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Abstract — Zusammenfassung

On the Robustness of the Damped V-Cycle of the Wavelet Frequency Decompesition Multigrid Method.
The damped V-cycle of the wavelet variation of the “Frequency decomposition multigrid method” of
Hackbusch [Numer. Math. 56, pp. 229-245 (1989)] is considered. It is shown that the convergence speed
under sufficient damping is not affected by the presence of anisotropy but still depends on the number
of levels. Our analysis is based on properties of wavelet packets which are supplied and proved.
Numerical approximations to the speed of convergence illustrate the theoretical results.

AMS Subject Classifications: 65F10, 65N30

Key words: Wavelets, wavelet packets, robust multilevel methods, V-cycle.

Zur Robustheit des gediimpften V-Zyklus bei der FDMGM mit Wavelets. Wir betrachten den gedimpften
V-Zyklus fiir die Wavelet-Variante der “Frequenzzerlegungs-Multigridmethode” von Hackbusch [ Numer.
Math. 56, 229-245 (1989)]. Es wird gezeigt, daB3 die Konvergenzgeschwindigkeit bei hinreichender
Dimpfung durch Anisotropie nicht beeinfluBt wird, aber noch von der Anzahl des Niveaus abhéngt.
Unsere Analyse beruht auf Eigenschaften von Wavelet-Paketen, die formuliert und bewiesen werden.
Numerische Schéitzungen der Konvergenzgeschwindigkeit erldutern die theoretischen Ergebnisse.

1. Introduction

An iterative method for solving a linear system arising by the discretization of the
anisotropic model problem

o? o* .
—ex—u(X,y) — szulx,y) + ulxy) = fx,y) in Q=05 (L1)
0x Jy
u periodic, (1.2)

0 < e <1, is said to be robust if its rate of convergence (i.e. spectral radius of the
iteration matrix) is bounded smaller than 1 uniformly in ¢ and in the discretization
step-size.
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Figure 1. V-cycle convergence rates of the wavelet variation of the FDMGM for different discretization
step-sizes: §, = 27

A wavelet variation of the frequency decomposition mutigrid method (FDMGM)
of Hackbusch [11] was presented in [16] and the robustness of the corresponding
two-level method with respect to any intermediate level was verified.

However, in numerical experiments, the V-cycle variant of the multilevel method
appeared not to be robust, see Fig. 1 (for a more detailed description of the
experiment presented in Fig. 1 see Section 3.1). In this paper we are able to prove
that a sufficiently damped version of the V-cycle is almost robust in the sense that
the rate of convergence depends at most on the number of levels. Our result is of
the same quality as typical estimates known for the convergence rates of multigrid
solvers without regularity assumptions on the continuous problem, see [1], [3] and
[17]. Indeed, the situation without regularity assumptions and the situation for the
FDMGM are comparable in their lack of the approximation property. Hence, the
standard proofs for the V-cycle convergence, see e.g. [ 10], are not applicable and
adequate modifications are required which lead to level dependent convergence
rates.

In the following section we shortly introduce the necessary vocabulary (wavelet
packets, Mallat transformation, wavelet-Galerkin discretization) to understand the
considerations in Section 3. Here, we prove the convergence of the damped V-cycle.
Basically, we use the same techniques as in Chapter 7.2 of [10]. For the ease of
presentation two auxillary results which are crucial but rather technical are given
in the Appendix.

2. Wavelet Analysis
2.1. Wavelet Packet System

We will briefly recall various definitions and properties of wavelet packets [5]
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integer N, the Daubechies wavelet packets {i'};,.n, of order N are defined as
follows: There exist 2N real numbers a;,i =0, 1, ..., 2N — 1, satisfying

Z a, =2 and Z Qs 2my = 200, forallmeZ, 2.1
so that

2N-1

PR = Y, ad'2x k), 22)

1=0,1,2,...

2N-1

YA (x) = > byt(2x — k), 2.3)
k=0

where b, = (—1)*a,y_; ;. The function ¥° is called scaling function and y* is called
wavelet. All wavelet packets are compactly supported, with supp(y*) = [0,2N — 1].
For convenience, we define a, = 0 for k ¢ [0,2N — 1].

The wavelet packets are in C*™, the space of Holder continuous functions with
exponent a(N), where o(2) ~ .55, «(3) ~ 1.09 and «(N) ~ 0.2075- N for large N [9].
We refer to [15] for comprehensive introduction to wavelet packets.

For the multilevel process defined in Section 3 we will need some of the second
order connection coefficients ([2],[13])

Ii}= f WY (x—k@'ydx, 2—2N<k<2N-2, 1>0, (2.4
R
of wavelet packets with N > 3. Due to the recursive definition of wavelet packets,
their conection coefficients can be easily computed from the connection coefficients
I of the scaling function y°.

2.2. Mallat Transformations

The (periodic) Mallat transformations h, g: R” — R™?, n even, of a vector v € R" are
defined by

2N -
(ho), = 7 Z, A4 285 (2.5)

k=0,1,...,n2—1,

2N 1
(go) = —= l by, 42, (2.6)

where we extend v periodically, i.e. v, = v;.,. The coefficients g; in (2.5} and b, in
(2.6) are those in (2.2) and (2.3), respectively. The Mallat transformations satisfy (see
(61, [14]),
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hh+g'g=1,
hh' =gg' =1,
h=hg'=0

We use I to denote the identity matrix of appropriate size throughout this paper.

2.3. Wavelet-Galerkin Discretization of the Model Problem

We introduce the Sobolev space Hj(Q), 2 =(0,s)%, with periodic boundary
conditions,

H} = Hy(Q):= {ve L*(Q) v,,v, € L*(Q),0(0,y) = v(s, y), v(x,0) = v(x,9)}.

The weak or variational formulation of the model problem (1.1), (1.2), reads:
find u e Hy: o/ (u,v) = L} fodxdy, forallveH], @7
where o is the H,-elliptic bilinear form
o (u,v) = L} (eu,vy + uyv, + uv)dxdy.

Due to the Lax-Milgram theorem [4] (2.7) has a unique solution u. For a wavelet-
Galerkin discretization of (2.7), we assume that N > 3 and that sin (1.1) is an integer
greater than 4N — 3. Further, we set y(x) = 224°(2'x — k) and introduce the
wavelet-Galerkin spaces

Vl = Vl(oa S) = {U € LZ(O: S): U(X) = Z ck‘pl(?k(x)z xe [05 S]a and Cy = Ck+2’s} M

ke Z

Obviously, ¥} has the dimension n, = 2's. The wavelet-Galerkin approximation u;
to u in the tensor product space ¥, ® V; = H, is the unique solution of

o (uy, v;) = J fv,dxdy, forallv,e V,®V,.
Q

A convergence proof of u, —y is given in [18]. For u; we have the following
expansion u(x,y) = Z ui L0y (v) where the expansion coefficients ul ; are
periodic with period n;in each index. We now define f'; = [ o f0x, WY2,()¥2,(») dxd v
If we order the u /s and f!/s, 0 < i, j<m—1, 1ex1cograph1cally and denote the
resulting vectors U, and F,, respectively, then we have the following linear system
for the nf unknowns U,

where (® denotes the tensor product of spaces, operators and vectors)

Ao=ec! @I +1Qc) +I®I (2.9)
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is the Galerkin approximation (stiffness matrix) of &/ in V,® V. In (2.9) ¢ is a
symmetric and circulant n; x n, matrix [8], which is completely determined by the
connection coefficients I3 (2.4),

FOO F10 N [‘po o 0 -+ 0 FPO e on 1—*10
O — 5-2 1"10 FOO rpO o --- 0 0 Fpo on
U : : : : R 1 : : : A
p10 FPO 0 o 0 .- Fpo rlo 1—~(§>

where p = 2N — 2 and 6, = 27" is the discretization step-size. We denote a circulant
matrix by its first row,
ey =067 *Cir,d¢ 1Y - I 0 - 0 12 - IP).

p p

3. Multilevel Scheme
3.1 Definitions and Notation

For the definition of the FDMGM we supply some notation. A more detailed
discussion of the wavelet variation of the FDMGM can be found in [16], see also
the original paper [11]. First, we define the matrices 4, ,, € R" " by

Ap=e’R@I+1®@c) +I®I, (3.1)
where
et =02 Cir, (Ig" - Ijy—y 0 - 0 Iy, -+ IT) (3.2

with the connection coefficients 17" (2.4) of the wavelet packet ¥™ (2.2) resp. (2.3).
We have that

Aicrom =@ M4, (A QK and Ay 2pi = (g @ N A, (9" @),

where h and g are the Mallat transformations (2.5) and (2.6) of appropriate dimen-
sion. All of the matrices A, ,, are positive definite.

The iteration matrix of the basic iterative method (BIM) (also called smoothing
iteration [ 10]) with respect to 4, ,, will be denoted by

Spm =1~ Wis Ay, (33)

The matrix W, ,, characterizes the special BIM, for instance the choice W, =
I wdiag(A4; ), 3., € R, gives the daped Jacobi iteration.

Now, we are able to formulate the recursive multilevel procedure. Welet L, > 0 be
the coarsest level, that is the level where the corresponding linear systems are solved
exactly, and we let L be the level number with respect to the finest discretization.
We have four variable quantities in our procedure:
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e [isthe varyinglevel, L, <[ < L,

e m is a non-negative integer onlevel , 0 <m < 2871 — 1,
e we R is a starting guess,

e b e R is a right hand side or a defect.

We then define the following recursive multilevel procedure MLP:

MLP(l,m,w, b)
begin
if | =L, then w:= A;}b else

vy=1
wi=S"'w+ > S Wb (v, steps of the BIM)
=0
d:=A, ,w—b,v,=0,0,=0
MLP(l - 1,2m, vy, (h ® h)d)
MLP( — 1,2m + 1,0,,(¢g ® h)d)
wi=w— B, (' @1 h)vg — Bulg' @ h')vy (3.4)
wi=S82w+ Y SI,.Wiab (v, steps of the BIM)
/=0

3

end

The above procedure describes a damped V-cycle with damping parameters f,, > R.
One step of the multilevel method for solving (2.8) on level L > 1 is performed by

w:= Uf,
MLP(L,0,w, Fy), (3.5)
U™t = w.

The V-cycle is an O(N - n?)-algorithm, see [11] and [16]. It is assumed that the
connection coefficients are precomputed and stored. The precomputation of the
connection coefficients {I}"},,—o.... , Tequires the solution of a linear system of
dimension 4N — 3 for the I'’s [13]; the other connection coefficients are generated
from these by Mallat transformations involving O(2% - N?) operations.

The convergence rates of the iteration (3.5) without damping (g,, = 1) for L € {3,4, 5}
with L, = 0 and for the Daubechies wavelet packets N = 3 are plotted in Fig. 1.
We used the damped Jacobi iteration as BIM with damping parameters 9, ,, =
I3 |7, see [16] for an explanation, and with v, = 2 and v, = 0. The GauB-
Seidel relaxation as BIM gives the same qualitative behaviour of the convergence
speed.

Next, we consider the iteration matrix M o(v(,v,) of the iteration (3.5). Let
M, .(v1,v,) denote the iteration matrix of the iteration

w:= Uf,
MLP(,m,w, F)), (3.6)
Uf*t=w,

that is, we start our multigrid procedure to solve 4, ,,U, = F, on level L.
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Lemma 3.1. The above defined matrices M, ,(v{,v,), L, <1< L, for the iteration
(3.6) satisfy the recursion
M, . (vi,v,)
= 5700 = Bu(h* @ W){T — My 5(v1,v2)} Ay omlh @ )AL,
~ Bulg" @ WYL — My 5 11(v1,v2)} 471 2m41(9 @ W) Ay ) S, (3.7
with My_,,(vi,v,) = 0.

Proof: The recursion (3.7) follows by transferring the proof of Lemma 7.1.4 in [10]
to our situation.

3.2 Robustness of the Damped V-Cycle

For our considerations we will need the Euclidean (spectral) norm ||[w] = {w, w)'/?

as well as the energy-norms relative to the 4, s, [|Wl, , = <w, w2 1= (A, W, wH'.

The associated matrix norms are denoted by the same symbols. With ¢(B) we
abbreviate the spectral radius of B which is the largest absolute value of the eigen-
values of B.

The following proposition has been proved in [16].

Proposition 3.2. There exist positive numbers o,, < 1 being independent of ¢ and &,
such that

Q(Al_—ll,ZmBl,mAl_—ll,2m+1B§,m) < Oy (3.3)
with B, ,, = (h® h) A4, ,(9° ® h*) = she]"g* ® I. Further, the strong Cauchy inequality

KW, 03l < /O 19l 0]

holds true for all w, veR™ satisfying w=Wh® h'h)w and v = (g'g @ h'h)v,
respectively.

The numbers o,, will play a critical role in our convergence analysis of the V-cycle
presented in this section. They are uniformly bounded smaller than 1, i.e.

o:=sup{g,|lmeN,} <1, (3.9

which will be proved in Lemma A.2 (Appendix). Table 1 shows the first a few ¢,,’s
for the wavelet orders N =3 and N = 4.

Table 1. The numbers g, for the Daubechies wavelets of order 3 and 4

oy oy 0, o3 A o5 O¢ 04

2.9E-1 2.8E-2 24E-3 2.3E-2 19E-4 1.6E-3 5.5E-3 5.0E-3
1.9E-1 8.5E-3 6.9E-4 6.3E-3 5.0E-5 5.1E-4 1.3E-3 1.4E-4

zz
(]
oW
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From now on we require a symmetry condition for our BIM, that is, the matrix
W, in (3.3) satisfies

Win=Wym= Ay and  [[W [l < Cypé . (3.10)

The notation 4 < B signifies that 4 and B are symmetric matrices and that B — A4
is positive semi-definite.

Remark. The (sufficiently) damped Jacobi iteration as well as the symmetric GauB3-
Seidel iteration fulfill (3.10), see e.g. [10].

We introduce the abbreviations po=h®h, p, =g® h and the transformed
matrices

Y, 1/2 -1/2 S -1/2 1/2 .
Ml,m("pvz) = Al,/li,m(vl’VZ)Al,m/ » D= Al*{,2m+ipiAl,/ma i=0,1,
& 412 ~1/2 __ : A2 -1 4172
S = Al_/mS,’mA,, 2 =] X, m with X, = A,/mW,!mA,fm.

The recursion (3.7) implies
1
Ml,m(vl’VZ) = Sl‘ifn <I - ﬁm ZOPA:{I - Ml—1,2m+i(v1’v2)}ﬁi> Sl‘zim

Before we formulate the robustness result for the damped V-cycle in Theorem 3.8
we first supply some preparatory lemmas and corollaries.

Lemma 3.3, If §,,€[0,(1 + \/a,,)" '] then
0<Qim=1—Bulpopo+ P1P) <I. (3.11)

Proof: The relation (3.11) is equivalent to 0 < B,,(p4po + p1p1) < I which is satis-
fied if B,, € [0, 0(p5po + PLp,) "] because php, + pip, is positive semidefinite. We
have that pip, + pipy = AZU'D'UA}E with the 2 x 2-block diagonal matrix
D = diag(A;_; ym» Ai—1,2m+1) and with the mapping U: R" > R"? defined by

O\ [h®h
v=(30)= (o) 612

Now, let us estimate the spectral radius g(4;2U'D'UA}):
QARUDTIUAY,) = o(DTIUA,,,UY) = oI — (I — D7'UA,,,UY)
<1+ o( — D*UA,,UY.

The estimate (3.8) in Proposition 3.2 implies that

rale, &)= o — D7'UA, ,,U") < /o, (3.13)
Lemma 34. Suppose (3.10) and let Q, ,,:= I — AY2UY(UA, ,, Uy *UA}2. Then,
0< Ql,m < CXyms (3.14)

where C is a constant being independent of &, 5, and m.

Proof: We follow the proof of Lemma 6.4.6 in [10]. The statement of Lemma B.1
(Appendix) implies Q, ,, < C,67 4, ,, and (3.10) can be rewritten as I < Cy 67 2W,}

which gives 4, ,, < Cwé; %X, ,,. Hence, (3.14) holds with C = C,Cy,.
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Corollary 3.5. Suppose (3.10) and let B, € [0,(1 + \/;m)_l]. Then,

0<0,,<CX,,+4d,l, : (3.15)
where d,, =1 — B,(1 — \/;m) and where C is the constant from (3.14).
Proof: We have that Q,,, — 0, ,, = A{2ZU(UA,,,U")" — B,D""YUA}Z with U
and D as in the proof of Lemma 3.3. Further,

0(Q1,m — O1m) = oI — BD'UA, ,U")

=o((1 — B + Bull — D7'UA, , U")

<1— B+ Bnoll — D7'UA,,U")

<1 — B+ Bun/ O = i,
where we used (3.13). From (3.14) follows that

0<0n<01m+0Qun— 0.
<CX;,+d,l. O

We set 1\71,,,,, = ]\7I,,m(v/2, v/2) which formally makes sense for any real v > 0.

Lemma 3.6. Suppose (3.10). Let 8,,€ [0,(1 + \/o,,) 1andletd, =1 — B,(1 — /a,).
If

0< My omsi < Eogomeid, 0<Ejmu<l, i=0,1, (3.16)
then
0< M <&, Em= min max f(x,), (3.17)

A (1= )+ &<yl 0<x<1

with El,m = max{&;_{, 3m» &1-1,2m41 § And f(x, ) = (1 = x)'(y + (1 — y)Cx/(1 — d,,;))
where C is the constant from (3.14).

Proof: The proof is similar to the proof of Lemma 7.2.1 in [10].

Since Ml,m = A[x:/i 1, m v/2 + ﬁmSV/z 11 Opthl -1, 2m+1plSV/2 and SlIlCC Ml —1,2m+i 2 0
i=0,1,(3.11) proves Ml,m > 0. Using (3.16) and (3.11) we obtain

My < SYR{T — BubPo(l — &1y 2m) — BubiPr(l — &1t 2me1)}ST2
v/z{l - (1 - fz m) B Bo Do + P1151)}Szv,/m
V/Z{él mI + 1 - él m Qm I}S

By 3.15)and 3.11) we get 0 < Q, , < chX, m + (od,, + (1 — o)1 for all x € [0,1].
Hence,

~r

M, < S{al — &) CX o + (1 — a1l — &) (0 = d )} S

- 1— :
— v/2 I Sv/z
I,m (1 d + y )

for all y € [d,(1 — &, ) + & > 1]. The statement (3.17) follows by 0 < Xin <L
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Corollary 3.7. We adopt the assumptions and notations of Lemma 3.6. Further, let
B, = (1 + ./a,)" . Then, there exists a positive integer ¥ independent of &, 8, and m
such that

Q(Ml,m) < fz,m =

=1-

1
1
1 -
- —max{&_ 2m E1-1,2m+1 1)

fmln{l — & om L= &t o )
\/7
\/.

forallv = 7.

Proof: The partial derivative f(x,y) = (1 — x)* (= + D({1 — y)Cx/(1 — d,) —
vy + (1 — »)C/(1 — d,,)) shows that f.(x,y) <0 for ye[d,(l — & ) + & 1] if
v > ¥ with ¥ sufficiently large. The lower bound ¥ does not depend on m because
the ¢,,’s are uniformly bounded smaller than 1, see (3.9). The function f is monotoni-
cally decreasing in x. Using the statement of Lemma 3.6 we estimate

iom = min 10,y) = min y
A 1=& )+ & <y <1 d(1=& ) T e m<y <l
=1—B,(1 = /o)1 =& ). O

Now, we are able to formulate and to prove our main result which shows that the
convergence rate of the damped V-cycle of the FDMGM depends at most on the
number of levels.

Theorem 3.8. Let M, (v, v) be the iteration matrix of the iteration process (3.5) with
damping factors B, = (1 + /6,,)"1. Further, let v be the positive integer determined
in Corollary 3.7. If 2v > 7 then

1 _ L-L,
oM o(v, V) = IMp (v, V)ll 0 < 1 — (1 N ﬁ) ;

where 0 < o < 1 is defined in (3.9).

Proof: We have that o(M; ,(v,v)) = Q(Ml,m(v, V) = M 9| Since (1 — \/a,,)/
1+ Jo,)=(1—- \/f)/(l + /o) forallmandsince ¢;_,, =0,0<m < 2" Fe — 1,
an inductive application of Corollary 3.7 proves Theorem 3.8.

Remark: The statement of Theorem 3.8 holds also true if we damp uniformly, i.e.
Bo=( + /o)™

We have numerical evidence that o = g, holds true, e.g. see Table 1.

In Fig. 2 the convergence rates of the FDMGM (3.5) are plotted for L e {3,4,5}
with L, = 0 and for the uniform damping parameter § = f,, = 0.9. The underlying
Daubechies wavelet packets have order N = 3. Again, the damped Jacobi iteration
was used as BIM with the damping parameters described in Section 3.1 and with
v; = 2, v, = 0. The choice v; = v, = 1 leads to the same convergencer rates. If we
replace the Jacobi iteration by the symmetric Gauf3-Seidel iteration then we have
better convegence rates. However, the dependence on the levels remains unchanged.
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Figure 2. Damped V-cycle convergence rates of the wavelet variation of the FDMGM for different
discretization step-sizes and for a uniform damping parameter § = 0.9

In principle, one can compute reasonable approximations to the f,’s by explicit
formulas for the ¢,,’s, see [16], in an efficient way. This parameter choice gives worse
convergence rates than the presented rates for the uniform damping parameter
f = 0.9 which is larger than the maximum g, = 0.65 of the §,’s for N = 3. One
reason for this behaviour we find in (3.13) where we see that an optimal damping
parameter should depend on m, ¢ and §,. For instance, if 6, is fixed then r,,{(¢, §,) tends
to zero as ¢ — 0. Further, an explicit expression of r,, given in [16] shows that the
assumption r,,(¢,§;) = 0is reasonable if ¢ « §7. Moreover, in the extreme case ¢ = 0
where no damping is needed the proofs in Chapter 7.2 of [10] can be transfered to
the FDMGM without any modifications and yield the contraction number

C

ML, 0(vi,v2)llLo < :
L,o\V1>¥2JIIL,0 mm

4. Conclusion

In this paper, we showed that the convergence rate of the sufficiently damped V-cycle
of the wavelet variation of the FDMGM depends at most on the number of levels
(Theorem 3.8). This is a first V-cycle convergence result for the FDMGM introduced
in [11] and [12]. The presented result might be improved by chosing another
damping strategy than (3.4), that is, both branches of the coarse grid correction are
damped separately, and by investigating the dependence of the damping parameters
on m, ¢ and J, more carefully.

Appendix
A. Uniform Boundedness of the o,,’s

In this Appendix the proof of (3.9) will be given.
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We define

12N

H(a))=§.’;0 ae o, i=./—1, (A1)

with the coefficients a, from (2.1). The trigonometric polynomial H satisfies

H*w) + H}(w+7) =1, (A2)
see [6] or [7]. Further we will need the positive cosine series
2N-2
AMw) =T +2 Y, I"cos(kw) (A.3)
k=1

with the second order connection coefficients 1" (2.4). We have the following
recursion formula

12(w) = 4| H(0/2)2A™w/2) + |H(w/2 + m)2A™(/2 + 7)),  (Ad)
A2 () = 4(|H (/2 + m)2A™(w/2) + |H(w/2)PA™(w/2 + 1),  (A5)

see [16]. With these definitions we are able to express the numbers g, from
Proposition 3.2 by

-« R™(w)
In= 3B R™@) + A(@2) (w2 + 7)

where R™(w) = |H(w/2)|?|H(w/2 + m)]2(A™(w/2) — A™(w/2 + m))?, see also [16].

(A.6)

In the lemma below the bracket expression [ -] denotes the ‘greatest integer’ and 1d
denotes the logarithm with respect to the basis 2.

Lemma A.l. The inclusion

0< min AYw) <4 Mi"e) < max Aw) < © (A.7)

O<w<2zw O<w<2n

holds true for allm > 1.

Proof: Both inner inequalities follow inductively from (A.4), (A.5) and (A.2). The
leftmost inequality was shown in Lemma 2.3 (iv) in [16].

Lemma A.2. The supremum of the 0,s (A.6) is bounded smaller than 1,

sup{o,,lme Ny} < 1.
Proof: We assume that sup{c,|m > 1} = 1. Then, for any « > 0 there exists an
integer m, > 1 and an w, € [0, 27) such that

R™(w,)
Oy, = >1-—a,
* R™(0,) + A™(0,/2 A" (w,/2 + 7))

which is equivalent to

> 1671 mdpm( gy /2)A™e(w, /2 + T)
*= 16"[11‘1 m:x]Rmﬂ(wa) + ]-6_[1’:1 ma]/’{ma(wa/z)lm’(a)a/z + n)

> 0. (A.8)
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By (A7) and by |H(w/2)|*|H(w/2 + n)|* < 1/4 which follows from (A.2) we
derive 0 < 167M™IR™(¢) ) < (MaxXy<,<q. A (@))% Therefore, (A.8) implies that
16704 mlpma( oy 12)A™(w,/2 + m) = 0 as o tends to zero. However, this contradicts
471mR™() > ming < <, A' (@) > 0, see (A.7). Hence, sup{s,|m > 1} < 1. Since
0o < 1 Lemma A.2 is proved.

B. An Approximation Property

Our goal is to verify the approximation property stated in Lemma B.1.

Lemma B.1. Let the matrices A, ,, be defined as in (3.1) and the mapping U as in
(3.12). Then,

ALy — U'(UA, U U| < Cy6772,
where C 4 is a constant being independent of ¢, & and m.

First we note that A7 = ;7 2A™(2xn/u/n;), p = 0, ..., n, — 1, are the eigenvalues of ¢/"
(3.2) where the function A™ is given in (A.3). All circulant matrices of the dimension
n, share the same system of /?-orthonormal eigenvectors v, u =0, ..., n, — 1,

1 .
(vu)k — e—thuk/nl,
ny

see [8]. Consequently, the matrices 4, , have the eigenvalues
Ay = 6 (A" Qrp/n) + 1°Q2rv/my)) + 1,
0 < u, v < m — 1, with corresponding eigenvectors v, , = v, ® v,.
Lemma B.2. We have that
|U(UA, W U) UA,,l < C,
where the constant C does not depend on &, 8, or m.
Proof: The proof will be very technical and we will use results proved in [16].

The matrix U4, ,, U has the following block structure

UA, Ut = <A1~1,2m B >
I,m -
B Al~1,2m+1

with B = ec/2{ ® I and ¢/ = hc"g’. Again, ¢/™¢ is a circulant matrix,
et =63 Cir, (I3 I - I3y, 0 - 0 Iy - IO,

determined by the (mixed) connection coefficients

n“zfgwwu—mwm“ﬂﬂ“-

The eigenvalues of ¢;{ are denoted by A" = ;% 1™ (2ru/n_;),0 < u < n_, — 1,
where A™(w) = Y 2852, [ime* satisfying
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A" (w) = H(w/2)H(w/2 + m)(A™(w/2) — A™(w/2 + n)), (B.1)
with H as in (A.1). The inverse of U4, ,,U* can be expressed by its block entries
Agt(I — BAJ'Z'B'AY) —AngA;12‘1>

U4, U1t = .
( I,m ) < —AIIE_IBIAEI A;lz—l (B 2)

where X =1 — A{'B'A,'B. For convenience we set Ay:= A, ; ,, and 4, :=
A;—1 2m+1- The matrix X is invertible because
ol —-2)<o<1 (B.3)
due to (3.8) and (3.9). Let f be in R™. Then,
IU (U AW U) T UA W f 12 =) Z Ay Amsa

v o, f
X <(UAl,mUt) lUUu,vs(UAl,mU[)—le—ja,ﬂ><f71]u,v>
X <f55a,ﬂ>'
A simple calculation shows that
H(w,)H(w,)D,, , )
Uv, , = B’ kGakia B B.4
g (G(w V()02 20 B4

Here, , = 2nu/n, and G(w) = 271 285! be ™ with the by’s from (2.3). The vec-
tors §,, ,, are tensor products, #,, ,, = ¥y, ® ,,, Where (f,, ), = ﬁe"z“z“k/"l/f
k=0,...,m_, — 1. Note that §,, ,, is an eigenvector of the circulant matrices Ao,
A,, B and B, respectively. Using (B.4) as well as (B.2) leads to

(UA,,UY U, , = C“’”Zf‘"z”)
w,vV2p,2v
with
Fuy = H(@, ) H(®,) A5 20201 + 457242,
x (A;r]r-t#—l;Zu,Zv|Ac2m;2u,2v|2/1;r%l;2u,2v - ACZm;Zu,ZvA;;H-l;Zu,Zv))ﬂ
= G(a) JH(w, )A;'];l‘i'l‘Z[l ZvA}-lzu 2v(_Z§m-2u ZVA;r}t'Zu 2+ 1),

Where A2m 2u, 2v‘85l ’lm C(2wy) and AZ 2u, 2v—1 AZm 24, 2v1A2m 2u, 2v| AZm+1 $2u,2v
Since

LUA U U, (UA U U ) = (T + Gt ) <Dais 200 D220
= (1P p + by ) A0 A0F
(here 4% = 1if |p — af = kny/2, k € Z, ad 45" = 0 otherwise) we have that
U UAL U UA 1 <31l max LI o L) B
In the last step of the proof we show that the maximum is independent of ¢, J, and
m. Therefore we supply a bunch of estimates. First,

-1 2 4—1
AZ;Z[L,ZV = 1 —a and A2m;2u,2v!AC2m;2u,2v| A2m+1;2u,2v <0 (BS)
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by (B.3) and (3.8), (3.9), respectively. Further,

|H(w, ) H(w )| Ay, <4 |H(w)H ()| (eA™(w) + 2°(n) + 67)
AZm;Zu,Zv T O<was2z 3/12'"(20)) + 20(2’7) + 512—1

| H ()] A™(e) | H ()| 2°(n) 5,2}
£4max su — s> S o s o5 (-
{MEH P2720) oerise  A0Q2n) 0%,
L ~ _J = ~ J
=E, =E;

If m > 1 then (A.7) implies that E is uniformly bounded in m. For m = 0, E, equals
E,. Due to part (ii) of Lemma 2.3 in [16] A°(2w*) is equal to zero if and only if
o* € {0,n,2n}. For o* € {0,2x}, the limit lim,, . A°(w)/1°(2w) exists. In the case
w* = 7, the function H(w) has a zero at least of order 3 (N = 3), see [6] or [7].
However, the zero of 1°(2w) in w* = n is only of order 2, Lemma 2.1 (i) in [16].
Consequently, E, and E, are finite and hence,

|H(w,)H(@,)| A, v

<C;., C,#Cid,m). (B.6)
AZm;Zu,Zv
Next,
|Glo)H (@) Appy |G(w)H ()] (e2™(0) + 2°() + 67)
Aom+1520,2v T ocwasan EATTI2w) + A°(28) + 67,

A" () |H ()| 2°(m) 512}

<4max<{ SUP 5o — .
{OSwSZﬂ: /12m+1(2w) 0<n<2n /10(2’1) 512—1
- ;(E J =\},Z J

Using (A.7) we are able to estimate E, < max,, A!(w)/min, A!(w) for m > 1. Hence,
E, is uniformly bounded in m and

|G, )H(wy) A,y
A2m +1;2u,2v

Finally, let j be 0 or 1, then

<Gy, Cy# Cyled,m). (B.7)

|Ac2m~2u 2vl & |lm’c(2w)|
—=memtt <4 su ,
A2m+j;2u,2v OSw,npszn 8/12m+1(2w) + 10(2’1) + 512—1

<4 sup |A™(20w)|

0<w<2rn A +j(260) '

=E4

We have that |A™“(2m)| < max,, A™(w) by (B.1) and by |H(w)H(w + 7)| < 1/2. The
cases j = 1 and j = 0 with m > 1 yield E, < max, A*(w)/min_ A!(w). It remains to
consider j = 0 and m = 0. However, this was already done in Lemma 2.4 of [16].
Altogether we have shown that

IACZm;zu,Zv|

< Cz, C;# Cyled,m), (B.8)

A2m+j;2u,2v
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for j = 0, 1. We finish the proof of Lemma B.2 by
Apur ] < C1(1 + (1 = 0) o + Cy)),
Ay |ty < Co(L—0)HC3 + 1),
where we have used (B.5), (B.6), (B.7) and (B.8).

Proof of Lemma B.1: We will need the estimate |[(I — U'U)A; Ll < C'87 which can
be verified by a simple modification of the proof of Lemma 5.3 in [16]. The constant
C’ does not depend on ¢, §; or m. Now,

1Az — U(UA,,U)'U| = (I = U(UA,,U) TUA, )T — U0
< U — U(UA, U)TUA ) U = UV AL
< C, 8¢

with C, = (1 + C)C’ where the constant C is as in Lemma B.2.
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