN | xy)
& N

N
= 28V gnOM) T2 Z ST ©@EIE (i | )P | x)%)
N i=1

= 28 00=av@ M2 BT 0y 3 (P (o | WP | X))

XN IN

Z 0x) Y, Py | x)P(y, | x)”

N

N
— 2 ant )= en@M) 12 [Z QP (y | MP(y | x))l/’]

(x,)

< 28N(M*)—8N(9,M) +m'2 e—Ne/Z. (36)
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The last inequality follows: For P such that dg(P*, P) = e,

2. 0P (y | MP(y | x)* =1 = (1/2)dy(P", P)

(x,y)

< P P2
< 8—6/2

(see Barron (1985, pp. 92-93)), where we have used the property of the Hellinger distance:
du(P*, P) = L, 000 I, | VP [0 = VPG D [* = 2 = 254 QP | %)
P(y | x))”.

Therefore, by plugging (36) into (35), we obtain the following inequalities:

(@PIDY : dy(P", Ppr) = €] < Zyemr Dpeayan 250 Ian@MTm 2 p=Ne2
dy(P*P)=ze¢

=> > 2 ENM ) =gy @ M) +m"12 = Nel2
Me T 6€0,(M)

< exp [— % + [gN(M*) + ’%] In 2] .

In the last inequality, we have used Kraft’s inequality:

D1 D] 27a@M = N ot Z o~ (nlogN)/2=5m/2

Me T 6€Oy(M) Me T 0eONM)
=< 1.

Thus we have (28).
The inequality (28) yields the following equivalent expression:

m'In N
€

N =

+ % [(3m* + UMY In2 + In %j . 37)

Since by Lemma 2 for any » € R* such that 0 < » < 1,

*®
veN m
= + 1n .
m vee

InN =

Thus the following is sufficient to guarantee (37).

*

Nzin—[”df+1nm]+g[(3m*+e(M*))1n2+1n1j.
€ m vee € 6
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‘Choosing » = 1/e for readability and solving for N yield?

e « . 64m" . 1
Zc—(e—l) m In . -|—(21n2)£’(M)+21n3],
which gives (29). This completes the proof of Theorem 1. [l

Here notice that the righthand side of (28) exponentially goes to zero as N increases and
that it depends on the target complexities; m" and £(M™). For example, for stochastic deci-
sion lists, m" denotes the depth of the target rule and {(M™) = log #T}[m"] (see (22)).
Assume that the code-length function for 7% has the property that £(M,) = £(M,) for M,
M, € JCif dim ©(M;) = dim O(M,). Then it follows from Theorem 1 that the simpler
the target rule is (i.e., the smaller both of m* and £(M™) are), the faster the MDL rule
converges to it.

Next, let us derive a target-dependent upper bound on the sample size with which the
MDL algorithm, with probability at least 1 — §, outputs a hypothesis that lies within e
of the target rule with respect to the variation distance.

Theorem 2 (Target-dependent upper bound on the sample size with respect to the varia-
tion distance). Under the same assumption and notation as Theorem 1, for any ¢ > 0,
for any Q(X) on X, for any P*(Y | X) € G, the following inequality holds.

) 2 .
(QPHIDY : d(P*, Pppv)) = €] < exp |:— Ngi + [gN(M*) + ’%] In 2:| . (38)

Here dy is the variation distance (see (7)).
For 0 < é < 1, and sample size

de « 1. 256m" . 1

5 (39)

the probability in the lefthand side in (38) is at most 8. The notation follows Theorem 1. [J

Proof. First notice the general relationship (10) between the Hellinger distance dy and the
variation distance dy: for all P, P,: stochastic rules, (dAP;, Py))*4 < dy(P;, P,). Using
this relationship and (28) in Theorem 1, we have the following inequalities.

~ ~ 2
(OPHIDY : dP", Ppy)) = € < (QP¥) |:DN : dg(P*, Ppyy) = [%j J

2 *
< exp [— L [gN(M*) + ’"7] In 2} .
Thus we have (38).

As with the proof of Theorem 1, setting the bound (38) to 6 and solving for N yield
the result on the sample size. This completes the proof of Theorem 2. O
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Theorem 1 shows that letting the target rule be P*, the smallest sample size Ny (l/e,
/8, P*) required by the MDL algorithm (with A = 2 and the code-length function £) to
satisfy the (e, 6)-criterion (5) with respect to the Hellinger distance is estimated as

11 . m* oMYy 1,1
NH[;,E,PJ=0[—é—logme—+%+zlog5]. (40)

Theorem 2 shows that letting the target rule be P, the sample size Ny (e, 1/8, P*) re-
quired by the MDL algorithm (with A = 2 and the code-length function {) to satisfy the
(e, 6)-criterion (5) with respect to the variation distance is estimated as

11 _. m* m* M 1 1
NV[Z’S’PJZO[?IO‘("?_'_ 2 +zlog5]. (CY))]

Here it should be noticed that both bounds depend on ¢, 6 and the target complexities;
m* and £(M™), only. Further notice that the sample complexity bounds depend on the
choice of a distance measure. Using the relationship (13) between the quadratic distance
and the variations distance, it is easily verified that the smallest sample size with respect
to the quadratic distance is also bounded as (39).

5.2. Sample size bounds for the ML algorithm

In this subsection, for classes of stochastic rules with finite partitioning, let us give an
upper bound on the sample size required by the ML algorithm to satisfy the (e, 6)-criterion
and let us compare it with that required by the MDL algorithm. We stress that the two
upper bounds are obtained via a similar technique and thus admit a fair comparison although
they are both upper bounds.

Theorem 3 (Upper bounds on the sample size required by the ML algorithm). Let
G be a class of stochastic rules with finite partitioning; i.e., G = {P(Y | X : § < M)
€ Cpp: M€ T, 0 ¢ O(M)} where I is a finite set of countable models and O(M) is
a set of probability parameter vectors associated with M. Further we assume that 7 is
written as 0 = U™ ™ where 0™ is a set of M(€ ) such that dim O(M) = m.’
Mynay 1S an upper bound on m. Let a hypothesis space #y(C) (for short, we denote it
as f£y) be the same as that in Theorem 1. Let IS[DN] € J[H(C) be a hypothesis that the.
ML algorithm outputs from N independent random examples D¥ drawn according to the
product probability distribution Q(X)P(Y [X:6" <2 MHon X X Y. Thatis, P[DN](Y | X)
=PY|X:0< M) ¢ Hy(C), where M is an ML estimator from DY j.e., M = arg
miny 7 {~log P(y" | x¥: 6 3 M)} and 6 = arg mlnoeeN(M) {~log PO | x":6 3 M)}
for each M € 7. Letting P*(Y | X) = P(Y | X : 6" 2 M™), assume that the target rule
P* belongs to C; i.e., M* € T and 0 ¢ O(M™), where we let m* = dim O(M ™). Then,
for any € > 0, for any Q(X) on X, for any P*(Y | X) € G, the following inequality holds. -
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(QPHIDY : dy(P*, Ppv) = €]

< exp —%+ln > @2Ny" | e | +m§“2 .42
m=1

Here dy is the Hellinger distance.
For 0 < 6 < 1, the ML algorithm, with probability at least 1 — 6, outputs a hypothesis
that lies within e of the target rule with respect to the Hellinger distance, with sample size

Nzo[wlnm__mau.bg_l_f’ﬁ_hrllogl]_ 43)
€ € € € &

The ML algorithm also outputs, with probability at least 1 — 6, a hypothesis that lies
within e of the target rule with respect to the variation distance (and also with respect to
the quadratic distance), with sample size

N<o [mmaxl m,;m . log |2972"| . 612 log %] (44)

J

Proof. The outline of the proof is the same as that in Theorem 1. Let M be the ML esti-
mator of the true countable model. We use the following property of the ML estimator

instead of that of the MDL estimator: For given examples DV = (x;, y), ..., &y, Yw) €
def clg
(X x PV (weletxy = X, ... Xy, YV = y; ... yy), the following 1nequa11t1es hold.
min min {—log PGV | x":0 X M)} < —log PN | XV : 6 2 MY
Me T 0€0p (M)
< —log PN |x¥: 63 M*) + m*
< —log P(yV | xV: 0" < M) + m",

where 0 is the non-truncated maximum likelihood estimator from DN for M* , and g is
the truncated vector for 8 in Oym™. In the second inequality, we have used (27). The
process for estimating (QP “[DY dy(P”, P[DN ) = €] is essentially the same as Theorem
1. However, (34) in the proof of Theorem 1 is replaced by (45), and (35) is also replaced
by (46).

(QPMHIDY : dy(P*, Bpvy) = €]
< (QP*[-log POYY | xV : 0* X M*) + m*

> mmMeiTaeeN(M) {—log P(yV | XV : 0 3 M)}]
d(P* P)ze
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Il

QPHPON | XV : 07 3 M*2~™

< maxye grocoyon PO 1 XV 03 M1 (@3)
dy(P™P)=ze

IA

ez Zaconony (@PHIQEMPON | X1 0" 4 Mm27™
dy(P",P)ze

< QMNP [ XV : 6 2 M. (46)

As with the proof of Theorem 1, for each P(Y | X : 6 4 M) € Hy satistying dy(P*, P)
= ¢, the following inequality holds (see also (36)).

@PHIREMPGN | xV 1 " 2 M2 < QEMPGN | XV 0 3 M)] < 27PN,
@7)

Thus, plugging (47) into (46) yields
(QPYIDN : dy(P*, Ppry) = ]
12, = Nel2

< EM&i]Z‘ *EHEGN(M)
dy(P*,P)z e

< Z Z 2m*/28—N6/2

Me T 060 y(M)

Mmax #
= exp —g;-kln > @2nyt | e | +_n121_n2 ,
m=1

where we have used the fact (see the derivation of (21) with regard to the size of O\(M)):

mmax
D D 1=, @2Ny | ™ |
M 0e6y(M) m=1
Hence we obtain (42).
Notice that In(E™=(4N2NY" | T ) < My M N + (SMpge/2) In 2 + In | ).
Thus, we have

(QPHIDY : dy(P*, Pppv) =

Sexp[—%e--lr[:mmaxlogN+logI7]Z’|+§%—@+T2—]1n2}. 48) -

As with the proof of Theorem 1, setting the bound (48) to § and solving for N yield (43).
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As with Theorem 2, we have (44) using the bound (43) and the relationship (10) between
the variation distance and the Hellinger distance. Using the relationship (13) between the
variation distance and the quadratic distance, it is easily verified that (44) is also an upper

bound on the sample size with respect to the quadratic distance. This completes the proof
of Theorem 3. O

Theorem 3 shows that the sample size bounds (43) and (44) depend on not the target com-
plexities; m* and £(M™), but the parameters of the hypothesis space; m,,,, and log | 7 |.
Let us consider the “worst-case” where the target rule is P(Y | X : 8 < M™) such that
dim ©(M™) = m,,,.. We use the following code-length function over 7% For all M € I,

(M) = log | ), 49)

which i 1s derived by £(M) = —log P(M) where P(M) is a uniform distribution over J;
P X 1| 7| for all M € T (we call the code-length function (49) the uniform code-
length function). Then the bound (40) for the MDL algorithm is equivalent with the bound
(43) for the ML algorithm. Similarly, in this worst-case, (41) for the MDL algorithm (with
X = 2 and the uniform code-length function) is of the same order as (44) for the ML algo-
rithm. This implies that the upper bound on the sample size for the ML algorithm is of
the same order as the worst-case upper bound for the MDL algorithm with A = 2 and
the uniform code-length function. Except for this worst-case, the ML algorithm requires
larger sample size to satisfy the (e, 8)-criterion (5) than the MDL algorithm.

Let us consider more general cases where learning algorithms are based on information
criteria which select P specified by M that minimize the following statistic:

—log POV | xV: 6 2 M) + fy@, M), (50)

where 8 is a maximum likelihood estimator for a fixed M, and fy(8, M) is a function of
9 and M, which depends on N.

Let fN(é, M) = O(log® N) (0 = a < 1) with respect to N. For example, we have the
ML algorithm by letting fw@, M) = 0, and we have Akaike’s information criterion
(Akaike, 1974) by letting fN(é, M) = mlog e, where m = dim ©(M). In this case, using
the same type proof technique as that used in the proof of Theorem 3, we obtain the follow-
“ing upper bound on the sample size with respect to the Hellinger distance.

Mg IOgITé"I 1
N = 0[ . AL 1 . + 6log6 , (51)

which is of the same order as the bound for the ML algorithm.

Next, let us consider the case where fy(8, M) = O(log* N) (o > 1). Using the same
type proof technique as that used in the proof of Theorem 1, we obtain an upper bound
on the rate of convergence:
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(QPYHIDY : dy(P*, Ppyy) = €] < exp [— % + O(log® N)] , (52)

where IS[DN] is an output of the algorithm. For some finite positive integer Ny, the right-
hand side of (52) is larger than that in (28) for all N = Nj. It follows that the upper bound
for this case is also larger than that for the MDL algorithm for sufficiently small e and 6.

Therfore, the upper bound (40) on the sample size required by the MDL algorithm gives
the least upper bound on the sample complexity (which is defined by the ‘smallest’ sample
size needed for the (e, 6)-criterion (5)) of learning stochastic rules with finite partitioning
with respect to the Hellinger distance.

6. Results on learnability of stochastic rules with finite partitioning

In this section, we first give upper bounds on the worst-case sample complexities of learn-
ing stochastic rules with finite partitioning and also give a sufficient condition for statistical
learnability of any given class. The worst-case sample complexity is the sample complexity
of learning the target rule such that the probability that a hypothesis cannot lie within ¢
of the rule is largest over all rules in the target class C. Based on the results, we prove
statistical learnability of G5, and G~, and derive worst-case sample complexity bounds
of learning them. Further, we derive a sufficient condition for polynomial learnability of
any given class of stochastic rules with finite partitioning.

6.1. Worst-case sample complexity bounds and statistical learnability

We introduce a notion of ‘sound code-length function’ in order to derive bounds on worst-
case sample complexities.

Definition 6 (Sound code-length function). Let Gzp be a set of all stochastic rules with
finite partitioning defined on X X UY. Let G be a subset of Ggp ie., C = {P(Y | X :
6 4 M)e Grp: Me T 0 € O(M)} where I is a finite set of countable models and
O(M) is a set of probability parameter vectors associated with M ¢ J&. We define £(C)
by £(0) o maxy 7 dim ©(M). Let £ be a code-length function over J: i.e., a function”
¢: 9~ R U {0}, satisfying Kraft’s inequality: Inyear(c) 27" < 1. We define the
maximum complexity of Cassociated with £ as max e 7-{(M), and we denote it as £,,,,(C).
We say that £ is sound if {,,,,(C) = £(M) holds for M such that dim O(M) = £(C). 7

The following lemma gives a lower bound on the maximum complexity for any given C.
Lemma 3. Let G be a class of stochastic rules with finite partitioning. Let JZ be a finite

set of countable models specifying C. Then for any code-length function £, the maximum
complexity of G; ¢,,,(C), satisfies the following inequality.
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lna(C) = log | TC|. (53)

The equality holds only for the uniform code-length function: £(M) = log | 7|, for all
M e I O

Proof. Let £(M) be the code length for M € G. First note

>S5 2700 5 | g | 27l D),
Me

Here the equality holds only for the uniform code-length function: £(M) = log | 7|,
for all M € J. Notice that the uniform code-length function is sound.
On the other hand, by Kraft’s inequality, we have

> 27 <,
M

Notice that the equality holds for the uniform code-length function.
Hence, from the above two inequalities, we have

Lpa(G) = log | I |.

Here the equality holds only for the uniform code-length function. This completes the proof
of Lemma 3. O

The following theorem gives a sufficient condition for statistical learnability of stochastic
rules with finite partitioning and worst-case upper bounds on the sample complexities of
learning them.

Theorem 4 (Worst-case sample complexity bounds and sufficient condition for statisti-
cal learnability). Let C be a class of stochastic rules with finite partitioning and 7 be
a finite set of countable models, each of which specifies partitioning of the domain. Fix
a sound code-length function £ : 7 — R+ U {0} such that Ly 727 * < 1. Whenever
sample size N satisfies

e 64£(G) 1
N = m [g(c) In —‘6‘—“ + (2 In 2)gmax(6) +21In gj ’ (54)

the MDL algorithm (with A = 2 and the code-length function ¢), with probability at least
1 — §, produces a hypothesis P such that dy(P*, 13) < ¢ for all @ on X and for all
P* ¢ G. Here dy is the Hellinger distance.

Further, there exists an algorithm which learns G within the (e, 8)-criterion with respect
‘to the Hellinger distance for sample size
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5 [g(c)l 645( ) L 2 log | T| +21n 5] . (55)

e — 1)

That is, an upper bound on the worst-case sample complexity Ny (1/e, 1/5, n) of learning
C with respect to the Hellinger distance is given by

Ny G 5 n] -0 [E(f) tog €90 4 loe L1, 1o, %j . (56)

An upper bound on the worst-case sample complexity Ny (l/e, 1/6, n) with respect to the
variation distance (and also with respect to the quadratic distance) is given by

NVG’%’”} [5(6310 £(0) 1og|m 1g6] 57

If both of £(C) and log | 7| are polynomial in n, then C is statistically learnable with
respect to the Hellinger distance, the variation distance and the quadratic distance. [

Proof. First, notice that if there exists an algorithm which takes independent examples
DY, drawn according to the target rule as input, and outputs P[DN such that

maé(QP*)[DN s dy(P*, Ppry) = €] =< 6,
Pe

then the (e, §)-criterion (5) holds even for the worst-case where the target rule P* attains
maxp+ g(QP*)[DY : dy(P*, ﬁ[DN]) = ¢]. That is, (5) holds for all P* ¢ C.

Next, notice that, by Theorem 1, the following inequality holds for the MDL algorithm
with A = 2 and the code-length function {.

max(QP")[DY : dy(P*, Pppry) =
PeC

Ne + [m* log N

< max exp |:— 3 > + (MY + Smﬂ In 2] ,

M*e I

gvhere P[DN] is an output of the MDL algorithm from D", We define F ~(M™) by Fy(M™)
=4 exp[— (Ne)/2 + ((m" log N)/2 + &M™) + 3m") In 2], where m™ = dim O(M™).
Since, by the assumption, the code-length function £ is sound, maxy+ g FA{M™) is

attained by M* such that dim (M) = £(C). Hence, maxy« o Fx(M™) is given by
max Fy(M") = exp [— Ne + [M + £,(C) + 32(6’)] In 2] .
M'<Tr 2 2

As with the proof of Theorem 1, setting maxy o Fy(M") to 6 and solving for N give:
the sample complexity bound (54). By Lemma 3, £,,,(C) = log | 7| and the equality
holds only for the uniform code-length function. Therefore, an upper bound on the sample



STOCHASTIC RULES 197

complexity, which is defined by the “smallest” sample size (required for the (e, 8)-criterion
to be satisfied) over all algorithms, is obtained by plugging {,,,,(C) = log | 7| into (54).
This bound is attained by the MDL algorithm with A = 2 and the uniform code-length
function. Thus we have (55).

The upper bound (55) on the sample complexity is polynomial in /e and 1/6. (55) implies
that if both £(C) and log | 7| are polynomial in n, then the upper bound on the sample
complexity of learning any P* € G is also polynomial in n, and thus G is statistically
learnable with respect to the Hellinger distance. Since the Hellinger distance and the variation
distance are polynomially related each other and the quadratic distance is bounded by the
variation distance (see Lemma 1), O is also statistically learnable with respect to the varia-
tion distance and the quadratic distance if O is statistically learnable with respect to the
Hellinger distance.

As with Theorem 2, (55) and the relationship (10) between the Hellinger distance and
the variation distance yield (57). Using the relationship (13) between the variation distance
and the quadratic distance, it is easily verified that (57) is also an upper bound with respect
to the quadratic distance. This completes the proof of Theorem 4. U

The worst-case sample complexity bound (55) is attained by the MDL algorithm using
the uniform code-length function. However, if we like to let the MDL rule converge to the
target rule faster when the target rule is simple, it is better to use any other encoding scheme
such that ¢(M;) < {(M,) if dim ©(M;) < dim O(}M,). Because, when we consider not
worst-case but the target-dependent case, the rate of convergence depends on the descrip-
tion length for the countable model of the target rule (see (28)).

As corollaries of Theorem 4, we have results on statistical learnability of G’DkL and GD"T
and upper bounds on the sample complexities of learning them.

Corollary 1 (Statistical learnability of C II)CL and sample complexity bound). For a fixed
k, G’gL is statistically learnable with respect to the Hellinger distance, the variation

distance, and the quadratic distance. The following sample size N is sufficient for learning
G’I’)‘L(n) within the (e, 8)-criterion with respect to the Hellinger distance.

e n
= m[l Tk I In
where | T | denotes the number of all elements in 7}
ko
|7 =22’[J~
i=0

That is, an upper bound on the sample complexity Ny (I/¢, 1/8, n) of learning G’DkL(n)
with respect to the Hellinger distance is given by

k
NH[%,%,n]=0[%logg+%log%]. (59)

'/
64—|ET’<—|+21111T,?|!+21n%j, (58)
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Proof. For G’DkL(n), the code-length function (22) over S = T'f is sound. Notice

Ckmy = | 17 | —Zz [ ]— om*),

lna(CE () = log | T |1 = On* log n).

Thus, we obtain (58) and (59) using (54). The upper bound (59) on the sample com-
plexity is polynomial in 1/e, 1/6 and n. Hence G D"L is statistically learnable with respect
to the Hellinger distance. O

Corollary 2 (Statistical learnablity of C’D"T and sample complexity bound). For a fixed
k, GL’)‘T is statistically learnable with respect to the Hellinger distance, variation distance
and the quadratic distance. The following sample size N is sufficient for learning C’l’)"'T(n)
within the (e, 8)-criterion with respect to the Hellinger distance.

k+6

i 2% 1n 2 - + 2%V In 2)(log n¢kY) + 2 1n %] , (60)

Zqe -1

where n(k) (n +Dn..... n—k+ 1. O

Proof. Let us define a terminal node in a path (from a root to a leaf) by a node which is
the farthest node (except a leaf) from the root in the path. For a given P € CD"T(n), let the
length ( =the number of inner nodes) of the path from the root to the i-th terminal node be
t, (i =1, ..., m), where m is the number of terminal nodes. Each node is selected from
{x1, ..., x,, *} where * is a symbol indicating a terminal node, and the j-th node from the
root can be described in log(n + 2 — j) bits. Thus, log n{ ) = Et_l logln +2 — j) +
logn —t; + 1) =logn + 1) +logn + ... + logln — t; + 1) bits are sufficient to
encode the path from the root to the i-th terminal node, where the last log(n — t; + 1) bits
are necessary for describing ‘‘being the terminal node.” Thus, Z72, (log n{;)) bits are suf-
ficient to encode a tree form M € O} with m terminal nodes. See Quinlan and Rivest (1989)
for more details of methods for encoding decision trees. It is easily verified that this code-
length function scheme is sound. Also it is easily verified that £,,,.(C, T(n)) = 2% (log
n{k))and £ (C’,;‘T(n)) = 2% Thus the worst-case sample complexity bound (60) is obtained
using (54). Since this sample complexity bound is polynomial in Ve, 1/6, and n, G or 18
statistically learnable with respect to the Hellinger distance.

For any class # of deterministic rules, it is known (see Blumer, et al. (1989)) that the
smallest sample size N, (I/e, 1/8, n) that any consistent algorithm, with probability at least
1 — 6, outputs a hypothesis such that Q(f*(X) # f (X)) < eis bounded as Ny (I/e, 1/6, n)
= O((VCdim( F)/e) log (Ue) + (I/e) In (1/8)), where VCdim( F) is the Vapnik-Chervonenkis
dimension of # (Vapnik & Chervonenkis, 1971; Blumer, et al., 1989). It is further known
(Blumer, et al., 1987) that when “is finite, the sample complexity of learning #is given by
N, (IVe, 1/8, n) = O((IVe) log | F| + (I/€) log (1/8)). For the class of deterministic deci-
sion lists with degree at most k (i.e., the class of stochastic rules in GD"L whose probability
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-parameters are all 0 or 1), which we denote ng)L(”)’ it is known that VCdim( 911‘)L(n)) =
O(n*) (Ehrenfeucht, et al. 1989) and | 7%, (n) | = 03! | T |!) (Rivest, 1987). Thus
we have the following upper bound on the sample complexity of learning 9’5L(n) (Ehren-
feucht, et al., 1989).

k

n" . 1 1 1
,nl=0 ~ min logg,logn +zlog

3 (61)

Comparing the bound (61) with the bound (5§9), we can see that log (n/e) in (59) is replaced
by min{log (I/¢), log n} in (61). This sample complexity comparison with respect to the
upper bounds suggests that, when we ignore time complexity, learning stochastic decision
lists with respect to the Hellinger distance may require only slightly more examples than
learning deterministic decision lists with respect to the symmetric erroneous measure. Notice
here that there exists an efficient algorithm for learning deterministic decision lists in the
noise-free case (Rivest, 1987), but the MDL algorithm is not efficient.

6.2. Sufficient condition for polynomial learnability of stochastic rules

In this subsection, we derive a sufficient condition for polynomial learnability of any given
class of stochastic rules with finite partitioning. In learning deterministic rules, the problem
of finding the shortest rules among those that are consistent with given examples is often
computationally intractable (Pitt & Valiant, 1988). We may also conjecture that the problem
of finding the MDL. rule from #y(C D"L(n)) (see 4.2) is computationally intractable. Thus,
in order to learn stochastic rules within our criterion efficiently, we need an algorithm
that outputs, in polynomial time, not an MDL rule itself but a rule that approximates the
MDL rule. We call such an algorithm an approximately-MDL algorithm. Let a class G
of stochastic rules be given. The following theorem shows that if there exists a polynomial-
time approximately-MDL algorithm which outputs a rule that lies within some accuracy
of the MDL rule P[DN] € J#y(C) with respect to the variation distance, then C is poly-
nomially learnable with respect to the variation distance.

Theorem 5 (Sufficient condition for polynomial learnability of general stochastic rules
with finite partitioning). Let G be a class of stochastic rules with finite partitioning. Let
JICbe a set of all countable models, each of which specifies a target rule belonging to
G. We assume that C satisfies the sufficient condition for statistical learnability given in
Theorem 4. If there exists an algorithm 7 such that, when given N input examples D",
for some constants « = O and 8 > 0, for any n, forany ¢ > 0, forany 0 < 6 < 1,
for all Q on X, for all P* € G, A outputs, in time polynomial in » and N, a hypothesis
ﬁ[DN] € Jy(C) satistying

dy(PipNy, Pppvy) < n°N7F, (62)
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for all random examples D¥ drawn according to Q(X)P*(Y | X) and for any MDL rule
P[DN] € F/y(C) (which the MDL algorithm (with A = 2 and the uniform code-length
function) outputs from D), then G is polynomially learnable. Here d, is the variation
distance. Whenever sample size N satisfies '

a Y 1/8
N = max [2%} ,

T [z@ In

A outputs, for all Q on X and for all P* € G, with probability at least 1 — 8, a hypothesis
that lies within e of the target rule with respect to the variation distance. Here £(C) =
maxye - dim O(M) (9 is a finite set of countable models specifying C). ]

_192_%@ (21n2)10g|7/7’|+21“%j -

Proof. Assume that there exists an algorithm A satisfying (62) for all Q on X, for all
P* ¢ G, for all random examples DY drawn according to Q(X)P* (Y | X), _and for any
MDL rule Py, € Hy(C). Then, whenever N satisfies N = (2n%/¢)"* dV(P[DNJ, Ppvy)
< ¢/2 holds for all Q on X, for all P* ¢ G, for all random examples D, where Ppy,
is an output of A.

Next, notice that, for such an algorithm 7, whenever N satisfies N = (2n%/¢)"?, the
following inequalities hold.

(OPHIDY : d/P*, Ppn) = ¢

< (QPHIDY : du(P*, ﬁ[DN]) + dv(ﬁ[DN], f)[DN]) = ¢
= (QP*) l:DN : dV(P*, IS'[DN]) = % :l

Here in the second inequality, we have used the triangle inequality with respect to dy
metric; dy(P*, P[DN]) = dy(P~, P[DN]) + dV(P[DN], P[DN]) for any MDL rule P[DN] in-
ferred from DN By Theorem 2 and Theorem 4, we see that, whenever N satisfies N =
(16e/e*(e — D)((E(C) In (1024£(C))/e* + 2 1In2)log | | + 2 In (1/8)), the MDL
algorithm (with A = 2 and the uniform code-length function) outputs P[D 1 satisfying
(QPH[DY : di(P*, P[DN]) /2] < & for all Q on X and for all P* € C. Thus, whenever
N satisfies (63), the following inequality holds for all Q on X and for all P* € G.

(QPHIDY : d(P*, Ppr)) = €] <

Since G is assumed to satisfy the sufficient condition for statistical learnability (see The-
orem 4), the sample size N which is given by the righthand side in (63) is polynomial in
/e, 1/8, and n. Therefore, if 4 runs in time polynomial in n and N, C is polynomially
learnable. This completes the proof of Theorem 5. (I
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Theorem 5 is a criterion for determining whether or not any given class of stochastic
rules with finite partitioning is polynomially learnable. The condition (62) implies that
the output hypothesis must come within accuracy O(N~°) of the MDL rule with respect
to the variation distance, over the class of hypotheses.

7. Conclusion

In this paper, we have developed a learning criterion for stochastic rules by extending Valiant’s
PAC learning criterion to the stochastic setting. We have presented the MDL algorithm
for learning stochastic rules with finite partitioning. Further, we have derived upper bounds
on the sample complexity of learning stochastic rules with finite partitioning and have given
sufficient conditions for statistical learnability and polynomial learnability of any given
class. From target-dependent sample-size bound analysis, it has turned out that the MDL
algorithm performs well within our learning model in the sense that it is more sample-size
efficient than other known information-criteria-based learning algorithms.

In our proposed learning framework, the following problems remain open for future study.

(1) The necessity for improving the sample complexity bounds.
We feel that our upper bounds on the sample complexities are still in need of refining
and that they should be compared to lower bound estimators, which we as yet have
no method of determining. Further, the sample complexity estimation with respect to
the Kullback-Leibler divergence or other distances looks very challenging.

(2) The necessity for developing efficient approximately-MDL algorithms.
We need efficient approximately-MDL algorithms in order to generate nearly optimal
(in the sense of the MDL principle) stochastic rules in time polynomial in #. It would
be interesting if we could characterize what approximately-MDL algorithms satisfy the
sufficient condition for polynomial learnability (which is given in Theorem 5).

(3) The necessity for investigating learnability of general classes of stochastic rules.
We have focused on learnability of classes of stochastic rules with finite partitioning.
It would be interesting if we could characterize statistical learnability and polynomial
learnability of more general classes, e.g., classes of stochastic rules specified by infi-
nite countable models, etc.

(4) The necessity for extending our learning model to an agnostic one.
In this paper, we have assumed that the target rule according to which examples are
generated belongs to some known parametric class. However, this assumption seems
too strong for the practical application. It would be interesting if we could extend our
learning criterion to that in which no assumption is made about the nature of the target
rule. We call such a learning model an agnostic one (see Haussler (1990, p. 32)).
Haussler, from the decision theoretic viewpoint, has developed an agnostic learning
model (Haussler, 1989; 1990) in which the uniform convergence technique is available
for the sample complexity estimation. However, it has not yet been clarified how the
computational complexity of the MDL algorithm is related to his agnostic approach.

These questions will be dealt with in future papers.
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Notes

1. When NjJr =0, or Nj+ = Nj, in order to avoid setting [5] = 0, or 1, we often use the Laplace estimator (see
for example, Schreiber (1985)); ﬁj = (Nj+ + 1)/(Nj +2)(j = 1, ..., m) rather than the maximum likelihood
estimator.

2. The technique for solving N is due to Haussler and Long (1990, p. 17).
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