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Abstract

We define the base polytope B(P, g) of a partially ordered set P and a supermodular func-
tion g on the ideals of P as the convex hull of the incidence vectors of all linear extensions of P.
This new class of polytopes contains, among others, the base polytopes of supermodular sys-
tems and permutahedra as special cases. After introducing the notion of compatibility for g,
we give a complete linear description of B(P, g) for series—parallel posets and compatible func-
tions g. In addition, we describe a greedy-type procedure which exhibits Sidney’s job sequenc-
ing algorithm to minimize the total weighted completion time as a natural extension of the
matroidal greedy algorithm from sets to posets. © 1998 The Mathematical Programing So-
ciety, Inc. Published by Elsevier Science B.V.

Keywords: Polyhedral combinatorics; Series—parallel posets; Base polytopes; Supermodular
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1. Introduction

More than twenty years ago, Sidney [1] published his article on the minimization
of the weighted sum of completion times for one-machine scheduling problems with
precedence constraints. The algorithm he proposed generalizes Smith’s greedy-type
rule for independent jobs [2]. Sidney proved that there always is an optimal schedule
starting with an ideal of maximum weight density. Hence, the problem can be solved
recursively for this ideal and its complement.

While in general the only ideal with maximum weight density may be the whole
set, and so nothing is gained, Sidney showed that in the case of series—parallel pre-
cedence constraints, we can always find a proper sub-ideal to start with. Sidney’s al-
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gorithm is a greedy algorithm extended from sets to special partially ordered sets.
However, the precise relation of this algorithm to structures induced by sub- or su-
permodular functions, which many people would consider the natural setting for
greedy algorithms, remained unclear. The purpose of this paper is to shed some light
on this relation.

We follow a common approach and study polyhedra induced by supermodular
functions (the interested reader is referred to Fujishige’s book [3] and the references
cited therein). It is well known that the linear minimization problem over the base
polytope B(g) = {x € R*: x(8) =3, .¢x. = g(S) for all § C E,x(E) = g(E)} of a su-
permodular function g can be solved by the greedy algorithm. Every permutation
L=e;...e, of E induces by x, =g({ey,...,e}) —g({er,...,e;1}) a vertex of
B(g), and every vertex of the base polytope can be obtained in this way. While su-
permodular functions g acting on families of subsets of a finite set seem to be well
understood, at least as far as minimization of linear functions on B(g) is concerned,
much less is known if, in addition, the solutions have to respect a partial order rela-
tion. Let P be a partially ordered set and g a supermodular function on the ideals of
P. To every linear extension of P, i.e., every permutation of P which respects the par-
tial ordering, we associate an incidence vector in the very same way as for B(g). The
base polytope B(P, g) of P is the convex hull of the incidence vectors of all linear ex-
tensions of P. In Section 2 of this paper we introduce the notion of compatibility for
a supermodular function g on the ideals of P. In Section 3, we discuss some geomet-
ric properties of base polytopes of arbitrary posets, whereas in Section 4 we derive a
complete linear description of B(P,g) for series—parallel posets and supermodular
and compatible functions g. Section 5 describes a greedy algorithm to minimize lin-
ear functions over B(P, g). Instead of repeatedly picking elements with large weights,
as is done in the matroid case, it follows Sidney’s recipe [1] and chooses ideals with
large average weight. Section 6 gives some examples and extensions.

2. Notations and definitions

Let P = (E, <) be a partially ordered set (poset) on a finite set £ with # elements.
A linear extension L = e1e; . ..e, of P is a total ordering of the elements of £ which
respects the partial ordering of P, i.e., ¢; < ¢; in P implies i < j. By #(P) we denote
the set of all linear extensions of P.

Given two disjoint posets (P, <) and (P, <;) we define two compositions on
P=P UP:

FParallel composition: P = P|||P»,
x< yand x,y€ P,

x<yif
7 x<yyand x,y€PpP.
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Series composition: P = Py ® P,

x<yy and x,y € P,
x<y if ¢ x<,y and x,y € P,
xeh, yeh.

A poset is series—parallel if it can be constructed inductively from singletons by
applying parallel and series compositions. Equivalently, a poset is series—parallel if
no four elements induce an N [4]. Four elements a,b,c,d induce an N, if
a < b,b>c, and ¢ < d are the only comparabilities among them.

A subset ] C P is an ideal if x €[ and y <x implies y € I. In particular,
I(x) ={y:y<x} is the principal ideal induced by x. For X CE, let
I(X) =U(I(x):x € X). By #(P) we denote the set of all ideals of P. #(P) is a lattice,
i.e., for ideals / and J in #(P), also I NJ and I UJ are in J(P).

A convex set C C P is a subset which contains with x, y € C all elements z € C sat-
isfying x < z < y.

Given a lattice &, a function g: ¥ — RU {00} is supermodular if

gXUY)+gXnY)=gX)+g(Y) (1)

holds for all elements X, ¥ € . The function g is called strictly supermodular if, in
addition, inequality (1) holds strictly for all pairs X, Y € % such that neither X C 7,
nor ¥ C X. We will assume throughout that supermodular functions are normalized,
ie. g(®) =0.

Let A, B C E be two disjoint subsets of £ (where E is the ground-set of P). We
call the tuple (4,B) a series-reducible convex set if AU B is convex and if a < b
holds for all @ € 4 and b € B. Note that if we fix one set, say 4, then the collec-
tion of all sets B which together with 4 form a series-reducible convex set is a lat-
tice.

Series-reducible convexity can be viewed as a kind of covering relation on certain
subsets of P. A subset B of a series-reducible convex set (4, B) covers 4 in a linear
extension L of P, if AUR is a chain in L, i.e., L = L, L4LzL;. If we consider 4 and
B as sets and do not care about individual elements, the partial ordering fixes the lin-
ear extension to proceed with 4 first, then B. The impossibility of rearranging L Lz
w.r.t. 4 and B is independent of the sets 7 and J. If this local independence is reflected
by a function g:#(P)— R, we call g compatible (with P). More precisely,
g: #(P) — R is compatible (with P) if for all series-reducible convex sets (4,B)
and any / € #(P),I CE\ (AUB) such that /U4 € #(P) and IUAUB € F(P),
the term

[4|[gI UAUB) — g(I UA)| - |Bl[g(T U4) — g(])] 2)

is a constant g, 5 independent of /. Here, we have multiplied by |4| and |B]| to get rid
of possible different cardinalities of 4 and B. Any compatible function g then induces
a function f on the series-reducible convex sets via f(4, B) = g4 - Modular functions
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g are always compatible. Supermodular functions are always compatible with weak
orders (seec Section 6, where the definition of weakness and some applications in
scheduling are given).

Lemma 1. Let P be a poset and g: #(P) — R a function on the ideals of P. If g is
compatible and supermodular, then the function [ induced by g on the series-reducible
convex sets of P is supermodular in both components.

Proof. (i) Let (4,B;) and (4,B;) be two series-reducible convex sets. Choose
[ =I(AUB;UB,)\ (4UB) UB,). Then
f(4,B:) + f(4,B,) = |A|[g(IUAUB1) + gl UAUBy) — 2g(1 U A)]
— (1Bi] + [B2])[g(T U A4) — g(D)] < |A[[g(I UAU (B, U By))
+g(IUAU (BN By)) — 28I UA)| = (|Bi| + |Ba])[g(T U 4) — g(D)]
= f(4,B1 UB,) + f(4,B, N B,).

(ii) Let (4,,B) and (4,,B) be two series-reducible convex sets. Choose
I1=1A4 U4, UB)\ (41 U4, UB) and let Iy =TU (4, \4)),L =1U(4;\ 4,) and
J =1L UL. Observe that I; UA; =TU (4, UA4,) =J U (4, N4,) =L UA,. Hence

f(4y,B) + f (42, B) = |4i|[g(1y U4, UB) — g(ly UAy)]

+ [ 42|[g(b U4, UB) — g(L U )] — [Bl[g(li U4y) + g(l U Ar)
—g(l)) —gh)] = |41 U4,|jglUA Udy UB) — g(IU A UA,)]
— |Bllg( U A1 Udz) — g(I1)] + |41 N Az|[g(J U (41 N A2) UB)
—g(J U4 N4y))] — |Bllg(J U (41 N42)) — (L) < f(41 U4, B)
+ f(4; N 4, B) by supermodularity. O

For a subset S of P and x € R, let x(S) := 3 ¢ x.. If S = {e} is a singleton, we
omit the brackets, i.e., x(e) = x({e}) = x..

3. The base polytope of a poset

Recall that the base polytope of a supermodular function g is defined as
B(g) = {x € R®: x(S) = g(S) for all S C E,x(E) = g(E)}. Equivalently, it is the con-
vex hull of the incidence vectors x(L) of all permutations L = e, ... e, of £. Here, the
incidence vector x(L) is defined by x, =g({el,...,e}) —g({er,..., e, 1}) for
1 <i<n. A prominent member of the class of base polytopes is the permutahedron
(cf., e.g., [5-7]). It is defined as the convex hull of all permutations,
perm = conv{(n(1),...,n(n)): = permutation of E}. In more general terms, the
convex hull of those permutations that are extensions of a given poset P on the
ground set £ has aroused considerable interest in the last years, in particular for
its application in scheduling (see [8—13]). In this and the next sections, we particularly
investigate which properties of these special polytopes are passed to them by the
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more general framework. To be more precise, let P be a poset and g: #(P) — R a
supermodular function on the ideals of P. Then, our object of study is the base poly-
tope of the poset P with respect to g which is defined as

B(P,g) :=conv{x(L): L € #(P)}.
The following results which generalize the respective ones for the permutahedron

of a poset (cf., Schulz [14]) can be proved simply by using the (strict) supermodular-
ity of g.

Proposition 2. Let P be a poset with Py & Py, and let g: #(P) — R be a supermodular
Sfunction. Then B(P,g) is the Cartesian product of the polytopes B(P1,g) and B(P>,g’)
where g'(S) = g(SUPy) — g(P).

A minimal description in terms of linear equations and inequalities for the Carte-
sian product of given polyhedra can be obtained by the juxtaposition of minimal lin-
ear systems of the given polyhedra. Consequently, when studying B(P,g), we may
concentrate on posets P that are not series decomposable. We will make use of this
property in Section 4. With the help of Proposition 2 it is easy to determine the di-
mension of B(P, g).

Proposition 3. Let P be a poset with series decomposition Py @ -+ @ P, (i.e., P, is not
further series decomposable), and let g: #(P) — R be a strictly supermodular function.
Then

x(PU---UP)=gPU---UPR) fori=12,...,q
is a minimal linear equation system defining the affine hull of B(P, g). In particular,
dim (B(P,g)) = n 4.

Finally, for strictly supermodular functions g, we characterize the facet defining
inequalities among those which naturally emerge from the base polytope B(g) of g.

Proposition 4. Let P be a poset with series decomposition Py ® - © P,, and let
I=P & ®P®l, i€{0,...,q—1}, be an ideal of P. If Lo &l and
@G F, are the series decompositions of I and P \f, respectively, then the
face of B(P,g) induced by x(I) = g(I) is of dimension n — (¢ +r+s)+ L.

4. Base polytopes of series—parallel posets

For a poset P and a supermodular function g:.#(P) — R compatible with P let
P(P,g) be the polytope defined by the inequalities

|Alx(B) — |Blx(4) = f(4,B)
for all series-reducible convex sets (A, B), A4, B series-prime,
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x(I) = g(I) forallideals € #(P),
x(P) = g(P).

Note that P(P, g) is not well-defined if g is not compatible with P. A subset 4 of P is
called series-prime if A does not allow a series-decomposition. We call the first class
of inequalities convex set constraints, and the second class ideal inequalities.

For series—parallel posets P and compatible supermodular functions g we will
show that P(P,g) equals B(P,g). In particular, P(P,g) is integral if g is integral.
Our proof follows to a good part the proof given by Arnim et al. [8] for the per-
mutahedron of series—parallel posets. We thereby emphasize the crucial role that
the supermodularity of the function g plays. In contrast to the special case of the per-
mutahedron, however, the inclusion B(P, g) C P(P, g) is not trivial. To show the va-
lidity of the convex set constraints for B(P,g) we need the compatibility of g (see
Theorem 8§). Justified by Proposition 2, we assume throughout this chapter, when
considering a series—parallel poset P, that P is series-prime.

The following observation is immediate.

Lemma 5. Let P be a poset and g: #(P) — R supermodular and compatible. Let
P' = P\ for some ideal I of P, g': #(P') — Rwithg'(J) := gl UJ) — g(I) and [ the
Junction induced by g'. Then g’ is supermodular and compatible with P' and ' = f on
P\ L

Given a vector x € PP(P, g), we call an ideal { tight at x if x({) = g(I) holds.

Lemma 6. Let P be a poset and g: 9(P) — R supermodular and compatible. Let
x€P(P,g) and let I be a tight ideal. Then y= (x; ic€l)eP(l,g) and
z=(xz i€ P\I) € P(P\1,g') where g'(J) = g(I UJ) — g(I), as above.

Proof. The previous lemma implies that z satisfies the convex set constraints and y
satisfies both ideal and convex set constraints. Since / is tight, we also have
y(I)=g(),ie.,yc P(l,g). For an ideal J C P\ I, we have z(J) = x(J) = x(I UJ)
—x(I) z gl uJ) —g(I) = g'(J), 1.e., z satisfies the ideal constraints induced by g’.
Finally, z(P\I)=x(P\I)=x(P)—x(I)=g(P)—g(l) =g (P\I), ie., zcP(P
\,g) O

Proposition 7. Let P be a series—parallel poset and g: ¥(P) — R supermodular and
compatible. Then P(P,g) C B(P,g) holds.

Proof. (i) We first show by induction that B(P, g) contains P(P, g) if for any vertex of
P(P, g) there exists a tight proper ideal. For |P| = 1 the claim obviously holds. Now
let x be a vertex of P(P,g) and 7 be a tight proper ideal. By Lemma 6 and induction,
y=@siel)eP(l,g) CB(,g)andz= (xz i€ P\I) e P(P\1,¢') CB(P\I,¢).
Hence, y and z are convex combinations of incidence vectors of linear extensions of /
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and P\ I, respectively. It follows that x itself is a convex combination of incidence
vectors of linear extensions of P and thus contained in B(P, g).

(i1) It remains to show that we can find tight proper ideals. Remember that we as-
sumed that P = P, ||P,. Suppose that x is a vertex of P(P, g) with no tight proper ide-
al. Then € := min{x(/) — g(7): I is a proper ideal of P} is positive. Choose a vector
¢ € RE, such that x is the unique minimum for min{cz: z € P(P, g)}. We may assume
that ¢(P)|P| — ¢(P1)|P:] <0, otherwise we can renumber P; and P. Now let y be giv-
en by

x;i+¢/|P] forie Py,
" Y xi—¢/|P| foriep,.
We claim that y € P(P, g). Obviously, y lies on the hyperplane y(P) = g(P). Since
P = Py||P,, any series-reducible convex set is contained in either P, or P,. By using
that the convex set constraints are invariant under adding the same constant to every
component, it follows for any series-reducible convex set (4,B) that
|4|y(B) — |B|y(4) = |A|x(B) — |B|x(4) = f(4,B). Finally, the ideal inequalities hold
for any proper ideal I C P since

o= (xrl-ﬁ) + 3 <x,~ﬁ> > x(I) — e > g(I).

i€elnP i€lnk
But ¢y =cx+€e(c(P)/|P] — c¢(P)/|Ps]) € cx, contradicting the uniqueness of x.
Hence, there must exist a tight proper ideal. O

Theorem 8. Let P be a series—parallel poset and g: #(P) — R supermodular and
compatible. Then P(P,g) coincides with B(P, g).

Proof. Because of Proposition 7, it is sufficient to show B(P,g) C P(P,g). Let
x =x(L) be the incidence vector of a linear extension of P. Obviously, x satisfies
x(P) = g(P) and the ideal constraints.

Now, let (4,B) be a series-reducible convex set with 4 and B series-prime. Let
L—=ey...e,j=max{i: e, 4} and J={e;,...,e;}. Then x,e€B(J,g) and
xpy € B(P\J,g'). In particular, x(B) > g’(B) = g(J UB) — g(J) holds if B is an ideal
in P\J.If J\ 4 is an ideal of J, too, then x(4) = x(J) —x(J \ 4) <g(J) — g(J \ 4).
Using I=J\4, the desired convex set inequality |4|x(B)— |Blx(4) =
|4|[gfUAUB) — g(IUA4)] — |Bllg(I UA) — g(I)] would follow. It remains to show
that we can force J \ 4 and B to be ideals in J and P\ J, respectively.

Suppose JUB is not an ideal of P. Then there exists a first element
e,=c€P\(JUB)in L with ¢ < b for some b € B. From i > j and the convexity
of 4 U B we conclude ¢||4. Since P is series—parallel and B is series-prime, ¢ < B fol-
lows. Let L’ be the linear extension arising from L by exchanging e; and e; with in-
cidence vector x'. The supermodularity of g implies x'(4) = x(4), whereas
x'(B) = x(B) remains unchanged. We continue the exchange operations until J U B
is an ideal of P.
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Suppose I = J \ 4 is not an ideal of P. Then there exists clementsa € 4 and y € ]
with @ < y. Since e; =: ¢’ belongs to 4, we know that y < &’ or y||a’. Because 4 is con-
vex, y must be parallel to ¢’. We again distinguish two cases.

(a) al|l@’. Let b € B be arbitrary. Then a, b, d, y induce an N, which contradicts the

fact that P is series—parallel.

(b) a < a'. Because 4 is series-prime and P is series—parallel, there must be an el-

ement a’||{a,d'}. If a"||y, then a,b,a",y induce an N. If & < y, then a”,b,d’,y in-

duce an N. Both possibilities contradict that P is series—parallel. Since 4 is convex,

y cannot be a predecessor of @”. []

The characterization of B(P, g) given in Theorem 8 generalizes similar characteriza-
tions of v. Arnim et al. [8] for the permutahedron, and of Queyranne and Wang [10]
for a related scheduling polyhedron.

5. Optimization

Let P be a poset, g:.#(P) — R a supermodular function and ¢ € R”. Consider the

linear programming problem
opt(P,g,c) := min{cx: x € B(P,g)}.
Since x(P) = g(P), we may assume that ¢ is nonnegative.

Call an ideal I p-maximal if p(I) = c(I)/|I| 2 ¢(J)/|J| = p(J) for all ideals J C P.
The algorithm we propose to solve opt(P, g, ¢) for series—parallel posets and super-
modular and compatible functions g is a generalization of Sidney’s algorithm [1] for
minimizing the weighted sum of completion times in a one-machine scheduling envi-
ronment. It starts with some p-maximal ideal I and solves the problem recursively on
I and P\ I. In general, P itself may be the only p-maximal ideal and the approach
does not work. However, if P decomposes into two parallel components, there is al-
ways a p-maximal ideal that is contained in one of the components. This is implied
by the following observation which holds for all x,y = 0 and X,Y € R:

X+Y)/(x+y)<X/x = Y/y<X/x (3)

Lemma 9. Let P be a poset, g: F(P) — R supermodular and ¢ € RY. Let L = LiLpy be
an optimal linear extension for opt(P,g,c). Then any linear extension L' = L}L},\,
starting with I is optimal for opt(P, g, c) if and only if L} is optimal for opt(l, g, ¢;) and
Lp,y is optimal for opt(P\ I,g',cp\), where g ) =gIulJ)—g(l), as above.

Proof. By definition of B(P,g) and g we have opt(P,g,c)<opt(/,g ¢c)+
opt(P\1,g',cp\s). Since L is optimal for opt(P, g, c), equality follows. []

Lemma 10. Let P be a poset and g: #(P) — R be supermodular and compatible. Let
L=Lay...aby...bL; be alinear extension of P with incidence vector x containing a
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series-reducible ~ convex set (4,B) = ({ai,...,a,},{b1,...,bs}). Then, using
4j={aj,...,a,} and B; := {by, ... b;}, we obtain

x(bj) :x<a1) +f(A?bl) _f(A27b1> —f(A,,b )+f( rs ])
+ f(4,,B;y) forj=1,...,s 4)

and

x(ay) =x(a1) + f(4,b1) — f(d2,b1) = f(4;,51) + f (Aj1, 1)
Jorj=1,...,r. (5)

Proof. The convex set constraints for 4; @ {b;},1 <j<r, and {a,} ®B;,1<j<s, are
tight at x(L).

By induction on j we first show x(b;) = x(a,) + f(a,,B;) — f(a,B,; ;). For j =1,
the tight convex set constraint for {a,} & {bl} gives
x(b1) — x(a,) = f(a.,b1) = f(a,,By) — f(a,,0). In the induction step we use the tight
convex set constraint for {a,} & B;. With >/ x(b,) — jx(a,) = f (a,,B;) we get

x(bj) = f(a-, B;) + jx(a,) — Eﬁ x(b:) = flar, B)) + jx(ar) — (j — D)x(ay)
i=1
1

J—
+ S (@, B)) + f(ar, Bi-1)) = f(a,, B;) +x(a,) — f(ay, B;1).
i- 1
By symmetry, x(a;) =x(b1) — f(4;,b1) + f(4;41,b1) holds. Using x(a;) = x(b))—
S(4,b1) + f(42,b1) to substitute for x(bl) in the equation for x(a;), we obtain
x(ay) = x(a1) + f(4,b1) — f(42,b1) — f(4;,b1) + f(4;.1,b1). Using this equation to
substitute for x(a,) in the equatlon for x(b;), we finally obtain
x(by) = x(ar) + f(4,b1) ~ f(42,b1) = f(Ar, by) + f(4,,B,) + f(4,,B;1). [

Corollary 11. Let P and g be as in Lemma 10, let L = Lye; . . . e Ly be a linear extension
of P with incidence vector x and let {e\, ..., e} be a series-reducible convex set of P.
Then

x(e;) = x(ey) + si,

and the values of s; are independent of L on P\ {ey, ..., e}

Proposition 12. Let P be a poset, g: #(P) — R strictly supermodular and compatible
and ¢ € RP. Let L = Lye coexfio fily and L' = Lif1 ... fie1...exLy be two linear
extensions of P with incidence vectors x and y and series-reducible convex sets
E={e,....;et} and F = {f1,.... f;}. Then cx<cy holds if and only if p(E) = p(F)
holds.

Proof. Using Corollary 11, we can write
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x(e;) = x(er) +4,  x(f) =x(f1) +s,
vie) =yle)) +t,  y(fy) =y(h)+s
for all 1 <i<k,1< </ Then cx<cy is equivalent to

k k ]
Z ce,'x el Z cf, ﬁ Z céiy(ei) + Z cf/y(f})
i=1 i=1 j=1

<= c(E)x(e )+C( x(h) < c(E)y(er) + c(F)y(fi)
< c(E)[glUe)—g()—glUFUe) +g(IUF)]

Sc(F)lgUfi) —gl) —gUUEULN) + e UE)].

We have g(IUE)—g(l) = S x(e) =ke(e) + Sk ti=kg'(er) + >k £, and
gIUF)—g()=1g'(fi) + Z]_ s;. Using the linear extension L,elﬁ Jiea. . el
it follows that g/ UF Ue;) —g(lUe)) = I(g'({e1, /1}) — ( 1))+ Z/ , 8, and simi-

larly gl UEU f;) — g U 1) = k(g ({er, Ai}) — £ (/1)) + Yoo, .. Substituted into the
last inequality above we get
c(B)[I(g'(fi) + &' (er) — &' ({fi,e DI < c(F) k(' (f1) + &'(er) — &' ({1, e1}))]-

Since g'({e1, f1}) — g'(e1) — &(f1) > 0 (g is strictly supermodular) the last inequality
holds if and only if ¢(E)/|E| = ¢(F)/|F| holds. [

il

Again, let L=e;...e, be a linear extension of P. We call an interval
I =eey ...e of L series-reducible, if {e;,e;.\,... e} is a series-reducible convex
set of P. The interval [ is called maximal series-reducible (in L), if no larger series-re-
ducible interval J 2 [ in L exists.

Proposition 13. Let P be a series—parallel poset. Let L be a linear extension with (in this
order, from the beginning of L to its end) maximal series-reducible intervals
E;, 1 <i<s,lie., E;is a singleton or E; = A; ® B; with nonempty subsets A; and B;. Then

Ei||E41 foralll1<i<s. (6)

Proof. We proceed by induction on n = |P|. If n =1 or P = P, ® P>, we must have
s = 1 and we are done. Now let P = Py||P,. Suppose the first element e; of L belongs
to P;. Let ¢; be the first element in L out of P,. By the induction hypothesis, the claim
is valid for the linear extensions ej...e;—; and e;...e,. The last maximal series-
reducible interval in e . .. e;_1 is a subset of P, and the first maximal series-reducible
interval in e; ... e, is a subset of P, so they are parallel to each other, too. O

Corollary 14. Let P be a series—parallel poset, g: J(P) — R strictly supermodular and
compatible, andc € RY. Let L = Lye; .. .erfi . .. fiL; be an optimal linear extension for
opt(P,g,c) and L' =Lif1...fie1...exly be a linear extension of P, too. Let
E={ey,...,et} and F = {f1,...,fx}. Then, L' is optimal for opt(P, g,c) if and only
if p(F) > p(E).
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Proof. Let E =E|||---||Es; and F = Fi|| - - - ||F; be the decomposition of £ and F in
maximal series-reducible intervals in L, respectively. Since L is optimal and L’ is valid,
Propositions 13 and 12 imply

p(E\) Z p(E2) = -+ 2 p(E;) = p(F1) 2 p(F2) = -+ = p(F). (7)
Observe that L can be transformed into L' by swapping E; with F,
j=1,...,t,i=s,...,1. By Proposition 12, every swap does not decrease the objec-

tive function value.

Let L' be optimal, too. Suppose p(F) < p(E). Then p(E,) > p(F;,) for at least one
pair (ip, jo). Swapping E;, with F;, increases the objective value, any other swap op-
eration does not decrease the objective value. This contradicts the optimality of L.

In the other direction, p(F) = p(E) and the inequalities (3) and (7) imply
p(F) = p(E). Consequently, equality in Eq. (7) follows. Now, by Proposition 12 ev-
ery swap operation keeps the objective function value constant. Hence L' is optimal,
too. O

This proves the “adjacent string interchange property” (see, e.g., [15]) for optimal
linear extensions.

Like Sidney, we call an ideal I p*-maximal if it is p-maximal and does not contain
a smaller ideal which is p-maximal, too.

Theorem 15. Let P be a series—parallel poset, g: #(P) — R strictly supermodular and
compatible and ¢ € RY. Let L be an optimal linear extension for opt(P, g, c). Then L
starts with a p*-maximal ideal I.

Proof. We proceed by induction on # = |P|. The case n = 1 is trivial. By Lemma 9, it
is sufficient to consider the case P = P;||P; in the induction step. Let L; be the p*-
maximal initial ideal of L = e ... ¢,, 1.e., among all initial ideals of L the smallest one
with maximal p-value. To be more precise, let jo:=min{;:VI <k<
n: p({er,...,ej}) = p({er,...,e})}. Then Ly = ey, ..., e, and we denote by I; the
underlying set, i.c., I; = {e: e € L1}. By Propositions 13 and 12, L, is a singleton or
series-reducible. Hence /) is entirely included in P} or in P». W.l.o.g., we assume that
Iy CP. By Lemma 9, L; is optimal for opt(l;,g,c,) and L\ L; is optimal for
opt(P\ 11,¢',cpy,). We claim that I is a p*-maximal ideal in P.

By the induction hypothesis, L, starts with a p*-maximal ideal of I;. The choice of
I, assures this is /1. Hence, I; does not include a smaller ideal with the same or a big-
ger p-value.

Again by the induction hypothesis, L\ L, starts with a p*-maximal ideal
J C P\ L. Now, if p(f1) < p(J) then equivalence (3) implies that p(51) < p(l; UJ).
This- contradicts the choice of L;. Consequently, the p-value of any ideal in P\ I;
is at most p(1}).

It remains to consider any ideal K of P such that K N7} # @ and KN (P\ ;) # 0.
However, again by use of Eq. (3), p(K N 1)) < p(I1) and p(K N (P \ L)) < p(J)} imply
pK)<p(n). O
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The next two lemmas are direct extensions of their counterparts in Sidney’s theory
[1]. Lemma 17 corresponds to Sidney’s “Main Decomposition Theorem™.

Lemma 16. Let P be a poset and ¢ € RE. Then, the p*-maximal ideals of P are pairwise
disjoint.

Proof. Let / and J be two distinct p*-maximal ideals. Hence, /  J and vice versa.
Suppose that K = I N.J is nonempty. Then, K is an ideal with p(K) < p(I) = p(J). In
this case, using equivalence (3), p(I \ K) > p(K) and p(I \ K) > p(I) follow. Again
using equivalence (3), p(J U (I \ K)) > p(I) would follow which contradicts the p-
maximality of 7. [

Lemma 17. Let P be a poset and c € RY. Let $1S,...S, and TiTy... T be two
sequences of p*-maximal ideals (ie., S; is p*-maximal in P\ Uf;ll Si for 1 <j<a, and
T; is p*-maximal in P\ U{;llTi for 1<j<b). Then a=b, and there exists a
permutation © such that S; = Ty for all i.

Proof. We proceed by induction on # = |P|. The induction start is trivial. If S} = T
holds in the induction step, we are finished by the induction hypothesis. Hence,
assume S| # 71. From Lemma 16 we know that §; N 73 = (. Notice that T} is p-
maximal in P\ S}, too. By the induction hypothesis for P\ §; we can conclude that
Ty € {S,,...,8,}. Now the exchange of S; := 7| and S; in the sequence S15,...S,
leads us back to the previous case. [

Corollary 18. Let P be a poset and ¢ € RY. Every p-maximal ideal is the disjoint union
of p*-maximal ideals.

Theorem 19. Let P be a series—parallel poset, g: #(P) — R strictly supermodular and
compatible, and ¢ € R”. Let S be a p*-maximal ideal. Then there exists an optimal
linear extension of P for opt(P, g, c) starting with S.

Proof. Let L = 515, ...S, with S = 5] be a linear extension of P such that, for each
Jj=1,...,a, the set S; is a p*-maximal in P\ U{;l] S;. By Theorem 15 there exists a
linear extension L of P optimal for opt(P, g, ¢) which starts with a p*-maximal ideal
Ty of P. By Lemma 9, L'\ 7} is optimal for P\ 7}. By induction, I' = ' T5... T}
where 7} is p*-maximal in P\ Uf;llTi. Because of Lemma 17 there must be a & with
T.,=85 =S In the <case k=1 we are done. Otherwise, let
L=T.. T 5T...T,=E\Ey.. . E;SiTyy1 ... Ty, where the E; are maximal
series-reducible intervals in Z'. From Propositions 13 and 12, p(E;) = p(Eiq) for
all i. Since T} is p*-maximal, p(S1) = p(71) = p(E;) holds. Successive swaps of S
with E; i=1,/—1,...,1) do not alter the objective value by Proposition 12.
Consequently, L” = 8171 ... Ty 17441 ... Tp is an optimal linear extension starting
with §. [
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Although Theorem 19 is apparently restricted to strictly supermodular functions,
it already provides most of the ingredients for the general case.

Corollary 20. Let P be a series—parallel poset, g:%(P) — R supermodular and
compatible, and ¢ € RY. Let S be a p*-maximal ideal. Then there exists an optimal
linear extension of P for opt(P,g,c) starting with S.

Proof. We define A.: #(P) — R by & () = eZlI:ll i for all € > 0. The function A, is
strictly supermodular and compatible. Hence, g + 4. is strictly supermodular and
compatible, too. Let K = max{cx: x € B(P,h;)} > 0 (recall that we may assume that
¢ > 0) and let d = 0 be a lower bound for the difference of the second best objective
function value of a linear extension with opt(P,g,c). If all linear extensions are
optimal, there is nothing to show. Now we choose a positive € < d/K. By Theorem
19 there exists an optimal linear extension L for opt(P,g + A, c) starting with S.
Since

opt(P,g,c) + opt(P, k., c) < opt(P, g + h.,c) < opt(P, g, c) + Kd /K
< min{ex: x € vert(B(P, g)), cx > opt(P,g,¢)},
L must be optimal for opt(P, g,¢), too. [

As in Sidney’s paper the proof above shows that in general we can start with an
arbitrary p*-maximal ideal to construct an optimal linear extension. Hence, the algo-
rithm of Lawler [16] for optimizing over series—parallel ordered sets can be used here,
too.

Theorem 21. Let P be a series—parallel poset and g: #(P) — R be supermodular and
compatible. Let ¢ € QF. The optimization problem opt(P,g,¢) can be solved in
O(nlogn) time.

In the case of an antichain P, the algorithm reduces to the greedy algorithm with
the initial sorting phase done by mergesort.

6. Remarks and open questions

Base polytopes of series—parallel posets are a common generalization of base poly-
topes over sets (cf., Fujishige [3]) and permutahedra of series—parallel posets which
are defined as follows. With any permutation = of an n-element set E = {1,...,n}
we associate a permutation vector via x(n) := (n(1),...,n(n)) € RE. For a partially
ordered set P = (E, <p), we consider only those permutations which are linear exten-
sions of the poset and define the permutahedron

perm(P) = conv{x(n): nis a linear extension of P}.

In [8,10] it is shown that the permutahedron of a series—parallel poset is given by the
linear inequalities
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|A[x(B) — |Blx(4) > 314|B|(|4]+]B])
for all series-reducible convex sets (4, B),

x(I) = 41([1| + 1) forallideals I € #(P),

x(P) = 3|P|(|P] +1).
It is easily seen that g(/) = 1 |Z|(|7] + 1) is strictly supermodular and compatible and
f(4,B) =1|4||B|(|4] + |B|) is the function induced by g. Queyranne and Wang [10]
(see also [12]) extend this characterization to the generalized permutahedron which
corresponds to the weighted case discussed below.

Queyranne and Schulz [13] show that the problem of scheduling jobs with unit ex-
ecution times and compatible release dates on m machines with nonstationary speeds
may be formulated in terms of optimizing linear functions over contra-polymatroids.
For example, for the case of zero release dates, let P be an antichain of # jobs, and
suppose there are m machines i = 1,...,m with processing rates o,(t) = 0. Define
£(7,0) := 0 and #(i, k) := min{z# ftt(i,k—l) o;(t)dr = 1} as the earliest completion time
of the kth job on machine i. For 4 C P, let ¢(4) be the sum of the |A| smallest ele-
ments in the multiset {#(7,k): 1 <i<m, 1 <k<n}. Then ¢ is supermodular, and the
completion time vectors of all schedules (with minimum makespan) is
{x € R”: x(4) > ¢(4) forall 4 C P,x(P) = ¢(P)}. By using the results of Section 3,
we can immediately extend this description to weak orders. (A poset P is a weak or-
der, if it is the series-composition 4; & - - - & A, of a family of antichains 4;.) In this
case, the compatibility requirement 2 is trivial because [ = /(B) \ (4 U B) is unique,
and the supermodularity of ¢(4) := min{x(4): x is a completion time vector of
minimum makespan schedule} follows from the supermodularity of ¢ on an anti-
chain.

We have used the cardinality function in the convex set constraints to simplify the
presentation. The arguments carry over to any positive weight function w: £ — R,
For a linear extension L = ey ... e, of P, let the weighted incidence vector x of L be the
vector with components x,, = 1/w,,(g({ei1,...,&}) —g({e1,...,e1})) for 1 <i<n.
Let x,,(I) = >,.; wix; and call a supermodular function g: #(P) — R w-compatible
(on Py if for all series-reducible convex sets (4,8) and any
e #(P),I CE\{4UB)suchthat/U4 € #(P)and I UAUB € #(P), and the term

w(d)[gl UAUB) — g(IUA)] — w(B)[g(I UA) — g(])] (8)
is a constant independent of /. Consider the polytope P,(P,g) defined by the in-
equalities

Ww(A)x,(B) — w(B)x.(4) > [(4,B)
for all series-reducible convex sets (4, B), 4, B series-prime,
x,{I) = g(I) forallideals € #(P),

XW(P) =g(P).

It is a technical exercise to derive the following corollary.
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Corollary 22, Let P be a series—parallel poset P and g: #(P) — R be a supermodular
and w-compatible function. Then a vector x is a vertex of P,,(P, g) if and only if it is the
weighted incidence vector of a linear extension.

We close with two open questions. First, the inequalities
|[A|x(B) — |Blx(4) = f(4,B) closely resemble the defining system of pseudomatroids
(cf. [17]). Second, Faigle and Kern [18] have introduced another type of greedy algo-
rithm on posets, also generalizing the polymatroidal procedure. In both cases, it is
not clear how these approaches relate to the base polytope of a poset.
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