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Abstract: HAPs (High-Altitude Platforms) are one of the most promising alternative infrastructures for providing wireless
communications to overcome the shortcomings of terrestrial-tower-based and satellite systems. This paper investigates a
multipair two-way MM-AF (Massive MIMO Amplify-and-Forward) relay system over HAPs, where multiple user pairs
exchange information within a pair through a relay with a very large number of antennas, and a HAP channel is modeled to
follow a Rician fading distribution because of the presence of a line-of-sight path. First, the effect of hardware impairments on
a multipair two-way MM-AF system is taken into consideration and is modeled using transmit and receive distortion noises.
Then, ZFR/ZFT (Zero-Forcing Reception/Zero-Forcing Transmission) processing matrices of HDR (Half-Duplex Relaying) and
FDR (Full-Duplex Relaying) with imperfect channel state information are presented. Finally, the asymptotic expressions of an
end-to-end SINR are derived. Theoretical analyses and simulation results show that when the number of relay antennas grows
very large, the SE (Spectral Efficiency) of an MM-AF relay system is limited by hardware impairments at the users instead
of those at the relay, or by other types of interference. Thus, the quality of the hardware at a relay can be decreased without
significantly degrading performance.
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1 Introduction while combining these advantages in both terrestrial-
based ground and satellite systems. One deployment
HAPs (High-Altitude Platforms) are novel alternate scenario of MIMO (Multiple-Input Multiple-Output)

technologies that provide new possibilities for wireless over HAPs is a flying aircraft (relatively stationary
communications such as large coverage areas, less with respect to the ground) carrying a horizontal
hardware, high data rates, and short propagation delay planar array antenna, providing service to the users
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on the ground. The Google Balloon and the “Internet
from the Sky” proposed by Facebook are examples of
this scenario.

Massive MIMO is a promising technology to meet
the ever-increasing data-rate demand in 5G (fifth-
generation) mobile communications. It is a robust,
secure spectrum and is energy efficient'’. It is natural
to consider a massive MIMO scheme, i.e., a large
antenna array that serves multiple users on the same
channel. The challenge nowadays is to investigate the
application of Massive MIMO techniques to HAP-
based communication systems.

Many existing works considered HDR, where
the relay transmits and receives using an orthogonal
frequency or time resources”. FDR has recently
attracted considerable attention as an approach
to double the SE of traditional HDR". However,
the main obstacle faced by FDR is its difficulty in
canceling strong EI (Echo Interference) from the
relay output to the input'”. A relay system includes
one-way and two-way communication”. A two-way
relay system can overcome the inherent time and
spectrum resource losses in a one-way relay system.
To achieve spectral and energy-efficient transmissions
for multiple user pairs, recent works sought to
incorporate both HDR'®”) and FDR™” with massive
MIMO.

However, most works on massive MIMO have
been based on the strong assumption of using perfect
hardware in the RF (Radio-Frequency) chains'®”. In
fact, since there are a massive number of antennas,
low-cost RF chains are needed to reduce the cost. Low-
cost components are prone to hardware imperfections
that must be considered in practical systems'”,

To the best of our knowledge, this is the first paper
on the study of the effects of residual impairments in
multipair two-way massive MM-AF relay systems
over Rician fading channels. This is different from
works that considered the effects of hardware

impairments on single-user and multiuser massive

MIMO base station systems'*'"

way DF-based massive MIMO FDR systems in

[12]

and multipair one-
Rayleigh fading channels' ~'. Moreover, we consider
Rician fading channels, which are the most important
models for representing a received signal composed
of both diffuse scatter components and a LoS
(Line-of-Sight) component, and are typical for
HAP communication. In this paper, the effects of
hardware impairments on a multipair two-way MM-
AF system over Rician fading channels is taken into
consideration and is modeled using transmit and
receive distortion noises'”. The ZFR/ZFT processing
matrices of HDR and FDR with imperfect CSI are
presented. In addition, the asymptotic expressions of
the end-to-end SINR are derived.

Notation: We use X', X", X', X' and Tr(X) to
denote the transpose, conjugate-transpose, conjugate,
inverse and the trace of X, respectively. Moreover, I,,
denotes an MxM identity matrix. Finally, E{e} is the

expectation operator.

2 System model

In a massive MIMO multipair two-way relaying
system, 2K users making up K communication pairs,
and exchange information within pair by a shared
massive antenna AF relay (R). Without loss of
generality, a pair of source nodes U,, ; and U,, are too
far apart to communicate directly. Now, we consider
two cases in which R and the users will operate in
either HD (Half-Duplex) mode or FD (Full-Duplex)
mode.

1) Half-Duplex Relay: In this case, R and the users
use two orthogonal time slots. All users have a single
antenna, and R has M antennas. Additionally, the
channel matrix between all the users and R is denoted
by G, € C"*.

Data transmission consists of two phases. During
the first phase, all users simultaneously transmit their

signals to R. Therefore, the received signal at R is



V=Vt =G (x +1,)+n, +1,. (1)

s x2K]T7 and E {xAs-st} = dlag
(P,1,>*, P,ox) =A. The distortion noises are #,~ CNV(0,
diag(v, E[|x,["], >, vaE[ 2 ])), and r ~CMO, sy
diag(E[yr:']). Note that v=0, i = 1,*++.2K (1= 0)

corresponds to the conventional assumption of a

where x, = [x, x,,°*

perfect transmision of RF chains at the users (perfect
receive RF chains at R). The quality of the transmit
and receive RF chains degrades as v; (u;) increases.
Moreover, n, represents the noise vector at R. The
elements of n, are assumed to be i.i.d. CM0, o).

During the second phase, R amplifies the received
signal. Then, R forwards the amplified signal back
to the users, and the received signal at the kth user is
given by

.
Ve=y,+n=g.,(x, +t,)+n, +r,. 2)

where the distortion noises 7, ~CMV(0, vydiag(E[xzx; 1)),
and r,~CMO, wE[yp,'), k= 1,-++, 2K. Note that v,=0
(1, =0) corresponds to the conventional assumption
of perfect transmit RF chains at R (perfect receive RF
chains at the kth user). The quality of the transmit and
receive RF chains degrades as v, (1) increases. x,
denotes the transmit vector of R with power P, = T,
(E{xx;"}). Moreover, n, represents the noise vector at
U,. The elements of i, are assumed to be i.i.d. CM0, 5,).

The transmit vector of R can be expressed as x;, =
W,,7, where W,, € C"" is the beamforming matrix
atR.

2) Full-Duplex Relay: In this case, R and the
users are all FD. All users have two antennas (one
for transmission and one for reception) and R
has 2M antennas (M for transmission and M for
reception). We define G, € C"* and G, € C*
as the channels from the transmission antennas of
all users to the reception antenna array of R and
the channel from the transmission antennas of R to
the reception antennas of all users, respectively. Gy,
€ C"" denotes the EI channel matrix between the

transmit and receive arrays of R with i.i.d CAV (0. o)

elements. ¥, and ¥,; (i € S§,, i # k) represent the self-
loop interference coefficient at U, and the inter-
user interference channel coefficient from U, to U,
respectively, where S, = {1, 3,---, 2K-1} or {2, 4,
-+« , 2K} denotes the users on the same side as U,.
The elements of ¥, and ¥, can be modeled as i.i.d.
CMO, ¢,,) and CMO0, ¢,,) random variables.

At time instant ¢, all sources transmit their symbols
to R and R forwards the amplified signal to its
destinations. The received signals at the relay and the

kth user are given by

.ijn(") = .1";6(") + rr{('f) = G:(x.\ (1) + t, ()
TG (X, () +1,(0) + 1y (1) + 1, (1), 3)

T (=3, () +1,(0) = g1 [x(0) + 1,(1)]
+n, (1) + Z\lh-_,-\",(-’)Hk- (1). @

The transmit vector of R at time instant 7 with power P,=Tr
(E{xx(H)x;"(1)}), can be expressed as X (OFW ¥y, (td),
where W, € C"Mis the beamforming matrix, and d
denotes the processing delay at R.

In this paper, we regard the RLI (Residual Loop

Interference) at R as additional noise'"”!

. As a result,
we replace x,(7) in Eq.(3) with a Gaussian noise
source X,(7) with the same power limitation to
represent the RLI signal. For simplicity, the time
labels are omitted in the sequel.

The Rician fading channel matrix above is
modeled as G, = H,D)'*, where H, € c"*i=1,2,
3) is the channel matrix representing fast fading and
D, € C***"is the diagonal matrix representing large-
scale fading with [D],, = B, ;. Then, the fast fading
matrix can be written as H, = H [Q2(2+1,,)"']"
+ H, [(2+1,,)"']"”, where Q is a 2Kx2K Rician
K-factor diagonal matrix with [2], = K|, H,,, contains
the independent identically distributed (i.i.d.) CAV(O, 1)
entries. H, denotes the deterministic component,
and we let H, have an arbitrary rank as!'¥ [H =
efj(mfl)(27ta’//1) sin(0))

, Where 6, is the arrival angle of the kth

user, 4 is the wavelength, and d is the antenna spacing.

er high-altitude platforms h
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For convenience, we will set d = A/2 in this paper.

In this paper, we assume R has estimates of
channels G, but no instantaneous knowledge of Gyy.
For the considered Rician fading channel model, we
assume that both the Rician K-factor matrix and the

deterministic LOS component are perfectly known at

2 H D'’ The real

[N ]

R, so we only need to estimate G, ,
channel can be represented as G, = (2 + AG,, where
(2 and AG, denote the available channel estimate and
estimation error, respectively. The elements of the kth
column of AG; are RVs with zero means and variances
&x = &/(Ki + 1). Furthermore, Ag;, is independent of
{2’,‘,‘ if {2’,‘,‘ is the MMSE estimation of g;,. In this paper,

we consider Ag;, and 8, tobe independent.

3 Relay transceiver design and
asymptotic analysis

In this section, we propose a ZFR/ZFT beamforming
design. The asymptotic end-to-end SINR of the
proposed transceiver scheme for multipair two-way
HDR and FDR system are analyzed.

Lemma 1 By the law of large numbers, when M is
large enough, the inner product of any two columns

in the estimate channel matrix G, can be found as'"”

gHg ﬁu [ ﬁu: '7”: =n j=n
Sindij K” + ] KH 1 ins
M
0, j#n
B e
;Ld]ag {f?;_l-r?m* e 'J?uk} = Qf . (5)

1) Half-Duplex Relay: The ZFR/ZFT beamforming

matrix is

W,

=4, GGG PGIG) G (6
where a, is the amplification factor, P = diag {P,,

P,,-- ,Piyand P,=[01;10];/=1,--,K.

Lemma 2 As M approaches infinity, a., that satisfies

the transmit power constraint of R can be expressed

as

a:f —_—
[ PM?
2K 1K 1K 1
MY (1+v)P s +| D (A+v )P & +o+ P | D ain,
i=1 J=1 i=1
(7
2K
where Py = 1O (1 + )P, By, + 0), (i; i') is a pair of
i=1

user. See the proof in Appendix A).
él,k +Ag,;, G = é1 + AG, and
Eq.(6) into Eq.(2), the received signal at the kth

user is

Substituting g, , =

Vi =agx, +y"+y" )y 4y Hn 4,
y'=a, .t + a‘_flk.((},"(::'l) 'GHAG, (x, +1,)
+a,0g,G (GG P(x, +1))

+a,Ag! G (G!G)" P(G"G,) ' GI'AG,(x, +1,).
V'=a, Ik.(é,H(}]) I(}:!HR

+a,Ag",G (GG )" P(G"G,) " G'n,,

Y =a,1,(G"G,)"'G"r,

G (G'G)'PG'G )'G'r,.

¥ =G+ 08t ®)

+a :_;'Ag 1i.k

where 1, represents a 1x2K vector, in which the £'th
entry is 1 and the others are all 0.
Theorem 1 Using a ZFR/ZFT beamforming matrix
with imperfect CSI, the end-to-end SINR of HDR
system at the kth user can be expressed asymptotically
(in M) as

Pc,k'afr

E[| " +|y" [ +| Y P +| Y2 +0, +11"]

Ve = .9

where the power for the terms in the denominator

can be expressed asymptotically (in M) as

-1 ag
12 2 T &
E[| y" 1= a; {v‘,ﬂ_k + ﬁZ(] +V,)P, &, + ﬁ

i=1

2K

: Z (l + V; )P\'.f??l_,il'

i=1

P 2K
+ # Z (1+v,)P &, Z ’??Ijrlnl_.il' }"
i=l =

2K
|
I i I?'I.J" 2
=1

Elly" [']=a2 o[m‘
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r2 2 q
El| y |1=az_fﬂ{ -

E[| yﬂ |2] =V BBy

l:qlf:|
=]

E[l rry" ”:ﬂx{ |:(]+V;( )P, i +ﬁi(l+")

2K
i Z }} |:r'I ??]jﬂ']'

i=1

+‘€'—~"i(1+v)P q'.'.+ii(1+v.)f’ P
M = [ il ¥ A W M: o i’ 501

7 g
+a Iiil:'; +M Z??l:??n:|[6+ﬂ<]+vkﬁfﬁ|k+o- }

(10)
See the proof in Appendix B).

Theorem 1 reveals that, when using very large
antenna arrays, the SINR of a HDR system is
limited by the effective distortion noise caused by
the imperfect transmit and receive RF chains of the
users. More precisely, we can see that even very small
imperfections in the transmit and receive RF chains of
the users can degrade the SINR significantly. This is
because the value of the denominator in Eq.(9) mainly
depends on a', v Py and ,ukaf, (1+v) P, which scale
as O(M) when M approaches to infinity, while other
terms of the denominator scale as (O(1). Thus, the
imperfection of the users is M times more influential
than the hardware impairments of R.

2) Full-Duplex Relay: The ZFR/ZFT beamforming

matrix is
W, =a,G(GG) PGIG) G, (1)
where a,;. is the amplification factor.

Lemma 3 As M approaches infinity, a,, that satisfies

the transmit power constraint of R can be expressed as

2K
i L,[};{ME/{MZ(] +V)P 05

i=1

2K
+ {Z(] +v )P, & +0,(1+v)F,
i=1

i=l

12
+6+P£]}Zf?$lr?{i H (12)

2K
where P7'= g, Q_(1 + V)P, fr; 40, (14v,) Py + 0).
i=1

See the proof in Appendix C).
éS,k t Ag Gy = G+ AG,
and Eq.(11) into Eq.(4), the received signal at the kth

user is

Substituting g5, =

= t1 I n r
W=apX,.+ty +y +y +y

+Y2+ Y Y n g,
e,

Y =a 1.t +a,.1,(GIG,) GIAG,(x, +1,)
+Ag3T_ka_j..G; (GaTG; )" P(x, +1,)

+Ag;"ka___r,GA; ((}Ié;) 'P((‘}'_f'(;“g) l(}fAGg(x; +1,),
g = a,1,(GVG,) GGy (% + 1)
G.(GIG)'P(G!'G,) " GGy (3, + 1),
y'= a;r.lk,((.?;"(}“: )_[Gf"k’

.
+a:_f"Ag 3k

+a,081,G;(GIG)) ' P(GYG,) ' Gl'n,.

Y =a,1,(GYG,) ' Gi'r,

+“.—_;"Ag3,x-as (G_;I G_a Y' P(GY'G,) ' Gl'r,,

Y = + A8t (13)

Theorem 2 Using a ZFR/ZFT beam forming matrix
with imperfect CSI, the end-to-end SINR of a FDR

system at the kth user can be expressed asymptotically

(in M) as

V= P\l.a_zf/E@ yﬂ |2 s ] y!..f |2 I | y,, |3

& | y" |3 + | yFE |2 +Z ¢k‘r‘P\'_J’

ey

1o, +rr | (14

where the power for the terms in the denominator can
be expressed asymptotically (in M) as

i'iK

E[|y”|1—a,{vﬁ » “Z(lw) &

&1 O Gy 1,1
+——> (I+v)P n,. +——= ) (I1+v R/ N
M ;( f) LN -?3.: M‘_ ;( _,u) Z"? ??1
Bll ¥ Fl=a 020+ vy By 24 S48 g |
g M M5
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izl Z?}_lf}h}.
Ell Y F1=a ‘P"{ 5 Z’?* ;1,1,

Ell v [’1= VePo BB sis

-1 g
) U
Ellnr 1= 4, {a;,,l(l +v )P, + ; Z(l 1P
83& 2K
+;_
2
> "?u &3
+a | =
Tl M 14

VBB + 2P, W} (15)
g8,

Ell " [1=4 cr[

g., 2K 2K
P..a nl ﬁ;i Z(I +V:)R-_jg?.jzn:_;"?s_:'}

: 4=l i=1

??w ][JH’(I o+ v.fd)R‘f +to+ P;’]

See the proof in Appendix D).

A key result from Theorem 2 is that the limiting
factor for the SINR of a FDR system in a large M
regime is not the hardware impairment of R or other
interferences, but the effective distortion noise caused
by the imperfect transmit and receive RF chains of
the users. In fact, even very small imperfections in
the transmit and receive RF chains of the users can
significantly degrade the SINR. This is because the
value of the denominator in Eq.(14) mainly depends
on a, vy Py and ,uka_f,-, (1+v,) P, which scale as
O(M) when M approaches infinity, while other terms
of the denominator scale as O(1). Thus, the hardware
impairments of the users become dominant as M

approaches infinity.

4 Simulation results

In this section, we examine the SE of the multipair
two-way HDR and FDR system which are defined
2K 2K
as SE,~E[>_ Ib (1 + 7))/2 and SE,~E[> Ib(1 + 7)1,

i=1 i=1
respectively. Without a loss of generality, we assume

thato—:o_nzék,i:laDi:IZKaéi,n:éaps,k:P v

Voo e = s (K =1, =,
Rician K-factor K, . In order to make the comparison

2K), and all users have the same

more fair, the transmit powers in HDR are set as 2P
and 2P, (two times of FDR) for all nodes transmit
only half of the time in HDR.

Fig.1 shows the SE of a multipair HDR and FDR
v.s. M for different levels of hardware impairment.
We can see that the asymptotic expression derived
in Theorems 1 and 2 can predict the performance
of the multipair HDR and FDR precisely as M
increases. Moreover, the SE can be greatly improved
as high-quality hardware is used at the users (v,
and u, decrease from 0.05 to 0.001), especially in a
large M scenario. However, the effect of hardware
impairments at R (v; and g, increase from 0.001 to
0.05) is insignificant. This matches well with the
conclusion drawn in section III. In addition, it is seen
that the FDR outperforming HDR in the large M

scenario.

70
*  FD.exact | v =4 =0.001 perfect hardware 1
[ — —FD,ASy. V= 0.001
60F . HD,exact
— — - HD,Asy. >
.50 i‘/’ - :’,’
N _ ==
= I S0 I
Laoft P RO
“ 7 = —
é ///{/%/ -7
30 7 TN
@ - v==0.05 V=1 =0.001
200 ¢ L =001 v 41,=0.05
10 . .
0 500 1000 13500
M

Figure 1 SE of multipair FDR and HDR vs. M, where K =
5,K,=4,P,=5dB, P=2KP,¢=0.1,and o, = 1

From Fig.2, we can see that there exists a switching
point between HDR and FDR as o, increases.
By increasing M, the constraint on o for FDR
outperforming HDR relaxes, which implies that
FDR becomes attractive when M is large. This is
because the effect of EI in FDR becomes smaller in

this case.
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Figure 2 SE of multipair FDR and HDR v.s. o, where K

and vy =

Fig.3 depicts the SE loss of multipair FDR and
HDR with perfect and imperfect hardware under
different Rician K-factors. We denote the SE loss
between perfect hardware (ph) and imperfect
hardware(iph) as SE,., = (SE,;, — SE,)/SE,;,. Clearly,
the SE loss increases as K, increases, which reveals
that the favorable propagation in multipair FDR and
HDR systems can mitigate the influence of hardware
impairments. In addition, the SE loss in multi-pair
HDR is larger than FDR.

0.14 0.50
» 013 0.45 HDR
£y
Z012 b 0.40
5o} 0.35
20.10 0.30
m A
% 0.09} —=1| 025

0.08| ——Krl 0.20

—K~10
0 200 400 600 800 1000 0 500 1000
M

Figure 3 SE loss of multipair FDR and HDR against M
and K, where K =5, P, =5dB, P, =2 KP,=0.1,v, = u,
=0.005, vy =tz = 0.05,and o = 1

5 Conclusion

In this paper, we investigated a multipair two-way

massive MIMO AF relay system over HAPs with
hardware impairments in the case of imperfect CSI. The
ZFR/ZFT processing matrices of HDR and FDR are
presented and the asymptotic expressions in M of the
end-to-end SINR are derived analytically. Theoretical
analyses and simulation results show that, when M is
large enough, the SE of a massive MIMO AF relay
system is not sensitive to the hardware impairments
at R. This implies that the quality of hardware at R
can be decreased without significantly degrading the
performance in a highaltitude platform. Moreover, it is
shown that the multipair FDR outperforms the multipair
HDR in a large M scenario. Finally, we conclude that the
SE loss resulting from hardware impairments increases
as the Rician K-factor increases. Therefore, it is more
important to utilize better-quality hardware when

operating in a strong LoS environment.

Appendix

A) Proof of Eq.(7) in Lemma 2
We denote E{z, tSH} =diag(v, P, ***, VaxPoax) =
Ala E{(xs + ts)(xs + ts)H}: dlag((l + Vl) Ps,la o 9(1 +
Vax) Pk = A, then
E{’}ef}l{ } = ;:Rdiag(E[yRy}J]}
= u,diag(E[G,AG," + o1,,])
2K )
= Hy [Z(l +v)F, B, +O—]I_.u =Pl (16)

=1

Using the property 7+(AB) = Tr(BA) and P, =Tr (E
{xz xz'}), we have
@’ = PATIE({(G!G') ' PAP + (o + P})
(GIG)) ' P(G'G,) ' P+ AI})), (17)
where AI=(G\'G) ) ' P(G)'G) ' G"AG, AAG,"G(G)"
61) P Substituting Eq.(5) into Eq.(17), we have

2w ,p /Tr { O e
2K 1 2
+ (O’ + PRr + i(] b v.r )Pn,:gl.; ] [(QIA)/!:P]_}
(1)
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2K
Te{(Q) " PA} =3 (1+v)P,
. (19)
(@) PY = D m, i
then Eq.(7) can be easily obtained.
B) Proof of Theorem 1
E[|1k’ts|2] =E[1. A lk'T] =V Py
Compute E[]y"'[*]: According to Egs.(5), (19), and
with property G and AG, are independent, we have
E[| }’” |2] > af;E[lg-'(élHé1 )_I(}lHAGlAAGlHGAl
(G"G) 1! + Mgl G/ (GG)' PAP(G G}
G/ Ag,+ 08,6 (G G)) ' P(GI'G)) ' G'AG
-AAG"G,(G"G)) ' P(G'G}) "G Ag!,]
L@ TH@) ‘PAP]]
Li M M

1.k

e ZZ’\:(I +v)P &, %{IF]E}

-1 2

. ""‘Z(Hu) £],+—Z(1+v)

+ “; Z(I +V)F €, an_fl’?]_rl
M5 = (20)

Compute E[|y"|’]: According to Eqs.(5) and
(19), E{nzny"}=0cI,, and with property G, and AG,
independent, we have

Elly" F1=a}6E[1,(G'G,) "1},

+Ag.G/(G'G) ' x P(G'G,)"

G'G/(G'G) ' P(GG)) G Ag;, ]

1.(Q)'L Tr[(Q.) P(Q) ' P1}
M M?

7 Lk

:az_ |:’1?Ik €k an_alnl_rli| 1)

Compute E[[y’I']: According to Eq.(16), similarly
to Eq.(21), we have

Ell Y F]
: a;,.p,;['r«i;” L, @) Q) p];}

[m& ﬁ&
= a.’.'f

T?l i ]' (22)

P
Compute E[|y*[']: Since E{z,t"} = vLR I,, we can

obtain

22q Vil .
Ell Y 1= L Elglg1,) =

Compute E[r,7,"]: According to Eqs.(20)~(23), we

have

vl By (23)

E[Fk?‘*] ,U,;E{a P +a ] o 1T+]y:l Iz+
HA TSl P+ #ad

1 ax
—ﬂk{a{(ﬂw )P, +%Z(l+v1&a.

i=1

£ 2K )
+ﬁ2(1 + V)P, 1 +

i |:??Ik

By using Eqs.(20)~(24), we obtain Eq.(9).
C) Proof of Lemma 3

i=1

2K

e |

N g ) ??I F ??1 i
i=1

_17?1_:] 1[0' + B 1+ v BB, + O-n}'

@24

E{rery'}
= Hpdiag (E[J"x}’;}: D

= u,diag (E [GZAGZH +G oy, % (1+v,)Gy, +0ol,, D

:yk[i(l+v)1’ B, +02(1+v,)P, +o-]1

i=1

= P;:.ll.w- (25)

Using the same approach as the Proof of Lemma 2,

we have

a —>P{ {(Qi);./f +£0'+0'§.(1+vﬁ)f’n

N P;] 2 i(l +v, )P.,.-jgz,;][(Q:)_ }J:/(f?j)_ = H 0

Since Tr{(Q,) ' PAP} = i (1+v) P, 115,, Tr{(Qy)

2K

PQ,) ' P} = -1, then Eq.(12) can be easily

i=1 n" i ??3 i



obtained.
D) Proof of Theorem 2

~ ~n B
Compute E[[y"/["]: Since ¥, :ﬁlu, Eltaty'] =

v, P
ﬁ I, and the property Gy, Ags s & and ¢ e
independent, we can obtain

) ] P i o T
Elly" Pl=d. A—;(l +v, ) TH{E[G,, Gl 1,.(G)'G,) '],

+G,,G"

«GiAg! G (GIG)) ' P(GYG,) ' P(GIG)) ' GIAg:, 1)
TH[(Q,) ' P(Q,) ' P}

s o " .
=al. 2(1+v)el | 1.(Q) '} +¢,, v

:H

2K

1 2 My & i
= a0, (1+v) Py M + ;1;': ;"?3_:’?3,:' .
The derivation of E["''], E["’], E[/F1, E[b"[]

and E[r,r,"] is similar to that of Theorem 1, thus, it is

27)

omitted.
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