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The paper deals with common generalizations of classical results of Ramsey and Turédn.,

The following is one of the main results. Assume k=2, ¢>0, G, is a sequence of graphs of »-

vertices and at least L [ k-3

2 \3k-2

o{n). Let H be any graph of arboricity at most k. Then there exists an n, such that all G, with
n=ny contain a copy of H. This result is best possible in case H=K,,.

+s] n® edges, and the size of the largestindependent set in G, is

1. Introduction. Notation. Statement of the main results

In her paper [9] the third author raised a general scheme of new problems.
These problems can be considered as common generalizations of the problems
treated in the classical results of Ramsey and Turan. Since 1969 she and the first
author have published a sequence of papers on the subject [3], [6], [4]. This work is a
continuation of the above sequence.

We are going to define the Ramsey—Turén function RT(...) below. Our
main aim i8 to give reasonable estimates for this function in some special cases.
However before doing this we have to say a few words about notation. We hope
that in general these will be standard and self-explanatory, but we do not stick to
the special notation used in the earlier papers mentioned above.

In what follows the letters &,/ m,n,r, 5, ¢ denote non-negative integers.
We set n={0,1,...,n—1}. For arbitrary sets A, B let [d]*={XCA:|X|=n},
[AIZ*={XCA:|X|=n}, etc. Further, let [4, B]""={XCAUB: |XNA|=
=n/NIX(1B|=m}.

For an arbitrary sequence ky, ..., k,_, the Ramsey function Ryky, ..., k,_;)
equals to the minimal » such that for all s-partitions [n<41F= ) E; of length

r of n41 thereare i<r and Acn+41 suchthat |4[=k; and A4 is homogeneous
for the partition in the class FE;, ie. {A]CE;.

Definition 1.1. (The Ramsey—Turdn function RT (n;kq, ..., k._4; 1)).

AMS subject classification (1980): 05 C 55, 05 C 35.
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Assume n, kg, ..., k,_,, 1 are such that n=Ry(k,, ..., k,_y, ). Then there
exists a largest integer e satisfying the following condition:
(1.2) There exists a graph G=(Vg, Eg)={(V, E) with |V|=n, |E|=e and there
is a partition E=|J E; of E such that there is no independent set of size
! for G and none of the graphs G;=(V, E;), i<r contains a complete
k; graph.
Let RT (n; kg, ..., k,_1; I)=e for the above e.

Note that this is not the most general problem one can raise here. First
of all the function just defined is really RT,(n;ky, ..., k,_y;{) for s=2, but
we do not give here any results for hypergraphs corresponding to the cases s=>2.

It should be also clear that it is just a convenience for us to give an a priori
different role to the number /, and not to speak about 2-partitions of length r+1
of a set of size n. In our results the r’th class plays a special role.

There is one more remark in place here. Let RT (n; ky, ..., k,_1; 1) be the
set of all those numbers e for which there is a graph G=(V, E) satisfying (1.2)
with |E|=e.

The investigation of this set RT (n; kg, ..., k,_1; 1) in general could be
quite interesting and relevant to several problems considered in the literature (e.g.
size Ramsey numbers).

It is a quite intrigueing question if this set is always an interval. We have no
counterexample to this statemant. However in the cases we are going to investigate
RT (n; ky, ..., k,_1; 1) sufficiently characterizes RT (n; kg, ..., k,_y; 1) and we
do not discuss this problem any further.

Finally we would like to state two obvious formulas showing explicitly the
connection of the RT function and the Ramsey and Turan functions:

{(n, kg, ..., keq, D RT(n; kg, ..., kg3 1) is defined} =
{(n’ ko, sres kr—l’ I)' n= R2(k0’ Tty kr—la l)}

and RT(n; k+1;n+1) is the Turdn number of the complete k-graph. Our main
results in this paper concern the case »=1, and we start to discuss them now.
The classical result of P. Turan yields that for k=2

(1.3) RT(n; k+1; n+l)=%(1—%]n2(1+0(1))

As to the function RT (n; k;!) most of the known results are asymptotic
estimates in case [ is replaced by a function of n which is o(n). We will continue
in this tradition and we will freely use the symbol RT (n; k; o(n)).

The earliest result on the subject stated in [4] says that for k=2

1.4 RT(n; 2k—1; o(n)) = %(I—kil) n2(1+0(1))
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The case of even second entries turned out to be much harder. It was proved
only much later in [1] and [10] that

(1.5) RT(n, 4, 0(n)) = %2(1—{-0(1))

[10] gives the upper estimate and [1] the counterexample.
One of the main aims of this paper is to generalize this and prove that for k=2

(L.6) RT (n, 2k, o(n)) = % [%] n2(1+o(1))

The lower estimates are all obtained using the only important genuine example
given in [1]. This will be done in Section 4.
First we give a technical definition to restate (1.4) and (1.6) in one formula

Definition 1.7. For /=3 let

alzéi:i = % g;:g in case [/ is odd,
1 31-10 . .
4W=5 =77 in case I is even.
The sequence a;, a4, a5, g, ... = 0, +, 5, —, ... is strictly increasing.
Now the common generalization of (1.4) and (1.6) is that for /=3
1.8 RT(n, 1, 0(n)) = a;n*(1+0(1))

The upper estimate will be a corollary to our main Theorem | which is an
Erd&s—Stone type generalization of (1.8).
First we introduce a convenient symbolism for stating this result.

Definition 1.9. Assume », / and the graph H are such that there is a graph G={(n, E)
not containing H as a subgraph and having no independent set of size /. We
denote by RT (n; H; ) the largest integer e for which a graph G described above
exists with |E|=e.

Note that RT(n; k; 1)=RT (n; K;;; 1) for the complete k-graph K.

(1.10) Let Chrom (k) denote the class of graphs G with chromatic number at
most k.
Taking into consideration that RT (n, G, n+1) is the Turdn number of G,
a classical result of [7] generalizes (1.3) to

(1.11) For k=2, and  for each GeChrom(k+1), RT(m G, n+l)s
= 3 (1-F)2(1+0(D)).

We now remind the reader that a graph G=(V, E} is said to have arboricity number
at most k iff ¥V can be written as the union of sets ¥ =|J ¥, in such a way that
i<k

G(V}), the subgraph of G spanned by ¥V, is a forest for i<k.
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Now in our generalization of (1.8) the arboricity plays a role similar to that
of the chromatic number in (1.11). However, the analogy is not complete and we
need some more definitions to state the result.

Definition 1.12. Let /=3 and set k=[+|. Let Arb()={G=(V,E): There is
a sequence (V;:i=k) such that V= U Vi, G(V) are forest for =k, G(V),)
has no edge and ¥V, =0 for even /}. =

Note that for even /, Arb (/) is the class of graphs of arboricity é%, while
for odd I, Arb (/) consists of graphs whose vertex set is the union of an independent
set and of a subset spanning a subgraph of arboricity at most [é]

Note that K;€Arb (/) for /=3. Now we are in a position to state our main
Theorem 1, For /=3 and GeArb(l) RT (n; G, o(m))=an*(1+o(1)).

Note that because of K;eArb (/) this yields the upper estimate needed for
(1.8). The proof of Theorem 1 will be given in Section 4.
We would like to point out an interesting phenomenon.

Definition 1.13. By the above result, for each G there is a smallest real number
¢, 0=c=<%} such that RT(n; G:o(n))=cn*(1+0(1)). Let us denote this smallest
¢ by cgr(Gy=c(G). We call it the critical number of G.

There are some graphs for which we can not determine the critical number.
Such is the two by two Turan graph K, ,,=G;. By Theorem 1, we know that
¢(Gy) =} but we have no other information.

On the other hand for all graphs G for which we can determine ¢(G) the
critical number turns out to be one of the a,;[=3,4,.... We do not venture to
conjecture that this is true in general, but we point out that our results imply that
¢{G) can not be arbitrary.

In Section 5 we shall prove

(1.14) For all graphs G, ¢(G)¢[ay, a,,,] for some odd /.
Hence e.g. there is no graph G with {<c(G)<4%.

The main tool of the proof of Theorem 1 1s a judicious application of Szeme-
rédi’s regularity lemma invented in [11] and tmproved in [12]. In Section 4 we will
restate this lemma for the convenience of the reader. We will use this lemma in
Section 6 to solve a problem stated in [6] as well. The other tools of the proof are
the tree building lemma (to be given in Section 2) and a generalization of Turdn’s
theorem for some discrete weight functions. This will be given in Section 3.

Finally, in Section 6 we will give the usual mess of miscellaneous unsolved
problems.
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2. The tree building lemma

First we restate an easy lemma of [8] which will serve as a basis of most
of the computations.

Lemma 2.1. Given c¢,e=0 and r there is an s such thar for all sufficiently large
n and for all set system F |2 with |F|=s there is a subsystem F CF with
|Z\=r and |NF’'|=(c"—¢e)n.

The graphs defined below will be used for constructing subtrees of a graph.

Definition 2.2, For r’,r"=1, a graph H=(V, E) is said to be an (r’, r")-graph
with root x (xeV) if [V |=(@"Y"+1 and for each y¢¥ which has distance at most
r” from x the degree of y is at least +”. The edges adjacent to the root x of H
will be called the special edges of H.

The following is obvious.
(2.3) For r=1 an arbitrary tree of r+1 vertices is a subgraph of each (r, r)-graph.
The following lemma deals with situations when we are given a graph G=(V, E),
V|=n, an integer p=1, sets V,, i<=p|V]=n and mappings f;: E~[V]="
for i<<p. The aim of the lemma is to find a large subtree 7 of G such that, for all

i=p, M j (e} 1s still large. Here is a formal statement of the lemma.
e€l

”

Lemma 2.4. (The tree building lemma.) Given ¢=0, ', r", p=1 there exist ¢’=0
and s such that for all graphs G={V, E) with |V |=n, 1E |>5u and for all mappmgs
Jis E=[VJEe (Vil=n, for i<p, for dall sufficientiv large n one can jfind an (v,
subgraph HCE with

[N{fi(e): eeH}| =c'n for i<p.

(Nole that in the statement of the lemma we have identified the (¢, r”)-subgraph
in question to its set of edges H, the vertex set being JH.)

Proof. We write down the proof for p=1, the rest being a mere technicality.
We prove a stronger statement by induction on r’. Namely we prove that given
¢=>0, for every r”,t there are ¢'>0 and s such that for all G=(V, E) with
|E|=sa and for all 1 E-[V{]=<, |[V|=n, there are at least m edges of G which
are special edges of some (¢/, r")-subgraph HC E satisfying

IN{fle): ecH}| = 'n.

For r’=1 this follows from Lemma (2.1). Assume that the lemma is true for
” for all 7", 1", ¢=0 with suitable ¢ >0 and 5.
Let G <V Ey and f:E-[V]=e, |V|=[F,|=n be given and let n be
sufficiently large By the induction hypothesis, we can arrange that for

= {e: e 1is a special edge of some (+,»"+1)-graph
H(@cG with f(e) = N{f(e): ecHE@IN|[f(e)] = &n}

we have |E|=fn. For ecE, let g(e) denote the endpoint of e, which is nor the
root of H{e).
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Apply Lemma 2.1 for the graph G=(V, E) and for the mapping f:E—
AL

In case T and n are large enough and ¢’>0 is small enough we will get
that for

E ={ecE: There is an (1,r”) graph H(e) with root x and such
that g(e’)=x for ecH(e), and |f(e)|=¢'n for

J(e) = N{j()eH(e)}}

|E|{=m holds. Let now ecE. Clearly, thereis an (r’+1, r”)-graph H contained in
U{H(e"): e’¢H(e)} such that e is a special edge of H and

IN{f(e): ecHY = |N{fe): €cH()}) = c'n.

3. The generalization of Turan’s theorem for weight
functions taking values 0, 1, 1

In this W=(¥, w) will denote a multigraph i.e. V' is a set, and w:[V]*—~
~{0,4,1}.

In [2] these objects were called multigraphs, for e€[F]% w(e)=0 means that
e is not an edge, w(e)=1 means that ¢ is a simple edge w(e)=1 means that e is
a double edge. Our notation suits our present purposes more, and our lemma is
unfortunately not covered by the numerous interesting results proved there.

Definition 3.1. Given W=(V,w), we define two graphs GJ,=(V, E,;) and
GY=(V,EY) by setting

EY, = {e€[V: w(e)= 1, EY = {e€[V]:: w(e) = 1}.

Pute(w)= 2 wie) (i.e. “the number of edges” of W), and d,(x)= > w({x, D
ec[Vi2 YEV
(“‘the degree of x¢V in w”).
Now the following definition of a “‘complete /-subgraph of w” is not entirely

natural but seems to work well, and suites our final aim.

Definition 3.2. Let W=(V, w) be given. The pair (X, ¥Y) XCYCV is a complete
I-subgraph of w iff [X]2CEy, [YIPCEY), and |X|+|Y|=L

Lemma 3.3. (The generalization of Turdn’s theorem.) Assume 1=3, |V|=n and
W =(V, w) does not contain a complete l-subgraph (X, Y). Then e(w)=a;n?(1+o(1)).

Remark. Note that we will prove a much better result since we can determine an
extreme cinfiguration for sufficiently large n. It is also obvious that generalizations
for weight functions say taking values {0, 4, %, I} are immediate but we consider
this out of the scope of this paper.

Proof. The idea of Zykov’s proof of Turan’s theorem, the so-called symmetrization,
works. See [13]. We will only outline the proof.
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Assume W=(V,w) does not contain a complete ! sabgraph (X, Y),
and e(w) is maximal. Choose two vertices x#y, {x, y}§ EY/,. Assume d,(x)=d,(y).
Define w’ so that w(e)= w(e) for y4e and w'({z, y))=w({z, x}) for zeV. Then
e(w’) is still maximal and w’ does not contain a complete /-subgraph. Indeed,
if (X, Y) were a complete / subgraph of w’, only one of x, y could occur in ¥,
and if it was y, we could change it to x. By repeated applications of this operation
we can assume that there is a w with maximal e(w) and such that {x, y}4 E});
is an equivalence relation. Denoting the equivalence classes by A, ..., Ay_y
we know that for i<j<m either w(x, y)=1 for all xcd;, ycd; or w(x, y)=1
for all x¢4;, yed;. Moreover m</[—1, since any one element subset of a [Y]?C
E}, can be chosen as X. We now know that G} does not contain a complete
I—m subgraph. Choose now x¢4;, y€A4; i#j<m, w(x, y)=%. Assume d,.(x)=
d,(¥). Define w’ as follows: w(e)= w’(e) if eNA;=0, and for e={z, y}, yc4;
Jet w'(e)=w({x, y}). Then e(w)=e(w). Now to sce that W’ does not contain
a complete l-graph (X, Y) it is sufficient to see that G} does not contain a complete
(/—m)-graph. If it did, then this complete (/ —m)-graph could contain at most one
element from each A;: i<m and it could only meet one of the equivalence classes
A;, A;. Ifit met A4;, we could change the common element with 4; to an element
of A obtaining a complete (/—m)-graph in G as well.

By repeated application of the above operation we can obtain a w with
maximal e(w), not containing a complete /-graph (X, Y) and such that {x, y}¢ E¥
is an equivalence relation, and denoting the equivalence classes of this relation by
By, ..., B, _,, the A-partition is a refinement of the B-partition.

From now on we assume that » is suﬂiciently large. Next we can assume
that each B; contains at most two A;-s, since an easy computation shows that if
B; contains more than two A;’s then splitting B; to two almost equal parts
B; o, B;,, and defining for x, )eB wi(x, =1 iff x€B;,, y€B;; and w(x, ¥»)=0
otherw15e e(w)=e(w)+o(l) but w’ still does not contain a complete /~graph (x, y).

Next, if two B’s say B; and B, i#j contain two A,-s, then an easy
computation shows that one does not decrease w more than by o(l) by first
equalizing the size of B;, B; and then the A,’s contained in their union. After
that an easy computation shows that we are better off by splitting B;UUB; into
three equal parts choosing them as new B’-s and making them A4,-s well. It follos
that there is a basically maximal configuration either of the form V=B8,U...UB,,._,,
By=A4,UAy, A;.,=B; for 2=i<m=m'+1, m+m'=[ or of the form

V=BU..UB,, m=m'", A;,=B;, for i<m=][}

In case / is odd, only the second possibility can occur and ||Bj—|B;|=1 for
i, j<m’. In case [ is even, the first possibility occurs and computation shows that
one gets the “largest” e(w) in case w is regular, i.e. the sizes of the sets are deter-
mined in such a way that d,(x)=~d,(y) for x, v¢¥. The reader can easily check
that this gives the numbers a4, for /=3. |}
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4. Restatement of the regularity lemma. Proof of Theorem 1

Definition 4.1. Let G=(V, E) be a graph

(1) For A BCV set eg(A, By=e(A, B)=|EM[A4, BI""'| and ds;(4, B)=
d(4, B)= e{;‘[’ 5 provided 4, B,

(ii) For =0, A, B=0, A, BCV the pair (A, B) is said to be e-regular
if for all XcA, Y B with |X|=¢|A|, |Y|=¢|B]

[d(X,Y)—d(A, B) <& holds.

(iii) A disjoint partition of ¥, ¥ =1 J (;, Is said to be an equitable partition
of length m+1 if |Cy|=|C) for 1=i=m, C, is the exceptional class of the
partition.

(iv) An equitable partition V' = |J C; is said to be eregular if |Col=en

and (C;, C;) is e-regular for all but en? pairs (7, j) 1 =i<j=m.

Szemerédi’s regularity lemma [12]. For every ¢,>0 and m, there are ny,=ny(gy, my)
and m;=my(g,, my) such that for every graph G=(V, E) with [V |=n=>ny(g,, m)
there is an gy,-regular partition ¥ =1{J C; of ¥ with

i=m
My < M < My (&, My).

Now to prove our Theorem 1 we will prove its ““finite” form, i.e.

Theorem 2. Assume [=3, H=(Vy, Ey)¢Artb(l) and ¢=>0. Then there exist
6=0 and ny such that for a graph G={V, E) with |V|=n=>n,, |E|=(q,+&)n*
and «(G)Y=0dn, H is isomorphic to a subgraph of G. (Here «(G) as usual de-
notes the size of the largest independent set of G.)

Proof. Let [Vy|=r. We now describe the order in which we are going to choose
the parameters featuring in the lemmas. In the proof we are going to apply Lemmma2.4
repeatedly =/ times with p=/ and r’,r"=r starting with ¢;=¢/2 and then
applying the femma for sets of size ¢’n ¢’=c¢, and so on. This gives us numbers
¢y, ..., ¢;=>0, and numbers s, ..., 5, (from Lemma 2.4). We than fix ¢, of the
regularity lemma so that ¢, is smaller than ¢,-¢/4. We then choose m, of the
regularity lemma so large that Lemma (3.3) should apply for graphs having (a,+ g/4)m?>
edges and m=m, vertices, and so that I/m,<e/4. The regularity lemma yields
us numbers #; and n1,. We will assume that n>n, and we will choose § so small,
that even a subset AcV of size =(l/my)e,n must contain sn edges where s=
max {s;: i =/}.

Let V,= U VH, k=[l/2] be a partition establishing that HeArb (/). First

we apply the regularlty lemma and obtain an egp,-regular partition of length m+1
(my<=m=my) V=1 C; of the set V.

i=m
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We now define a weight function w:{l,...,m}—{0,1/2,1} as follows:
For l=i<j=m

0 if d(Ci,Cj)<§ or (C;,C)) Is not g,-regular

.. 1 .. & 1 g
w({i, =3y— f ==d(C,,C)) =+
7 2 4 2 ( 2 2 2land(C;, C ;) is eo-regular
. 1
Lif (G, C) =5+

Clearly, e(w)= 3 d(C;, C)—5m®—gom?= [a, + f} m? because 1/m, is small.

lsi<j=m

Hence we can apply Lemma 3.3. We get subsets Xc¥Yc{l, ..., m} such that the
pair (X, Y) is a complete /-graph for the weight function w.

Let {ig, oo iy_1}= X, {iys s lugoi}=X ut20=1l

To continue we need more notation. For x¢V, BCV, Vy(x, B)Z{)’EB:
{x, y}EE} and vg(x, By=[Vs(x, B)|. vs(x, B) is the degree of the vertex x for B.

For O0=XcV let Hz(X, B)= (N Vg(x, B).

xeX

Assume now for a minute that ¥70. The pairs (C;,, C;) O<j<u+tv are
all gy-regular, by the definition of w, and because of [Y]*C E,. Hence vg(x, )=
%—80]-[6‘,-1_] for all 1=j<u+v, for a positive portion of x¢C;.

Applying Lemma 2.1 we can arrange that there is a subset A4,CC,,, |4,|=r

=

1— o
such that [IT4(A,, C,.j)lzcln(m—s‘2 for 1=j<u+v, where ¢ i1s still larger than
1
g&. Repeating this procedure u times we get sets A,cC,..., 4, ,<C; |,
. -
|[Ao|=...=|4,_1]=r and such that thesets IT;(lJ 4;, C;)=C; havesize ;c,‘u
{<u 1

for u=j<u+v, and ¢, is still larger than &,.
Now we turn our attention to the set C,. Now because of [X]2C Ey, for all
- 1 )
Jou<j<u+v, ve(x, C})z[%+s 260) [C}I§[7+%] |C3l, for xeCy where CicCy
is still large enough to contain s edges as required by Lemma 2.4. Now for x, yeCy,
{x, VI€E, u<j<u+tv let f({x, yH=Vs(x, CHNV:(y, CH=MHs({x, y}, C}). Then
fildx, vp z§ |Ci. Now, by Lemma 2.4 we can choose an (r, r)-graph H,CE,

UH"CE’ A,cCycC; insuch a way that for each u<j<u+v

n{l —gy)

| N Mgle, C) ~

EcH

=
— Cu+l

u

Since A4,=UH, this implies

n(l—e
[HG(A:n Cij)| = Cun ( 0) .
my

Clearly, we can continue this procedure, and define the sets 4;,CC;; for j<u+w
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in such a way that for j<j'<u+v [4;, A;]H 1 CE, and that for u=j<u+tv, G(4))
contains an (r, r)-graph. Let B =4, Ud,, ., for v<[u2]=k

Buypyrj = Ay for j<v, and
B, =0 for 1 even and
‘Bk :A (4/2) +1 fOI‘ l Odd.

Now for v<k, the graphs G(B,) contain a tree isomorphic to H(V,H).
For v<[u/2] this is true because G(B,) contains a K, and for [u/2]<v<k
this is true by (2.3) because G(B,) contains an (7, r)-graph. |

5. The counterexamples

5.1. There exists a sequence G, ,=(m, £;,) of graphs, such that |E; ,|=o0(n?),
a(G,)=o0(n) and the girth of G, , tends to infinity. See [3].

5.2. There exists a sequence G, ,=(n, E,,) of graphs satisfying the following
conditions:
E, i 1
‘_nZ_,?‘TI_I - g’ K4 & G2,rﬂ a(G2,n) = O(n)
Note that G, , can be chosen so that n=4, ,UB,, and all but o(rn?® edges of
G,, are in [A4,,, B, " See [1].
As it is pointed out in the paper of Bollobas and Erdds, it is not known if
G,., can be chosen so that |E, ,|=n?/8 holds for all n. This leaves a corresponding
open problem for all even /, /=4. It is also not known if G,, can be chosen so that
G, ..(A4s,.), G, (B,,,) have large girth as well. If this was the case, our argument
on p. 20 would yield that cz(H)=c¢; for some !/ for all graphs H.

5.3. Let k=1. There exists a sequence G§,=(m, E§ > of graphs such that,
Ky &€ G |ES | =5 (1—F) 2 =ayn?, and oGk )=o(n). See [4].
For the convenience of the reader we describe a proof. We assume that » is
divisible by k. In the other cases we can argue similarly. Let n=1J 4,, |4|=n/k
i<k

for i<k. Let Gi=(A;, E), i<k be isomorphic to G, ,; defined in 5.1.
Clearly Ef,= U [4;, A)*U(U £} satisfies the requirements of 5.3.
i<j=<k i<k
5.4. Let k=2 There exists a sequence G%,={nm, Ef ) of graphs satisfying the
following conditions

[Ef, 1 (3k—5

2 7 3k—2)=“2" and

K2k (1: G’;,u,

a(G ) =o0(@m) for n— e
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Proof. We assume for the sake of simplicity that #» is divisible by 3k—2. Choose

e . 4
the pairwise disjoint sets A;: i<k —1 in such a way that n= |J 4, IA"l:yc_nE’
i<k—1 -
and |A,-|=%’i2 for O<i<k—1. Let Gy=(4,, E;) be isomorphic to the graph
Gy, anjsi—z defined in 5.2 and for O<i<k—1 let G;=(4;, E)) be isomorphic to
Gy, 3nj3x—2 defined in 5.1.
Put Ef,= U EU U [4; 4,]"% A computation shows that, by 5.2.

i<k—1 i<k<j—1

E} ., .
l:—él—»a% if n— oo

By 5.1 and 5.2, oG ,)=o(n). Finally if Xcn and [X]PcE}, then
[XﬂAo|<3 and |[XNAY=2 for O<i<k—1, hence |X|=3+2(k-2)=2k—1. [

5.3 and 5.4 conclude the proof of (1.8). We are now in a position to prove
our claim (1.14).

Assume that for some graph G=(, P crr(G)<a; for some odd /=3.
Then, by 5.3, for all sufficiently large n, GCGL/2) holds. But, because of, by 5.1,
the girth of G, , tends to the mﬁmty, Gc GWZ] implies that the arboricity of
G is at most [1/2] This in turn implies that G EArb {/—1) and then, by Theorem 1,
cg,r(G)=a,_; holds as well. ||

6. Miscellaneous remarks

First we would like to mention that using the methods of this paper we can
prove a more general statement.

6.1. Assume ki, ..., k,=3. There is a constant a,, _, such that
R(n; ki, .oy kyy o(m)) = ay, o n2(1+0(1)).

Moreover the numbers a,,

x, can be obtained as Ramsey numbers of multiple graphs
W =(v, w).

We preserve the formulation of a more precise statement, and the proof of
it for later publication. This will be done in 2 joint work with M. Simonovits, to
whom we would like to express our thanks for his helpful comments concerning the
work published in this paper as well.

To make the rather vague statement 6.1 a little more comprehensible we write
down a special case of it we obtained earlier.

Definition 6.2. Let r=2 and let R}(3, ..., 3%) be the largest integer for which there
is a 2-partition [n]*=(J E; of length r of m such that the graphs G;=(n, E,)

i<r
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do not contain K,, and is such that for all j<#n there is an i<r such that G
does not contain an edge adjacent to j. Clearly

R,(3,....3C Y = RI(3, ..., 39) = R,(3, ..., 39).

Now our methods give

Theorem 3. RT (n, 3, ..., 3%, o(n)):% [1 ——(31—3)] (1 +o(1)).
2 4 eeag D

The proof is based on a simple application of the regularity lemma, along
the lines described in the proof of Theorem 2. Since R3(3,3,3)=R,@3,3)=5
we get

Corollary. RT (n;3,3,3, o(n))=%n2(l +o(1)).

This was explicitly stated as a problem.

The first author stated several times the following problem: Is it true that
RIG3, ..., 39)=R,(3, ..., 3= for all r=37 Finally Fan Chung proved (oral com-
munication) that this is not the case. The constructions are quite involved.

Finally we mention another type of problems. For a graph G=(V, E) let
o,(G) be the size of the largest subset ACV for which G(4) does not contain
a complete K, graph. Clearly a(G)=24(G).

Let RT (n; k;!|r)=max{e:3G=(V,E) (V' |=n/|E|=eAK, ¢ G Ao, (G)=<I)},
provided the set after the max sign is nonempty. We are again interested in
RT((n, k, o(n)[r). Again, as in the original problem, one can with a special argument
generalize (1.4) and show that for k=1

6.3) RT (n, 3k+1, o(m)|3) = % [1 —%] n?(1+o0(1)).

Now one would conjecture that an application of the regularity lemma and
an appropriate generalization of Turan’s theorem for weight functions taking
values {0, 1/3,2/3, 1} should yield the answer in cases 3k+2, 3k+3 as well
However, this is not the case and though we have partial results there remain simple
unsolved problems. Here is the simplest unsolved case:

We can prove that R(n, 5, o(n)|3)= 1/12 n*(1+0(1)). Is this best possible?
To show this an analogue of the Bollobids—Erd&s graph (2) would be needed which
we think will be extremely hard to find. At the moment we can not even disprove
RT (n, 6, o(n)|3)=o0(n?).
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