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Abstract

Random costs C(i, j) are assigned to the arcs of a complete directed graph on n labelled
vertices. Given the cost matrix C,, = (C(i,5)), let T} = T;:(C,,) be the spanning tree
that has minimum cost among spanning trees with in-degree less than or equal to k.
Since it is NP-hard to find 7}, we instead consider an efficient algorithm that finds a near-
optimal spanning tree T}'. If the edge costs are independent, with a common exponential(1)
distribution, then as n — oo

E(Cost(Tg)) = E(Cost(Ty;)) + o(1).

Upper and lower bounds for E(Cost(T})) are also obtained for k > 2.



¢1 Introduction

In this paper random costs are assigned to the edges of the complete directed graph,
and the expected cost of the cheapest k-tree is estimated. (By “k-tree”, we mean an in-
directed spanning tree whose maximum in-degree is at most k.) Let C,, = (C(4,7)) denote
an n X n matrix whose entries are independent exp(1) random variables. The variable
C(i,j) is understood to be the cost of the directed edge, (7,j), from vertex i to vertex j
in the complete directed graph, D,,, with vertices labelled 1,2, ...,n. Note that loops (i, 1)
are included in D,, ( so D,, has n? directed edges.)

It is an NP-hard problem to find an optimal k-tree given a cost matrix C,, as input
(Lemma A.1 in the appendix ). Since it is hard to find an optimal k-tree, we propose a
heuristic algorithm. A near-optimal bounded-degree spanning tree can, with high prob-
ability, be obtained by easy modifications of the cheapest k-map. (A k-map is subgraph
of D,, such that each vertex in the subgraph has out-degree 1 and has in-degree less than
or equal to k.) This is significant because it is computationally easy to find the cheapest
k-map. To analyze the algorithm, we prove that the average cost of the optimal k-tree
is asymptotically close to the average cost of the cheapest k-map. We also provide upper
and lower bounds for the expected cost of the optimal k-map (and hence, bounds for the
expected cost of the optimal k-tree) for all & > 2.

We note that, for £ = 1, a k-map is in fact a permutation. So our problem is related to
the assignment problem. Our methods for obtaining a lower bound for the expected cost
of the optimal k-map are different from those of Goemans and Kodialam [1] and Olin [2]
who compute the expected value of a feasible solution to the dual linear program for the
assignment problem. We believe their methods yield better bounds than ours in the case
k = 1, but that our methods give better results for k¥ > 2. Coppersmith and Sorkin[3] have
recently made significant progress on the upper bound for the assignment problem. Their
methods are appealing, and may be relevant here, but we have not been able to exploit
them directly. The work of Frieze et.al. ([4],[5],[6]) deals with analagous problems for
undirected graphs. There is also a literature dealing with bounded degree spanning trees
in the plane and other “geometric”analogues (e.g. Khuller, Raghavachari, and Young|[7]).
These problems are only superficially similar to our problem.

To obtain an upper bound on the expected cost of the optimal k-tree, we bound the
expected cost of a k-map that is constructed using a greedy heuristic algorithm. Although
this greedy heuristic is not optimal, it yields a map whose expected cost is bounded and
surprisingly close to the optimum. It is interesting to compare this with greedy heuristics
for the assignment problem which yield very poor assignments having ©(logn) expected
cost. As a referee pointed out, this is because the case k = 1 is more constrained: when
edges are added using a greedy heuristic, the number of potential edges decreases steadily
so that the last few edges contribute significantly to the expected cost. This is less of a
problem for k£ > 2 because there is more flexibility in selecting edges.

Finally, we remark that the case k = oo is the problem of finding the optimal spanning
tree with no degree restrictions. In this case, greedy heuristics work well asymptotically.
In particular, greedy methods have been used to obtain limit theorems for the expected
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cost of the optimal spanning tree, and for the distribution of the cost of the optimal tree
as n — oo. ( Hansen[8], McDiarmid[9]). Thus, when estimating the expected cost of the
optimal k-tree, £ = 1 is the difficult case, k = oo is the easy case, and 2 < k < o0 is
intermediate in difficulty.

A little notation is needed to proceed. For 1 < i < n, let c(1)(), c2)(), ..., cn)(7)
denote the order statistics of the variables {C(7,j) : 1 < j < n}. The joint distribution of
the order statistics of i.i.d. exponential random variables is well understood. We will make
use of the fact that c()(i) ~ Ry + Ry—1 + ... + Ry_g41 where {R,,,1 < m < n} are inde-
pendent random variables with R,, ~ exp(m). It is also a consequence of the ‘memoryless’
property of the exponential distribution that c1)(7), c(2)(i) — (1) (%), -, €(n) (3) — Cn—1)(7)
are independent with ¢ (i) — c(x—1)(i) ~ exp(n —k + 1) for 1 < k < n. Finally, for
1 < i < n and any vertex v, define X;(v) = j if and only if C(v,j) = c()(v). For
each vertex v, the vector (X(1)(v), X(2)(v),..., X()(v)) is a uniform random permuta-
tion of the vertices 1,2,...,n. One can also verify that for each vertex v, the variables
{X@) : 1 <i < n} and {cy)(v) : 1 <7 < n} are independent. It follows that the
o-algebras o{X;(v) : 1 <i < n,1 <v <n}and ofcy(v): 1 <i<n 1< v < ntare
independent too.

Given C,, let T = T}(C,) be the cheapest k-tree, and let M}: = M} (C,,) be the
cheapest k-map. It is helpful to think of M} as a (non-uniform) random map; we write
M (v) = w iff (v,w) € M}. Hansen [8] observed that M} is in some sense close to being a
minimum spanning tree in D,,: by breaking a few cycles in M and redirecting some edges
one can obtain a spanning tree whose expected cost is asymptotically optimal. A similar
strategy is developed here for bounded-degree spanning trees. The idea is very simple.
First create a forest by removing one edge from each cycle of M};. Then patch together the
components of the forest to form a tree. If r is the root of a tree in a forest, call v available
for r if the in-degree of v is less than k£ and v is not in the same weak component as r. If
we adjoin the edge from r to v, the result is a forest with one less component. This is the
basis for

Algorithm 1
1. Find M} .
2. Let T} be the forest obtained by deleting the most expensive edge from every
cycle of M}, and let k be the number of components that T} has.
3. Fori=1,...,k—1
Eet r; be the root of the smallest component of T}.
Add to T} the cheapest edge in D,, from r; to a vertex that is available
to ;.

}

Algorithm 1 creates a k-tree T} in polynomial time. To see this consider the following
linear program LP(C,, k):

n n
Minimize z = Z Z C(i;j)xi,j
i=1j=1



Subject to:

n

Zl‘ingk (_]:1,2,,7’L)
i=1
in’jzl (121,2,771)
j=1

Any 0-1 feasible solution to this LP corresponds to a k-map M. The correspondence is
xzi; =1 if (i,j) € M , and x; ; = 0 otherwise. The first n constraints say that each
vertex has in-degree less than or equal to k£, and the second n constraints say that each
vertex has out-degree one. It is a well known theorem in linear programming that the
optimal solution to this kind of transportation problem in fact an integral solution, and
so the optimal solution to the linear program LP(C,,k) is a 0-1 solution[10]. Since M}
corresponds to the optimal solution to the LP, the first step in Algorithm 1 can be solved
in polynomial time and the remaining steps can also be carried out in polynomial time.

In this paper we prove that Algorithm 1 is asymptotically optimal: in section 2 we
show that E(Cost(1)) = E(Cost(1})) + o(1). In section 3 we obtain a lower bound for
E(Cost(Ty)) and in section 4 we obtain an upper bound by analyzing a ‘greedy’ algorithm.

§2. Analysis of Algorithm 1
The main goal of this section is to prove
Theorem 2.1 If k > 2, then FE(Cost(T})) = E(Cost(1})) + o(1).

We establish Theorem 2.1 by showing that E(Cost(M))) is close to both E(Cost(T}))
and E(Cost(T})). The argument is similar to Karp and Steele’s [11] analysis of a patching
algorithm for the asymmetric travelling salesman problem. The first step is to prove

Theorem 2.2 Ifk > 2, then E(Cost(T{)) = E(Cost(M;)) + o(1).

Proof. Fix k > 2 and define the subgraph D) of D,, as follows: edge (i,7) € D), if and
only if C(i,7) < L(n) where L(n) = %. Let M, denote the cheapest k-map in D),
provided such a map exists. (M, does not exist if, for example, there is a vertex ¢ such
that (i,7) ¢ D/, for every 1 < j <n). Let M, = Mj, if M exists; otherwise, let My, = M
and consider the following modification of Algorithm 1.

Algorithm 1’
1. Find M.
2. Let T,ff be the forest obtained by deleting the most expensive edge from every
cycle of M k, and let & be the number of components that T,? has.
3. Fori=1,...,k—1
{
Let r; be the root of the smallest component of T,? .

Add to T,? the cheapest edge in D,, from r; to a vertex that is available
to r;.



}

Now let B,, = {Mk =M,k < log®n, F; < log*n,i=1,2,...,n} where F; = |{j : C(i,7) <
L(n)}|. Given B,, the combined cost of the edges deleted in Step 2 of Algorithm 1’ is at

4
< 50log™ n
— n

most & - L(n) . Hence,

50 log4 n_p

E(Cost(My)|By) — (Cost(T{)|By)

n
< E(Cost(My)|B,) + E(Cost(added edges)|B,,).

We show below that E(Cost(added edges)|B,,) < % by bounding the expected cost
of each edge added by Algorithm 1’.

For i < & < log®n, consider the #’th iteration of step 3 in Algorithm 1’. Let A; =
A;(r;) denote the set of vertices that are available to r; at the beginning of the ’th iteration
of step 3. The edges out of r; are examined in increasing order of cost until an edge that
points to a vertex v; € A; is found, then the edge (r;,v;) is added to T,ﬁf and the added
cost is C(r;,v;). Thus,

R—1
E(Cost(added edges)|B,,) = E(Z C(ri,v;)|Bn)
i=1
log2n
= 3" B(C(rsyvi)li < 7 Ba) Prli < &|By)
i=1
log2n

IN

E(C(Ti, UZ)‘Z < IQL, Bn)
1

%

To bound E(C(r;,v;)|i < &, By) for each i < log® n, we analyze a more expensive ‘patching’
operation which is described below.

Fix i <log®n. Given i < & and By, let m; =n — F.. = |{j : C(ri,j) > L(n)}|, and
let A ={j € A;:C(ri,j) > L(n)}. Call any edge (r;,j) with C(r;,5) > L(n) a costly
edge. Now modify the i’th iteration of the patching operation in Step 3 of Algorithm 1’ as
follows: add to T  the cheapest edge from 7; to a vertex in Aj. In other words, at the i’th
iteration of the algorithm we examine only costly edges out of r; in increasing order of cost
until we encounter one that points to a vertex w; € A, and edge (r;,w;) is the new edge
that is added to 7. Observe that C(r;,v;) < C(r;,w;) always, where v; is the cheapest
vertex available to r; in A;. Thus any upper bound for E(C(r;, w;)|i < &, B,) is also an
upper bound for E(C(r;,v;)|i < &, By).

To bound E(C(r;,w;)|i < &k, By), observe that given that the edge C(r;,w) > L(n),
we have C(r;,w) ~ L(n) + X, where X ~ exp(1l). (We use the fact that if M, exists,
then a ‘cheap’ k-map has been constructed without examining any of the costly edges, so
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we have no extra information about the costly edges). It follows from standard results for
order statistics of exponential random variables that if there are m; costly edges out of
vertex r; and if the d’th cheapest costly edge out of r; is added to T}, then

1
d,mi,i</%,Bn>:L(n)+—+ +...+
m;  m; — 1

E(C(ri,wi)

The random variable d has the same distribution as the number of draws, without replace-
ment, until a black ball is drawn from an urn with |A}| black balls and m; — |.A}| white
balls. In Lemma 2.9 we prove that |A;| > 2, so |A} > |4;| — F,, > 2 —log*n > 2 for all
large n. Hence

/ 4 5logn 1
Pr (d > 510gn‘mi7i < R, Bn> <(1- w)5logn < (5) <
n n

for all large n. Also, given B,,, we have m; > n — log* n and thus
FE <C(7‘Z’, ’Ui)

51 "1
<< L(n) + e n +(3 - Pr<d>510gn‘i</%,Bn>§2L(n)
n —log"n —>5logn Pt

i < /%,Bn) < E(C(ri,wi) i <&, Bn>

for all sufficiently large n. Hence

log2 n
E(Cost(added edges)|By,) < Z E(C(ri,v)|i < &, By)
i=1

100log*
< 2L(n)log*n = M.

In Lemma 2.8 we prove that Pr(B¢) = O(%), so it follows that for all large n,
‘E(cost(Mk» - E(Cost(T,?))‘ <

% + )E((C’ost(Mk) — Cost(T,?)) : 1{33})‘

150 log* ; [
< VB (B(Cost(NI))Y? + E(Cost(T{))?) (Pr(B;)

Cost(My) < "7, (i) always, so we have

B(Cost(My)?) < B eu) (i) = Var(Y_ (@) + (B e (0))?
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n

= nVar(en (1) + n2(Bleq (1) = n 3" = +

)2 < 2n? log2 n

| =

since ¢(,)(1) ~ Ry + R + ... + R,,. Similarly, E(Cost(T)?) < 2n?log® n. Thus

2501log* n

E(Cost(My)) — E(C’ost(Tg))‘ < ~

To finish the proof, we note that whenever M, = M » we must have Tf =T} too. Now it
follows from Lemma 2.4 below that Pr(My = Mj) > Pr(My = Mj, = M}) =1— 0(35),
and so by arguments similar to those given above, we have

4
|B(Cost(M) — Cost(T)] < 2287 1| B((Cost(My) — Cost(T})) - 1{1s # M;})]
- 3001log* n
n

and except for the unproved lemmas that were cited, we have now completed the proof of
the theorem. [

The proof of Theorem 2.2 used several lemmas that must now be proved. In particular,
a key step in the proof of Theorem 2.2 is the observation that M, exists and equals M}
with high probability. To establish this we modify an argument from Karp and Steele [11].
We begin by defining the directed subgraph G(C),) of D,, in which

161
(i) is an edge of G(C,) & Cliyj) < pln) = = 2"

For any subset S C [n], define I'(S) = {j : (4,j) € G(Cy,) for some i € S} and IT71(S) =
{i : (i,7) € G(Cy) for some j € S}. The directed graph G(C,,) is called expanding if for
any subset of vertices S C [n], the following inequalities both hold:

1 1
|F(S)|Zmin{2|5|+l,%} and |F1(5)|Zmin{2|8|+1,n;— 1

Then we have

Lemma 2.3 Pr(G(C,) is not expanding ) = O(-5).

Proof. This lemma is essentially Lemma 7 of Karp and Steele [11]. The only difference
is that Karp and Steele use uniformly distributed cost variables and set p(n) = 10logn/n
to obtain a probability bound which is O(1/n?). Their proof goes through with trivial

6



modifications when the cost variables are exponential(1) and p(n) = 16logn/n, so we do
not repeat the argument here. [ ]

Lemma 2.4 With probability 1 — O(-%), every edge of M} has cost less than L(n) =

501og% n
.

Proof. Observe that by Lemma 2.3, it is enough to prove that if G(C),) is expanding,

then every edge of M, has cost less than 221°& " 1‘;52”

C(', M}(i")) > % for some 1 < ¢ < n. We show that the mapping M}’ can be
modified to obtain a feasible soluition M}, which is cheaper than M.

. So suppose G(C,,) is expanding but

The first step is to define a sequence of subsets of vertices as follows. Let I'(1) = I'({i'})
and for [ > 2, let T'(l) = T((M;)"1(T(l — 1))). Let A(M}) denote the set of vertices in
M} with in-degree less than k. Since each vertex has in-degree at most £ under M;', we
must have |A(M})| > [n/2]. We claim that {l : I'(l) N A(M}) # 0} # 0. To see this,
note that if [['(1)| > 24 for some I, then I'(1) N A(M}) # 0 (since |A(M})| > [n/2]). So
if {I:T(1)NAM;) # 0} =0, then [D(1)] < ZH for all I > 1. On the other hand, since
G(C,) is expanding, |T'(1)| > min(2, ), and since T'(1) N A(M}) = 0, every vertex in
['(1) must have in-degree k under M;. It follows that |(M;)~1(T'(1))| > 2k and |T'(2)| =
IT((M;)~1(T(1)))| > min(22k, 1), Now induction shows that [I(l)| > min(2'k'~1, %)
for all I > 1, and so |I'(l)| > ”Tﬁ for I > 2logn. Thus we can’t have [['(1)] < 2L for all
[>1.

Let m = min{¢ : I'(¢) N A(M}) # 0} and note that it follows from the argument
above that m < 2logn. The next step is to define two sequences of vertices 1,19, ..., im
and j1,j2, ..., jm. Let i3 = i’ and let j,, be a vertex in I'(m) N A(M;) # 0. Since
Jm € D(m) N A(M}) there is a vertex i,, € (M)~ (I'(m — 1)) such that C(im,jm) <
p(n) = 161%. The remaining vertices in the sequence are defined recursively as follows.
For 1 <l <m-—1,let j; = M(i;41) € T(l) = T((M})"YT( —1))). For2<1<m—1,
choose i; € (M;)~'(I'(l — 1)) such that C(i;, ji) < p(n). Observe that ju,, # M} (i141) = Ji
for 1 <1 <m —1since M} (i41) € T'(l) and T()) NAM) =0 for 1 <1 <m—1.

Given the two sequences i1, 19, ..., 4y, and ji,Jj2, ..., Jm, define a new mapping M by
setting My, (i) = M} (4) if ¢ ¢ {41,142, ..., % } and setting My (i) = j; for 1 <1 < n. In other
words, M}, is constructed from the optimal mapping M} by deleting the edges (i;, M; (i;))
and adding the edges (i;,7;) for 1 <1 < n. To see that M}, is a feasible solution, we note
that for each 2 <[ < m, the deletion of edge (i;, M} (i;)) makes vertex M; (i;) ‘available’
and so the addtion of the edge (ij—1,71—1) = (41—1, M;(i;)) does not violate the degree
constraint at vertex M;(i;). Also, since j,, # j; for 1 <1 < m — 1, the vertex j,, is still
‘available’ after the addition of the edges {(i;,j;) : 1 <1 < m — 1}, so the addition of
edge (im,jm) does not violate the degree constraint at vertex j,,. So the mapping My is
a feasible solution.



Finally, observe that

Cost(My) — Cost(My;) = C(it, jt) ZC’ ir, My, (i)
t=1

< ) Cig, je) — Clin, Mg (1))
t=1
1 2
<m-p(n)— 2log”n
n
50log®n  —18log®n

<2logn - p(n) — =
n n

which contradicts the optimality of M. [ ]

Next we establish that, with high probabilty, M has less than log2 n components. It
is well known that, for uniform random maps, the number of components is O(logn) with
high probabilty, and it would not be difficult to prove the same fact for uniform random
k-maps. However M) is a non-uniform random k-map. Nevertheless, the corresponding
statement is a consequence of the following

Lemma 2.5 Let f and g be two k-maps that differ only by a transposition of the values
they assign to two vertices, i.e. there exist i1, iy such that f(i1) = g(i2), f(i2) = g(i1),
and for v # iy,i2, f(v) = g(v). Then

Pr(f is optimal) = Pr(g is optimal)

Proof. Let C be the set of cost matrices, and for any k-map M, let Oy C C be the set of
cost matrices for which M is optimal. We want to prove that Pr(Of) = Pr(Oy). Define
H:C—Cby H(C)=C", where

C(ig,j) 1fz:zl
C'(i,j) = 4 Clir,j) ifi=is
C(i,j) else

We know Pr(Os) = Pr(H(Oy)) because costs are assumed i.i.d. It therefore suffices to
prove that H(O¢) = O,.

Let C € O¢. To prove that H(Oy) C Oy, it suffices to show that g is optimal for the
instance C’. First note that Cost(f,C) = Cost(g,C"):

Cost(f,C) = C(ir, f(ir)) + Clia, f(i2)) + Y C(i

27511 77'2



= C(i1, g(i2)) + C(iz, g( Z C(i,g(i)

= C'(iz, g(i2)) + C'(ir, g Z C' (i, g(i
111,12

= Cost(g,C").

Now we prove by contradiction that ¢ is optimal for C’. Suppose on the contrary,
that h is a k-map and Cost(h,C’) < Cost(g,C"). Define b’ by h'(i1) = h(iz), h'(i2) =
h(i1), and for i # i1,i9, h'(i) = h(i). Then Cost(h',C) = Cost(h,C") < Cost(g,C") =
Cost(f,C) This contradicts the optimality of f, and completes the proof that

H(Of) C Oy. (2.1)

By the same argument,
H(O,4) € Oy. (22)

Observe that H? is the identity. Hence, by applying H to equation (2.2) we get
Oy C H(Oy). (2.3)

Combining (2.1) and (2.3) we get H(Oy) = O,. [

For any map M, let Z = Z(M) = {i : M*(i) = i for some ¢t > 1} be the set of cyclic
vertices of M. Then M|y is a permutation on Z. The following corollary asserts that,
given the set Z of cyclic vertices, all permutations are equally likely to occur as M| .

Corollary 2.6 For any set Z C {1,2,..,n} and any permutation o on Z,

*k * 1
Pr<Mk\Z - J‘Z(Mk) - Z) = 1

Proof. For any two permutations m, o of Z, there is a sequence 7y, 7o, ..., Ty, of transposi-
m
tions such that m = o o [[ 7;. By Lemma 2.5, we have
i=1
-1 ¢
Pr(M;; s=oo]]n |2y = Z) - Pr(M,j =oo[[n |z0s;) = z)
i=1 i=1
for 1 </ <m. [ ]

Lemma 2.7 With probabilty 1 + 0( ), M} has less than log® n components.

Proof. Let m < n be the number of cyclic vertices, and x the number of cycles. By the
Corollary 2.6, we need only estimate the probability that a uniform random permutation
on m letters has more than log®n cycles. It is well known (e.g. Flajolet and Soria[12])
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that this probability is negligible: there is a constant C' > 0 and a positive constant o < 1
such that for all t > 0

k — logm
Pr| ———) > t||Z(M})| = < Cal.
() > dfiZ0g)| =m) < Ca

Take t = log4/ 3 n to obtain the result. ]

Lemma 2.8 Pr(B,) =1— O(=).

nd
Proof. Recall that B, = {Mk = M,k < log>n, F; < log*n,i = 1,2,...,n} where F; =
{j: C(i,7) < L(n)}|. Therefore

Pr(BS) < Pr(M;, # M;) + Pr(i > log®n) + ZPr(Fi > log* n).

i=1
Now if every edge of M} has cost less than L(n) = % then M, must exist and
M = M. So it follows from Lemma 2.4 that
P(Nl = M) > Pr(V = My, = M;) > 1 - O(=).

Thus
. 1 "
Pr(B;) < Pr(k >log® n, My, = My = Mj;) + O(—) + > _Pr(F; > log" n)
n
=1

1
< Pr(k >log?n) 4+ nPr(F; > log*n) + O(E)

By Lemma 2.7, Pr(x > log?n) = o(-%). Finally, since Fy ~ Bin(n,1 — exp(—L(n))),

E(GFl) 650(671) logZ n 1

4.\ _ F log® —
Pr(F; >log*n) = Pr(e" >n°® ") < —ogn < e o(—).

Lastly, we prove
Lemma 2.9 For 1 <i <&, |A;] > §

Proof. Let F; be the forest that consists of all components other than that of ;. Let d;(F;)
denote the number of vertices in F; having in-degree j. The number of available vertices
is

k-1
|A;| = Z d;(F)
=0
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The number of vertices in F; is
k
v(i) =Y d;(F).
j=0

Since F; has v(i) vertices and & — i components number of edges of F; is
k
(i) —h+i=Y_jd;i(F).
j=1
It follows that

k k
0<i—i=0v(i)—Y jdj(F;) <v(i)—di(F) = 20> dj(Fi)) = —v(i) + 2do(F:) + di (F).
j=1 Jj=2

Hence
2(do(F;) + d1(F3)) > v(i).

Provided k > 2, we have |A;| > (do(F;) + d1(F;)). We know v(i) > 4 because r; was the
root of the smallest component. Therefore |A;| >
|

Now that the lemmas are proved, the proof of Theorem 2.2 is complete. However our main
aim is to prove

Theorem 2.1 If k > 2, then FE(Cost(T)) = E(Cost(1})) + o(1).

Proof. Let r be the root of T}, and let (r,w) be the cheapest edge from r to a vertex
having in-degree less than £ in 7T}7. Then

Cost(M;;) < Cost(Ty) 4+ Cost((r,w))
and consequently
E(Cost(Ty)) > E(Cost(My)) — E(Cost((r,w))

We claim that E(Cost((r,w))) < @ for all large n. To prove this we show that C(r, w)

is bounded above by a random variable Y whose expected value is bounded by %. To
define Y we introduce some notation. For each 1 < i < n, let T (i) be the cheapest k-tree
rooted at vertex 4, and let (i,w;) denote the cheapest edge from i to a vertex having in-
degree less than k in Tj (7). Note that the variables Cost(1,w;), Cost(2,ws), ..., Cost(n, ws,)
are identically distributed, though not independent. Now let Y = maxj<;<,, Cost(i, w;).

11



Since T} = Ty () and (r,w) = (i, w;) for some 1 <1i < n, we have Cost(r,w) <Y. Observe
that

4 4
B(Y) < log n+E<Y~1{Y2 log n})
n

n
1/2

log* n 2\11/2 log*n
< >
< ==+ (B(Y?) Pr(Y_ - )

log4 n log4 n 12 (24
< 2\\1/2 . A
< — + (E(Y?)) (;Pr (C’ost(z,wz)_ - >>

log* n log* n 1/2
< - + (E(Y?))1/2 (nPr (C’ost(l,wl)z - ))

To bound (E(Y?))/2, let Z = max{C(i,j) : 1 < i < n,1 < j < n} and note that

J
(BE(Y?2))Y/? < E(Z?)Y/2. The variable Z has density f(z) = n?e *(1 — 6_2)"2_1, SO
o0 , 1/2
(E(YZ))1/2 < (n2/ Z2€_z(1 . 6—2)11 _1d2)
0
00 1/2
< (n2/ zQe_Zdz) = /2n.
0

Next, let W = |{j: C(1,7) < @H and let U denote the random set of vertices in Tj(1)
log;4 n

with in-degree equal to k. Since W' :=n — W ~ Bin(n,exp(—=%-")), we have

elogZ nE(eW') C

Pr(W <log®n) = P(W' >n —log®n) < o
en elog™n

(2.5)

for some constant C' which does not depend on n. Also, since at most 7 vertices in T} (1)
can have in-degree k, || < 7 always. For 1 < i < n, let X(;y = X(;)(1) denote the vertex to
which the i’th cheapest edge out of vertex 1 points, then (X (1), X(2), ..., X(»)) is a uniformly
distributed random permutation of the set {1,2,...,n}. The variables X1y, X(a), ..., X(n)
are measurable with respect to the o-algebra generated by the variables {C(1,7) : 1 <
j < n}, whereas the random tree Tj(1), and hence the random set of unavailable vertices
U, is determined by the variables {C(i,5) : 2 < i < n,1 < j < n}, so the variables
X1y, X(2)s -+, X(n) and the random set U are independent. Now given the event W > b

and the set U, we have Cost(1,wq) > % only if X1y, X(2,..., X(») € U, i.e. we must
reject at least the first b vertices that are examined and this happens only if all of those
vertices are in U. So

log* n

Pr (Cost(1,w1) > ’W > bU = U) < Pr (X(l),X@), Xy € U‘W > bU = U>

() (55 - ()
<(i) (-3)

n



since |U| < %. Using this bound, we obtain

log* n

Pr <C’ost(1,w1> > )

n

1 4
<> Pr (Cost(1,w1) > 08 ”‘W > b U = U> Pr(W > b,U = U) + Pr(W < b)
n
U (2.6)
1 b

< (E)b (1— —)b-Pr(Wz b) + Pr(W <b)

n

where the sum is over all possible set values for the random set ¢. It follows from (2.5)
and (2.6) with b = log® n, that

log* n) < C’

Pr (C’ost(l,w1) > = ,(log2)(logn)

n

where C’ is a constant which may depend on k£ but which does not depend on n. Using
this bound and the bound for (F(Y?))'/2 in (2.4) we obtain

2 log4 n

E(Cost(r,w)) < E(Y) < "

for all large n.

Finally, since Cost(1}) < Cost(T}) by the definition of T}, and since E(Cost(T})) =
E(Cost(M})) + o(1) by Theorem 2.2, we have for all large n

21og*
E(Cost(M})) — =28 "

< E(Cost(Ty)) < E(Cost(Ty)) = E(Cost(M})) + o(1).

¢3 Lower Bound

In this section we prove the following lower bound for the optimal tree’s expected cost:
Theorem 3.1 Ifk > 2, then

m—k
o . 1 1 m—k—/0+1
l1m1nfE(Cost(Tk))21+g Z m! Z m—0+1 °

n— 00 !
m>k =1

Proof. By Theorems 2.1 and 2.2, it suffices to prove that

m—Fk
hnnllng(C’ost(Mk)) > 1‘1‘5 2% ; m—~0+1

13



Since the optimal mapping M, must have one edge out of each vertex, a crude lower bound
is

Cost(M};) > Z cay(v) = Cost(M™)

where c(;)(v) denotes the cost of the i’th cheapest edge out of v, and M* = M; is the
cheapest map (with no restrictions on the in-degrees of the vertices). With high probability,
a positive proportion of the vertices of M* have in-degree larger than k. Hence a positive
proportion of the edges in M* cannot be used in M;;. Each time the cheapest edge is not
used, we pay a penalty, and the idea is to estimate this penalty.

First some notation is needed. For any vertex v and 1 < i < n, let e;(v) denote the
i’th cheapest edge out of v, i.e. Cost(e;(v)) = cq)(v). Also, let D(v) := ¢(2)(v) — c(1y(v) ~
exp(n — 1), and observe that

Cost(M;) — Cost(M*) > > c(2)(v) — c1y(v) = > D(v).

v s.t. el (v)gM; v s.t. e (v)EM;

We interpret D(v) as the penalty which is paid for not using edge e;(v). For any map f
from {1,2,...,n} into {1,2,...,n} and any vertex v, let p(v, f) denote the in-degree of v in
G, the directed graph representing the mapping f. For 0 < m < n, let

Vin(f) = {v : p(v, f) = m} and for any vertex y, let B(y, f) := {v: f(v) = y}. In the
special case where f = M*, we write V,, for V,,,(M*) and B(y) for B(y, M*).

Now given y € Vy, and B(y) = {z1,22,...,2m }, let D1)(B(y)), D2)(B(y)), ...,denote
the order statistics of the variables D(x1), D(x2), ..., D(x,,). For each vertex y, we define
X(y) =0ify ¢ V,, for some m > k and X(y) = Z:Zk Dy (B(y)) if y € Vy, for some
m > k. The variable X (y) is a lower bound on the cost of redirecting edges that go into
vertex y under M*. In particular, if y ¢ V,, for some m > k then it is possible that none
of the edges into y under M™ are redirected under the optimal solution M, whereas, if
y € Vp, for some m > k, then at least m — k of the edges into y (under M*) must be
redirected under M} and the cost of redirecting edges will be at least Z?;k Dy(B(y)).
Using the variables X (1), X(2), ..., X(n), we define a variable U,, that underestimates the
cost of My, :

m—k
Cost(My) > Uy := Cost(M*)+ > Y > D(B(y))) = Cost(M*) + )~ X(y).
m>k yeV,, i=1 y=1
The variable U,, is the sum of the cost of the cheapest edge out of each vertex, plus an
additional penalty for vertices y with in-degree m > k. The variables X (1), X(2), ..., X(n)
are identically distributed, so
E(U,) = E(Cost(M™))+nE(X(1)) =1+ nE(X(1))
since E(Cost(M*)) = nE(c)(1)) = 1.

14



hLet pm(n) =Pr(1 € Vy,) = Pr(p(1,M*) =m) = (")(1)"(1 - 1) ~ L. then

E(X(1))=Y_ E(X(1)|1 € Vm)pm(n).

m>k

To compute E(X(1)|1 € V,,,) we write

DL€ V)= E(X(1)|B(1) = A)Pr(B(1) = Al € V)
A

where the sum is over all subsets A C {1,2,...,n} such that |A| = m. Recall that the
o-algebras o{X;)(v) : 1 < i < n,1 <ov < n} and ofcy)(v) : 1 < i <n, 1 < v < njf
are independent. Now observe that given B(1) = A, then X (1) = Z;Z_lk D;y(A). For
any subset A, the event {B(1) = A} is measurable with respect to o{X;(v) : 1 < i <

n,1 < v < n} whereas the variable X (1) = Z?:lk D;y(A) is measurable with respect to
o{c@(v) :1<i<n,1<v<n} So by independence of the o-algebras, we have

m—k m—k
BXWIBO) = A) = B( 3 Dy (A)|BO) = A) = 3~ B(D)(A

for any subset A € {1,2,...,n} such that |A| = m. Also, for any subset A € {1,2,...,n}
we have

> B(D) (A Z E(Dgi)(A
=1 =1
where A" = {1,2,...,m}, since the variables {D(i) : 1 < i < } and {D(z) : x € A} have
the same joint dlstrlbutlon Since the variables D(1), D(2 ) D(m) are i.i.d. exp(n — 1)
random variables, it follows from Lemma 3.2 below that
m—k
E 1€Vn) =) Y EDq(A))Pr(B All € V)
A =1
m—k
=Y E(Dg(A))
=1
1 Hm—k—l41
T on—1 m—1+1

where the sum is over all subsets A C {1,2,...,n} such that |A| =

Finally, since limy, .o pm(n) = -4, and py,(n) - EZIk % < L - m for each

15



m > 0, we obtain

lim E(U,) =1+ lim nE(X(1))

n—oo n—oo
m—k
m—k—1+1
=1+ li m( _—
i S S ) 30
m>k =1
m—k—/0+1
=1
M Z 41
m>k =
by dominated convergence, and the result follows. ]

The proof of Theorem 3.1 depends on a fact about the order statistics of the expo-
nential distribution which we state as a lemma.

Lemma 3.2 Let X1, X5,...,X,, be independent exponential random variables with
S

parameter X > 0. Let S = Y  X(;y be the sum of the s smallest of these m random
i=1
variables. Then

N =i+l
PO= 25

Proof. The lemma follows from the fact that the expected value of the 7’th order statistic
from a sample of m exponential random variables with parameter A is

and therefore

§¢4 Upper Bound

In this section prove

16



Theorem 4.1 For k > 2

m—k—0+1
17ILI1_)Sol<l)p (Cost(Ty)) < +mz>:k Z m—{0+1
+§:L i Ne A T jm—k—1+1
P em! —~ 5! — jH+m—1+1
k
1
1 -
o 2
+log(——) = 0
where
k—1
(k—m)
A= \k) = A
(k) o (k=1
m=0
k—1 k—m—1 | ;
1 Me=
a=a(k)= ol Z 4!
m=0 Jj=0
k—1 k—m—1 ;
1 (k—m—jMe?
B =pB(k) L e JZZ:O J! ( )

The proof of the theorem is based on the analysis of a greedy algorithm. The algo-
rithm constructs a k-map M} for which E(Cost(M})) can be bounded. We know that
Cost(M}) < Cost(Mf), so Theorems 2.1 and 2.2 together imply that E(Cost(T})) <
E(Cost(M{)) + o(1).

To construct the map M}, we start with the optimal unrestricted random mapping,
M*, and make the modifications necessary to convert it to a k-map. This is carried out
in three phases as follows. In Phase 1 we start with M™*, and at each vertex v with
p(v, M*) > k, cut p(v, M*) — k edges into v. These edges are selected so as to minimize
the “redirection cost” at the beginning of Phase 2 when the cut edges are replaced by new,
more expensive edges. The redirection process may result in overfull vertices. Hence there
is another round of cutting at the end of Phase 2. The edges that are cut at the end of
Phase 2 get replaced by more expensive edges in Phase 3 using a simple greedy procedure.

To describe the algorithm in more detail, we need some notation. Given a map f and a
vertex v, recall that B(v, f) = {z : f(x) = v}. For x € B(v, f), let D(z, f) be the difference
between the cost of the current edge (z, f(z)) and the next cheapest edge, i.e. if (z, f(x)) =
ci(z), then D(z, f) = ciy1y(x) — cuy(x). If p(v, f) = m, let Dy (v), D(2)(v), ..., Dy (v)
denote the order statistics of the variables {D(z, f) : z € B(v, f)}. In addition, if p(v, f) =
m > k, then let W(v, f) = {z € B(v, f) : D(x,v) = D;)(v, f) for some 1 < j <m —k} be

17



the m — k vertices for which D(x, f) is smallest. Finally, let F = {v : p(v, M*) > k} and
let C ={v:p(v, M*) < k}. With this notation we can describe an algorithm constructs a
heuristic mapping M.

PHASE 1
o =M,
R(1) = 0;
R(2) = 0;
e For each edge (z,v) such that v € F and = € W(v, f), delete (z,v) from f and add z
to R(1).
PHASE 2
e For all roots x € R(1), add ez(x) to f.

e For every v € F that now has p(v, f) > k, delete all edges (z,v) in f such that
x € R(1), and add the vertex x to R(2).

e For every v € C that now has p(v, f) > k, for every z € W(v, f), delete (x,v) from f
and add x to R(2).

PHASE 3
e Fori=1,...,|R(2)|,
{ Let z; be the vertex in R(2) with the ith smallest label. Add to f the cheapest

edge from x; to a vertex that is available to x; and which has not been rejected
in Phases 1-2;

}

e Return f;

Our goal is to bound the expected cost of My which is the mapping returned by the
algorithm. To this end, let

n

X = Zc(l)(v) = Cost(M™)

v=1

be the cost of f at the start of Phase 1, before any edges are deleted. If e; () is one of the
edges removed in Phase 1, then e;(2) will not be used in M} and at best the edge out of x
will have cost c(2)(x) in M}!. For this reason we refer to (c(2)(z) — c(1)(x)) as the “penalty
for deleting eq(x).” Let Y be the total penalty for deleting edges in Phase 1:

Y = ZmeR(l)(C@)(x) — ¢y ().

18



Similarly, let W be the penalty for rejecting edges in Phase 2 and let Z be the additional
penalty for adding edges in Phase 3, i.e. the cost over and above that which is accounted
for by X,Y, and W. Then

Cost(Mp;)=X+Y +W+Z. (4.1)

Proof of Theorem 4.1. Fix k > 2. From the discussion above, it is enough to bound
E(Cost(Mg)). We begin by noting that X +Y = U, so from the proof of Theorem 3.1
we have

—k—(+1
EX4+Y)=1+- Z Z mm_€+J1r +o(1). (4.2)
m>k !

n
Next, to bound E(W) | we write W = >° Q,, where Q, is the penalty for rejecting edges
v=1
into v during Phases 2. Let p(v) = p(v, M*), then we have

E(W)=) E(Q,)

n k
-3 3 Pr{p(e) = m)E(Qultr) - )+ Pr(p(e) > D E(@Qulplo) > 1)

v=1

k
=n Z Pr(p=m)E(Qu|p=m)+nPr(p>k)E(Qu,|p > k) (4.3)

where vy is any fixed vertex and p = p(v1). Since Pr(p = m) — - as n — oo, it is

enough to determine limsup,, ., nFE(Qy, |p = m) and limsup,,_, ., nE(Q., |p > k). These
limits are obtained in Lemmas 4.3 and 4.4 below.

To prove the lemmas we first define variables R = |R(1)| and V = [{z € R(1) :
ea(x) = (x,v1)}| where v is a fixed vertex. Then we have

Lemma 4.2 For 0 <m <k and j > 0

Jo—A
lim Pr(V =jlp=m)= e

n—oo j!

where A = A(k).

Proof. Observe that given R = r and p = m < k, the distribution of V is Bin(r, -17).
So if \n — k2n3/* < r < An + k?n3/ 4. it follows from the Poisson approximation for the
Binomial distribution that

e_AAj C&

3! < nl/4

|Pr(V=j|R=r,p=m)—
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where C} is a constant which may depend on j but which does not depend on n. Martingale
concentration results (see, for example, [15] and the appendix) establish that

Pr(An — k?n3/* < R < An + k?n3/%) > 1 — exp(—n'/*) for all large n. Furthermore, since
Pr(p = m) is bounded away from zero as n — oo, we also have

Pr ()\7’1, — P < R< M+ k2n3/4‘p = m> >1-0C,, exp(—n1/4),

where (), is a constant which may depend on m but which does not depend on n. Using
these bounds, we obtain

_ e AN
| Pr(V = jlp=m) - i |
e AN
< Y|PV =iR=rp=m) = S| Pr(R = rlp =m)
{r:]r—An|<k2n3/4} J:
e M\
+ Z ’Pr(V:j|R:T,p:m)— . ’Pr(R:ﬂp:m)
{r:|r—An|>k2n3/4} J:
Cj 1/4
< "z + 2C,, exp(—n''?)
and the lemma follows. ]

Remark. We also note here that Pr(V = j|[R=r,p=m) = (;)(ﬁ)j( — L)< L

for all possible values of r, so Pr(V = jlp=m) < % for all j > 0.
Lemma 4.3 For 0 < m <k

00 )\je_)\ j+m—k

) i+m—k—1+1
N R e D O

q . —
j=k—m+1 J: =1 Jtm—i+1
where A = A(k).
Proof. The first step is to write
lim nE(Qu |p = m) =
Tm > nE(Qu IV =jp=m) Pr(V = jlp = m) (1.4)
j=k—m+1

We compute lim,, ..o nFE(Q., |V = j,p = m) by using a further conditioning argument.
The calculation is divided into two cases.

Case 1: m=0

Let V = {z : x € R(1) and ex(z) = (x,v1)}, then the event {V = A,p = 0},
where A C [n] and |A| = j, is measurable with respect to the o-algebra generated by the
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variables {X(;)(v) : 4 = 1,2, and 1 < v < n} U {ce)(v) — cqy(v) : 1 <v < n} (as defined
in Section 1). In particular, the event {V = A,p = 0} is independent of the variables
{e@y (@) —c2)(x) : x € A}. Now for any A C [n] such that |A| = j, let D1y(A), ..., D (A)
denote the order statistics of the variables {c(3)(z) — c2)(z) : * € A}. It follows from
Lemma 3.2 that

nk (Qvl

=1

J—k

since the variables {c3)(z) — c(2)(z) : € A} are i.i.d. exp(n — 2). It follows that

j—k .
k41
n_N~ o3 (4.5)

nE(Qu|V=7p=0)=""5) =
=1

Since Pr(V = jlp =0) < % for j > 0, the result now follows for m = 0 by Lemma 4.2,
(4.5) and dominated convergence applied to (4.4) with m = 0.

Case 2: 0 <m < k.

Let V be defined as in Case 1 above, then the event {V = A, (M*)~1(v1) = B, p = m},
where A, B C [n], |A| = j, |B] = m, and BN A = (), is measurable with respect to the o-
algebra generated by the variables {X;(v) :i = 1,2, and 1 <v < n} U {c@)(v) —ca)(v) :
1 < v < n,v ¢ B}. In particular, the event {V = A, (M*)"1(v1) = B,p = m} is
independent of the variables {c(2)(z) — c(1)(z) : & € B} U{c@)(v) — c2y(v) : v € A}. Let
A" = AU B and let D(1)(A’),..., D;45)(A’) denote the order statistics of the variables
{e@y (@) —cy(z) s 2 € B} U{c)(v) — c2)(v) : v € A}. Then

nE (Qu|V = A, (M) (v1) = B,|A] = j.p = m)
j+m—k
=1

j+m—k
=nk ( Z D(i)(A/)> .

Now the calculation of nE(ZfI{” " D;y(A")) requires some work since the variables
{e@y(@) —cay(z) : x € BYU{cs)(v) —¢2)(v) : v € A} are independent but not identically
distributed. In particular, c()(z) —c(1)(z) ~ exp(n —1) for every x € B, whereas c(3)(v) —
c(2)(v) ~ exp(n — 2) for every v € A, so their joint density function is given by

f(ul, ceey uj—i—m)
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m Jjt+m
=4n—nmm—2yap<4n—m§jw-4n—m EZUJ

=1 i=m+1

on (R*)7+™. Define the function g : (RT)It™ — R* by g(ur, ..., tjym) = S7F (s
where u(;) is the ith smallest of the coordinates u, ..., uj4n. Then we have

j+m—k
”E<§:1%W%>=n1;wM9@%ﬂ@M

:n/ ‘gwwﬂww+¢/ gl (F(@) — f(@)da (4.7)
(R+)i+m (R+)i+m

where f(u1, ey Ujmn) = (n— 2)I ™ exp(—(n — 2) ZZ:{” u;) is the joint density of j + m
i.i.d. exp(n — 2) random variables. By Lemma 3.2 we have

jt+m—k .
~ n j+m—k—0+1
. du = 4.8
”[Qﬂﬁmﬁw Fode= 25 X S (4.8
To bound the second term on the RHS of (4.7), observe that
o[ s@ (@) - faaa
(R+)J+m
<n [ gty f@ - 22 faa
(RH)im f(a) (49)
:n/ o@ - Fah - L9 |ga '
[0, &)+ f(@)
+n/ gwyﬂm1—ﬁ@da
(10, &) +m)e f(@)
For 4 € [0, ﬁ]jﬂn,
‘1-— J () ::’1-— <TL_'1) e 2| < CB) (4.10)
7@ = Vi
where C(k) is a constant which may depend on &k but which does not depend on n. Thus
I w)| ., k N
o @ fah - D S [ g fw
[0, =]i+m f(a) Vn (R+)i+m

vn o n—2 ~ Jjtm—i+1 vn

(4.11)

C@)_7zj35*j+m—k—z+1<3c&y
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To bound the second term on the RHS of (4.9), observe that

f u Jj+m

fu

f(@)da

([o, 1 ]J+mc

n/([O,ﬁ]Hm)c g(@) - f(@)

(n— 2)/@) (4.12)

It follows from (4.6)-(4.12) that

j+m—k j+m—k . .
+m-—k—0+1 C'(k)j

E ) - ? ‘<
‘ (Z D(”A) 2 j+m—E(+1 |~ n

(=1

and hence

j+§:_kj+m—k:—£+1’ _ C'(k)j

E(Qu,|V=4p=m)— ,
QY = jip = Py RV

(4.13)
/=1

where C’(k) is a constant may depend on k& but which does not depend on j or n. The
result now follows from Lemma 4.2, (4.13) and dominated convergence applied to (4.4),
since Pr(V = jlp=m) < % for all j > 0. [

Lemma 4.4

k
limsup nE(Qu, |p > k) Pr(p > k) < A(k)- (1— ) —).

n— 00
m=0

Proof. If p = m > k, then all edges which are mapped to v; at the start of Phase 2
are rejected without making any comparisons. In particular, suppose that x € R(1) and
ea(x) = (z,v1), then the edge es(z) is rejected. The penalty paid for rejecting es(z) is the
minimum additional cost of finding a suitable edge out of z, i.e. the penalty for rejecting
ea(x) is c(z)(x) — c(z)(x). Arguments similar to those made in the proof of Lemma 4.3
establish that, that for any A C [n],

EQu|V=4,p>k)=nE (Z ¢ (x) — 0(2)(55)) _ 4

n—2
rEA
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where V is as in the proof of Lemma 4.3. It follows that

nE(Qu,|p > k)Pr(p > k) =n) E(Qu,

=0

V=3j,p>k)Pr(V =jlp > k) Pr(p > k)

n

= —— > iPr(V=jlp> k) Pr(p > k)
=0

n
n

= mE(V!p > k)Pr(p > k)
" n

= "> B(Vp=m)Pr(p=m)
m=k+1

(4.14)
where V' = |V|. Observe that given that p = m > k and R = r where R = |R(1)|,
V ~ Bin(r —m+k, —2=). So

' n—1

1
E(V]lp=m) = mE(R —m+klp=m).

Since Y ;o tdy =n =Y i _di, where d; = d;(M*) denotes the number of vertices in M*
with in-degree ¢, we have

k—1
R=> (t—k)dy =Y (k—t)d; — (k—1)n <n,
t>k t=0
Thus
k-1
B(Vlp=m) = —— 3" (k) Bldo=m) - (k= UZfim )
- (4.15)
< - i - (k=) E(dilp=m) — (k—1).

t=0

Now for 0 <t < k—1 < m, we must have E(d;|p =m) <n—1, and hence E(V|p=m) <
l<;2/2. To obtain a better bound, we note that for 0 <t <k —1and k <m <n—k, we

have
E(dilp = m) = (n — 1) Pr(p(v') = tp(v1) = m)

= (n— 1)M (1)t (1= 2/n)n—m—1

dn—m—t \n (1 —1/n)n—m

—1_m/n
e e
<n—1)—o
S YL
where v’ is any vertex other than v;. Substitute this bound into (4.15) to obtain
k—1

E(Vlp=m)<(1-2/n)*Y

t=0

(k —t)e tem/m
t!

—(k-1)
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for k < m < n — k. Using this bound in (4.14), we obtain

n(l—2/n)"F\ resn [ (k—t)e!
nE(Qylp > k)Pr(p > k) < (ﬁ) e n (Z M) Pr(k < p <logn)

_ |
n— 2 P t!

+ k2 Pr(p > logn) — (k — 1) Pr(p > k)

k—1
k—t)e !
< (Z % — (k- 1)) Pr(p > k) + o(1)
t=0
"
= A(k) (1 - Z_:O %> +o(1)
since Pr(p > logn) < Tos 1 and Pr(p>k)=1- Z}:n:O L+ 0(1). N

It follows from Lemmas 4.3 and 4.4 that

k ) .y jJ+m—k .
_ 1 Me=A j+m—k—1+1
lmsp EOW) < 3 r | 2 7 jrm—i+1
A1 s —1
+ B Z em!
m=0

It only remains to bound E(Z), where Z is the additional cost for adding edges in
Phase 3, i.e. Z is the cost over and above that which is accounted for by X,Y, and W.
In order to execute Phase 3, we order the elements of R(2) according to the order of
their labels. Suppose that x; is the ith root in R(2) and let I'; denote the additional cost
incurred by adding an edge out of x; in Phase 3. So

where R’ = |R(2)]. Let A(2) denote the set of available vertices at the end of Phase 2 and
let A’ =|A(2)], then

E(Z) = Z iE(Fi]R’ =r, A =a)Pr(R =r A" =a).

1<r<a =1
We claim that for 1 <i<r <gq

1 1
Ll =, @) < (n—10logn)(a—i+1) (n—10logn) = ni/?

To prove the claim, fix 1 < i <r < a. There are two cases to consider:
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Case 1: z; € R(1)(R(2).

In this case edges e1(x;) and es(z;) have been rejected by the algorithm. In Phase 3 we
examine edges e3(z;), e4(x;), ... until an acceptable edge is found. Let 7; denote the number
of edges examined until an edge for x; is found. Note that if A is the number of available
vertices for vertex x; then 7; corresponds to the number of draws without replacement
until a black ball is drawn from an urn containing A’ black balls and n — A} — 2 red balls.

Now if 7, = 1, then edge e3(z;) is accepted, and in this case the additional cost is
0 since the incremental cost cs)(z;) — c(2)(2;) was included in the calculation of W. If
7; = m > 1, then edge e,,12(x;) is accepted and the added cost of accepting edge €, 42(x;)
is ¢(m42)(7i) — c(3)(z5). So for n —2>m > 1, we have

E(T;|lz; e ROONRE2),7s =m, R =r, A" =a)

= E(Cm+2(113i) — Cg(l’i) xT; € R(l) N R(Q),TZ‘ = m,R/ =T, A/ = a)

S S S
" n—-3 n—-4 7 n—-1-m

m—1

— 4+ 21 -1 .
= lOlogn + 2logn [m>61log n|

It follows from the proof of Lemma 2.9, that |A}| > 2, so Pr(r; > 6logn) < (3)618™ < n?,l/g
and thus
E(Ti|lz; e R(1)NR(2),R =r, A" =a)
< E(rilz; e ROAO)NR(2),R =r, A" =a) 1 2logn

n —10logn (n —101logn) e

Now given A] = a;, standard results for sampling without replacement yield
E(rilz; e RONRE2),R =1, A =a, A, =a;) <

always. The last inequality follows from a simple observation: if there are a available
vertices at the start of Phase 3, then as each root finds a vertex the number of available
vertices is reduced by at most 1, so A, > A" — i+ 1 always. It follows that

n

E(rilz; e RA)NR(2),R =r, A =a) < ———
(e € RO R, B =14 =a) € —1—

and hence

1 2logn
E(Dlz; € R(YNR(2), R =, A' = a) < - - |
(Cilei € RANRE), R =1 A= 0) < 51 e 1)~ n = Tologn + 7

Case 2: z; € R(2) \ R(1).
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In this case edge e1(x;) has been rejected by the algorithm during Phase 2. In Phase 3
edges ez(x;), es(z;), ... are examined until an acceptable edge is found. Asin Case 1,T'; =0
ifr,=1,andforn—1>m >1

E(FZ’LEZ 6 R(Z) \ R(l),TZ = m7 R/ = 7’7 A/ — a)
= E(cmy1(x;) — co()|z; € R(2)\ R(1), s =m, R =r, A" = a)
1 1 1

:n—2+n—3+m+n—m

m—1
~— n—10logn

+ 210gn . 1[k2610gn]'

The same argument as given in Case 1 yields

n 1 2logn

E(Ty]z; € R(2)\R(),R =r, A =a) < - '
(T2 € R(2)\R(1) r a)—(n_lologn)(a—z’+1) n—10logn  n3/2

So we in all cases, for i < r, we have

n 1 2logn

EI|R =r,A'=a) < - '
(Ll =, a)_(n—10logn)(a—i+1) n—10logn | nd/2

Thus

ST S EMUR =r A =a)Pr(R =1, A = a)

1<r<a =1
< Z Z B 1 +210gn Pr(R =1, A' = a)
_1<r<az 1 n—lOlogn)(a_Z+1) n —10logn n3/2 ’

n A E(R") 2E(R')1logn

— (E(1 _ 2E(R')logn

_”—1010gn( (Og(A’—R’>> n >+ n3/2

In the Appendix we show that there is a constant C}%, which may depend on k but which
does not depend on n, such that for the event

v ={|A" — na(k)| < Cpn®/4|R — nB(k)| < Cpn®/*}

we have
Pr(y) > 1 — 4exp(—n'/4).

It follows that for all large n

o(k) c
B(Z) < (1og (m) k) + o(l)) Pr(y) + 2log(n) Pr(7°)
k)

(4.17)
= log (a(k) — 3R

) — B(k) +o(1)
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and Theorem 4.1 now follows from (4.2), (4.16), and (4.17). [ ]

It is not difficult to describe various ways to improve the algorithm for constructing M.
However, with each improvement of the algorithm, the analysis of the algorithm becomes
more complicated.

¢5 Conclusions

The table below summarizes our results for a few small values of k.

Asymptotic Bounds

k Lower Upper

2 1.03892136 1.06806181
3 1.00656287 1.00755907
4 1.00097152 1.00100255
5 1.00012721 1.00012800
6 1.00001487 1.00001490
7 1.00000156 1.00000157

Limited simulation data for two to four hundred vertices suggest that, in the case k = 2,
the lower bound is sharper than the upper bound. In this paper we have considered exp(1)
costs on the edges. It likely that, as in the k = co case (Hansen|[8]), the arguments can be
carried out for other distributions as well, provided the order statistics of the chosen edge
distribution are well behaved.

We note that for exzp(1) edge costs, Aldous[13] has shown that the expected cost of
the optimal assignment converges to a constant as n — oco. This result also holds in the
case k = oo for fairly general edge distributions. We speculate that a similar result might
hold 2 < k < oo. The methods used in the case k = oo are insufficient to prove this, but
it may be possible to adapt Aldous’ “objective method”to obtain the result. In the case
k = oo, the limiting constant can be determined, but it is not known for the assignment
problem with either exp(1) or U(0, 1) edge costs.

Acknowledgement. Our first version of this paper used uniform U(0,1) edge costs.
We thank the anonymous referees for suggesting exp(1), and also for catching an error in
one of our proofs. The authors also thank Ljubomir Perkovic for use of his computer and
optimization software.
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Appendix

Let IIx be the following computational problem: given as input a cost matrix C', find
a minimum cost k-tree. Then we have

Lemma A.1 II, is NP-hard.

Proof. Let Uy be the restriction of Il to symmetric matrices whose entries are all zeroes
and ones. The instances of Uy correspond, in an obvious way, to instances of the NP-
complete degree-k constrained spanning tree problem for undirected graphs (Garey and
Johnson [14], page 206, comment to ND1). The correspondence is: include an edge {i,j}
in the undirected graph G if and only if Cost((i,5)) = Cost((j,i)) = 0. Then G has
an undirected degree-k spanning tree iff the optimal (directed) k-tree for C' has cost 0.
Thus the existence of a polynomial time algorithm for II; would imply the existence of a
polynomial time algorithm for an NP complete problem. [ ]

In the remainder of this appendix, we prove the martingale concentration results used
in the proofs of the main theorems.

Lemma A.2 Let M* be a uniform random mapping on {1,2, ...,n}, then for0 < k <n
andt > 0,
Pr(|dy — E(di)| > t) < 2exp(—t*/2n)

where dj, = di(M*) denotes the number of vertices with in-degree k in M*.

Proof. The proof of the lemma is an application of Azuma’s inequality for martingale differ-
ences, and is based on the ideas in Steele [15]. Let Z1, Z5, ..., Z,, be i.i.d. random variables
such that Z; corresponds to the ‘choice’ made by vertex i, i.e. Z; = j if and only if M*(i) =
j. We write dy = dix(Z1, 23, ..., Zy) to emphasize the dependence of d on the variables
Z1,Z, ..., Zn, which determine the mapping M*. Next, let F; = 0(Zy, ..., Z;) denote the
o-algebra generated by the variables Z1, Zo, ..., Z; and let Fy denote the trivial o-algebra.
The variables E(dg|Fo), E(dk|F1), ..., E(dk|F,) form a martingale with E(dg|Fo) = E(dy)
and F(dy|F,) = di, and the variables W; = E(di|F;) — E(dg|Fi—1),i = 0,1,2,...,n, form
a martingale difference sequence. Since dy — E(dy) = Y., Wi, Azuma’s inequality for
martingale differences tells us that

Pr(|dy — E(dy)| > t) = Pr(|Y_Wi| > 1) < 2exp(—2/2 ) |Will2)-
=1 =1

So the lemma follows provided that |[W;||%2, <1 for all 1 <i <mn.

To bound on ||IW;||2, we use the following trick. Let Zy, Zs, ..., Z, be a sequence of
i.i.d. random variables which are uniform on {1, 2, ...,n} and which are independent of the
variables Z1, Zs, ..., Z,. We claim that

E(di(Z1, ey Ziy ooy Zo) Fior) = E(di(Z1, ooy Zi1, Ziy Zig1s ooy Zn )| F).
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To see this, note that the conditional distribution of d(Z1, ..., Z;_1, Zi, Zit1y -y Lp) given
F; is the same as the conditional distribution of di(Z1,...,Z;—1,Zi, Zit1, ..., Zn) given
Fi—1 since the o-algebra F; is independent of Z; and only gives us information about
Z1,25, ..., Z; 1. Thus we can write

Wi = E(du(Z1,..s Ziy ooy Zn)) — (21, ooy Zi 1y Ziy iy s ey Zn) | F5)

i.e., W; can be written as a single conditional expectation with respect to F;. Now it is
easy to see that (without conditioning )

(215 ooy Ziy ooy Z) — A (Zy ooy D1y Zsy Lty ooy Z)| < 1

since all ‘choices’, except that made by vertex 7, are the same and the choices made by Z;
and Z; can only create a discrepency of at most 1 in the count of the number of vertices
with in-degree k. Conditioning does not increase the Lo, bound, so we get |[W;[|s <1
too. It follows from Azuma’s inequality that for any A > 0,

Pr(|di(f) = E(di(f)] = t) = Pr(] ) Wil > t) < 2exp(—t?/2n).

1=1

As an application of Lemma A.2 we have

Corollary A.3 For all large n and fixed k > 2,
Pr(|dy — —] <n*%,0 <m < k) > 1 exp(—n'/?)
em!

and
Pr(|R — nA(k)| < k*n®/%) > 1 — exp(—n'/?)
where R = [R(1)| and A(k) = S5 =m — (k —1).
Proof. Since E(d,,) =n(])(1)™(1 — L)"~™ for 0 < m < k, there is a constant Cj, which
does not depend on n such that |E(d,,) — 4| < Cy for 0 < m < k. Applying Lemma
A.2, we obtain

3/4

n 54 n 1/2
Pr(ldm — —| > n¥/%) < Pr(|dy — B(dy)| > =) < 2exp

—-n

g )

for 0 < m < k and this establishes the first part of the result.
Now recall that

k
R=|R()| = (m—k)dy=>_ (k—m)dy, — (k—1)n

m>k m=0
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since Y0 mdy, = n = >0 _dn, so the event {|d,, — 5| < n3/4,0 < m < k} is

m=0

contained in the event {|R — nA(k)| < k?n®/*}, and the result follows.

Next, recall that A(2) denotes the set of available vertices at the start of Phase 3
and R(2) denotes the roots at the start of Phase 3 in the algorithm from Section 4. Then
adapting the proof of Lemma A.2, we obtain

Lemma A.4 For all large n and fixed k > 2, there exists a constant C} which does
not depend on n, such that

Pr(|A" — a(k)n| < Cpn®*,|R' — B(k)n| < Cpn®/4)

> 1 —dexp(—n'/?)
where A’ = |A(2)|, R = |R(2)],

k—1 k—m—1 ;
1 Me=A
m=0 7=0
k—1 k—m—1 .
B 1 (k—m — j)Me A
Bk) = oml Z i —(k—1),
m=0 7=0
and A = \(k) (as defined in Corollary A.3).
Proof. We define the random variable
k-1 k—m—1 j R—j
R 1 T in—2 J
do,dy,....,dp_1) = dm
ot odi) = 3 3 (N (G5) (=)

where R = |R(1)| is number of roots at the end of Phase 1. Standard calculations and
approximations establish that if |d,, — | < n3/4 for 0 < m < k, then |R—nA(k)| < k*n®/*
and there is some constant C}, which does not depend on n such that

9(d) — na(k)| < Cpn/".
We show that
Pr <|A' —g(d)| < n®/*,|dp, — %| <n®*0<m< k:> > 1 —2exp(—n'/?) (A1)
and, since
{147 = g(d)] < 0", |dy = ——| < 0,0 < m <k} C {|A = na(k)| < (Cf + 1"},
we obtain

Pr (|A' — na(k)| < (CL + 1)n3/4> >1— 2exp(—n'/4). (A.2)
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Let A(1) denote the set of available vertices at the end of Phase 1 and let ¢ denote
the event that A(1) = A,R(1) = B, and M* = f, where f is a mapping such that
|din(f) — 2] < n3* for 0 < m < k and A and B are subsets of vertices such that
|B| < |A|. We claim that E(A’|€) = g(d(f)). To see this, suppose that v € A and
p(v, f) = m. Then v € A(2) only if the number of roots in B which are mapped to v in
Phase 2 is less than k£ — m, so

caminn -5 () o) G

J

where r = |B| = |R(1)|. It follows that

E(A'§) =) Pr(ve AQ2)[)

veEA
-3 5 ()5 ()
= g(d(f))

(Note that given the event &, the variable g(cz'(f)) = g(do(f),d1(f),...,dx(f)) is completely
determined, since we have conditioned on M* = f).

Now fix £ , and let P: denote the conditional probability measure P(:|§).
Let z1, 29, ..., x, denote the vertices in B and let Z; denote the vertex that x; is mapped
to in Phase 2, i.e. Z; = v if ex(x;) = (x;,v). Now given the event £, the variables
Z1,25, ..., Z, are independent and each variable Z; is uniformly distributed over the set
{1,2,...,n} \ {f(z;)}. In this (conditional) probability space, let F; = o(Z1,Za, ..., Z;)
denote the o-algebra generated by the variables Zi, Zs, ..., Z; and let Fy denote the trivial
o- algebra. Let Wy, = E¢(A'|F;) — E¢(A'|Fi—1). So Azuma’s inequality tells us that

Pe(|A = g(d(f))] > n*/*) = Pe(|A' = Be(A)] > n®/*) < 2exp(~ 3/2/2ZHW||2

As in the proof of Lemma A.2, let 21,29, ..., Z» be a sequence of independent random
variables such that Z; ~ Z; for 1 < ¢ < r and which are also independent of the variables
Zl, Zg, ceny Zr. Then

Wi = Ee(A(Z1,.00y Ziy ooy Z) = A 21y ooy Zi1y Ziy Zis 1y ooy Zo) | Fi)
and ||W;|lso <1 for 1 < i < r since given &,
\AN(Zy,y oy Ziy oo Z0) — AN D, oy Ziy Ly D ooy Z)| < 1.

Thus
Pe(|A" = g(d(f))] > n*/*) < 2exp(—n®/?/2r) < exp(—n'/*)
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since r = |B| < n. It follows from this and Lemma A.2, that

Pr (14" = g(@)] < 0¥, ldm — —] < n¥/4,0 < m < k) =
en.

= > Pr(|4" — g(d(f)] < n**€) Pr(¢)
3

> (1 —exp(—n'/*)) Pr(¢)
3

= (1 —exp —nY* Pr dm—i <n3/4,0§m§k
( |

em!
> (1 — exp(—n*/*)(1 - exp(—n'/*))

where the summation is over all events ¢ such that |d,, — | < n3/4 0 < m < k. This
establishes inequality (A.1) and hence (A.2).

Similar calculations yield a concentration result for R’. In this case, we define the
function

g(do,di,...,dy) =
B (Emeem () () (0) e
zgdmk_gl(k—m—j)(f) (nil)j (Z:f)m (k1)

(Note: we have used the identity R = an_:lo(k—m)dm—(k—l).) Again, routine approxima-
tions establish that if |d,, — -7 | < n3/* for 0 < m < k then |§(dy, ..., dx) —nB(k)| < Cpn/4
for some constant C}, which does not depend on n. So, as in the derivation of inequality
(A.2), it is enough to show that

Pr <|R’ —g(d)| < n®'*,|dp, — %| <n’t0<m< k) > 1 — 2exp(—n'/t).

Again, let £ denote the event A(1) = A,R(1) = B, and M* = f, where f is a mapping
such that |dp,(f) — o] < n3/* for 0 < m < k, and A and B are subsets of vertices with
|B| < |A|]. We claim that

E¢(R') == BE(R'[¢) = §(d(f)).

To see this, note that although it is not necessarily the case that R(2) C R(1), it is always
the case that R’ < R. In particular, the overall number of roots is only reduced by mapping
vertices in B to available vertices in A(1) = A during Phase 2. Redirecting a vertex z € B
to an unavailable vertex during Phase 2 may result in deleting x from the set of roots,
but in this case another vertex is added to the set of roots and the number of roots is not
decreased. For each v € A, let Y, denote the number of roots which are subtracted from
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|R(1)| = |B| = r due to the roots in B which are mapped to v in Phase 2, then given the
configuration &, we can write
R =r— Z Y,.

vEA
If p(v,f) =m < k then Y,, is at most k —m and for 0 < j <k —m—1

b =it =m = (1) () (2=2)

Pr(Y, = k — mlé,plv, f) = m) = 1 - ki () (nil)j (Z:f)w.

It follows that

EY[& p(v, f) = kilj—lﬁ—m(j) (nil)j(Z:i)rij(k—m)

J=

Ee(R) = E (R -3 v g) =5 (dn)
vEA

since E(R|§) =1 = Z’:n_:lo(k: —m)dy, (f)— (k—1). Now let 21, x2, ..., x, denote the vertices
in B. For 1 < i < r, let Z; denote the vertex that z; is mapped to in Phase 2. Let
Fi = 0(Z1, %3, ..., Z;) denote the o-algebra generated by the variables Z3, Zs, ..., Z; and
let Fo denote the trivial o- algebra. Let W] = E¢(R'|F;) — E¢(R'|Fi—1), then Azuma’s

inequality tells us that

whereas

and hence

Pe(IR = §(d(f))| > n*/*) = Pe(|R' — E¢(R')| > n®/*) < 2exp(~ 3/2/2Z||W’||2

It is straightforward to check that ||W/|lcc <1 for 1 <i <7, so
Pe(|R = g(d(f))| > n®*) < 2exp(—n®/?/2r) < exp(—n'/*).

Thus B n
Pr (|R’ — G(d)] <, |dp — =] < 0?10 <m < k:) -

—ZPr(\R’—g DI <4 ¢) Pr(e)
> z (1 — exp(—n"/*)) Pr(¢)
'3

— (1 — _pl/4 _n 3/4 () < 1y <
(1 —exp(—n'/%)Pr <|dm em!| <n?*0<m< k:)
> (1 - exp(—nl/4)(1 — exp(—n1/%))
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where the summation is over all events ¢ such that |d,(f) — =2 < n®/4 for 0 < m < k.
Finally, since

(IR =) < n*/Jdn = —| <n¥/",0 <m < k}

C {IR' = np(k)| < (Cy + 1)n®/*},

we obtain
Pr(|R' — np(k)| < (C) + 1)n®/*) > 1 — 2exp(—nl/?). (A.3)

The lemma follows from inequalities (A.2) and (A.3). [ ]
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