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Abstract

We present a new approach for handling open normal defaults that
makes it possible

1. to derive existentially quantified formulae from other existen-
tially quantified formulae by default,

2. to derive universally quantified formulae by default, and
3. to treat cardinality formulae analogously to other formulae.

This was not the case for previous approaches. Reiter uses Skolem-
ization in his treatment of open defaults to achieve the first goal, but
this has the unpleasant side-effect that logically equivalent facts may
lead to different default consequences. In addition, Reiter’s approach
does not comply with our second requirement. Lifschitz’s main moti-
vation for his approach was to satisfy this second demand. However,
to achieve this goal he has to violate the third requirement, and the
first condition is also not observed.

Differing from these two previous approaches, we will not view
open defaults as schemata for certain instantiated defaults. Instead
they will be used to define a preference relation on models. But unlike
the usual approaches to preferential semantics we shall not always take
the minimal models to construct our semantics. Due to this new treat-
ment of preference relations the resulting nonmonotonic consequence
operator has “nice” proof-theoretic properties such as cumulativity.
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1 Introduction

In many cases, default information expresses properties of (almost all) indi-
viduals of a given class. Thus “Birds normally can fly” speaks about a default
property of the class of all birds, and not about the individual bird Tweety.
On the technical level, in Reiter’s Default Logic [11], this means that most
of the “naturally” occurring defaults are so-called open defaults, i.e., default
rules with free variables. The standard birds-example is described by the
rule

burd(x) : fly(x)
fly(z)

which contains the free variable z. On the other hand, Reiter’s definition

of an extension—which describes the semantics of a default theory—makes
sense only if considered for closed defaults.

To bridge this gap, Reiter assumes that open defaults stand for all their
ground instances. The aim is to apply defaults not only to individuals that
are explicitly given by ground terms, but also to those implicitly present
because of the theory. Therefore, Reiter proposes to Skolemize the world
description (i.e., the facts one starts with) and the consequents of defaults
before building ground instances. For example, if we have a default that says
that doctors normally are rich, and if we know that Tom has a child that is
a doctor, we should like to conclude that Tom has a rich child, as long as we
know nothing to the contrary. But to apply the default to Tom’s child, we
need a ground term that stands for this child. This ground term is generated
by Skolemization.

Unfortunately, it turns out that the Skolemization step has the very un-
pleasant effect that the consequences of a default theory may depend on the
syntactic form of the world description one starts with (see [1] and Section 2
below). Another problem of Reiter’s treatment of open defaults has been
pointed out by Lifschitz [8]. If one does not assume that all individuals
of the universe are named by ground terms, one cannot deduce universally
quantified formulae by default. For example, consider the default without
prerequisite

: ~for-free(x)

—~for-free(xz)

that expresses that, normally, nothing is for free. Together with a world
description that does not imply the existence of a counterexample, one cannot
conclude Yz. ~for-free(z), even though —for-free(t) follows by default for each
ground term .



To overcome this problem, Lifschitz proposes a modification of default
logic in which free variables are not treated as metavariables for ground terms.
In principle, he considers models of different cardinality separately, and fixes
the universe for a given cardinality. Then he introduces new object constants
representing all elements of the universe, and instantiates the defaults with
these new constants. Since the new constants are assumed to represent all
elements of the universe, one can now deduce some universally quantified
formulae by default. However, as we shall show in Section 2, this way of
proceeding also has some strange effects. In addition, it does not handle
defaults with prerequisites in the same way as defaults without. From the
standard birds-default, together with a world description that does not imply
the existence of a counterexample, one still cannot conclude Vz. bird(z) —
fly(z) by default. For similar reasons, the problem of applying defaults to
implicit individuals is not solved, i.e., in the doctors-example from above one
cannot deduce that Tom has a rich child.

In the present paper we shall propose a new treatment of open defaults
that tries to avoid the above mentioned problems of previous approaches.
We shall restrict our attention to normal defaults, i.e., defaults where the
justification and the consequent are identical. Open normal defaults will not
be instantiated by ground terms or new object constants, but will be used
to define a preference relation on the models of the world description. To
move to a “better” (or preferred) model we will sometimes have to change the
cardinality of the universe of the model, which means that we do not consider
models of different cardinality separately. Unlike the usual approaches to
preferential semantics we cannot always take the best models to construct
our semantics. The reason is that we may get infinite chains of models that
become better and better. Instead of dismissing such a chain because it
contains no optimal model we will consider something like the limit (i.e., end
segments) of the chain.

The definition of this new approach is given in Section 3, and illustrated
by examples in Section 4. In Section 5 we shall show that the nonmonotonic
consequence operator we get has “nice” proof-theoretic properties such as
cumulativity.



2 Problems of Reiter’s and Lifschitz’s Ap-
proaches

For the convenience of the reader, we repeat the basic definitions of Reiter’s
default logic. A default rule is any expression of the form

@ 3By vasls By

———7 )
where «, 3;, v are first-order formulae. Here « is called the prerequisite
of the rule, ..., /3, are its justifications, and ~ is its consequent. If the
prerequisite of a default a : 3;,...,3,/7 is trivially true, i.e., if the universal
closure of « is valid, we often write it as : f31,...,/3,/7, and call it a default
without prerequisite. A default rule is closed iff a, 3y,...,3,, v do not
contain free variables. It is normalif it has only one justification, and if this
justification coincides with the consequent.

A default theory is a pair (W, D) where W is a set of closed first-order
formulae (the world description) and D is a set of default rules. A default
theory 1s closed iff all its default rules are closed.

Intuitively, a closed default rule can be applied, i.e., its consequent is
added to the current set of beliefs, if its prerequisite is already believed and its
justification is consistent with the set of beliefs. Formally, the consequences
of a closed default theory are defined with reference to the notion of an
extension, which is a set of closed first-order formulae defined by the following
fixed point construction.

Definition 2.1 (Reiter extensions) Let (W, D) be a closed default the-
ory. We define an operator ' from sets of closed formulae to sets of closed
formulae as follows. For a set F of closed formulae, let I'(F) be the smallest
set F' of closed formulae satisfying the conditions

1. WC F,
2. F' is deductively closed, and

3. for any default o : By,...,0,/7y €D, if a € F' and —p4,...,~f, € F
then v € F'.

Then F is an extension of (W, D) iff F = I'(F).



In general, a closed default theory may have more than one extension, or
even no extension. Depending on whether one wants to employ skeptical or
credulous reasoning, a closed formula § is a consequence of a closed default
theoryiff it is in all extensions or if it is in at least one extension of the theory.
In the following we shall restrict our attention to skeptical reasoning.

Reiter defines extensions of arbitrary default theories (W, D), i.e., default
theories with open defaults, as follows. First, the formulae of W and the
consequents of the defaults are Skolemized (see [11], Section 7). Second, a
set D’ of closed default rules is generated by taking all ground instances (over
the initial signature together with the newly introduced Skolem functions)
of defaults of D (with the consequents in Skolemized form). Now & is an
extension of (W, D) iff £ is an extension of the closed default theory (W', D’),
where W' is the Skolemized form of W. Let us first give an example that
motivates the Skolemization step.

Example 2.2 The world description W consists of the formula 3z. P(z),
D consists of the default P(z) : Q(x)/Q(x), and the language contains only
one constant symbol ¢ and no other function symbols.

If we do not Skolemize before instantiating the default, there is only one
instance of the default, and its prerequisite P(c¢) cannot be deduced. Thus we
have only one extension, Th(W), and we cannot deduce 3z. Q(z) by default.

However, if the world description is Skolemized, we get a new constant b
and the fact P(b). Now our default can fire for this constant, we can deduce

Q(b), and thus also Jz. Q(x), by default. a

In the above example, Skolemization is necessary to get the intuitive
consequence. But in general, the Skolemization step is problematic. The
next example shows that, due to Skolemization, the consequences of a default
theory depend on the syntactic form of the world description, i.e., for identical
sets of open defaults, logically equivalent world descriptions may lead to
different results.

Example 2.3 We consider the two world descriptions W, := {3z. P(x) A
Q(z)} and W, := Wy U {3z. P(x)}. Obviously, these two sets of formulae
are logically equivalent. When Skolemizing Wi, we get a single new Skolem
constant b and the fact P(b) A Q(b), whereas when Skolemizing W, we get
two Skolem constants ¢ and d, and the facts P(c) A Q(c) and P(d).

Now consider the (open) default P(z) : =Q(z)/—~Q(z). For the Skolemized

version of W, this default is instantiated with b, whereas for the Skolemized



version of W, it is instantiated with ¢ and d. Obviously, the default rule
cannot fire for b and ¢, because their being in P and @ is inconsistent with
its justification. On the other hand, this default rule can be applied to d,
because being in P is consistent with being in =@). For this reason, d is put
into =@, which shows that the Skolemized version of W, has Jz. -Q(z) as
a default consequence, whereas this fact cannot be deduced by default from
the Skolemized version of W;. |

Lifschitz’s proposal [8] for a semantics for open defaults was motivated by
another problem of Reiter’s approach: It is not possible to derive universally
quantified formulae by default.

Example 2.4 Assume that we have the single default : Q(z)/Q(x). As
long as there is no information to the contrary (i.e., one does not know that
there is an object that is not in ()) one would like to conclude that all objects
are in ). In particular, this means that with the empty world description
one would like to derive the formula V. Q(x).

With Reiter’s approach, one can only get Q(t) for all ground terms ¢.
Since there is no domain-closure assumption this does not imply the desired

universal formula V. Q(x). a

To overcome this problem, Lifschitz does not instantiate defaults by
ground terms, but by new “parameters,” of which he assumes that they
cover the whole universe, considering models of different cardinality sepa-
rately. For a given cardinality, he defines the notion of an extension by a
fixed point definition, which is a model-theoretic variant of Reiter’s proof-
theoretic definition.

More formally, let (W, D) be a (possibly open) default theory, and let
U be a nonempty set (the universe). Lifschitz extends the language by new
object constants representing all elements of «. For a set V of models of
W with universe U, Th™(V) denotes the closed formulae (of the extended
language) that are true in all elements of V. The restriction of Th*(V) to the
original language is then denoted by Th(V).

Definition 2.5 (U-extensions) Let D' be the set of closed defaults (over
the extended language) that is obtained by instantiating the open defaults of
D with the new object constants. We define an operator A from sets of models
of W with universe U to sets of models of W with universe U as follows. For



a set 'V of models of W with universe U. let A(V) be the largest set V' of
models of W with universe U satisfying

o For all defaults a : 3. .. ... 3./7 €D ifa€ Th (V') and = 3..... -3,
€ Th™(V) then ~ € Th™(V').

Then Th(V) is an U-extension of (W, D) iff V = A(V).

Default consequences are then defined in a skeptical way by taking the
intersection of all U-extensions for all nonempty sets &«. Obviously, it is
enough to consider one set U for each cardinality.

In Example 2.4, Lifschitz’s approach yields the formula Vz. Q(z) as a de-
fault consequence since the default can be applied for all new constants, and
it is assumed that these constants cover the whole universe . If the world de-
scription contains a counterexample—e.g., W = {—~Q(a)}—the approach still
allows one to get universally quantified formulae as default consequences—

here Vz. (z = a V Q(z)).

Lifschitz shows that for normal defaults without prerequisites there is a
close connection between the approach presented above and circumscription.
We shall now argue that for defaults with prerequisites Lifschitz’s approach
1s still not totally satisfactory.

One problem is that in Example 2.2, where we considered the single de-
fault P(z): Q(z)/Q(z) and the world description W = {3z. P(z)}, one still
cannot conclude Jz. Q(z) by default. The reason is that—because of the
existential formula—in all models of W with universe U one of the new con-
stants is in P, but for different models this may be the case for different
constants. This means that we do not get P(c) € Th™(W) for any of the new
constants, and thus A(W) = W.

This argument also shows that one does not get the universal formula
Vz. P(z) — Q(z) by default, even though the world description does not
imply the existence of a counterexample. Thus the treatment of defaults
without prerequisites (where Va. True(z) — @Q(z) is a default consequence
in the corresponding situation) and of defaults with prerequisites is not sym-
metric.

Another—sometimes unpleasant—behaviour of this approach comes from
the fact that different cardinalities are considered separately. The effect is
that cardinality formulae are treated differently from other formulae.



Example 2.6 Assume that D consists of the (closed) normal prerequisite-
free default :3<;/3<;. where J¢; stands for the formula Yr.y. v = y ex-
pressing that the universe has only 1 element.

For the empty world description. one might expect that one can conclude
J<1 by default. This is the case if we use Reiter’s approach for closed default
theories. In fact. 3¢; can consistently be assumed since there is a model
(of the empty theory) of cardinality 1. Thus the default can be applied.
However. with Lifschitz's approach the default is not applicable for universes
U of cardinality greater than 1. and since one takes the intersection of all
U-extensions. d<; is not concluded by default.

On the other hand. if one has a default : 3<1 P/3<1 P. where 3¢ P stands
for the formula Va.y. (P(x) A P(y) — @ = y). then this default would be
applied in Lifschitz’s approach. This shows that the treatment of defaults
concerning the cardinality of the whole universe is not symmetric to the treat-
ment of formulae concerning the cardinality of the extension of predicates in

the language. a

3 A Semantics for Open Normal Defaults

The restriction to normal defaults is justified by the fact that these are the
most natural types of default rules. The main reason for using non-normal
defaults is that they can sometimes encode priorities between (otherwise
normal) defaults [12]. As pointed out by Brewka [4], it is preferable to treat
priorities directly (see, e.g., [3, 6, 2]), and not by an ad hoc encoding. In the
present paper we do not take priorities between open defaults into account.
This will be a subject of further research.

The aim of the modified preferential semantics presented below is to over-
come the problems of previous approaches that we have pointed out above.
Thus the new approach should be able to handle defaults with prerequisites
such that it is possible

1. to derive existentially quantified formulae from other existentially quan-
tified formulae by default,

2. to derive universally quantified formulae by default, and

3. to treat cardinality formulae analogously to other formulae.



As we have seen in the previous section, an approach that instantiates de-
faults by new object constants or ground terms, without Skolemizing exis-
tential quantifiers, is problematic with respect to the first requirement. For
this reason we will not consider defaults as schemata for certain instantiated
defaults. Instead they will be used to define a preference relation on the mod-
els of the world description. Intuitively speaking, a model M, will be better
than M, with respect to a given default d if M, contains “less counterexam-
ples” to d than M;. To satisfy the third requirement from above, we cannot
assume that the models we compare have the same universe. Nevertheless,
we assume that all universes are subsets of a given class, and that universes
of different models are not necessarily disjoint. In the following, we are not
interested in set-theoretic niceties. Thus we shall frequently talk about sets
of models even though these will most probably only be classes.

Before we can give a formal definition of the preference relation, we have
to introduce some notation. An open normal default d = o : /3 will be
written as o(z): #(z)/p(z), where the tuple z = (21,...,2,) consists of
the free variables occurring in o, 3. Now let z = (2y,...,2,) be a tuple of
variables, and let ¢ be a formula having some of these variables as its free
variables. Assume that M is a model with universe Uy, and v is a valuation
that replaces the z; by the elements u; of Uy;. We say that ¢(uq,...,u,)
holds in M iff v(¢) is true in M.

Definition 3.1 (positive and negative examples) Let (W, D) be a de-
fault theory, and let d = a(z) : f(z)/F(z) € D be an open default containing
n free variables. For a model M of W with universe Uy, a tuple u € Uy
is a positive example for d in M iff a(u) and B(w) both hold in M. It is a
negative example for d in M iff a(u) holds in M, but 3(u) does not hold in
M. The set of positive examples will be denoted by Pos(d, M) and the set of
negative examples by Neg(d, M).

To move to a preferred model we require that we do not lose any positive
example, and that at least one negative example is changed into a positive
one. However, these two conditions are not sufficient since it could still
happen that, while changing one negative example into a positive one, we
introduce a lot of new negative examples, by changing the universe or the
interpretation of a. This would not capture the intuition behind the notion
of a preferred model. For this reason we introduce a third condition that
disallows the introduction of new negative examples.
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Definition 3.2 (d-preferred models) Let (W, D) be a default theory, d be
a default in D, and My, M, be models of W. We say that M, is d-preferred
to My (M >4 M) iff the following conditions hold:

1. The set of positive examples for d in My is a subset of the set of positive
examples for d in M, (i.e., Pos(d, M) C Pos(d, M,)).

2. At least one of the negative examples for d in My is a positive example

for d in My (i.e., Neg(d, My) N Pos(d, My) #0).

3. My does not contain new negative examples for d (i.e., Neg(d, My) C
Neg((lv Ml))

The fact that one may first apply a default d;, then a default d;, etc., is
captured by going from a model M; of W to a d;-preferred model M,, from
there to a d,-preferred model Mj, etc.

Definition 3.3 (preferred models) For a default theory (W, D), the pref-
erence relation > between models of W is defined to be the transitive closure
of the union of all relations =, for d € D. As usual, the reflexive closure of
> 1s denoted by >.

In general, this preference relation will not be antisymmetric, and even
if it 1s antisymmetric there may be infinitely decreasing chains. Thus there
may exist models of W that are not above a minimal model, and it may even
be the case that there are no minimal models.

The usual treatment of preference relations (see, e.g., [14, 7]) is to consider
just the minimal models. Thus a chain that does not end in a minimal model
is completely disregarded by this kind of semantics, and the non-existence
of minimal models is treated as an inconsistency. In Section 4 we shall give
examples that demonstrate that this is not the adequate way to treat our
preference relation. For this reason we shall define a modified preferential
semantics that does not disregard infinitely decreasing chains. Instead it
takes something like their limit by considering all end segments.

Definition 3.4 (dense sets) Let > be a transitive relation on a set S, and
let > denote its reflezive closure. Let A be a subset of S.

1. A is >-complete in S iff for all s € S there exists a € A such that
s > a.

11



2. Ais >-closed in S iff for alla € A and s € S, a > s implies s € A.

3. A is >-dense in S iff it is both >-complete and >-closed in S.

If it is clear from the context we will often omit the prefix >.

For example, if S is just an infinitely decreasing chain with respect to >,
then dense sets are exactly the end segments of the chain.

The réle of minimal models in normal preferential semantics is now taken

over by dense sets.

Definition 3.5 (modified preferential semantics) Let (W, D) be a nor-
mal default theory, and let > be the preference relation on models of W de-
fined by this theory. We say that a closed formula ¢ is a default consequence
of (W, D) iff there is a =-dense set in the set of all models of W such that

@ is true in all elements of this dense set.

If every model of W lies above some minimal model' then the set of
minimal models is dense. Moreover, any dense set must contain all minimal
models. This shows that in this case our modified preferential semantics
coincides with the usual approach of taking minimal models.

The definition of a preferential semantics based on dense sets makes sure
that the nonmonotonic consequence relation has nice proof-theoretic proper-
ties. For example, one can only deduce contradictory information if W was
already inconsistent. This and other properties of the consequence relation
will be considered in Section 5. But before proving these abstract properties
we shall give concrete examples in the next section.

4 Examples

The purpose of this section is to give examples that motivate the way our
preferential semantics was defined. In particular, they will demonstrate that
the three requirements stated at the beginning of the previous section are
met by our approach. In the following, P, () will always be unary predicate
symbols, x,y variable symbols, and b, ¢ constant symbols.

The first example shows that our approach can be considered as a skep-
tical one: from contradictory defaults we do not draw default conclusions.

IThis property is called smooth in [7] or stoppered in [10].

12



Example 4.1 [contradictory defaults]

defaults: d, = : P(z)/P(z), dy; = :-P(z)/-P(x).

world description: empty.

The only consequences we get are the classical consequences of the (empty)
world description, i.e., the valid closed formulae. The reason is that the only
dense set is the set of all models of W = ) itself. This is an easy consequence
of the definition of dense sets and the fact that M; = M, implies My = M,.
To show this fact it is enough to prove that M, >4 M, implies M, > M; (the
claim follows by symmetry and induction). Thus assume that M, =, M.

A’[] >'rll A[z

-P "
P

P

M] -<!12 Mz

Figure 1: M, >4 M, implies M, > M,

As illustrated in Figure 1, this means that at least one of the negative
examples for dy in M; (i.e.,; elements of = P) is a positive example for d; in
M, (i.e., an element of P). Some of the negative examples for d; in M; may
no longer be in the universe of M,, but we cannot lose positive examples. In
addition, the universe of M, may contain new elements. These new elements
must not be negative examples for d; in M, which means that they all have
to be elements of P.

Now it is easy to see that My >4, M;. In fact, the elements of ~P are
positive examples for d; in M,, and the elements of P are negative examples

13



for d; in M,. One can regain M; from M, by keeping the positive examples
for d;, making some of the negative examples positive for d;, adding some
new positive examples for d;, and discarding some negative examples for ds.
Because in M, the predicate P contains at least one element that was in
—P in M;, we can be sure that at least one negative example for d, in M,
becomes positive in M;. Thus we have seen that M, >, M;, which yields
M, - M,. ' O

Something very similar happens when the contradictory defaults have a
prerequisite R(z) that is not trivially true. The next examples considers a
single contradictory default.

Example 4.2 [a single contradictory default]

defaults: d = P(z): -P(x)/~P(x).

world description: arbitrary.

Here the consequences of the default theory are again just the classical con-
sequences of the world description, but for another reason.

Obviously, there cannot be any positive example for d. Thus it is not
possible to satisfy the first condition in the definition of d-preference, which
means that no model can be d-preferred over another model. This shows
that, again, the set of all models of the world description is the only dense
set. O

The next four examples consider a default that says “normally all indi-
viduals are in P” with varying world descriptions. The first of these exam-
ples demonstrates that, as in Lifschitz’s approach, one can derive universally
quantified formulae by default.

Example 4.3 [universally quantified formulae by default]

defaults: d = : P(x)/P(x).

world description: empty.

14



A model where all elements of the universe are in P is minimal with respect
to >4 because it contains no negative examples. In addition, any model
where =P is not empty can be modified to a d-preferred model where all
elements of the universe are in P. Thus the set of minimal models is dense,
and any dense set must contain all minimal models. Obviously, the formula
VYz. P(z) holds in all minimal models. a

If the world description implies that there is a counterexample for the de-
fault, one can no longer derive that all elements are in P. But as in Lifschitz’s
approach one can deduce that all elements different from the counterexample
are in P.

Example 4.4 [at least one counterexample]

defaults: d = : P(x)/P(x).

world description: Jv. = P(x).

First, we show that models where all but one element of the universe are in
P are > -minimal models. Assume to the contrary that M; is such a model,
and that My >, M,. Let u € Up, be the only element of =P in M;. Since
this is the only negative example for d in M, it has to be a positive example
in M;. In addition, all the other elements of Uyy, are positive examples for d
in M;. Thus they also have to be positive examples for d in M,. Because M,
1s a model of Jx. = P(x), it thus contains a new negative example. This means
that the third condition in the definition of d-preference is not satisfied.

Second, it is easy to see that any model where =P has more than one
element can be modified to a d-preferred model with exactly one element in

=,

Finally, the formula
Jdz. (=P(x) AVy. (z #y — P(y)))

holds in all minimal models. O

This example demonstrates why the third condition in the definition of
d-preference is necessary. Assume that d-preference was defined just using
the first and the second condition. Then one could move from a model having
exactly one element in =P to a better one by first putting this one element
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into P. and then augmenting the universe by a new element that is put into
—P. It is easv to see that this way one would deduce by default all formulae
saving that the universe contains at least n elements (for each cardinality n).

While these formulae are no desirable default consequences in the above
example. one should like to deduce them (for finite cardinalities) in the next
example.

Example 4.5 [P becomes infinite by default]

defaults: d = : P(z)/P(z).

world description: For each finite cardinality n a formula saying that the
existence of n elements in P implies the existence of n + 1 elements in

the universe.

Obviously, a model of the world description where all elements of the universe
are in P must be infinite. Since such a model contains no negative examples,
it is =4-minimal. In addition, any model in which =P is not empty can be
modified to an infinite d-preferred model where =P is empty.

All the minimal models satisfy Vz. P(z) and, for all finite cardinalities n,
all formulae saying that the universe contains at least n elements. a

If the world description implies the existence of infinitely many elements
of =P, a default that says that normally all elements are in P should allow one
to derive that P is also infinite. The next example shows that our approach
satisfies this requirement.

Example 4.6 [infinitely many counterexample|

defaults: d = : P(z)/P(x).

world description: For each finite cardinality n a formula saying that =P
contains at least n elements.

For all finite cardinalities n, the formula saying that P has at least n elements
is a default consequence of this theory. To prove this it is enough to show
that the set of all models of the world description for which P is infinite is a
dense set.
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This set is closed becanse when moving to a d-preferred model one must
not lose positive examples (i.e., elements of P). To see that it is complete,
assume that M is a model of the world description that interprets P as a
finite set. By definition of the world description, M contains infinitely many
negative examples (i.e., elements of = P). Obviously, one can change infinitely
many of these negative examples to positive ones, while still keeping infinitely
many elements in =FP. This shows that one can get from M to a d-preferred
model that interprets P by an infinite set. a

In the above example, no model can be minimal with respect to >4. In
fact, any model of the world description must contain infinitely many negative
examples. One can always change one of these to a positive example, thus
obtaining a d-preferred model. This shows that a minimal-model approach
would not he appropriate in our context.

The next example demonstrates that our approach is able to deduce ex-

istentially quantified formnlae by default.

Example 4.7 [existentially quantified formulae by default]
defaults: d = P(x): Q()/Q(xr).

world description: Ju. P(r).

By an argument very similar to the one used in Example 4.3 one can show
that Va. (P(x) — Q(x)) is a consequence of this theory. Together with
Ja. P(x) this yields Jo. Q(x) as a default consequence.

Recall that with Lifschitz’s approach these consequences could not be
obtained. a

In the presence of a counterexample, e.g., if the world description con-
sists of the formula 3. (P(a) A =Q(x)), one can still deduce an appropriate
universally quantified formula, namely

Jo (P(r) A=Qr) AVy. (v £y — (P(y) = Qy)))).

But the existential formula 3o, Q(r) can no longer be obtained. This is
reasonable since P could have just one element, which then must be in =Q.
However, if the world description contains an additional formula saying that
P has more than one element, we again get Ja. Q(x).
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It should be noted that in Example 4.7 one would get the same result if
the formula Jx. P(x) was replaced by P(b) for a constant b. In particular,
in the presence of a counterexample, one would not conclude Q(b) because
b could be this counterexample. This shows that our approach does not
assume that named individuals (i.e., individuals described by ground terms)
are more normal than other individuals. This assumption is, however, made
by approaches that instantiate defaults with ground terms.

To show that our approach does not treat cardinality formulae differently

from other types of formulae, we reconsider Example 2.6.

Example 4.8 [“at most one” by default]

defaults: d = :3<;/3<;, where 3<; stands for the formula Va,y. 2 =y
expressing that the universe has only 1 element.

world description: empty.

The default d is a closed default. Thus there is only one example, the 0-tuple,?
which is either positive or negative, depending on whether the universe has
cardinality 1 or greater cardinality. For this reason, any model of cardinality
1 is d-preferred to any model of cardinality greater than 1, and the models
of cardinality 1 are incomparable with each other. This shows that 3<; is a
default consequence. a

Our final example demonstrates that not only information on the cardi-
nality of models can be deduced by default, but also new equalities between
constants. The reason is that the interpretation of constant or function sym-
bols can be changed when moving to a preferred model.

Example 4.9 [new equalities by default]

defaults: : P(x)/P(x).

world description: —=P(b) A =P(c).

By an argument as in Example 4.4 on can show that the formula

dz. (-P(x) AVy. (z #y — P(y)))

is a default consequence of this theory. Together with the world description
this formula implies that b = c. a

2The unique function from the empty set into the universe.
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This consequence seems to be reasonable since b and ¢ are counterexam-
ples for the default. To keep the number of counterexamples as small as
possible, the best one can do is to identify b with ¢ (as long as there is no
information to the contrary), and thus have only one counterexample instead
of two.

5 Proof-Theoretic Properties

The modified preferential approach we have presented in Section 3 satisfies
most of the proof-theoretic properties considered by Gabbay [5], Makinson
[9], and Kraus, Lehmann and Magidor [7]. It should be noted that this does
not really depend on the specific preference relation > defined in Section 3.
The main reason for the properties to hold is our use of =-dense sets for
defining the nonmonotonic consequence relation. This provides use with all
the properties satisfied by the usual preferential approaches. In addition,
our approach satisfies cautious monotony, and thus cumulativity (without
an additional smoothness condition) because minimal models are replaced
by dense sets.

The properties are usually formulated as rules for a nonmonotonic con-
sequence relation . In our context, this relation is defined as follows.

Definition 5.1 Assume that we have a fived set D of default rules. For
closed formulae o, 3, the expression o~ 3 means that 3 is a consequence of

the default theory (D, {a}).

We shall consider the seven properties defined below:

Right weakening: If o — /7 is valid then v~ o implies v |~ 3.
Reflexivity: o |~ a.

Right and: « |~/ and o |~ 7 implies a |~ F A 7.

Left or: a~v and /|~~ implies a V |~ 7.

Left logical equivalence: If o « /3 is valid then |~ implies a |~ 7.
Cautious monotony: a |~ /3 and a |~ implies a A 7.

Rational monotony: « |~ /3 and a |£ -y implies a A v |~ 3.
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If the first six properties are satisfied then the nonmonotonic consequence
relation is also cumulative,? i.e., the first six properties imply the rule

Cumulativity: If a |~ 3 then we have a |~ if, and only if, a A S~ 7.

This is a property that is not satisfied for Reiter’s approach, even if all
defaults are closed. '

Theorem 5.2 The nonmonotonic consequence relation defined in Section 3
satisfies the properties “right weakening,” “reflexivity,” “right and,” “left
or,” “left logical equivalence,” and “cautious monotony.” It does not satisfy
“rational monotony.”

The first property, right weakening, is obvious. In fact, 4 |~ a means that
there is a dense set A in the set of all models of 4 such that all elements of
A satisfy a. Since a — f is valid, this formula holds in all elements of A.
Thus £ also holds in all elements of the dense set A.

The second property, reflexivity follows from the fact that the set of all
models of a is dense in itself.

To show right and, we need the following property of dense sets.

Lemma 5.3 Let > be a transitive relation on a set S, and let A, B be subsets
of §. If A and B are >-dense in S then so is their intersection AN B.

Proof. First, we show that AN B is >-complete in §. Thus assume that
s € §. Because A is >-complete there exists a € A such that s > a. Now
completeness of B implies that there is b € B such that « > b. Transitivity
of > implies s > b, and since A is closed we also know b € A.

Second, AN B is obviously >-closed. In fact ¢ € AN B and ¢ > d implies
d € Aand d € B since A and B are >-closed. a

Now a j~ # means that there is a >-dense set A in the set of all models
of a such that f is satisfied in all elements of A. Analogously, « |+ means
that there is a >-dense set B in the set of all models of o such that 7 is
satisfied in all elements of B. But then 3 A « is satisfied in all elements of
AN B, and this set is >-dense by the lemma. Thus we have shown that our
nonmonotonic consequence relation satisfies the “right and” property.

3See [7], Lemma 19 and 20 for a proof.
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This property implies that one can only conclude contradictory informa-
tion by default if the precondition is already inconsistent. In fact, assume
that 3 and v are contradictory, i.e., 3 A v is inconsistent. From « |~ /3 and
a |~ 7 one can conclude o )~ A7, by “right and.” But this means that there
exists a dense set A in the set S of all models of a such that the (inconsistent)
formula 3 A 4 holds in all elements of .A. Obviously, this is only possible if A
is empty. But then § must be empty as well since otherwise the empty set
A could not be complete in S.

The left or property is an easy consequence of the next lemma.

Lemma 5.4 Let > be a transitive relation on a set S, and let §;,S, be
subsets of S. If Ay is >-dense in & and Ay is >-dense in Sy then there
exists a subset B of Ay U A, such that B is dense in §; U S;.

Proof. We define B := A| U A}, where the sets A} (: = 1,2) are defined
as

A=A\ {a € A |thereis b € S; \ A; (j # 1) with a > b}.

First, we show that B is >-complete in §; U §;. Thus assume that a €
81 U S;. We consider the case where ¢ € §;. (The other case is symmetric.)
Since A; is complete in §; there exists an element a; of A; such that « > «;.
If a; € A} then we are done.

Otherwise, there exists b € S, \ Aj; such that a; > b. Since Aj; is complete
in & we know that there is an element b, of A, with b > b,. Because > is
transitive we get a > b,. It remains to be shown that b, is in Aj.

Assume to the contrary that b, € A, \ A}. This means that there exists
aj € 81\ Ay with b, > af. But we know that ¢; > b, > «}, and a; € A;.
Since A; was assumed to be >-closed in §;, we get «} € A;, which is in
contradiction with ¢} € §; \ A,.

Second, let us prove that B is >-closed in & U S;. Thus assume that
b>aforbe B and a € §§ US,. We have to show that « € B. We consider
the case where b € A}. (The case b € A}, is symmetric.) Since ¢ € §; U S,
we have to distinguish two cases.

First assume that « € S;. Because A; is >-complete in S; and b € A| C
Ay, b > a implies that « € A;. Assume that a ¢ A|. But then there exists
b € S; \ A; such that « > V. By transitivity of > we get b > ¥'. This,
together with I/ € S, \ A; contradicts our assumption that b € Aj.
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Finally, assume that « € §;. We know that a € A, since otherwise b > «a
would imply that b ¢ Aj. It remains to be shown that « € A). Assume to
the contrary that a € A;\ A}. This means that there exists b’ € S; \ A; with
a > V. But then b > b and b € A; is in contradiction with our assumption
that A; is >-closed in ;. O

To show the “left or” property, assume that aj~v and f~%. By &
we denote the set of all models of a, and by S; the set of all models of /.
Obviously, §; U S, is the set of all models of a V 3.

Now a |~ (B ~~v) means that there exists a >-dense set A; in &; (A,
in §z) such that v holds in all elements of A; (A;). The lemma yields a
set B C A; U A, that is >-dense in §; U S,, the set of all models of a V f3.
Obviously, 4 holds in all elements of B. This completes the proof that the
“left or” property is satisfied by our nonmonotonic consequence relation.

Left logical equivalence is trivially satisfied. In fact, if & and 3 are logically
equivalent then they have the same set of models.

To show cautious monotony, we need another simple property of dense
sets.

Lemma 5.5 Let > be a transitive relation on a set S, and let A, B be subsets
of § such that A C B. If A is >-dense in S then A is >-dense in B.

Proof. Assume that A is not >-dense in B. If A is not >-complete in B
then there is an element b of B such that there does not exist a € A with
b > a. Since B C S this implies that A is not >-complete in S.

If Ais not >-closed in B then there exists « € A and b € B\ A with
a>b. Since BC S we get b € S\ A, which shows that A is not >-closed in
S. O

Now assume that a3 and a 7. Let § be the set of all models of
a, and let B be the set of all models of @ A 3. Now a |~ 3 (a |~ 7) yields a
=-dense set A; (A3) in § such that 3 () holds in all elements of A; (A3).

By Lemma 5.3 we know that A; N A; is >-dense in S. Obviously, a A 3
holds in all elements of 4; N A;. Thus Ay N A, C B, and by Lemma 5.5
A, N A, is dense in B. Since v holds in all elements of A; N A,, we get
a A 3. This completes the proof that “cautious monotony” holds for our
nonmonotonic consequence relation.

The next example demonstrates that rational monotony is not always
satisfied (as was to be expected).
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Example 5.6 We consider the fixed set of defaults D = { : P(x)/P(z)}.
The closed formulae a, 3, v are defined as

a = Jz. -~P(x)
= Jz. (~P(z) AVy. (z # y — P(y))),
v = Va.-P(z).

We have seen in Example 4.4 that 3 is a consequence of the default
theory (D, {«a}). Thus we know that a |~ 3. In addition, the argument in
Example 4.4 shows that —v is not a default consequence of (D, {a}), i.e.,
a -y, In fact, all models of a of cardinality 1 must be elements of a
>-dense set, and in such a model v holds.

However, /3 is not a consequence of the theory (D, {a Av}),i.e., a Ay~ f
does not hold. Obviously, models of 4 cannot contain positive examples for
the default d = : P(«x)/P(x). For this reason we know that the preference
relation >, is empty on the set of all models of a A 4. This implies that the
set of all models of a A 4 is the only dense set. But 3 does not hold in all
models of a A 7. a

6 Conclusion

In the approach for handling open normal defaults presented in this paper
the defaults of a given default theory induce a preference relation > between
models of its world description. We have shown by examples that this avoids
some of the drawbacks of approaches that view open defaults as schemata
for certain instantiations.

Differing from the usual preferential approaches, our nonmonotonic con-
sequence relation is not defined with reference to =-minimal models. Instead
we have introduced the notion of >-dense sets. In Section 5 it was shown
that, because of this modified preferential approach, our nonmonotonic con-
sequence relation has most of the “nice” proof-theoretic properties mentioned
by Gabbay [5], Makinson [9], and Kraus, Lehmann and Magidor [7]. An in-
teresting problem for further research in this direction is to establish an exact
correspondence between proof-theoretic properties and our new preferential
approach, similarly to the results of Kraus, Lehmann, and Magidor [7] and
Schlechta [13] for the usual preferential approaches.

In the present paper, we did not take priorities among defaults into ac-
count. A possible solution to this problem could be to restrict the preference
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relation >, for a default d in the following way: If ¢’ is of higher priority than

d then going from a model M, to a d-preferred model M, must not delete

positive examples or introduce new negative examples for d'.

In Example 4.1, where we considered contradictory defaults d;,d,, this

approach would solve the conflict if one gives one of the defaults higher

priority. In fact, one would get the same consequences as if only the default
with higher priority was present. However, it is a subject of further research
to examine this treatment of priorities among open defaults more closely.
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