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Abstract. In this paper, we propose a general method for designing
convergent Reinforcement Learning algorithms in the case of continuous
state-space and time variables. The method is based on the discretiza-
tion of the continuous process by convergent approximation schemes : the
Hamilton-Jacobi-Bellman equation is replaced by a Dynamic Program-
ming {DP) equation for some Markovian Decision Process (MDP).

If the data of the MDP were known, we could compute the value of
the DP equation by using some DP updating rules. However, in the
Reinforcement Learning (RL) approach, the state dynamics as well as
the reinforcement functions are a priori unknown, leading impossible to
use DP rules.

Here we prove a general convergence theorem which states that if the
values updated by some RL algorithm are close enough (in the sense
that they satisfy a "weak” contraction property) to those of the DP,
then they converge to the value function of the continuous process. The
method is very general and is illustrated with a model-based algorithm
built from a finite-difference approximation scheme.

1 Imntroduction

This paper proposes a convergence result for Reinforcement Learning (RL) al-
gorithms in the case of continuous state-space and time variables. RL uses the
method of Dynamic Programming (DP) which defines the optimal feed-back con-
trol by approximating the wvalue function, which is the best future cumulative
reinforcement as a function of initial state.

A classical approach in optimal control for computing the value function
consists in using approximation schemes (deduced from finite-element or finite-
difference methods) which replace the continuous process by a discrete one (see
[KD92]) for some given resolution. We obtain a finite Markovian Decision Process
(MDP) whose DP equation may be computed by classical value iteration DP
rules, knowing that (in the discounted case) the convergence of this method
is guaranteed by some "strong” contraction property satisfied by the updated
values.

However, in the RL approach, the state dynamics as well as the reinforcement
functions are considered (at least partially) unknown from the system. Thus
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the values of the DP updating rule are unknown and the ”strong” contraction
property is no more valid.

This paper states that if this contraction property is weakened, we still have
the convergence of the method as the resolution of the discretization tends to
zero and the number of iterations tends to infinity. This result allows approzrima-
tion while keeping the convergence. The theorem is very general and may apply
for a wide class of RL algorithms such as model-based or model-free algorithms,
with some "on-line” or "off-line” updating rule, for deterministic or stochastic
state dynamics. We propose an example of model-based algorithm in the deter-
ministic case whose values satisfy the ”weak” contraction property, thus insuring
its convergence.

Section 2 proposes the formalism for optimal control problems in the con-
tinuous case. The method of DP is described : the value function is introduced
and the Hamilton-Jacobi-Bellman (HJB) equation is stated. A finite-difference
approximation scheme is detailed and a theorem of convergence for the scheme
is stated. Section 8 is concerned with RL algorithms. The general theorem is
stated and its proof is given. Then an example of model-based algorithm built
from a finite-difference scheme is described and the proof that the computed
values satisfy the ”weak” contraction property is given in appendiz A.

2 The Optimal Control Formalism

We illustrate our method in the particular case of deterministic controlled sys-
tems with infinite time horizon and discounted reinforcement. A study of the
stochastic case may be found in [MB97].

Let z(¢) € O be the state of the system with O an open and bounded subset
of IR® . The evolution of the system (its state dynamics f) depends on the current
state z(t) and control u(t); it is defined by a controlled differential equation :

d
20 = f(a(t), u(®)) (1)

where the control u(t) is a bounded, Lebesgue measurable function with values
in a compact U. From any initial state z, the choice of a control u(t) leads
to a unique trajectory x(t). Let T be the exit time of z(t) from O (with the
convention that if z(¢) always stays in O, then 7 = c0). Then, we define the
discounted reinforcement functional of state , control u(.) :

Hasu() = [ " r(a(t), u(t))dt + 4" R(z(r)

Where 7(z, u) is the running reinforcement and R(x) the boundary reinforcement.
v is the discount factor (0 < v < 1).

The objective of the control problem is to find the optimal control (which
can be expressed here as a feed-back law u*(z)) that optimizes the reinforcement
functional for any state x.
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2.1 The Method of Dynamic Programming (DP)

The DP method computes the optimal control by introducing the value function,
maximal value of the functional as a function of initial state z :

V(z) = i\gg J(z;u(.)) (2)

Following the DP principle, we prove that the value function satisfies a first-
order nonlinear partial differential equation called the Hamilton-Jacobi-Bellman
equation (see [FS93] for a survey) (in the stochastic case, it is of a second order).

Theorem 1 : Hamilton-Jacobi-Bellman. If V is differentiable ot x € O, let
DV (z) be the gradient of V at z, then the following HJB equation holds ot x.

V(z)lny+ zlelg[DV(x).f(x, u)+r(z,u)] =0

Hypotheses 1 In the following, we assume that:
- f and r are bounded with My (respectively M,.) and Lipschitzian:
|(@,w) — F@,w) < Ly llo—ll, (resp. Ir(z,u) - r(y,w)] < Lo llz - yll),
with the norm ||z]|; = Y0, |«
- R is Lipschitzian: [R(z) — R(y)| < Lr ||z — y/l;-
- The boundary 80 is C2.

Besides, we consider the following hypothesis concerning the state dynamics
around the boundary, and we state a result of continuity for V' (see [Bar94]).

Hypothesis 2 For all z € 90, let 7'(z) be the outward normal of O at z, we
assume that:
-If3ueU, st f(z,u).7(z) <0 then Jv € U, s.t. f(z,v)7(z) <O0.
-IfueU, st f(z,u). 7 (z) >0 thenIv e, st. f(z,v)n(z)>0.

Theorem 2 : Continuity. Suppose that these hypotheses hold, then the value
Function is continuous in O.

2.2 Approximation Schemes

In order to approximate the value function, we use the numerical schemes (for ex-
ample based on finite-element (FE) or finite-differences (FD) methods) of Kush-
ner [KD92], which replace the continuous problem by a discrete one. The HIJB
equation is discretized, for some resolution §, by a DP equation for some MDP,
whose value is V9. We state that the value V¢ of the approximation scheme
converges to the value function V of the continuous process as the discretisation
step & tends to 0. As an illustration, we describe here the FD method.
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Description of a FD scheme : Let g, es, ..., e4 be a basis for IR%. The state
dynamics is : f = (f1,..., fa). Let the positive and negative parts of f; be:
fF = max(f;,0), fi” = max(—f;,0).

For any discretization step 6§, we consider the lattice §Z¢ = {6. Ele jiei}

where ji, ..., jq are any integers, and define :

- the discretized state space : £° = §Z% NO (see figure 1), and

- its frontier 9X° = {¢ € 6Z¢\ £°, such that at least one adjacent points
£t be € O}

Fig. 1. The discretized state space X° (the square dots) and its frontier #%° (the round
dots). A trajectory z(t) crosses the neighbourhood N(£) (in dark grey) of vertex £. Let
2 points of the trajectory = = z{to) and y = z(tp 4+ 7) be such that the control u is
kept constant during ¢ € [to,to + 7). Then we make the model f(f ,u) = ¥=% of the
state dynamics f{£,u).

We approximate the control space U by some finite control spaces U® c U
such that for § < &' we have U5 C U® and besides, UsU% = U.
The FD approximation consists in discretizing the HJB equation by:

d
V(&) Iny+ s;{;])& {Z [ (&, u).AF Vo) + /7 (& u).A7 V(O] + r(g,u)} =0
3)

=1
where the gradient DV (£) is replaced by the forward and backward difference
quotients of V at £ in direction i =1..d :

AFV(E) = 1 V(€ + be;) — V(€)]

6
ATV(E) = 3 IV(E — 8e)) = V(E)]
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Knowing that (Atln<) is an approximation of (y4* — 1) as At tends to 0, we
obtain from (3) the following equivalent equation: for £ € X9,

VIO = sup {930 6.6 V@) HrEwrEn) @)

e LG
and.P(f,f»“)_m

= 0 otherwise.

with : 7(£,u) for ¢’ = ¢ & be; (5)

_ ]
IREGOIR

This equation is a DP equation for a finite MDP (see [FS93]|) whose state
space is % U 8X®. Tts control space is U? and the probabilities of transition
p(€,&',u) from the state £, to the next state £’ with some control u are the
normalized coordinates ﬂ[fié%ﬁ;

Besides, we have the boundary condition V3(¢) = R(¢) for ¢ € 95°.

Resolution of the scheme : By defining the approximation scheme F?, oper-
ator on the space of functions on X° :

F W) = sup {yea Y, P e W WE) +rEurEw),  (6)

equation (4) becomes V4 = F® {V‘S]. The solution V4 may be computed by
some DP value iteration method where V? is obtained as a limit of successive
iterations:

Vi, — FP[V]. (7)
For any initial V{, we compute V¥ — F? [V{], then V§ « F’[V{], and so
on. Thank to the discounted factor v, such updated values satisfy the following
»strong” contraction property (with some A =1 — 2—&—} In %}

Hv?f-t-l - Vé”z‘ﬁuazs < A. HV;E - Vé”z:auazfS <8)

(with ||.||= denoting supgez |.|), from which we deduce that for any given dis-
cretisation step §, the constant A < 1 thus the values V,% converge to V? as n
tends to infinity.

Convergence of the scheme The following theorem, whose proof uses the
general convergence result of Barles (see [BS91] and [Bar94]) and the strong
comparison result between sub- and super- viscosity solution (see [FS93]) of
HJB equations, insures that V4 is a convergent approximation of V.

Theorem 3 : Convergence of the scheme. Let us assume that the hypothe-
ses 1 and 2 hold, then V® converges to V as § tends to 0 :

1{}&1 V8(¢) = V(z) uniformly on any compact 2 C O

]
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Figure 2 surnmerizes the two previous results of convergence, which are : for
any distretization step 8, the values V;? computed by the DP updating rule (7)
tend to the value V% of the DP equation (4) as n tends to infinity, and from the
convergence of the scheme (theorem 3), V® tends to the value function V of the
continuous process as § tends to zero.

HIB equation DP equation

5-a0
yoo2

DP with

the "Strong"”
B> contraction
property
v,

Fig. 2. The HIB equation is discretized, for some resolution &, into a DP equation
whose solution is V°. The convergence of the scheme insures that V° — V as V — 0.
Thanks to the ”strong” contraction property, the iterated values V% tend to Vias
n — oo.

3 Reinforcement Learning

RL is a constructive and iterative process, based on experience, that intends
to estimate the value function by successive approximations. Thus, in the RL
approach, we have the constraint that the state dynamics f and the
reinforcement functions r, R are a priori unknown from the system.

Thus the probabilities of transition p(¢,&’,u) and the time 7(£,u) are un-
known and have to be approximated. We deduce that the strong contraction
property (8) cannot hold any more. However, we prove that if some weaker
contraction property does hold, then we can obtain the convergence as well.
The following section states the general convergence theorem for RL algorithms
provided that the updated values satisfy some ”weak™ contraction property.
The statement of such ”good approximations” satisfying this property is the basis
for designing convergent algorithms.

3.1 A general Theorem of Convergence

Theorem 4 : Convergence of RL algorithms. Suppose that the values V?
updated with some algorithm satisfy the following ¥ weak” contraction prop-
erty with respect to a solution V® of a convergent approzimation scheme (such

as (6)):
Vi = VO < (1 —E1.8). ||V — V|| s +e(6)8 (9)
[Viors = VClpgs < k26 (10)
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for some positive constants ki, ke and some fonction e(§) \, 0 as 6 \, 0. Then
for all € > 0, there exists A and N, such that V6 < A,¥Yn > N,

sup ||VZ — V|| <& on any compact 2 C O.
5N
Remark. Here, one cannot expect any more that for a given § the values V!

converge to V?. However the theorem states that the convergence occurs as
6\, 0 and n — oo. Figure 3 summerizes this result.

HIB equation DP equation
5 a0
14 v

DP with

\ the "Weak"
6 \AO . contraction
n> o0 \

Fig. 3. When the "strong” contraction property property does not hold any more,
one cannot expect that the computed values V.3 tend to V?. However, the theorem
states that, thanks to the "weak” contraction property, the values V,? tend to the value
function V asn — oo and § \, 0.

Proof of theorem 4. Let us denote ES = HV,‘;j - Vé”z‘&uaz:ﬁ . Let £2 C O be any
compact. For any € > 0, let us choose €1 > 0 and g2 > 0 such that &, + &2 = €.
From the convergence of the scheme, theorem 3 states that there exists A; such
that for all § < Ay,sup,cp, [VP(z) — V(z)| < ;. The idea is to prove that there
exists Ao, for § < A, there exists N, for all n > N,

E,,&t < egg. (11)
Then we will obtain that for any § < A = min{A;, A}, for all n > N,

sup Vi) - V()| <sup Vi) - V()| + sup [Vi(£) - V()
tennxt x€2 teXfusrt

<er+eg=¢

A sufficient condition for (11) : Suppose that there exists a positive
constant « such that the following conditions hold true:

If ES > e; then ||V2, — V||, < BS ~ (12)
If E} < egthen ||V, — V|| <e (13)
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then we deduce that there exits N such that for n > N, ||V;2,; — V||, < eo.
Besides, from the property (10), for § < 2, HV,‘E+1 — Vﬁ“ax& < eg, thus E® < &,.

Proof of the sufficient condition:

Let us prove that for all 2 > 0, there exists Ay such that for all § < Ag,
conditions (12) and (13) are satisfied. For any ez > 0, from the convergence of
e(8) to 0 as 6 | 0, there exists Az such that for § < Aj the following condition
hold:

£2

e(6) - k1.2 <0 (14)
First, suppose that ES > &9, then from (9),
(V21 = V|| g < (1= k1.8)E] + e(6).6 < Ef — kn.b.e2 + €(6).6.

and from (14), ||V, = VO|| s S B —k1.6.% +e(6).6 - k1.6.% < E} —k1.6.%.
Thus condition (12) hold true for a = k1.6.%.
Now suppose that ES < €5, then from (9),

Vi = Vs < (1— klé)——+-—+e(§)6 k15—-<5+~2——52

and condition (13) is true. Thus conditions (12) and (13) are true and for 6 <
A=min{A;, Az, $}, foralln > N, we have:

sup [V(€) - V(¢)| < sup [Ve(z) — V()| + sup V2 ©) =V
cennx €N Lexby

<er+er=¢l

This theorem provides a general method for designing convergent RL al-
gorithms. It may apply to model-free (see [Mun96] or [Mun97]) or model-based
algorithms, with on-line or off-line (for example synchronous, Gauss-Seidel, asyn-
chronous) DP updating methods, and for deterministic or stochastic dynamics.

3.2 An Example of Model-Based Algorithm

The idea is to build a model of the state dynamics f and of the reinforcement
function r at the vertices £ of the discretization from samples of trajectories
going through their neighbourhood. Then, from this model, we define the ap-
proximated transition probabilities which are used, instead of the exact ones
p(€,€&,u), in the updating rule (7).

In the following, we assume that the state dynamics f is bounded from below
(there exists my such that || f|l; > my).

— Estimation for ¢ € 5% : For any vertex £ € X%, any control u € U°?, 6 we
build a model f and 7, approximations of f and r from trajectories z(t) going
through the nelghbourhood of ¢: we consider some states z = z(to) and
y = z(to + 7) such that:

- & € N(&) neighbourhood of £ (whose diameter is inferior to ky.6 for some
positive constant kx).
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- the control u is kept constant for ¢ € [to,to + 7],
- the time 7 satisfies, for two positive constantes k; et kg, the relation:

k16 < 7 < kyé. (15)

See figure 1. Then we make the following model for state £ and control u :

fle,wy=4=2

T

(&, u) = r(z,u)

Then we compute the approximated probabilities p(€, ¢, u) and time T(£,u)
by using in the equations (5) the model f instead of f and obtain the fol-
lowing updating rule based on (7):

V(@) — WY B E W V() + 76w FEw)  (16)
&l

which can be used as an "off-line” (synchronous, Gauss-Seidel, asynchronous)
or "on-line” (for example by updating V,$(£) as soon as a trajectory leaves
the neighbourhood of ¢) updating DP method (see [BBS95]).

— Estimation for £ € 85X% : As soon as a trajectory z(t) exits from the
state space at y € 90, we consider the states £ € 8X% whose respective
neighbourhoods N(£) contain y and we update their value with:

V2,1(6) — R(y) 17)

The following theorem states that the algorithm consisting in updating reg-
ularly all the states £ € £% with rule (16) and all states § € dX% (at least
once each) with (17) satisfies the ”weak” contraction property (9) and (10) thus
defines a convergent algorithm. The proof is given in appendiz A.

Theorem 5. Convergence of the model-based, FD algorithm. The up-
dating rules (16) and (17) satisfy the "weak” contraction property (9) and (10)
with respect to the convergent approzimation scheme (6), thus the theorem 4
applies and the model-based FD algorithm is convergent.

4 Conclusion

We proposed a framework for designing RL algorithms and proving their con-
vergence. The method is very general since the only required property is the
"weak” contraction property with respect to some convergent approximation
scheme. The choice of such a numerical scheme is free and may come from any
discretization method such as finite difference or finite element method, using a
constant or a variable resolution. As an illustration, we proposed a very simple
model-based algorithm build from a finite-difference approximation scheme and
proved its convergence.
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A Convergence of the Model-Based FD Algorithm

A.1 Some Majorations

Comparison of the times 7(¢,u) and 7(¢, u).
From the Lipschitz property of f, we have the following Taylor majoration :

lly — = — flz,u)7lls < 3Ls.7°
Since the neighbourhood of ¢ is of a diameter inferior to kx .5, we have:
1f(z,u) = F(& Wl < Ly flz — €]lL < Lykns.

But |ly — z — f(§,u). 7|1 = |ly — = — fz,u).7 + 7[f(z,u) — F(&,v)]||1, thus
from (15), we have: |ly — z — f(¢,u).7|l1 < (% + kn) Lyk262. And because the
state dynamics f is bounded from below by my and that 7 > k;6, we have
lly — z|l1 > kymy6, thus:

(€, u) =76, w)| < kr8? (18)

ke
with: bk = (_1._;,;2 ).f‘ k2 We deduce, by using a property of the exponential
f

function that :
,Y'r(f,u) = 7?(5,%)

<k, In %.52 (19)

Comparison of the probabilities p(£, £, v) and p(£, &', v).
For & # € £ be;, p(€,€',v) = p(€,&',v) =0 and for & = £ & be;, we have:

< W&l =NF Gl |+|£ 6w - Ff (6w
= TFEh

fEew)  _ rEew
few], — FEwh

From what precedes, Hf(ﬁ,u) - f({,u)“1 < (—"324 + kn) Ly6 and we deduce:
L
P(E.€',0) = p(6,6', )] < T (ko + 2k)2 (20)

A.2 Convergence of the Model-Based FD Algorithm
The value V#(¢) is updated with:

Vir1(6) « sup {7;(5’”)- > OB u) V) + ?(€,U)5’(§,U)}
uc I
and its difference to the value V% of the scheme, is:

VI©) - Wi = sup {Z [ (e, €. VAE) — 7 EI(E € ). VEE)]
uelU? ¢

+T(€7 U).’I'(E, ‘it) - 3:(£7 ’U,);(f, ‘&)}
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V() = Vara(€) = sup, {”f“'“’ ; [p(6,€',w) = (&, €, )] V(E)

+ 7€) — 7] R W V)

76 D B ). [VIE) - V)]

6 ) €00 — 6 )] (6, 0) — 6, )] € 0)
And from (19), (18) and the Lipschtz property of r, we deduce:
V€)= V(O] < sup {77 37 1p(e,€w) — e, €] VA(©)|

€IS BE € w). [VE) - Vi) (21)
koL,
klm}f

+k,ln%{.MVs.62 + 62 + k. M, 62,

Majoration of Zf’ [p(g’flau) —ﬁ(g’ 6,1’"’)] V6(€’) :
We have: V8(¢') = V8(£) + [V(¢') — V4(€)] . But from the properties of the

probabilities p(¢,¢’,u) and p(€,€’, u), we deduce:
> o6, € w) - BE,EL W] VEE) = I, € u) — &, & w)] [VE(E) - V()]
& &

(22)

Moreover, [V2(¢')~V2(£)] < [V2(€) =V (E)+IV(E)=V(E)+IV(E)-V°(€)|.

From the theorem 3, the approximation error supg {V° — V} of the scheme tends

to 0 as 6§ | 0 for any compact 2 C O and thanks to the continuity of V' (theorem
2), sup"i};.'% [V(z) — V(2 +h)| tends to O as § | 0.

We deduce: |VI(¢') — V3(¢)] < &(6),
with €(8) = 2sup,cp [VP(2) ~ V(2)] + sup”zﬁgﬁ |V(2) — V(z+ h)|, which
hil<

tends to 0 as § | 0. From (22) and (20), we obtain:

[ e, ¢/ 0) —Fle. € I V)| < Lk 2hmpee)  (23)

The ”weak” contraction property (9) and (10) holds :
— Suppose that £ € X% : from the property of the exponential function y4? <

1-4tIn 2 for At small enough, we deduce: y™¢ ) < 12 1y 1, thusy™) <
1- 2—%—; 111% for small 6, and from (21) and (23) we deduce that:

[V 1(8) = V(&) < (1 - k.H)E;, + (6).6
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With:kzzwl——-ln-—l-

2My v
L 1
s+ e(8) = L (ks + 2k )e(d) + k Io = Mye 3+ :fif § + ky My

Since €(6) | 0 as § | 0, e(6) also tends to 0 and the property (9) holds.
— Now suppose that & € 8% : from the Lipschitz property of R,

[V2,1(6) = Ve(&)| = |R(y) — R()| < Lr.lly — €|l < Lrkn.6

and the property (10) holds.

Thus the theorem 4 applies and the model-based FD algorithm is conver-

gent. |
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