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Abstract

This paper presents the algorithm we have developed for proving that a finite state machine holds some
properties expressed in temporal logic. This algorithm does not require the building of the state-transition
graph nor the transition relation of the machine, so it overcomes the limits of the methods that have been
proposed in the past. The verification algorithm presented here is based on Boolean function
manipulations, which are represented by typed decision graphs. Thanks to this canonical representation,
all the operations used in the algorithm have a polynomial complexity, expect for one called the
computation of the “critical term”. The paper proposes techniques that reduce the computational cost of
this operation.

1 Introduction

Within the community of people working on the verification of sequential machines, the word
“verification” has received two quite different meanings. For some people, to verify a machine is to pro-
ve that it holds some properties, such as “liveness” or “safety” properties [3} {4] [6] [7] [13]. For the
others, to verify a machine is to prove that it is correct with respect to its behavioral specification, which
is a program written in some high level hardware description language. This problem comes down to
proving the behavioral equivalence between two machines [12]. Though both kinds of verification are
needed to design complex circuits, these two verification problems have until recently been studied
independently and the techniques that have been proposed to deal with them had few relations one with
another.

The behavioral equivalence between two machines M; and M, can be proved by traversing the state-
transition graph of the product machine M) x %, [12]. The first techniques that have been proposed were
based on a double enumeration of the states and the input patterns of the machines [11), so that in many
cases the time needed to traverse the state-transition graph of the machine #; x 2, grows exponentially
with the number of inputs of #; and M,.

More recently we have presented [8] [9] a proof procedure that manipulates sets of states and inputs. The
basic concepts that underlie this proof procedure are (1) to represent sets either by their characteristic
Junctions or by vectors of Boolean functions [9] and (2) that the operations on these Boolean functions
can be efficiently performed by denoting them with typed decision graphs [1]. This procedure can handle
machines that could not be treated with the enumeration based methods referenced above.

It has been shown [3] [6] that these basic concepts can also be used to develop a procedure for proving
that a sequential machine holds some temporal properties without building its state-transition graph.
Such procedures could overcome the limits of the methods that have been developed in the past, which all
required the partial or total building of this graph. However the procedure described in [3] [6] requires
the construction of the fransition relation of the sequential machine, which is not feasible for most of
complex machines.
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This paper presents the proof procedure that we have independently developed to check that a machine
holds a temporal property. This technique, which does not use the transition relation of the machine, is
based on specific operators called “restrict” and “expand”. The paper is divided into 4 parts. Part 2
defines the model of machines and the temporal formulas that the proof system handles. Part 3 gives the
proof algorithm used by the system and shows that it uses the standard Boolean operations in addition
with the computation of a specific term. Part 4 is dedicated to the computation of this term that we call
the “critical term” because its evaluation is the bottleneck of the algorithm. Part 5 gives some
experimental results and discusses them.

2 Definitions

This section describes the inputs of the verification system presented in this paper. First it defines the
model of sequential machines that the system handles. Then it gives the syntax and the semantics of the
temporal formulas to be verified.

2.1 Model of Sequential Machines

The sequential machine M that must be verified is an uncompletely specified deterministic Moore
Machine. This machine is defined by the 6-tuple (n,m, r, o, §, Init), where: the state space of the
machine M is {0, 1}, its input space is {0, 1}™, and its output space is {0, 1}7; @ is the partial output
function from {0, 1} x {0, 1}™ into {0, 1},7; 3 is the partial transition function from {0, 1}7x {0, 1}™
into {0, 1}", ; Init is the characteristic function of the set of initial states of M.

In this description, all the Boolean functions are denoted by typed decision graphs (TDG), which are a
very compact graphical canonical form [1]. These Boolean functions are automatically computed from
the behavioral description of the machine using symbolic execution [2]. The transition function & is
denoted by a couple (Cns, F). Cns denotes the domain where the transition function is defined, soitisa
Boolean function from {0, 1} x {0, 1}™ into {0, 1). It is built out of constraints given by the designer
and additional constraints computed during the symbolic execution {2]. Fis a vectorial function [f; ... ],
where each fj is a Boolean function from {0, 1}®x {0, 1}™ into (0, 1}. The partial function & is then
defined by:

8 = As.Ap.(if Cns(s, p) then F(s, p) else 1)

For the sake of simplicity, we assume in the following that @ is completely specified. We also assume
that (Vs 3p Cns(s, p)) is a tautology, which means that any state has at least one successor. This is not a
restriction, because temporal formula have no meaning on states that have no successor. If
(Vs 3p Cns(s, p)) is not a tautology, then As.(Vp — Cns{s, p)) is the characteristic function of the set of
states that have no successor.

2.2 State Formulas in Computation Tree Logic

The temporal formulas handled by the verification system are the state formulas of the computation tree
logic CTL [7). This logic is a formalism specially developed to express properties about the states and
the computation paths of finite state systems. The different kinds of state formulas and their meanings
with respect to 4 state of the machine #(= (m, n, r, @, 5, Init) are the following:

1.r3, 1y, .y Iy, 04, 0y, ..., 0, are state formulas. For any state s of the machine, s |=r; if and only if
the j-th component of s is 1. For any state s of the machine, sl=o; if and only if the j-th
component of «(s) is 1.

2.If f and g are state formulas then so are (—f), (fA g), (fv &), (f & g), and (f= g). The logical
connectors have their usual meanings, for instance s |= (f A g} if andonlyif s|=fand s |= g.

3.If f is a state formula, so are the formulas EX(f) and AX(f). For any state s of M, s |= EX(f) iff
there exists at least one input pattern p such that 3(s, p) |=f; by definition, AX(f) is = (EX(—f}).
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4.If f and g are state formulas, so are the formulas E[f U g] and A[f U g]. For any state s of the
machine M, s |= E[f U g] if and only if there exists at least one path (s, sy, ...) with sp=s, and:
F (i ANVjO<j<i = M.
For any state s of the machine M, s |=A[f U g] if and only if for all paths (s, sy, ...) such that
so=s,wehave: Ji ((5;F ) A (Vi (0sj<i = sj|=j))).

Abbreviations have been added to make the CTL formulas more legible: EF(f) =g E[True U] ;
AF(f) =gos AlTrue U f ; EG(f) =ges — (AF(— f)) ; AG(f) =ges — (EF(— f)), 1. &. f holds on any state of every
path. The reader can refer to [7] to find examples of properties of finite state systems expressed in CTL.

3 Verification Algorithm

It has been shown that “safety properties” of finite state systems [4] can be checked with the forward
symbolic traversal procedure presented in [9]. The machine M holds a safety property f if and only if
some sub-part M of the machine M has an observable behavior that is equivalent to the one of the most
general model of the formula f, which is a finite state automaton A, This automaton can be automatically
built from the formula £ In this case the proof is made by traversing the state diagram of the machine

x 4 without building it [10]. For instance, to prove that the machine M satisfies the formula f =
AG (r; = AX (AG (oj))) comes down to proving that the observable behavior of #f at its j-th output is
equivalent to the behavior of the automaton A given in Figure 1.

ri=0 1
Figure 1. The automaton A associated to
the formula f = AG (r; = AX (AG (aj))).

This part presents a more general proof algorithm that can handle all the state formulas described in the
previous section. This algorithm does not require the building of the state-transition graph of the machine
M under verification. The algorithm takes as inputs a machine M described by its 6-tuple
(m, n, r, w, (Cns, F), Init) and the formula f to be verified. It recursively computes the set of states 7 that
satisfy the formula f from the sets of states that satisfy the sub-formulas of f. At each step there are only
four basic cases to consider that correspond to the four kinds of formulas given in Section 2.2. Once the
set of states ¥ that satisfy the whole formula f is obtained, to check whether s |=f for some state s of M
comes down to checking whether s belongs to 7.

The verification algorithm manipulates sets represented by their characteristic functions, and functions
are denoted by their TDG's. We will make no distinction between a function and its TDG, or between a
set and the TDG of its characteristic function. The quantifiers that will be used in the sequel are handled
using the following identities: if x is a propositional variable, (Ix f(x)) is equivalent to (f(0) v (1)), and
(Vx f(x)) is equivalent to (f(0) A f(1)). For any n-tuple x = [x; ... x;] of propositional variables, (Qx f(x))
=gef (QXy ... Qxp, f(xy, ..., X,)), where Q is either the existential or universal quantifier. The size of a TDG
f is its number of vertices, and it will be noted | f |. The size of the TDG of a function is relative to a total
ordering of its variables [1] [S].

The formulas of type (1) and (2) are trivial to treat. For instance, if f= (f; A f3), and ¥, and ¥; are the
characteristic functions of the sets of states that satisfy f, and f, respectively, then Fis As.(F)(s) A Fo(s)).
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The cost of computing the TDG of Fis in O( F; | x| 5 ) [1] [5]. As soon as ¥ is computed, it is trivial
to determine whether s |=f, since this is equivalent to compute #{(s), which is done in O(n), and then to
test whether #(s) = 1. In the same way, M |=f if and only if As.(Init(s) = 7(s)) = 1, which can be tested
in O Init { x| -

3.1 EX and AX Formulas

The sets of states that satisfy the formulas of types EX and AX are computed in a single step. Letfbe a
formula and ¥ be the set of states that satisfy . The set of states £X of the machine # that satisfy the
temporal formula EX(f) is {s/3p 8(s, p) € F). Its characteristic function is:

X = As.(Ip Cns(s, p) A HEF(s, p))).- M
By definition, AX(f) = — EX(— f), so the characteristic function AX of the set of states of the machine M
that satisfy AX(f) is:

AX = As.(~(@p Cas(s, p) A — FFE(s, p)). PA}

3.2 EU and AU Formulas

The sets of states that satisfy the formulas of types EU and AU are computed using iterating algorithms
[3]. Letfand g be two formulas and ¥ and & be the sets of states that satisfy f and g respectively. The set
EU of states that satisfy the formula E{f U g] is the limit of the converging sequence (%)) of sets defined
by: £p=6G, and g =F U {s/(se P A Bp ds,p) e F)}. The characteristic functions of these
sets are the following:

Z =G and
Fry1 = AS(Bi(s) v (Fs) A @p Cnsls, p) A BLFEG, PO 3)

In the same way the set AU of states that satisfy the formula A[f U g] is the limit of the converging

sequence (%) defined by: 4y =G, and A, ;=4 U {s/(s€ 5 A (Yp (8(s, p) # 1) = (3(s, p) € AY))}.
The characteristic functions of these sets are the following:

% =6 and
Age1 = As(ALs) v (F(s) A (Wp Cas(s, p) = A (F(s, p)))). @

3.3 The Critical Term

In the formulas (1) to (4) given in the preceding sections two terms appear that actually are the same one,
and that has the form @p Cns(s, p) A X(F(s, p))). Since the formula (Vx f) is equivalent to (— (3x — /),
the equation (4) can be rewritten into:

A = AS{A(s) v (Fs) A Bp Cus(s, p) A — AF(, pI)))- @)

From the computational point of view this means that the four basic cases of CTL formulas can be treated
with the standard Boolean operations (negation, conjunction, and disjunction), the test of equivalence (to
test whether the sequences F and 4 have converged), in addition with the evaluation of the critical term
(3p Cns(s, p) A x(F(s, p))), where y is a TDG denoting a Boolean function from {0, 1}"into {0, 1}. Next
section explains why we call this term the “critical term”, and discusses how it can be computed.

4 Computing the Critical Term

This section shows that computing the critical term is the bottleneck in the verification algorithm. Then it
explains why the critical term can be easily computed when the TDG of the transition relation of the
machine can be build [3] [6]. At last, it presents the techniques we have developed to perform this
computation when it is not possible to build this TDG, which happens for most of complex circuits.
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4.1 Is the Computation of the Critical Term a Difficult Problem?

Since typed decision graphs are canonical, testing the equivalence of two TDG's is in O(1). All the stan-
dard Boolean operations on TDG's are performed in polynomial time [1] [S]. This means that the compu-
tational cost of the formal verification of CTL formulas depends on the evaluation of the critical term.

The complexity of the critical term computation can be studied using the composition problem. This
problem is to compute the TDG of Ax.g(fi(x), ..., f,(x)), from the TDG's of the Boolean functions
f1, ..., f;, and g. The three following theorems show that computing the critical term is the most difficult
operation that appears in the algorithm presented in Section 3.

Theorem 1. Composition is O(1 )-reducible to the computation of the critical term.

Proof. 1t is immediate that composition is reducible in O(1) to the evaluation of the critical term
(3p Cns{s, p) A x(F(s, p))), where Cns = 1, x = g, and As.Ap.F =[AsApfi(s) ... As.hpfy(s)l. Q

Theorem 2. Composition is NP-hard.

Proof. Let C= A c; be a 3-conjunctive normal form made of n clauses ¢;, Each clause ; is a disjunction
(Qyj v ay vagy of three literals, so the TDG's of these clauses are built in O(n). Let g be the function
Alyy ... Yn]-(/\j yj), whose TDG is a n-vine built in O(n). Since C is satisfiable if and only if the TDG of
g(cy, ..., Cp) is not equal to 0, which can be tested in O(1), composition is NP-hard. O

The two precedings theorems show that the computation of the critical term is NP-hard. By using the
hypothesis that the order of the variables cannot be modified, we obtain the more precise following
theorem.

Theorem 3. Composition is a no polynomial problem if the ordering of the variables is fixed. More
precisely, there exist some TDG's f;, ..., f and g, using O(n) variables, with Zj | f} |+1gl=0(n), and
such that} g{fy, ... f,) | = O(2%).

Proof. We consider 2n variables y; < ... < y3;, and the function g =A[x, ... X4].(A; ;). Its TDG is a n-
vine of size n. We define n functions fj =Alyy o yzn}.(yj &> YZn-j+1)' The TDG's of the functions fj have
all two vertices, so Zj | fj |=2n. Thus|g|+ Zj ] fj {=0(n). The composition g(f), ..., f;) is the function
ly.(/\j fj(y)), that is Aly ... Y2n]-(/\j (yj & YZn-j+l))' but the TDG of the term ({y; & yay) A
(¥2 € Yon-1) A - A (Yg € Ypa1)) with the order yq <... < yp, has asize in O2™). Q

This last theorem shows that computing the critical term on TDG's is at least exponential in the worst
case. However, one can object that the TDG of the term ((y1 € y20) A (¥2 © You.1) A - A (Y @ Vnat))
is in O(n) with the variable ordering y; <y9,<¥3<¥25.1 <. <¥n<Yns1- We may think that
composition can be computed more efficiently if we are able to find a variable ordering that minimizes
the sizes of the manipulated TDG's. The following remarks show that the problem is not such simple.
First, finding such a variable ordering is itself a NP-hard problem. Second, there exist some functions of
n variables whose TDG has a no polynomial size with respect to n, whatever the variable ordering. The
last remark shows that the composition, and so the computation of the critical term, is certainly no
polynomial even if an oracle would provide dynamically a “good order”.

4.2 Using the Transition Relation to Compute the Critical Term

The transition relation A of the machine # is a subset of {0, 1} x {0, 1}™. For any states s and s/, (s, 5')
belongs to A if and only if (3p (s' = 8(s, p))). This means that A =4.rAsAs'Gp Cns(s, p) A 8’ =F(s, p))).
Using the transition relation A, the critical term (3p Cns(s, p) A X(F(s, p))) can be rewritten into:

(3s' A(s, s') A x(s")).
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Given the TDG's of A and %, the TDG of (A(s, s') A %(s") can be built in O( A| x|y }), and the critical
term is obtained by eliminating from this TDG the n atoms associated to s'. Note that this elimination is
not polynomial with respect to n in the worst case, but experience shows it remains polynomial on
practical examples.

Assuming that the TDG of A can be buil, this technique is very efficient [6], because it uses only the
standard logical operators, which have relatively low computational costs. But building A requires the
computation of the TDG of (Cns(s, p) A (/\ (s = fi (s P)))), which is done in O(] Cns | x 2R x I'I | £ D.
Experience shows that for complex machmes, it 1s not possible to build the TDG of the transition relatxon
A, so others techniques are needed.

4.3 Using the “Restrict” and the “Expand’ Operators to Compute the Critical term

The term @p Cns(s, p) A XE(s, p))) can be computed in two steps. The first step consists in building the
TDG of the formula (Cns(s, p) A %(F(s, p))), and the second step in eliminating from this TDG the atoms
associated to the input pattern p. The term X(F(s, p)) is the composition of i with the vectorial function
F=[f; ... f;], whose computation is exponential in the worst case, as shown in Section 4.1. More
precisely, it can be easily shown, using a proof similar to the one of Theorem 3, that the computation of
the TDG %(fy, ..., fy) from the TDG's of f;, ..., f, and % is atleastin O(f % | x Hj ] fj D.

Section 4.3.1 shows that it is not necessary to build explicitely the TDG of i o F to compute the term
3p Cns(s, p) A x(F(s, p))). It presents the “expand” operation that avoids this construction. Section 4.3.2
presents the “restrict” operator that further reduces the computational cost of the composition by reducing
the sizes of the TDG's fj used in the term ¢ (F(s, p)).

4.3.1 The “Expand” Operation

The idea that underlies the “expand” operation is to express the term Y(F(s, p)) as a sum of functions
whose TDG's have less vertices than the TDG of x(F(s, p)). Using these functions noted hy, ..., hy, the
critical term can be rewritten into (3p Cns(s, p) A (V; hy(s, p))), that can be further transformed into
(p V; (Cns(s, p) A hy(s, p))) by distributing the conjunction over the disjunction. The existential
quantifier commutes with the disjunction, so that the critical term finally becomes:

(V; Gp Cas(s, p) A hy(s, p))).
The final form of this term expresses that its computation can be decomposed into a sequence of

computation of simpler terms.

/\
@/\a/\/\

4y b

Figure 2. Application of the Expand Function on a BDD.
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Consider the functions fy, ..., f,, and g. The computation of a list of Boolean functions hy, hy, ..., by
whose sum is equal to the function g(fj, ..., f;) is made by the “expand” operation. For clarity's sake, we
present here the “expand” operation on the binary decision diagrams (BDD) [5].

Each path in the BDD of the function g starting from the root and leading to the leaf 1 defines a cube c; of
the function g, and the function g is equal to the sum of its cubes. This means that we could take as
functions h: the functions cj(fl, ..,fy). However this would lead to perform many redundant
computations. Consider for instance the BDD drawn in Figure 2. In this BDD there are four paths from
the root to 1 that define the four cubes ¢y=(majAa—ayaazaay, cx=(—ajaaga—ajaay,
={=aj; A8y Aa3A—3y), and cq=(a; A 23 A 2g. The four functions that would be computed are
(_'fl A—xfz/\f:gz\f,;),hz (_Ifl Af2/\"‘!f3 Af4), h3 (_lfl /\fz/\f3i\ﬁf4} h4 (fll\"xf3l\f4)

It is obvious that during the computation of the functions h;, hy, hs, and hy, the product (- f) A fy) is
computed twice, as well as the product (—f; Afy). Some of these redundant computations can be
eliminated by storing partial results in the vertices of the graph that are shared. This is done by the
function “expand” that performs a top-down traversal of the BDD of g, and stores in each vertex v of g,
the BDD of the function C,(fy, ..., f)), where C, is the sum of all the cubes represented by the paths
starting from the root of the BDD of g and leading to v. Each time the top-down traversal reaches a leaf
equal to 1, the function “expand” produces one of the functions h;.

For the BDD drawn in Figure 2, the partial functions stored in the vertices are: (1) for the vertex (1),
(—fy) for (2), ( £y A=) for (3), (— £y A ) for (4), (= A=y A f3) v (= £; A fy A ) for (5), (fy)
for (6), and ((— £y A f3 A £3) v (f} A — f3)) for (7), and the “expand” operation produces two functions:

hl =(f4/\ (("1 fl A-ﬂle\f3) v (—lfl Afz/\—|f3))), and

h2 = (ﬁ f4 A (("‘| fl A f2 A f3) v (fl A f3))).
Experience shows that the TDG's of the functions hy, ..., by generated by the “expand” operation are
smaller than the TDG of the function x(F(s, p)). The time needed to compute each of these functions

directly depends on the sizes of the TDG's of the functions §(s, p). Next section presents a new Boolean
operator that can be used to reduce the sizes of the TDG's used in the term (F(s, p)).

4.3.2 The “Restrict” Operator

This section presents the Boolean operator “restrict” [8], noted “J”, that gives a means to reduce the sizes
of the TDG's of the functional vector F(s, p) used in the formula x(F(s, p)). This directly reduces the
computational cost of the critical term.

The idea that led to the “U” operator is made clear by the following remark. In the equation (3) given in
Section 3.2:

Typ1 = AS.(B(S) v () A @p Cnsls, p) A B(FGs, P, @

as soon as the term %, (s) is equal to 1 or the term K(s) is equal to 0, the value of Ey,1(s) does not depend
on the value of (Ip Cns(s, p) A F(F(s, p))). In the same way, when Cns(s, p) is equal to 0, then so is
(Cns(s, p) A B (F(s, p)). This means that in the term E (F(s, p)), the vectorial function F can be replaced
with its restriction Flp to the domain D, where D is the set whose characteristic function is

As.hp.(— B (s) A Fs) A Cnsls, p)).

The same remark holds for the equations (1), (2), and (4'). For these equations the characteristic
functions of the domains D to which the vectorial function F can be restricted are the following:

D = Cns for (1) and (2),
= AsAp.(— B (s) A Hs) A Cns(s, p)) for (3),
D = AsAp.(— 4 (s) A As) A Cns(s, p)) for (4).
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The “restrict” operator has two arguments f and D that are Boolean functions. Its definition [8) on
Shannon's canonical form is given in Figure 3. In this figure, we note f.root the atom that occurs at the
top of Shannon's canonical form of f, and (f/—a, f/a) the Shannon's decomposition of f with respect to the
atom a. We have the identity: f = (—a A f/—a) v (a A f/a).

function restrict(f, D);
if D = 0 then error;
ifD=1orf=0o0rf=1thenreturnf
let a=D.root in {
if D/-~a =0 then return restrict(f/a, D/a);
if D/a =0 then return restrict(f/—a, D/—a);
if f/—~a=f/a then return restrict(f, D/-a v D/a);
return ((—a A restrict(f/—a, D/—a)) v (a A restrict(f/a, D/a)));

}

Figure 3. Semantics of the Restrict Operator.

The main properties of “U” are expressed by the following theorems. Their proofs are made by induction
on Shannon's canonical form of f and D, and by case analysis.

Theorem 4. Letf and D # 0 be two Boolean functions. Then D(x) = 1 implies that (f § D)(x) = f{x).

Theorem 5. Let f and D be two Boolean functions, withD #0. If (D = f), then (f D) = 1. If (D = —f),
then (f4 D) = 0.

Theorem 6. Let f and D be two Boolean functions, with D # 0. Amongst the functions g such that
(D => (g =f)) is a tautology, there is a unique function whose Shannon's canonical form has a minimal
number of vertices, and this function is (f 1 D).

Corollary. Let f and D be two Boolean functions, with D # 0. Shannon's canonical form of (f § D) has
less or the same number of vertices than Shannon's canonical form of f.

Remark. Each time the case {D/—a = 0) or (D/a = 0) is used to recursively compute Shannon's canonical
form of (f § D), one branch of Shannon'’s canonical form of f is deleted. This means that the sooner a “0”
occurs on a branch of Shannon's canonical form of D, the larger the number of vertices of Shannon's
canonical form of f that are deleted is. This expresses that the smaller the set D is, the greater the
reduction is [8].

The operator “U” defined above on Shannon's canonical form can also be defined on TDG's. Passing
from the canonical tree representation to the canonical graph representation gives rises to the following
problem. It can happen that during the application of the operator “J” 1o the TDG's of the function f and
of D, some vertex that is shared in the TDG of the function f gets restricted several times, with different
vertices from D. This can lead to create a TDG that has more vertices than the one of f. This means that
Theorems 4 and 5 hold for this operator on TDG's, but not Theorem 6. To assure that the application of
the operator “4” on the TGD's of f and D does not return a larger TDG than the one of f, it is sufficient to
compare the sizes of the TDG's of f and of (f § D), and to return the smallest TDG, which is done in
O(max(|f], | D). The function that returns the TDG of (f § D) uses Theorem 5 to speed up the
computation, and uses a cache to avoid redundant computations. The complexity of the operator “U” is
O fixiD ).

4.4 Discussion of the Method

The computation of the critical term depends mainly on the cost of the composition. The “expand”
operation can be basically seen as a method to compute X(fy, ..., f,,), whose computational cost is at least



3

O(xix ﬂj | fJ ). Theorem 4 assures that, for the domains D associated to the equations given in Section
4.3.2, the application of the operator “U” on each component of the vectorial function [f; ... f,) is valid.
Applying the “U” operator on F with the domain D is made in O( F| x| D [). The TGD's of the functions
f; Loy, .. , (fa 1 D) have less vertices than the ones of the functions f1s .o, £y Assuming that each TDG
f; has a size s, and that each TDG (fJ § D) has a size bound by (s xR), where 0<Rr <1 is the reduction
r.'mo, the composition X o (F § D) is made with a gain of complexity of at least (1 /R)™. This means that
the quadratic operation “U” can reduce exponentially the computational cost of the critical term.

5 Experimental Results - Discussion

The verification algorithms given above have been written in Lisp, and the CPU times given here have
been obtained on a BULL DPXS5000 mini computer with 32 megabytes of main memory.

CLM is a part of an interface board designed at BULL. It is made of 33 state registers, and has 14 inputs.
The TDG's that represent its vector of transition functions has more than 10000 vertices and the largest of
them has more than 2500 vertices. This machine has about 377000 valid states out of the 233 possible
states. The CPU time needed to symbolically traverse the state diagram of this machine using the
procedure given in [9] is 1227 seconds. We did not succeed in computing the TDG of the transition
relation of this machine, so the method of [3] and [6] cannot be applied. The property to be proved valid
required the computation of only one fixed point that was obtained in 38 steps that took 4000 seconds of
CPU time. The composition %(F(s, p)) of the critical term stopped to be computable using the standard
composition algorithm after a very small number of steps. The “restrict” operation was very useful since
it reduced the TDG's of £}, ..., f33 used in the “expand” operation in such a way that during the iteration,
none of them had more than 186 vertices. The largest TDG representing one of the sets in the sequence
had 352 vertices.

The sequential circuit Sync is a synchronizer that has 21 state registers and 4 inputs. The property to be
verified was that the value of the output 0k is equal to 1 in any valid state of the machine. This property
is expressed by the formula Init |= AG(0k). The CPU time needed to prove this formula valid was 4160
seconds and the fixed point was found in 9 steps. The “restrict” operator was not very useful since it did
not reduce the sizes of the TDG's of the transition function. The largest TDG found in the sequence of
sets had more than 2000 vertices.

The property AG(oK) is a safety property. It can be checked by traversing the state diagram of the
machine Sync using the symbolic traversal procedure given in [9]. At each step during the traversal that
starts from the initial state Init of the machine, it is sufficient to check that the output oK is equal to 1.
Since the traversal stops when all the valid states of the machine have been reached, the proof is
complete, Verifying the property in this manner takes 140 seconds, and the traversal is done in 20 steps.
This example seems to show that whenever the formula to be proved is a safety property, it is better to
use this procedure rather than the general procedure described in this paper.

In fact, the technique proposed here cannot give to the symbolic backward traversal procedure the
performance of the forward symbolic traversal procedure [9]. The symbolic backward traversal
procedure is essentially based on the computation of the reverse image of the vectorial function & on a set
x. The symbolic forward traversal procedure is based on the coroputation of the image of the vectorial
function 8 on a set %. Given a machine specified by the 6-tuple (n, m, r, @, 8, Init), we can show that the
reverse image symbolic computation is intrinsically more difficult than the image symbolic computation.
It is easy to show that image symbolic computation is NP-hard (for instance, composition is linearly
reducible to image symbolic computation), and that it is O(n)-reducible to reverse image symbolic
computation. The problem is that reverse image symbolic computation is not polynomially reducible to
image symbolic computation, because reducing the former to the latter requires to inverse the vectorial
function &, which is a NP-hard problem (image symbolic computation itself is O(1)-reducible to vectorial
Boolean function inversion).



32

Conclusion

This paper has presented a proof algorithm that automatically checks whether some uncompletely defined
deterministic Moore machine 3 holds some property expressed in the CTL formalism. This algorithm
does not require the building of the state-transition graph of the machine #4 so it overcomes the limits of
the previous methods based on this construction. This means that sequential machine with a very large
number of states and transitions can be handle with this method.

Moreover, this proof algorithm does not require the building of the TDG of the transition relation of the
machine, which is too large for many practical examples. The proof algorithm is based on the algorithms
that were initially developed for proving the equivalence between two machines, in addition with a
procedure that essentially computes the reverse image of a vectorial Boolean function. This procedure is
the bottleneck of the proof algorithm.,
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