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A B S T R A C T  

We present a new algorithm for solving a linear least 

squares problem with linear constraints. These can be equality 
constraint equqtions and nonnegativity constraints on selected 

variables. This problem, while appearing to be quite special, 

is the core problem &rising in the solution of the general lin- 

early constrained linear least squares problem. The reduction 
process of the general probl.em to the core problem can be done 

in many ways. We discuss three such techniques. 

The method employed for solving the core problem is based 

on combining the equality constraints with differentially 
weighted least squares equations to form an augmented least 
squares system. This weighted least squares system is solved 
with nonnegativity constraints on selected variables. 

Seven small examples, including a constrjined least squares 

curve fitting example, are presented. A r e f e rence  t o  u s e r  i n s t r u c t i o n s  

f o r  subprograms t o  compute s o l u t i o n s  of cons t r a ined  l e a s t  squares  problems 

i s  inc luded .  



1. INTRODUCTION ... 
, - 

The primary purpose of this paper is to present a new and 

numerically stable algorithm for solving the following linearly 

constrained linear least squares problem. 

Ex ... = f ... (equations to be exactly satisfied) ... 
( 1 )  Problem NNLSE Ax ... = b ... (equations to be approximately 

satisfied, least squares sense) 

*i > O , i = R + l ,  ..., n , O < R S n  

The real matrices E and A are of respective dimensions mE by 

n and mA by n. Variables xl, ..., xR are free to take on 
either sign. 

In case the equations Ex % =' f .-. are inconsistent, we take 
+ + x = x + y ,  where x is the minimal length solution of the , .  - ... .-. 

equations and y is some solution of Ex =. 0. The remaining 
% 

... 
freedom in is chosen to minimize the residual vector length 
b - - Ax .-. subject to the nonnegativity constraints xi 2 0 ,  i > 2 .  

The problem that is seen frequently in practical computa- 
tions is often stated 

( .2!  Problem LSEI Ax ... b ... 

Gx > h (inequality constraints that the 
% ... 

solution must satisfy) 

where G is an mG by n real matrix. 

While Problem LSEI appears to be a more general problem 

than Problem NNLSE, it really is not. There are a number of 
ways to transform Problem LSEI into one of the form of Problem 



N N L S E ,  Eq. ( 1 1 .  Thus ,  once  t h e  co rnpu ta t iona l  c a p a b i l i t y  f o r  

s o l v i n g  the  sys tem of Eq. ( 1 )  i s  o b t a i n e d ,  t h e  sys tem of Eq. 

( 2 )  c a n  b e  s o l v e d ,  o r  i t  can  be shown t h a t  no s o l u t i o n  e x i s t s .  

FORTRAN language subprograins f o r  solving t h e  problems of Eqs. (1) and (2 )  

are  described i n  Ref. L15-j. 

The remainder  of S e c t i o n  1 i s  d e v o t e d  t o  t h e  d i s c u s s i o n  of 

t h r ee  methods  f o r  r e d u c i n g  Problem LSEI t o  t h e  c o r e  problem,  
' 

Problem NNLSE. T h i s  m a t e r i a l  i s  n o t  e s s e n t i a l  t o  t h e  under -  

s t a n d i n g  of S e c t i o n s  2 -4 .  

S e c t i o n s  2 and  3 d e v e l o p  n e c e s s a r y  t h e o r y  and  c o m p u t a t i o n a l  

a l g o r i t h m s  f o r  s o l v i n g  Problem NNLSE. S e c t i o n  4 d i s c u s s e s  a 
r a n k  d e f i c i e n t  c o n s t r a i n e d  c u r v e - f i t t i n g  p r o b l e n  and s i x  s m a i l  

p r o b l e m s  i l . l u s t r a t i n g  t h e  v a r i o u s  r e l a t i o n s  between problem 

d i s c u s s i o n  and r a n k .  

I t  i s  w e l l  known t h a t  by i n t r o d u c i n g  s l a c k  v s r i a b l e s  Eq. 

( 2 )  can  be  c o n v e r t e d  t o  a  sys t em of t h e  form of Eq. (1). To 

t h i s  end ,  an  mG-vec to r  w - of n o n n e g a t i v e  v a r i a b l e s  i s  i n t r o -  

duced  i n t o  t h e  i n e q u a l i t y  c o n s t r a i n t s  of Eq. ( 2 )  s o  t h a t  t h e y  

become e q u a l i t y  c o n s t r a i n t s  Gx .., - w .-- = k. .., With t h e  expanded 

m a t r i c e s  and v e c t o r s  



. . . . . . 
. . and  . . 

w e  o b t a i n  t h e  c o n s t r a i n e d  l e a s t  s q u a r e s  s y s t e m  

The problem of  Eq. ( 4 )  i s  of t y p e  NNLSE, w i t h  t h e  p a r a m e t e r s  

(mE,rnA, n ,  2 )  of Eq. ( I )  i d e n t i f i e d  w i t h  t h e  d i m e n s i o n s  

(mE + m G ,  mA,  n -+ m G ,  n )  of  Eq. ( 4 ) .  

While  t h i s  t r a n s f o r m a t i o n  i s  c o n c e p t u a l . l y  s t r a i g h t f o r w a r d ,  

t h e  t e c h n i q u e s  we p r e s e n t  n e x t  a r e  o f t e n  more e f f i c i e n t  f o r  

s o l v i n g  Problem LSEI of Eq. ( 2 ) .  

T h e  i m p o r t a n t  s p e c i a l  c a s e ' o f ;  ~ ! r o b i e m  LSEI of 5q .  ( 2 )  w i t h  

mG < n  i n e q u a l i t i e s  can  be more e f f i c i e n t l y  t r a n s f o r m e d  d i -  

r e c t l y  t o  Problem NNLSE. T h i s  a p p a r e n t l y  new deve lopment  r e -  

s u l t s  i n  a . c o r e  problem w i t h  a b o u t  t h e  same number of p a r a -  

m e t e r s  a s  t h e  o r i g i n a l  p roblem.  ' P e r h a p s  t h e  most  i m p o r t a n t  

f a c t  a b o u t  t h i s  i d e a  i s  t h a t  t h e  t r a n s f o r m a t i o n s  r e q u i r e d  c a n  

a l l  be computed and  s t o r e d  i n  e s s e n t i a l l y  t h e  same s t o r a g e  a s  

t h a t  needed  f o r  t h e  o r i g i n a l  d a t a .  

Suppose t h a t  G i s  of r a n k  g  s mG s n .  A s  b e f o r e ,  i n t r o -  

duce  t h e  mG s l a c k  v a r i a b l e s  



U s i n g  rn by mG and n by n orthogonal matrices N and K, com- G 
pute on orthogonal decomposition of the mG by n matrix G so 

that 

where T is a g by g lower triangular nonsingular matrix. 

We change varigbles by letting 

Using the matrices for the equality constraints and least 

squares equations jn Eq. ( 2 1 ,  we have 

. . . . 

We also introduce the partitioned vector 'and matrix. 

and 



F o l l o w i n g  t h e  change  of  v a r i a b l e s  f o r  5 and  t h e  u s e  of t h e  

o r t h o g o n a l  d e c o m p o s i t i o n  f o r  G ,  t h e  e q u a t i o n  Gz - h .., = w ..d becomes 

and  

Making t h e s e  s u b s t i t u t i o n s  i n  t h e  e q u a l i t y  ' c o n s t r a i n t  and  

l e a s t  s q u a r e s  e q u a t i o n s  of Eq. ( 2 )  l e a d s  t o  t h e  c o n s t r a i n e d  

l e a s t  s q u a r e s  problem f o r  t h e  n  + mG - g v e c t o r  



Some e a s y  a l g e b r a  a n d  Eqs.  (5)-(7) show t h a t  t h e  m a t r i c e s  
and  v e c t o r s  of E q .  ( 8 )  s a t i s f y  

and  

A 

The r e l a t i v e  o r d e r i n g  of  t h e  y e c t o r s  x 2  a n d  w i n  t h e  v e c t o r  x 
'U - 

was c h o s e n  s o  t h a t  t h e  problem s t a t e m e n t  o f  Eq. ( 8 )  would be  of 
t y p e  NNLSE of Eq. (1). T h i s  i s  Problem NNLSE w i t h  t h e  p a r a -  
m e t e r s  (mE, mA,  n ,  R) of Eq. (1) i d e n t i f i e d  w i t h  t h e  dimen- 

s i o n s  (mE + mG - g ,  mA, n  + mG - g ,  n - g )  of E q .  ( 8 ) .  



I t  i s  e a s y  t o  .see t h a t  a n  L-shaped  a d d i t i o n a l  s t r i p  of  

s t o r a g e  beyond t h e  s t o r a g e  f o r  E  and  A of Problem LSEI i s  r e -  

q u i r e d  f o r  t h e  problem of  Eq. ( 8 ) .  The number of a d d i t i o n a l  
s t o r a g e  l o c a t i o n s  r e q u i r e d  i s  (mE + mA + mG - g  + n  + l ) ( m G  - g ) .  

S i n c e  we a n t i c i p a t e  t h a t  g  4 m G ,  v e r y  l i t t l e  a d d i t i o n a l  s t o r -  

a g e  (none  i f  g  = m G ) i s  r e q u i r e d .  

A t h i r d  t e c h n i q u e  f o r  t r a n s f o r m i n g  Eq. ( 2 )  i n t o  a  problem 

of  t h e  t y p e  NNLSE i s  d e s c r i b e d  by C l i n e  i n  [ 4 1 .  B r i e f l y ,  t h i s  

method r e d u c e s  Problem LSEI t o  

2  : .  
min imize  x x. , k S n  

( 9 )  Problem LPDP 
i 

s u b j e c t  t o  Gx a h  - - 

We have  u s e d  t h e  same n o t a t i o n  f o r  t h e  i n e q u a l i t y  c o n s t r a i n t s .  

The  i n t e g e r  k i s  d e t e r m i n e d  d u r i n g  t h e  r e d u c t i o n  p r o c e s s .  

Problem LPDP. i s  s o l v e d  u s i n g  a  f o r m u l a t i o n  which  i n v o l v e s  
t h e  s o l u t i o n  of  two p rob lems  of t y p e  NNLSE of Eq. (1). F u r t h e r  
! 

d e t a i l s  a r e  g i v e n  i n  ( 4 1  . 

C h a p t e r s  20 and  23 of ( 3 1  p r e s e n t  A l g o r i t h m  LDP f o r  s o l v i n g  

t h e  s p e c i a l  c a s e  .of Eq. ( 9 )  where k = n. I n  C h a p t e r  23  an  

e r r o r  o c c u r r e d  i n  t h e  deve lopment  o f .  t h e  r e d u c t i o n  of  Problem 

LSEI of  E q .  ( 2 )  t o  Problem LDP. T h i s  deve lopment  i s  v a l i d  o n l y  

i n  t h e  s p e c i a l  c a s e  where t h e  m a t r i x  1 i s  of f u l l  column rank  

k = n .  C l i n e  i n  [ 4 ]  h a s  g i v e n  a  m a t h e m a t i c a l  deve lopment  f o r  



s o l v i n g  P r o b l e n  LPDP o f  Eq. ( 9 )  f o r  a l l  v a l u e s  k n .  I n  

p r i n c i p l e  t h i s  a l l o w s  one t o  s o l v e  Problem LSEI f o r  any  v a l u e  

oE t h e  r a n k  of 

N u m e r i c a l l y  s t a b l e  methods  f o r  s o l v i n g  c e r t a i n  c a s e s  of t h e  

c o n s t r a i n e d  s y s t e m  of Eq. ( 2 )  have  a l s o  been  p r o p o s e d  by S t o e r  

[ 1 I ,  Golub  a n d  S a u n d e r s  l 2  1 ,  and ~ l d i n  [ 1 0 ) .  

2 .  NONNEGATIVITY CONSTRAINTS AND EQUALITY CONSTRAINTS 

BY DIFFERENTIAL WEIGHTING 

I n  t h i s  s e c t i o n  w e  d i s c u s s  a  m a t h e m a t i c a l  method f o r  s o l v -  

i n g  Problem NNLSE of  E q .  ( 1 )  u s i n g  d i f f e r e n t i a l  w e i g h t i n g  o f ,  

t h e  e q u a l i t y  c o n s t r a i n t s  and  l e a s t  s q u a r e s  e q u a t i o n s .  Lemma 4 

e s t a b l i s h e s  t h e  c o n v e r g e n c e  of  t h e  m a t h e m a t i c a l  a l g o r i t h m  t o  a  

s o l u t i o n  o f  Problem NNLSE, p r o v i d e d  one e x i s t s .  

Problem NNLSE of  E q .  ( 1 )  has  n o n n e g a t i v i t y  c o n s t r a i n t s  on 

v a r i a b l e s  R + 1, ..., n .  By e l i m i n a t i n g  t h e  v a r i a b l e s  1, ..., R 
i t  c a n  b e  r e d u c e d  t o  a  form where a l l  v a r i a b l e s  a r e  c o n s t r a i n e d  

t o  be  n o n n e g a t i v e .  Thus ,  t o  make t h i s  s e c t i o n  e a s i e r  f o r  t h e  

r e a d e r  t o  u n d e r s t a n d ,  we assume t h a t  = 0  i n  Eq .  ( 1 ) .  How- 

e v e r ,  i n  t h e  A l g o r i t h m  WNNLS d e s c r i b e d  i n  S e c t i o n  3 ,  we s o l v e  

Problem NNLSE f o r  any 2, 0  s R $ n .  

Our a p p r o a c h  t o  s o l v i n g  Problem NNLSE of Eq. ( I )  i s  b a s e d  

on s o l v i n g  t h e  d i f f e r e n t i a l l y  w e i g h t e d  l e a s t  s q u a r e s  problem of 

Eq. ( 1 0 ) .  We w i l l  show t h a t  a s o l u t i o n  t o  Problem WNNLS of 

Eq. ( 1 0 )  h a s  a  l i m i t  a s  E + O + .  F u r t h e r m o r e ,  i f  t h e  s e t  

{x : Ex - = f ,  x 2 0 )  i s  nonempty,  t h i s  l i m i t  v e c t o r  i s  a  s o l u -  -. -. 
t i o n  o f  Problem NNLSE of  Eq. ( 1 ) .  T h i s  deve lopment  and  i t s  
p r o o f  a r e  summarized i n  Lemma 4 .  



(10) Problem WNNLS 

A x  ; b with 
E - E  
x 2 0  ." .., 

- 1  

where E is a small positive' real parameter. 

Another way of stating this is that the function to he 
minimized in Eq. (10) is 

subject to x . y . 0  - - 
Here the vector norms used are euclidean lengths. Our ap- 

proach, therefore, amounts to a penalty function minimization 
method that is implemented in a numerically stable way. 

In principle, Problem WNNLS, for each E > 0, can be solved 
using Algorithm NNLS of Lawson and Hanson, Chapter 2 3 ,  [ 3 ]  . 
In practical computations there are other considerations that 
must be made when solving Problem WNNLS. These consist of 

using weighted euclidean lengths in tests for linear indepen- 
dence of col.umn vectors of the problem matrix generated during 
the orthogonal decomposition process. We must, in fact, use 
the values of mE, mA and 2 to compute this weighted 
euclidean norm in the algorithm. 

Thus, the mathematical solution of Problem WNNLS of Eq. 

(10) is obtained using Algorithm NNLS of [ 3 ]  . Computational 
distinctions are further discussed in Section 3. 

In Lemmas 1-4 we show that the solution of Problem WNNLS is 

well-defined. in its dependence on the small parameter E > 0. 



The d i s c u s s i o n  i n  t h e s e  lemmas r e f e r s  o n l y  t o  t h e  m a t h e m a t i c a l  
d e s c r i p t i o n  of t h e  a l g o r i t h m s .  

I n  Lemma 1, t h e  s t a t e m e n t  and p r o o f  r e f e r  t o  n o t a t i o n  and 

d i s c u s s i o n  o f  A l g o r i t h m  NNLS, C h a p t e r  23 ,  l o c .  c i t .  

Lemma 1 

The - s o l u t i o n  of A x  ; b , x 0  o b t a i n e d  u s i n g  
E - ' -E  A .., -- - 

A l g o r i t h m  NNLS i s  a  v e c t o r  5 = x  0  f o r  e a c h  E.  The se t  - --E - -r 
Z, = \ i  : x i ( & )  = 0 )  - i s  f i x e d  f o r  0 c E ( c o y  E~ 

s u f f i c i e n t l y  s m a l l .  

P r o o f :  Each of  t h e  c h o i c e s  of i n d i c e s  i n  s t e p s  4 an.d 7-11 .  

a r e  d e t e r m i n e d  by  t h e  s i g n ,  min o r  max of f u n c t i o n s  t h a t  

a r e  meromorphic  i n  t h e  paramete . r  E n e a r  E = 0.  Once we 

a g r e e  a l w a y s  t o  t a k e  t h e  s m a l l e s t  i n d e x e s  f o r  t h e  c h o i c e  of 

min o r  max, i t  f o l l o w s  by t h e  f i n i t e  conve rgence  of 

A l g o r i t h m  NNLS and  t h e  m e r o m o r p h i c i t y  of t h e  c h o i c e  

f u n c t i o n s ,  t h a t  f o r  some E~ > 0 ,  a l l  t h e  i n d i c e s  a r e  

f i x e d  For O <  E 6 c o .  

Lemma 2 

lem A u a k c ,  u 3  0 ,  
c - . -2 r. 

h a s  a  s o l u t i o n  yE. T h i s  s o l u t i o n  has  a l i m i t  uo a s  E + 0 .  
I_ -4 - 

P r o o f :  Those components  of u, which a r e  p o s i t i v e  a r e  a  ." 
f i x e d  s e t  For 0  < & < E o ,  i f  c 0  i s  s u f f i c i e n t l y  s m a l l .  

T h i s  f o l l o w s  f rom Lemma 1. E l i m i n a t i n g  t h o s e  components  of 

g which a r e  i d e n t i c a l l y  z e r o  f o r  a l l  E and r e v e r t i n g  t o  t h e  



o r i g i n a l  n o t a t i o n , , w e  mus t  show t h a t  t h e  s o l u t i o n  of a 
l e a s t  s q u a r e s  problem 

w i t h o u t  c o n s t r a i n t s  h a s  a  l i m i t  a s  E + 0 .  

The m a t r i x  A h a s  f u l l  column r a n k ,  by v i r t u e  of i t s  
E 

c h o i c e  i n  A l g o r i t h m  NNLS. Now u s i n g  t h e  methods  of C h a p t e r  

2 2 ,  l o c .  c i t . ,  e . g .  Eq. . ( 2 2 . 3 4 )  and  t h e  r e l a t e d  

development . ,  we s e e  t h a t  u, -+ u 6 . a ~  E + U .  
' - 

, ,: , 

Lemma 3  
' .  I , 

Suppose w e  cons ide , , r  t h e ' t w o  c o n s t r a i n e d  l e a s t  s q u a r e s  

p r o b l e m s  
. . 

EU - = f .., A - u  t .E E 

Ay "= b  -. Problem NNLSE Problem WNNLS 

u 2 0  . u  a' Q - -a 

A s o l u t i o n :  u  2 0 ;  
- E  - 

( o b t a i l i e d  ' w i t h  A1gor.i thm NNLS) . ? 

Suppose t h a t  Eu = f  i s  c o n s i s t e n t  f o r  a  f e a s i b l e  u;  t h a t  -.- -- -- - ." - 
i s ,  t h e r e  e x i s t s  2 0  such  t h a t  EG = f .  - - - 
Then - 
( a )  EG = - f  

and  f o r  any  E > 0  



2 2 ( b )  1 1 E t ! ~ - f ) 1 ~  + F IIAy - 511' s I IEy  - f l l Z  ... + E I I A ~  - hH - 2 e 

f o r  any  9 2 

2 2 ( c )  I I E U ~  -, - f11 6 HA;- b11 2 - ." w 

2 ( d )  llAuE - - bll -, s IIA; - b,ll 2 
.% 5 

' P r o o f :  

P a r t  ( a )  Let d =  ~ + f  5 + y, where Ey = 0 ." and ~ + f  .-w + y 2 - 0 .  

Here E+ i s  t h e  Moore-Penrose  p ~ e y d o i n v e r s e  o f  E ,  [ 3 ] .  
Then 0 II EG - i j I I  s II E$ - f ll = 0 ,  i m p l i e s  B; -" = f. w 

P a r t  ( b )  T h i s  f o l l o w $  from ' t h e  f a c t  t h a t  yE i s  t h e  l g a s t '  
s q u a r e s  s o l u t i o n  o f  A u 3 bB i n  t h e  r e g i o n  u  2 0 .  

E " -., - 

P a r t  ( c )  S e t  y = i n  t h e  r i g h t  member of t h e  i n e q u a l i t y  of 

(b )  and u s e  ( a ) .  

P a r t  ( d )  S i m i l a r  t o  prqoS of ( c ) ,  

Lemma 4 

Assume t h e  same h y p o t h e s i s  a s  Lemma 3 ,  and  t h e  same p o t a t i o n .  
I - 

Then 

( a )  l i m  g = yo 3 e x i s t s  
E - 

'.I -f 0 



. . 
Proof':  

.. .:. 
P a r t  ( a )  i s  Lemma 2. 

P a r t  ( b )  f o l l o w s  from u s i n g  t h e  bound f o r  llEu .., - f112 - of 

Lemma 3 ,  ( c )  a s  E -+ 0 ;  

P a r t  ( c )  f o l l o w s  by o b s e r v i n g  t h a t  t h e  bound of  Lemma 3 ,  ( d )  

i m p l i e s  t h a t  I I A y o -  bll .$ I I A ~  - bll. But. s i n c e  IJ', O_ i s  

a  l e a s t  s q u a r e s  s o l u t i o n  o f  Au .., n ' b  ... f o r  a l l  u  ." a 0  ... s a t i s f y i n g  

Ey = f ,  w e  must  have  l l ~ d  - bII < 11 A - I .  These  l a s t  
1 

i n e q u a l i t i e s  t o g e t h e r  show t h a t  llAyO - ... bll = I I A U  .- - ... bll. 

T h i s  c o m p l e t e s  t h e  p r o o f s  of  t h e  lemmas. 

Lemma 4 p r o v i d e s  t h e  m a t h e m a t i c a l  b a s i s  of an a l g o r i t h m  ' f o r  

s o l v i n g  Problem WNNLS, and  t h u s  s o l v i n g  Problem NNLSE. I n  com- 
p u t i n g  a  s o l u t i o n  of Problem NNLSE numer i . ca l ly ,  t h e  s y s t e m  

A€?  P b ,  ( x  .., 0 )  ... of Eq. ( 1 0 )  i s  s o l v e d  j u s t  once  u s i n g  a  s u f f i -  - 
c i e n t l y  s m a l l  p o s i t i v e  E .  T h i s  v a l u e  of  E i s  chosen  by t h e  

a l g o r i t h m  t o  compute t h e  s o l u t i o n  t o  f u l l  work ing  a c c u r a c y .  

3 .  THE WNNLS ALGORITHM 

, . . L 

I n  t h i s  s e c t i o n  we w i l l  d i s c u s s  t h e  o v e r a l l  d e s c r i p t i o n  of 

t h e  n u m e r i c a l  a l g o r i t h m  u s e d  t o  so l .ve  Problem WNNLS of  Eq .  ( 1 0 )  

i n  S e c t i o n  2 .  T h i s  d i s c u s s i o n  w i l l  . i n c l u d e ' t h e  , c h o i c e  of t h e  

s m a l l  p a r a m e t e r  E and t h e  norms . u s e d  i n  r a n k ,  d e t e r m i n a t i o n .  

Because  of t h e  c o m p l e x i t y  of  t h e  a l g o r i t h m ,  o n l y  t h e  e s s e n t i a l  

p o i n t s  a r e  g i v e n  h e r e .  



To c a s c  n o t a t i o n a l  p r o b l e m s  i n  t h i s  s e c t i o n ,  we r e s t a t e  t h e  
prol , lem of E q .  (10 ) .  The augmented m a t r i x  I A ~  : _b ] of Eq. 
( 1 0 )  i s  w r i t t e n  a s  a  new augmented  m a t r i x  [ D A  : D b 5 .  Thus ,  we 
d e f i n e  t h e  v e c t o r  and  m a t r i x  

, y u n c o n s t r a i n e d  
... 

and  Problem WNNLS b e c ~ m e s  t h e  , c o n s t r a i n e d  l e a s t  s q u a r e s  problem 

We p a r t i t i o n  t h e  m a t r i x  of  E q .  ( 1 1 )  a s  

c o r r e s p o n d i n g  t o  t h e  d i m e n s i o n s  of t h e  v e c t o r s  and  w.  ... 

In  t h e  f o l l o w i n g  d i s c u s s i o n  A l g o r i t h m  WNNLS w i l t  be p r e -  

s e n t e d  i n  a  top-down,  s t r u c t u r e d  f o r m a t .  In  a d d i t i o n  t o  g i v i n g  

a  c l e a r  d e s c r i p t i o n  of  t h e  a l g a r i t h m i c  s t e p s  a t  t h e  o u t e r  l e v e l  

of d e t a i l ,  t h e  s t r u c t u r e d  a l g ~ r i t h m  v e r y  c l o s e l y  p a r a l l e l s  t h e  

a c t u a l  s o u r c e  code  t h a t  was used  t o  implement  t h e  a l g o r i t h m .  

The n o t a t i o n  used  below c l o s e l y  f o l l o w s  t h e  d e s c r i p t i o n  of a 
s i m i l a r  a l g o r i t h m  by C .  L.  Lawson i n  [ 6 1 . 



A l g o r i t h m  WNNLS 

U n t i l  ( d o n e )  - 
COMPUTE-SEARCH-DIRECTION-AND-FEASIBLE-POINT 

I f  ( h i t - a - c o n s t r a i n t )  t h e n  

ADD-CONSTRAINTS 

E l s e  

COMPUTE- FINAL-SOLUTION 

The names i n  c a p i t a l  l e t t e r s  d e n o t e ' p r o c e d u r e  c a l l s .  The.  

i t a l i c i z e d  p a r a m e t e r s  a r e  l o g i c a l  v a r i a b l e s  m a n i p u l a t e d  w i t h i n  

t h e  p r o c e d u r e s .  

We w i l l  d i s c u s s  each  of  t h e  p r o c e d u r e s  u sed  by A l g o r i t h m  

WNNLS i n  S e c t i o n s  3 . 1  - 3 . 3 .  

3 . 1 .  I n i t i a l i z a t i o n ,  I n i t i a l  T r i a n g u l a r i z a t i o n  . ... . and  F i n a l  

S o l u t i o n  P r o c e d u r e s  

The i n i t i a l  p h a s e  of t h e  a l g o r i t h m  p e r f o r m s  t h r e e  main 

f u n c t i o n s .  F i r s t ,  t h e  w e i g h t  E i s  .chosen .  Second,  t h e  m a t r i x  

DA1 i s  t r i a n g u l a r i z e d .  T h i r d ,  dependen t  e q u a l i t y  c o n s t r a i n t s  

a r e  e l . i ~ ~ l i ~ ~ a t e d .  

We have found  any  c h o i c e  of t h e  we igh t  L i n  t h e  r a n g e  

( L / v ) *  < E < E = q4 t o  be s a t i s f a c t o r y .  Here  L i s  t h e  
0 

s m a l l e s t  p o s i t i v e  machine  number and  rl i.s t h e  r e l a t i v e  machine  

p r e c i s i o n .  The upper  bound of n 4  i s  m o t i v a t e d  by Eq. ( 2 2 . 3 7 ) ,  

and t h e  p r e c e d i n g  deve lopmen t ,  of [ 3 ] .  A w e i g h t  of a t  most  

n' i s  needed  t o  a c h i e v e  f u l l  work ing  a c c u r a c y  i n  an  e q u a l i t y  

c o n s t r a i n e d  l e a s t  s q u a r e s  problem.  The lower  bound of (L /V) '  

i s  t o  p r e v e n t  damaging u n d e r f l o w s .  



U s i n g  a n  o r t h o g o n a l  d e c o m p o s i t i o n  we i n i t i a l l y  t r i a n g u -  
l o r i z e  t h e  rn by 1 s u b m a t r i x  D A 1  P r e m u l t i p l y i n g  t r a n s f o r -  
m a t i o n s  a r e  a p p l i e d  t o  t h e  r e m a i n i n g  columns and  r i g h t - s i d e  
v e c t o r .  W e  t r i a n g u l a r i z e  DA1 u s i n g  e s s e n t i a l l y  t h e  Golub-  
Bt i s inger  a l g o r i t h m  w i t h  e x t e n s i o n s  f o r  r a n k  d e f i c i e n c y ,  1 3 1 ,  
C h a p t e r  1 4 .  G i v e n s  o r t h o g o n a l  t r a n s f o r m a t i o n s  a r e  u sed  t o  com- 
p u t e  t h e  f o r w a r d  t r i a n g u l a r i z a t i o n .  As i n  t h e  Go lub -Bus inge r  

a l g o r i t h m ,  column i n t e r c h a n g e s  a r e  pe r fo rmed  t o  maximize t h e  

s i z e  of  t h e  r e s u l t i n g  d i a g o n a l  term a t  e a c h  m a j o r  s t e p .  When 

DAI i s  r a n k  d e f i c i e n t  , Househo lde r  o r t h o g o n a l  t r a n s f o r m a t i o n s  
a r c  a p p l i e d  f rom t h e  r i g h t  t o  o b t a i n  an  uppe r  t r i a n g u l a r ,  
s q u a r e ,  n o n s i n g u l a r  q a t r i x .  

Thus ,  we compute Ql  and  M1 s a t i s f y i n g  

B e r e  k  i s  t h e  r a n k  of .DA1. The h o r i z o n t a l  d o t t e d  l i n e  i n  t h e  
m i d d l e  t e rm of E q .  ( 1 2 )  c o r r e s p o n d s  t o  t h e  v a l u e  of m E .  Any 
r e l a t i o n  c a n  h o l d  be tween  t h e  i n t e g e r  v a l u e s  of e ,  k ,  m E  and  
m s a t i s f y i n g  O k  d P, and  0 < mE 6 m .  

When k c  m E ,  we a g a i n  u s e  t h e  Go lub -Bus inge r  a l g o r i t h m  i n  
t h e  s u b m a t r i x  c o n s i s t i n g  of rows k + 1, . . . , mE and  columns 

1 + 1, . . . ,  n .  I f  any dependen t  e q u a l i t y  c o n s t r a i n t  e q u a t i o n s  
a r e  f o u n d ,  t h e y  a r e  removed from t h e  problem and  mE i s  r e -  
duced  c o r r e s p o n d i n g  t o  t h e  r a n k  d e f i c i e n c y  of t h i s  s u b m a t r i x .  
A s  a r e s u l t  of t h i s  s t e p ,  t h e  e q u a l i t y  c o n s t r a i n t s  a r e  l i n e a r l y  
i n d e p e n d e n t  when we e n t e r  t h e  n o n n e g a t i v i t y  c o n s t r a i n t  p a r t  of 
t h e  a l g o r i t h m  d i s c u s s e d  i n  S e c t i o n  3 . 2 .  



Dur ing  t h e  e l i m i n a t i o n  p r o c e s s  we want th ' e  w e i g h t i n g  of  

rows 1, ..., m E  and  rows mE + 1, ..., m t o  r ema in  d i s p a r a t e  

a t  e v e r y  s t e p .  We e l i m i n a t e  t h e  s u b d i a g o n a l  terms i n  t h e  non-  

z e r o  column j a s  f o l l o w s :  

C o l .  j 
row 1 3 x 

row mE + X - - - - - - - - - - -  
row mE + 1 + 

row m 3 O J  

F i g u r e  1. E l i m i n a t i o n  Orde r  i n  Col;unn j 

The e l i m i n a t i o n  p r o c e e d s  w i t h  row i b e i n g  "chased1 '  t o  

row i - 1, i = m ,  ..., m, + 2 ,  u s i n g  Givens  t r a n s f o r -  
L I  

m a t i o n s .  Next ,  t h e  e l emen t  i n  t h e  (mE + 1lSt  row., shown 

s c h e m a t i c a l l y  i n  F i g .  1, i s  c h a s e d  i n t o  t h e  row of l a r g e s t  

i n d e x ,  p ,  which i s  n o n z e r o ,  where j s p  < mE.  Then t h e  e l i m -  

i n a t i o n  of t h e  s u b d i a g o n a l  t e r m s  i n  column j i s  comple t ed  by 

c h a s i n g  r o w  i t o  row i - 1, i - p ,  ..., j + 1. T h i s  p i v o t i n g -  

l i k e  s t e p  i s  n e c e s s a r y  t o  a v o i d  m i x i n g  w e i g h t e d  and  non- 
w e i g h t e d  rows .  

I n  t h e  e x c e p t i o n a l  c a s e  where components  j ,  ..., m E  a r e  

z e r o ,  we e x p r e s s  t h e  f a c t  t h a t  we have  s o l v e d  f o r  y i n  terms 
j 

of y j + l ,  . . . , y  and  y a s  a  new and  a d d i t i o n a l  e q u a l i t y  con-  R 
s t r a i n t .  T h i s  i s  a c c o m p l i s h e d  by a n  i n t e r c h a n g e  of rows 

m~ + 1 and j and an  i n c r e a s e  i n  t h e  v a l u e  of mE by 1. 



I n  t h i s  i n i t i a l  p h a s e  of t h e  a l g o r i t h m  t h e  r a n k  of t h e  ma- 

t r i x  DA.l i s  d e t e r m i n e d  by d e c l a r i n g  column j, j 6 m E ,  t o  be 

d e ~ e n d e n t  i f  t h e  e u c l i d e a n  l e n g t h  of components j, ..., m i s  

i n s i g n i f i c a n t  compared t o  t h e  e u c l i d e a n  l e n g t h  of  components 

1, ..., j - 1. For j > mE we u s e  t h e  same c r i t e r i o n  b u t  t h e  

w e i g h t e d  e u c l i d e a n  l e n g t h  IID(.)II. We have used a  r a t h e r  l a r g e  

t o l e r a n c e  of  f o r  t h i s  t e s t  i n  t h e  FORTRAN subprogram 

WNNLS( ) t h a t  s o l v e s  Problem WNNLS of E q .  ( 1 1 ) .  

Once t h e  v e c t o r  > Q h a s  been computed u s i n g  t h e  p r o -  

c e d u r e s  d i s c u s s e d  i n  S e c t i o n  3 . 2 ,  t h e  f i n a l  s o l u t i o n  i s  com- 

p u t e d .  We want t o  s o l v e  t h e  l e a s t  s q u a r e s  problem 

DAly = b  -d - D A 2 6  - 
A 

f o r  y  = y .  - 

Using t h e  o r t h o g o n a l  decompos i t ion  of E q .  ( 1 2 )  we d e f i n e  

g  = Q1(P - D A ~ $ ) ;  Then we. compute - 

The f i n a l  ~ s o l u t i o n ' o f  Eq. ( 1 1 )  , i s  g i v e n  by 

A ^ T  ^ T  
x = I_y - w ] , w i t h  c o r r e s p o n d i n g  r e s i d u a l  v e c t o r  l e n g t h  -., 

T 
. * ' . ,  gm] I I .  

T h i s  c o m p l e t e s  t h e  d i s c u s s i o n  of t h e  e s s e n t i a l  f e a t u r e s  of 

t h e  f i r s t  and l a s t  s u b p r o c e d u r e s  of Algor i thm WNNLS. 



3 . 2 .  D i s t i n c t i o n s  Between A l g o r i t h m  WNNLS and  A l g o r i t h m  NNLS - - 

I n  t h i s  s e c t i o n  we c o n s i d e r  t h e  r e m a i n i n g  subproblem of t h e  

U n t i l  l o o p  i n  A l g o r i t h m  WNNLS where a l l  t h e  v a r i a b l e s  a r e  con-  

s t r a i n e d  t o  be n o n n e g a t i v e .  T h i s  amounts t o  s o l v i n g  Problem 

WNNLS of  Eq. ( 1 1 )  w i t h  2 = 0.  M a t h e m a t i c a l l y ,  t h i s  i s  Problem 

NNLS of [ 3 ] ,  C h a p t e r  2 3 .  Because of  t h e  d i s p a r a t e  w e i g h t i n g  

m a t r i x  D i n  Problem WNNLS, a  number of a d d i t i o n a l  d e t a i l s  a r e  

r e q u i r e d  t o  s u c c e s s f u l ~ y  implement  A l g o r i t h m  WNNLS. A s  i n  Sec-  

t i o n  3 . 1 ,  most  of t h e s e  c o n s i d e r a t i o n s  a r e  b a s e d  on m a i n t a i n i n g  

t h e  d i s p a r a t e  w e i g h t i n g  of t h e  d a t a  m a t r i x  a t  e a c h  s t e p  of t h e  

c o m p u t a t i o n .  

The a l g o r i t h m  b e g i n s  w i t h  a l l  c o n s t r a i n t s  a c t i v e ,  w = &. 
A t  e a c h  i t e r a t i o n  a f e a s i b l e  p o i n t  w ." ?- ... 0 i s  g e n e r a t e d  w i t h  a  
r e d u c t i o n  i n  t h e  l e n g t h  of t h e  r e s i d u a l  v e c t o r  r - = D ( k  - Ay). 

When no  r e d u c t i o n  i s  p o s s i b l e  t h e  f l a g  done i s  s e t  t r u e .  - - 
Dur ing  t h e  c o u r s e  of t h e  a l g o r i t h m  a s  c o n s t r a i n t s  a r e  

dropped  and  a d d e d ,  i t  i s  p o s s i b l e  f o r  some of t h e  rows 

1, ..., m E  t o  become d i s p a r a t e l y  s c a l e d .  Suppose t h e r e  a r e  j 

p o s i t i v e  components  i n  t h e  s o l u t i o n ,  c o r r e s p o n d i n g  t o  t h e  f i r s t  

j columns.  P r i o r  t o  d r o p p i n g  a  new n o n n e g a t i v i t y  c o n s t r a i n t ,  

rows j + 1, ..., m E  a r e  t e s t e d  f o r  d i s p a r a t e  s c a l i n g .  I f  

s u c h  a  row i s  f o u n d ,  i t  i s  r e c l a s s i f i e d  a s  a  l e a s t  s q u a r e s  

e q u a t i o n  and  t h e  v a l u e  of mE i s  r e d u c e d .  

Each v a r i a b l e  which i s  t o  e n t e r  t h e  s o l u t i o n  s e t  must  be  

p o s i t i v e .  A s  each  such  v a r i a b l e  e n t e r s ,  t h e  o r t h o g o n a l  de-  

c o m p o s i t i o n  i s  u p d a t e d .  T h i s  amounts  t o  t r i a n g u l a r i z i n g  a ma- 

t r i x  which i s  a l r e a d y  upper  t r i a n g u l a r  e x c e p t  f o r  t h e  l a s t  c o l -  

umn, which may be  e n t i r e l y  n o n z e r o .  The u p d a t e d  t r i a n g u l a r  

form i s  o b t a i n e d  u s i n g  e x a c t l y  t h e  same c h a s i n g  p r o c e d u r e  de-  

s c r i b e d  f o r  t h e  u n c o n s t r a i n e d  problem i n  S e c t o n  3 . 1 ,  F i g .  1. 



R e c a l l  t h a t  t h i . 5  may i n v o l v e  s o l v i n g  f o r  some v a r i a b l e s  ( u s i n g  
l e a s t  s q u a r e s  e q u a t i o n s )  i n  t e r m s  of t h e  r e m a i n i n g  v a r i a b l e s  

a n d  a n  i n c r e a s e  i n  t h e  v a l u e  of mE. 

T h e  i n d e p e n d e n c e  of t h e  a d d i t i o n a l  column v e c t o r ,  c o r r e -  

s p o n d i n g  t o  t h e  c o n s t r a i n t  j u s t  d ropped ,  i s  d e c i d e d  by s o l v i n g  

f o r  w a n d  removing  t h i s  c o n s t r a i n t  onl 'y when 
j 

0 < w < Ilk I1/q4 a n d  a  + 0 
j j  j 

The i d e a  h e r e  i s  t o  u s e  s o l u t i o n  components  t h a t  a r e  p o s i  t i v c  

b u t  " n o t  t o o  l a r g e . "  T h i s  t e s t  was used  b e c a u s e  i t  a c c o u n t s  

f o r  t h e  c o n s i s t e n c y  of t h e  r i g h t - s i d e  v e c t o r  w i t h  r e s p e c t  t o  

t h e  d i s p a r a t e  row s c a l i n g  o f  t h e  m a t r i x  D of Eq. ( 1 1 ) .  A t e s t  

f o r  i n d e p e n d e n c e  of t h i s  new v e c t o r  b a s e d  o n l y  on t h e  c o n d i t i o n  

number of t h e  j columns of t h e  t r i a n g u l a r i z e d  m a t r i x  was f o u n d  

t c  b e  i n a p p r o p r i a t e  f o r  o u r  a l g o r i t h m .  T h i s  i s  b e c a u s e  of t h e  

d i s p a r a t e  row s c a l i n g .  N e v e r t h e l e s s ,  t h e  l i n e a r  sys t em h a s  a  

w e l l - d e t e r m i n e d  s o l u t i o n  b e c a u s e  t h e  s c a l i n g  i s  c o n s i s t e n t l y  

a p p l i e d  t o  t h e  r i g h t - s i d e  v e c t o r .  

A t  e a c h  m a j o r  s t e p  of t h e  a l g o r i t h m  we t e s t  t o  d e t e r m i n e  i f  

a n y  s o l u t i o n  c o a p o n e n t s  a r e  n o n p o s i t i v e .  Thus,  w e  s e e  i f  a  

c o n s t r a i n t  h a s  been  h i t  o r  v i o l a t e d .  I f  t h i s  o c c u r s ,  a n  i n t e r -  

p o l a t i o n  t o  a  f e a s i b l e  p o i n t  i s  made. I f  t h i s  i n t e r p o l a t i o n  

s t e p  i s  n e c e s s a r y ,  a t  l e a s t  one column must  be  removed from t h e  

. t r i a n g u l a r  i z a t i o n .  The o r t h o g o n a l  d e c o m p o s i t i o n  of t h e  non- 

a c t i v e  c o n s t r a i n t s  mus t  b e  r e t r i a n g u l a r i z e d .  I n  t h e  implemen- 

t a t i o n  of A l g o r i t h m  NNLS of [ 3 1  t h i s  r e d e c o m p o s i t i o n  was 

a c c o m p l i s h e d  s i m p l y  by c h a s i n g  t h e  s u b d i a g o n a l  e l e m e n t s  t o  t h e  

d i a g o n a l  of t h e  H e s s e n b e r g  m a t r i x  r e s u l t i n g  from removing t h e  

column.  The u s e  of  G ivens  ' t r a n s f o r m a t i o n s  i s  p a r t i c u l a r l y  

e f f i c i e n t  b e c a u s e  of t he  s p e c i a l  s t r u c t u r e  of t h e  upper  

H e s s e n b e r g  m a t r i x .  I n  t h e  i m p l e m e n t a t i o n  of  A l g o r i t h m  WNNLS 



t h i s  r e t r i a n g u l a r i z a t i o n  i s  n e c e s s a r i l y  more c o m p l i c a t e d  t h a n  

i n  A lgor i thm NNLS. Again,  t h i s  i s  due t o  t h e  d i s p a r a t e  row 

s c a l i n g  shown i n  E q .  (11) .  T h e . r e t r i a n g u 1 a r i z a t i o n  of t h e  

H e s s e n b e r g  m a t r i x  p r o c e e d s  a s  i n  A lgor i thm NNLS e x c e p t  t h a t  we 

p i v o t  t o  a v o i d  m i x i n g  of d i s p a r a t e l y  w e i g h t e d  and  nonwe igh ted  

rows .  

M a t h e m a t i c a l l y ,  when a  c o n s t r a i n t  i s  h i t  o r  v i o l a t e d ,  t h e  

i n t e r p o l a t i o n  p e r f o r m e d  w i l l  a l w a y s  c a u s e  a  move t o  a  non-  

n e g a t i v e  p o i n t .  N u m e r i c a l l y ,  i t  i s  p o s s i b l e  f o r  one o r  more 

s o l u t i o n  components  t o  r ema in  n o n p o s i t i v e .  Thus ,  a f t e r  a  con-  

s t r a i n t  h a s  been added ,  o t h e r  c o n s t r a i n t s  must  he added u n t i l  

a l l  components  a r e  p o s i t i v e .  Each s u c h  s t e p  r e s u l t s  i n  r e -  

t r i a n g u l a r i  z a t i o n  of a  H e s s e n h e r g  m a t r i x  a s  d e s c r i b e d  above .  

3 . 3 .  M i s c e l l a n e o u s  A l g o r i t h m i c  D e t a i l s  i n  WNNLS 

The p r e m u l t i p l y i n g  Givens  t r a n s f o r m a t i o n s  u sed  a r e  t h e  

m o d i f i e d  Givens  t r a n s f o r m a t i o n s  d i s c u s s e d  i n  ! 8 ] ,  D l ,  and  

[ 7 ] .  T h i s  i s  a  n a t u r a l  c h o i c e  h e r e  b e c a u s e  of t h e  prcmul-  

t i p l y i n g  s c a l i n g  m a t r i x  AD, where  D a p p e a r s  i n  Eq. ( 1 1 ) .  The 

m o d i f i e d  Givens  a l g o r i t h m  u p d a t e s  t h e  s q u a r e  of t h i s  m a t r i x  a t  

each eS . imina t ion  s t e p  of t h e  WNNLS ( ) subprogram.  

I n  o u r  FORTRAN i m p l e m e n t a t i o n  of A l g o r i t h m  WNNLS w e  m u l t i -  
- 1 p l i e d  b o t h  s i d e s  of E q .  ( 1 1 )  by t h e  l a r g e  p a r a m e t e r  A = E . 

T h i s  m a t h e m a t i c a l l y  e q u i v a l e n t  w e i g h t i n g  scheme was chosen  

b e c a u s e  we a n t i c i p a t e  t h a t  t h e  m a j o r i t y  of u s e s  w i l l  have mE 
s m a l l  compared t o  mA. T h i s  r e d u c e s  t h e  amount of e x t r a  work 

t h a t  must  be  done f o r  r e s c a l i n g  d u r i n g  t h e  m o d i f i e d  Givens  

t r a n s f o r m a t i o n s .  

~ l d g n  [ l o ]  h a s  remarked t h a t  S t o e r l s  c o n s t r a i n e d  l e a s t  

s q u a r e s  a l g o r i t h m  [ I ]  i n c l u d e s  A l g o r i t h m  NNLS a s  a  s p e c i a l  



c a s e .  I n  a  s t r i c t  m a t h e m a t i c a l  s e n s e  t h i s  i s  t r u e ,  a t  l e a s t  

f o r  p rob lems  of f u l l  column r a n k .  ( A l g o r i t h m s  NNLS and WNNLS 

do n o t  r e q u i r e  t h i s  f u l l  r a n k  a s s u m p t i o n ) .  A s  ~ l d e ( n  i m p l i e s ,  
t h e r e  a r e  a number of a d d i t i o n a l  d e t a i l s . i n  t h e  FORTRAN sub-  

program NNLS( ) t h a t  a r e  i n c l u d e d  t o  cope  w i t h  f i n i t e  p r e c i s i o n  

a r i t h m e t i c .  Wi thout  s u c h  p r a c t i c a l  c o n s i d e r a t i o n s  t h e  code 

would be  u n r e l i a b l e .  The FORTRAN subprogram WNNLS ( ) imple -  

m e n t i n g  A l g o r i t h m  WNNLS a l s o  i n c l u d e s  such  needed  p r ' a c t i c a l  

d e t a i l s .  

The subprogram WNNLS ( ) i s  coded u s i n g  FLECS 191, a s t r u c -  

t u r e d  FORTRAN p r e p r o c e s s o r .  I n  p a r t i c u l a r ,  t h e  o u t e r  1  eve1 o f  

c o d i n g  d e t a i l  u s i n g  FLECS c a n  be s t a t e d  e x a c t l y  a s  t h e  s t r u c -  

t u r e d  o u t l i n e  o f  Algor i thm WNNLS g i v e n  a t  t h e  f i r s t  of t h i s  

s e c t i o n .  

I n  a d d i t i o n  t o  t h e  u s e  of FLECS, t h e  u s e  of t h e  BLAS [ 8  ] 

f u r t h e r  a s s i s t s  i n  m o d u l a r i z i n g  t h e  code .  

4 .  ILLUSTRATIVE EXAMPLES 

In t h i s  s e c t i o n  we g i v e  examples  t h a t  a r e  i n t e n d e d  t o  show 

t h a t  t h e  new a l g o r i t h m  p r e s e n t e d  f o r  s o l v i n g  c o n s t r a i n e d . l e a s t  

s q u a r e s  problems h a s  wide r  a p p l i c a t i o n s  t h a n  e x i s t i n g  

a l g o r i t h m s .  These  sample  problems can  a l s o  he used  t o  a i d  

t h o s e  d o i n g  F u t u r e  a l g o r i t h m i c  development  on c o n s t r a i n e d  l e a s t  

s q u a r e s  p rob lems .  

4 . 1 .  A Rank D e f i c i e n t  C o n s t r a i n e d  Curve F i t t i n g  Example 

Here  we p r e s e n t  an example of f i t t i . n g  d a t a  p o i n t s  ( x i , y i ) ,  

i = 1, ..., 7 ,  by a  p i e c e w i s e  c u b i c  f u n c t i o n  p a r a m e t e r i z e d  u s i n g  



h e r m i t e  c u b i c s ,  ( 1 3 1 .  Due t o  a d d i t i o n a l  p r o b l e m - r e l a t e d  i n f o r -  

m a t i o n ,  t h e  c u r v e  i s  t o  be convex  downward, nonincreasing and 

n o n n e g a t i v e .  Thi .s  l e a d s  t o  a  c o n s t r a i n e d  l e a s t  s q u a r e s  problem 

t h a t  i s  u n d e r d e t e r m i n e d  and  r a n k  d e f i c i e n t .  

We used  p i e c e w i s e  c u b i c s  b e c a u s e  t h e  c o n v e x i t y  c a n  b e  

a c h i e v e d  by a  l i n e a r  c o n s t r a i n t .  We used  t h e  h e r m i t e  c u b i c  

b a s i s  f u n c t i o n s  r a t h e r  t h a n  de  B o o r ' s  B - s p l i n e s ,  [ 1 4 ] ,  b e c a u s e  

of t h e i r  s i m p l i c i t y .  The p a r t i c u l a r  c h o i c e  of b r e a k p o i n t s  

shown i n  T a b l e  1 makes no c l a i m  t o  b e i n g  o p t i m a l  i n  a n y  s e n s e .  

The r a n k  d e f i c i e n c y  comes from t h e  f a c t  t h a t  i n t e r v a l s  3 ,  4 and 
5 h a v e ,  i n  t o t a l ,  o n l y  one  d a t a  p o i n t .  Fewer i n t e r v a l s  would 

a v o i d  t h i s  p a r t i c u l a r  d i f f i c u l t y .  

Da ta  
I n d e p e n d e n t  V a r i a b l e  

V a l u e s ,  X i  

Data  
Dependent  V a r i a b l e  
V a l u e s ,  y i  

T a b l e  1. D i s c r e t e  Da ta  and P i e c e w i s e  Cub ic  Nodes 

Nodes of 
t h e  H e r m i t e  

C u b i c s  

I n  o r d e r  t o  c o n s t r a i n  t h e  p i e c e w i s e  c o n t i n u o u s  s e c o n d  

d e r i v a t i v e  t o  be n o n n e g a t i v e  g l o b a l l y  i t  i s  n e c e s s a r y  and  s u f -  

f i c i e n t  t o  c o n s t r a i n  i t  t o  b e  n o n n e g a t i v e  a t  t h e  l e f t  and  r i g h t  

l imi t s  a t  nodes  2 ,  3 ,  4 ,  5 and  a t  t h e  r i g h t  f o r  node 1 and  a t  



t h e  l e f t  f o r  node 6 .  A n o n p o s i t i v e  c o n s t r a i n t  f o r  t h e  f i r s t  

d e r i v a t i v e  and  a  n o n n e g a t i v e  c o n s t r a i n t  f o r  t h e  f u n c t i o n  a t  

node  6  g u a r z n t e e  t h a t  t h e  f i t t e d  c u r v e  h a s  t h e  d e s i r e d  s h a p e .  

T h i s  l e a d s  t o  a  l i n e a r  c o n s t r a i n e d  l e a s t  s q u a r e s  problem 

of t h e  fo rm 

where I .  i s  t h e  p i e c e w i s e  po lynomia l  f u n c t i o n  v a l u e  and f f  
1. 

i s  i t s  d e r i v a t i v e  v a l u e  a t  node i .  

We u s e d  an o r t h o g o n a l  d e c o m p o s i t i o n  of  t h e  m a t r i x  A b a s e d  

on ' t h e  subprogram HFTI( ), [ 3  I ,  t o  r e d u c e  t h e  probl.err. t o .  one  of 

t y p e  LPDP o f  Eq. ( 9 ) .  A t o l e r a n c e  of 11 A 11 was u s e d  i n  

t h e  r a n k  t e s t ,  a n d  t h e  p s e u d o r a n k  of A was computed a s  G by 

H F T I (  ) u s i n g  t h a t  v a l u e .  

T a b l e  2 .  Va lues  of t h e  C o n s t r a i l l e d  Curve and  i t s  D c r i v a t i v e  
t h e  Nodes 

i 

1 
2 
3  
4 
5  
6  

C o n s t r a i n e d  S o l u t i o n  
V e c t o r  t 

f i  f i 

a 0.01514 -0 .1626  
0.0875 -0 .0248  
0 .0389  -0 .0247  
0 .0140  n.n 
0.0140 0 .0  
0 .0140  0 . 0  

R e s i d u a l  V e c t o r  
Leng th  /0 
= R.M.S. e r r o r  

4.76 x  10 -3  



For p u r p o s e s  of compar ison  we p l o t t e d  t h e  p i e c e w i s e  h e r -  

m i t e  c u b i c s  o b t a i n e d  w i t h o u t  c o n s t r a i n t s .  T h i s  c o r r e s p o n d s  t o  

t h e  s o l u t i o n  of minimal  l e n g t h  t o  Ax - S h .  - The R.M.S. e r r o r  

w i t h  t h e  u n c o n s t r a i n e d  c u r v e  i s  2 . 4 9  x a b o u t  ha1.f t h e  

K.M.S. e r r o r  a s  i n  t h e  c o n s t r a i n e d  c a s e .  The g r a p h  of  t h i s  

c u r v e  i s  shown i n  F i 'gure  2 .  Using  t h e  c o e f f i c i e n t s  r e s u 1 t i n . g  

f rom t h e  c o n s t r a i n e d  l e a s t  s q u a r e s  problem f o u n d  i n  T a b l e  2 ,  we 
have t h e  g raph  of  F i g u r e  3 .  



Figure 2. Hermite Piecewise Cubic Fit of 
lli sc re t e  Data Using Minimal Length 
Unconstrained Solution 



Figure 3. Hermite Piecewise Cubic Fit of 
Discrete Data with Constraints on the 
Curve 



I n  F igu re s  2 and 3  t h e  i n t e r i o r  v e r t i c a l  l i n e s  mark t h e  

nodes  shown i n  Table  1. The 7 d a t a  p o i n t s  a r e  marked wi th  an 

"x." N c t i c e  t h a t  t h e  dependent v a r i a b l e  s c a l e s  a r e  d i f f e r e n t  

from F igu re  2 t o  F i g u r e  3. 

Without any a d d i t i o n a l  in format ion  t h e r e  i s  no reason  t o  

p r e f e r  t h e  cu rve  of F igu re  3  t o  t h e  cu rve  of F igure  2 .  But 

w i t h  t h e  requirement  t h a t  t h e  curve "have t h e  same shape a s  t he  

d a t a v v  ( o r ,  more p r e c i s e l y  , be convex downward, decreasing arid 

n o n n e g a t i v e ) ,  t h e  c o n s t r a i n e d  l e a s t  squares  fo rmu la t i on  i s  nec- 

e s s a r y  and t h e  c o n s t r a i n e d  s o l u t i o n  s a t i s f i e s  t h e s e  r e q u i r e -  

ments .  

4 . 2  Examples Formulated Using S lack  V a r i a b l e s  

In [ 3  1 ,  p .  3 ,  t h e r e  i~ 3 rough breakdown nf a n  m by n, 
l e a s t  squa re s  problem Ax z b of rank k  i n t o  s i x  c a s e s .  - .-d 

Table  3. Various R e l a t i o n s  P o s s i b l e  Between m ,  n ,  and 
k  = rank ( . A ) .  

I n  (3 .22)  - (3 .27)  of 1 3 1  t h e r e  a r e  s i x  m a t r i c e s  i l l u s t r a t i n g  

l . a ,  2 .a .  3 . a ,  l . b ,  2 .b ,  and 3 .b ,  r e s p e c t i v e l y .  The l a s t  t h r e e  

c a s e s  a r e  c l a s s i f i e d  a s  rank d e f i c i e n t  by A lgo r i t hn  HFTI, [ 31, 

u s i n g  a  t o l e r a n c e  T = 10-~11~ll .  These p rov ide  us wi th  a  s e t  

of t e s t  problems f o r  each of t h e  s i x  c a t e g o r i e s  of Table 3 .  
The r i g h t - s i d e  vec to r  b  .- used i n  a l l  c a se s  was t he  m-vector 

Case b 

k  = rank (A )<m = n  
k < n < m  
k < m < n  

1 

1. 
2 .  
3. 

Case a 

m = n  = rank (A) 
k = n < m  
k = m < n  



T  [ I ,  ..., l ]  . Each of  t h e  s y s t e m s  was s c a l e d  by t h e  c o n s t a n t  
4  1 G  s o  t h a t  a l l  of t h e  d a t a  i n  t h e  m a t r i c e s  c o u l d  be  i n p u t  a s  

i n t e g e r s .  

To g e n e r a t e  i n e q u a l i t y  c o n s t r a i n t s  t h e  u n c o n s t r a i n e d  s o l u -  

t i o n  of min imal  l e n g t h ,  5 ,  d e t e r m i n e d  u s i n g  A l g o r i t h m  HFTI, 
4 [ 3  1 , was u s e d ,  t o g e t h e r  w i t h  t h e  6 by 6 m a t r i x  1 0  Q u s i n g  Q 

of ( 3 . 2 6 ) ,  131 .  The s i x - v e c t o r  h' - = ( f i r s t  n  c o l ~ ~ r n n s  of 
4 1 0  Q)? r Gx was computed.  Then we d e f i n e d  t h e  r i g h t - s i d e  

v e c t o r  h  - of t h e  c o n s t r a i n t s  by 

Thus t h e  c o n s t r a i n e d  l e a s t  s q u a r e s  p rob lem f o r m u l a t e d  
u s i n g  s i x  s l a c k  v a r i a b l e s  a s  i n  Eqs.  ( 3 ) - ( 4 j  will have  a  S G ~ U -  

T  t i o n  ( 5  , wT)T  = ( z T ,  0 ,  1, 0 ,  1 0 ,  0 ,  1 0 0 ) ~ .  In t h e  

sample  c a s e s  3 . a ,  I . b ,  2 , b ,  and 3 . b  we c a n n o t  e x p e c t  o u r  

a l g o r i t h m  t o  o b t a i n  t h a t  s o l u t i o n ,  however .  T h i s  i s  due t o  t h e  

f a c t  t h a t  t h e  s o l u t i o n  ( w i t h  w .., 2 O _ )  i s  n o t  u n i q u e l y  d e t e r m i n e d  

i n  t h o s e  c a s e s  which a r e  r a n k  d e f i c i e n t .  However, t h e  r e s i d u a l  

' v e c t . o r  l e n g t h  w i l l  b e  min imized  a t  t h e  s o l . u t i o n  o b t a i n e d .  

T a b l e s  4 -9  show t h e  r e s u l t s  o b t a i n e d  u s i n g  A l g o r i t h m  

WNNLS d e s c r i b e d  i n  S e c t i o n  3 .  These  t a b l e s  show t h a t  w 2 Q and 

t h a t  t h e  r e s i d u a l  v e c t o r  l e n g t h  i s  a c c e p t a b l y  min imized .  



I ( ~ e s i d u a 1  V e c t o r  Lengt.h HFTI) - ( R e s i d u a l  . 
V e c t o r  Leng th  WNNLS) ( = 2. x 10-1.1 

T a b l e  4 .  Samplo Caso 1.3 m - n - k = 3 

( ( R e s i d u a l  V e c t o r  Leng th  HFTI) - ( R e s i d u a l  
V e c t o r  Leng th  WNNLS) 1 = 3 .  x 1 0 - 5  

T a b l e  5 .  Sample Case  1 . b  m = n = 5 , k = 3  

I ( R e s i d u a l  Vec to r  Leng th  IIFTI) - ( R e s i d u a l  
V e c t o r  Leng th  W N N L S ) ~  = 0 .  

T a b l e  6 .  Sample Case  2 . a  m = 3 ,  n = 2,  k = 2 



I ( R e s i d u a l  V e c t o r  Leng th  HFTI) - ( ~ e s i d u a l  
Vec to r  Leng th  WNNLS) I = 3 .  x 1 0 - 5  

T a b l e  7 .  Sample Case  2 . b  m = 6 ,  n  = 5 ,  k = 3 

I ( ~ e s i . d u a 1  V e c t o r  Leng th  HFTI) - ( R e s i d u a l  
Vec to r  Length  WNNLS) I = 2 .  x 10-10  

T a b l e  8 .  Sample Case 3 . a  m = 2 ,  n  = 3 ,  k = 2 

1 ( R e s i d u a l  Vec to r  Length  HFTI) - ( R e s i d u a l  
Vec to r  Length  WNNLS)I = 2 .  x 10-6  

T a b l e  I) .  Sam'ple Case 3 . b  m = 4 ,  n  = 5 ,  1c = 3 



BIBLIOGRAPHY 

Joseph  S t o e r ,  "On t h e  Numer ica l  S o l u t i o n  of Con- 
s t r a i n e d  L e a s t  S q u a r e s  Problems,"  SIAM J. Numer. 
A n a l . ,  8 ,  No. 2 ,  ( 1 9 7 1 ) ,  382-411.  - 
G .  H .  Golub  and  Michae l  A. S a u n d e r s ,  " L i n e a r  
L e a s t  S q u a r e s  and Q u a d r a t i c  Programming," I n t e g e r  
and  N o n l i n e a r  Programming, 11, J. Abadie  ( e d . ~ ,  
E t h - ~ o l l a n d  Pub1 . Lo. [ 1 9 7 0 ) ,  229-256. 

C .  L .  Lawson and  R .  J.. Hanson, S o l v i n g  L e a s t  
S q u a r e s  P rob lems ,  P r e n t i c e - H a l l  (19-4). 

Alan  C l i n e ,  "The T r a n s f o r m a t i o n  of a  Q u a d r a t i c  
Programming Problem i n t o  S o l v a b l e  Form, l1 ICASE 
R e p o r t  No. 75-14,  August .  1975.  

P. Wolfe, " F i n d i n g  t h e  N e a r e s t  P o i n t  i n  a Poly-  
r s p e , l l  Math.  Brog. 11, Nu. 2 (19761,  1280149.  - 
C .  L. Lawson, "On t h e  D i s c o v e r y  and  D e s c r i p t i . o n  
o f  M a t h e m a t i c a l  Programming A l g o r i t h m s  ,11 L e c t u r e  
No tes  i n  Mathemat i c s ,  Vol.  506, A. Dold ,  IT. hck-  
mann [ e d s . ) ,  S p r l n g e r V e r l a g  (19761,  157-165 .  

M. Gent leman,  " L e a s t  S q u a r e s  Computa t ions  by 
G i v e n s  T r a n s f o r m a t i o n s  w i t h o u t  S q u a r e  Roo t s  ," J.  
I n s t .  Ma ths .  A p p l i c s . ,  1 2 ,  ( 1 9 7 3 ) ,  329-336,  - 
C .  L .  Lawson, R .  J.. Hanson, D.  R .  K i n c a i d ,  F. T. 
Krogh,  " B a s i c  L i n e a r  A lgebra  Subpro  ra:ns f o r  FOR- 
TRAN Usage ,"  T r a n s .  Math. S o f t w a r e  f t o  a p p e a r ) .  

T .  Beyer , llFLECS- -FORTRAN Language w i t h  Extended  
C o n t r o l  S t r u c t - u r e s .  Use r  l s Manual ,11  U n i v e r s i t y  
of Oregon Computing C e n t e r ,  Eugene, O R ,  September  
1974 .  

L a r s  ~ l d e n ,  l lNumer ica l  A n a l y s i s  of R e g u l a r i z a t i o n  
and  C o n s t r a i n e d  L e a s t  S q u a r e s  Methods,"  P a r t  V,  
L inkop ing  S t u d i e s  i n  S c i e n c e  and  Technology,  Dis- 
s e r t a t i o n s .  No. 2 1 ,  LiTH-MAT-R-1977-20, 1977.  

C .  L .  Lawson, "The C o v a r i a n c e  M a t r i x  f o r  t h e  So- 
l u t i o n  V e c t o r  of a n  E q u a l i  t y - C o n s t r a i n e d  Leas t -  
S q u a r e s  Problem ," .Jet P r o p u l s i o n  L a b o r a t o r y ,  
Tech. Memo. 33-807,  December 1976.  

R .  J. Hanson, " S e l e c t e d  A l g o r i t h m s  f o r  L e a s t  
S q u a r e s  Computa t ions  - A U s e r ' s  Guide ,"  SAND77- 
1090,  F e b r u a r y  1978.  



G .  S t r a n g  and G .  F i x ,  An A n a l y s i s  of t h e  F i n i t e  
Element Method.  renti ice-~an'l~), p .  56.  

114 1 C a r l  de. Boor, "Package f o r  C a l c u l a t i n g  w i t h  B- 
S p l i n e s , "  SIAM J. Numer. Anal . ,  - 1 4 ,  No. 3 ,  
(1977) ,' 441-472. 

[ I5  1 Haskell, K .  H . ,  Hanson, R .  J., "Selected Algorithms f o r  
the Linearly Constrained Least Squares Problem - A User's 
Guide, ". SAND@-1290. 



J.  A .  Wisniews~i  
528 Schroeder Ave., Apt. 1 
Peotone, IL 60468 

Dept. of Compu.ter Science 
Heport Section 
Royal I n s t i t u t z  of Technology 
5-100 44 
Stockho.h 70, SWEDEN 

J . D . Plimpt on 
R .  B. Eas te r l ing  
I. J.  H a l l  
R .  L.  Iman 
R .  R .  P r a i r i e  
L.  E .  Hollingsworth 
R .  E .  Detry 
P .  A. Aronson 
L. A. Bertram 
D .  Ghiglia 
B. Marder 
K .  Haskell (25) 
R .  E .  Jones 
M.  2. Scott  
W . Vandevender 
H. A. Watts 
A. R .  I a c o l e t t i  
J. L. Tischhauser 
F. Biggs 
P.  J .  McDaniel 
R .  K.  Cole 
3. L. Daniel. 
A. W .  Frayier  
L. C .  Ba r t e l  
D.  Hicks 
D. B. Shuster 
Attn: 5610 A. A. Lieber 

C -n )CLO M .  M. Newsam 
5630 R .  C .  Maydew 

G .  J .  Simmon~ 
H .  T .  Davis 
C .  A. Morgan 
C .  P. Steak 
R .  J .  Thompson 
D. E .  Amos 
R .  J. Hacson (25) 
K .  L.  Hiebert 
B. L. Hulme 
L. F. Shampine 

8322 R. J. Kee 
8325 R.  E .  Chang 
8325 R .  E.  Huddleston 
8325 T. H. Je f fe r son  
8325 T .  A. Manteuffel 
8325 D. Crawford 
8327 J. F. Lathrop 
8326 A. A. Aas 
3141 T .  L. Werner ( 5 )  
3151 W .  L. Garner (3) 

For DOE/TIC ( ~ n l i m .  Release) 
3172-3 R .  Campbell (25) 

For DOE/TIC 






