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Abstract. Coinductive characterizations of various observational con-
gruences which arise in the semantics of A-calculus, when A-terms are
evaluated according to various reduction strategies, are discussed. We
analyze and extend to non-lazy strategies, both deterministic and non-
deterministic, Howe’s congruence candidate method for proving the coin-
cidence of the applicative (bisimulation) and the contextual equivalences.
This purely syntactical method is based itself on a coinductive argument.

Introduction

This paper is part of a general project aiming at finding elementary proof PTin-
ciples for reasoning rigorously on infinite computational objects, see [4, 9] for
the case of higher order functions, and [8] for the case of higher order processeg.
In this paper, as in [4, 9], we focus on the behaviour of A-terms when these are
evaluated according to various reduction strategies. We address the problem of
showing the coincidence of the applicative (bisimulation) equivalence with the oh-
servational (operational, contextual) equivalence for various reduction strategipg,
thus deriving a coinduction principle for establishing obsevational equivalenceg.
In particular, in this paper we analyze and generalize to non-lazy strategies the
purely syntactical method originally introduced by Howe ([6, 7)) for lazy fur,_
tional languages. We call this method congruence candidate method.

A reduction strategyis a procedure for determining, for each A-term, a Specifie
fB-redex in it, to contract. Let A(C) (4°(C)) denote the set of (closed) A-termg
where C' is a set of base constants. When C = 0, we write A (A4°9). A (possil:,ly
non-deterministic) strategy can be formalized as a relation —+C A(C) x A((j)
(4%(C) x A°(C)) such that, if (M,N) €, (also written infix as M —, Ny
then N is a possible result of applying —, to M. The set of terms which d(;
not belong to the domain of -, are partitioned into two disjoint sets: the set of
o-values, denoted by Val,, and the set of o-deadlocks. Given —4, we can defipe
the evaluation relation Y,C A(C) x A(C) (A°(C) x A%(C)), such that M Yo N
holds if and only if there exists a (possible empty) reduction path from M to g
o-value N. If there exists N such that M i, N, then =, halts successfully on
M and M converges (M |},,), otherwise —, does not terminate on M or reacheg
a deadlock from M, and M diverges (M ¥5). Each reduction strategy induces an
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operational semantics, in that we can imagine a machine which evaluates terms
by 1{11p1ementing the given strategy. The observational equivalence arises if we
consider programs as black bozes and only observe their “halting properties”.

Definition 1 (c-observational Equivalence). Let —, be a reduction strat-
egy and let M, N € A°(C). The observational equivalence =, is defined by
M ~, N iff YC[].(C[M],C[N] € A°(C) = (C[M] I, C[N] {,)).

Showing o-equivalences by induction on computation steps is difficult. Pow-
erful proof-principles, allowing to factorize this difficult task, are precious. Coin-
duction principles for establishing =, follow from the fact that ~,=~3PP, where
~9PP denotes the applicative equivalence induced by —, (see Definition 2). It is
interesting to notice that these two equivalences do not coincide for all strategies,
see [9] for counterexamples.

The proof of ~,D=x%FP can be factorized into two steps:

1. =P is a congruence w.r.t. application;

2. ~9PP ig a congruence w.r.t. A-abstraction.

In many cases step 2 is not difficult to prove, while step 1 is in general prob-
lematic to show, and requires a specific technique. In this paper, we discuss the
congruence candidate method for proving step 1. This method was originally
introduced for the lazy call-by-name reduction strategy in [6], and later gener-
alized to a class of lazy strategies by-name and by-value in [7]. Here we extend
the method so as to deal with non-lazy strategies, both deterministic and non-
deterministic, whose evaluation relation needs to be defined on the whole set of
)\-terms and hence it has to deal also with reduction of open terms. The con-
gruence candidate method is based on the definition of a “candidate relation”,
which is a congruence w.r.t. application, and which extends ~%?. Reasoning
by coinduction, one shows that this relation coincides with ~2PP; hence =" is
itself a congruence w.r.t. application. This method can be applied successfully to
various reduction strategies in the literature, thus providing alternative proofs
to those in [9], to the conjectures in [4].

In this paper we use A-calculus concepts and notation as defined in [2, 4].
The paper is organized as follows. In Section 1 we introduce the problem of
characterizing coinductively contextual equivalences via applicative equivalences.
In Section 2 we present a list of strategies. In Section 3 we present in general
the congruence candidate method, and we derive a proof of ~,==2FP for all the
strategies of Section 2. Final remarks appear in section 4.

The author is grateful to F. Honsell and A. Pitts for useful discussions.

1 Coinductive Characterizations via Applicative
Equivalences

Given a reduction strategy —o, the o-applicative equivalence, ~PP, ig defined
by testing programs only on applicative (closed) contexts. It is reminiscent of
bisimilarity in concurrent languages (1.



311

Definition 2. Let ~3PPC A%(C) x A%(C)) be the applicative equivalence:
M~ N & YP,..., Py € £(C), n> 0. (MP,... P,y & NPi... Py ).

The equivalence ~%PP has a coinductive characterization:

Lemmal. The applicative equivalence ~%P can be viewed as the greatest fived
point of the monotone operator ¥, : P(A°(C) x A°(C)) — P(A%(C) x A°(C))
U, (R)={(M,N)| (M § ANy, AVP€ A°(C). (MP,NP)e R) V

(MY, AN, AVP e A%C). (MP,NP) € R)}.

An immediate consequence is the validity of the coinduction principle:

(M,N) e R Ris a ¥,-bisimulation 1)
M~ N

where a ¥, -bisimulation is a relation R C A°(C) x A°(C) s.t. R C ¥, (R).

If =,==2PP then the coinduction principle above can be used to establish
directly the observational equivalence. Hence the natural question arises: for
which strategies o’s do the two equivalences coincide? Notice that there are o’s
such that ~, 2~3PP, see [9] for counterexamples. However, for many interesting
strategies in the literature, one can show that ~,=~2%7, seee.g. [1, 3, 4, 7, 12, 10].
In general, proofs of the coincidence of the two equivalences are rather difficuls
and apply only to specific strategies. The technique discussed in Section 3 is
rather general and it can be used for establishing the coincidence for all the
strategies of Section 2.

2 A List of Strategies

In this section we present a list of reduction strategies, together with the corre-
sponding evaluation relations.

— strategy. The lazy call-by-name strategy —;C A% x A° reduces the leftmost
f-redex not appearing in a A-abstraction. Val; = {Az.M | M € A} N A°. The
evaluation {; is the least binary relation over A° x Val; satisfying the rules:

M Y Az.P P[N/z]; Q
MN

Az.M 1 z.M
Classical B-reduction is correct w.r.t. &% (see 1.

—y strategy. Plotkin’s lazy call-by-value strategy —,C A° x A% reduces the
leftmost B-redex, not appearing within a A-abstraction, whose argument is a \-
abstraction. Val, = {Az.M | M € A}N A°. The evaluation {; is the least binary
relation over A° x Val, satisfying the following rules:

MY, eP Ny, Q PlQ/z]4,U
MN |, U

Ae. M, Az M

? The fB-reduction —p, IS correct wrt. & f M =5, N == M =, N, where =g, is
the Br-conversion.
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The notion of B-reduction which is correct w.r.t. =, is the =4, C A4 x 4, i.e.
Az.M)N —5, M[N if IV i i ion. ’
(Az Bo /x], if N is a variable or an abstraction.

—, strategy. Let {2 be a new constant. The non-deterministic strategy —,C
AP({12}) x A°({12}) ([5]) rewrites A-terms which contain occurrences of the con-
stant {2 by reducing any B-redex. Val, = A°. Normal forms which are not in
Val, are the —,-deadlock terms. The evaluation relation |}, is the least binary
relation over A°({§2}) x Val, satisfying the following rules:

MeVal Cl(A\z.M)N] ¢ Val, C[M[N/z]]{, P

M, M ClOwMNT I, P

[B-reduction is trivially correct w.r.t. =,.

—p, strategy. The head call-by-name strategy —,C A x A reduces the leftmost
B-redex, if the term is not in head normal form. Valy is the set of A-terms in
head normal form. The evaluation {5, is the least binary relation over A x Valy
satisfying the following rules, for n > 0:

MUhN M[N/a:]ManUhP
My ... M, Up My ... M, Az. M U Az.N (Az.M)NM; ...My s P

B-reduction is correct w.r.t. =5, (see e.g. [2]).

—s, strategy. The normalizing strategy —,C A x A reduces the leftmost -
redex. Val,, is the set of A\-terms in normal form. The evaluation |, is the least
binary relation over 4 x Val, satisfying the following rules, for n > 0:

My U M! ... My U M, My, N MIN/z]M, ... My Yn P
oM M T oM. M, MU, &N  (aM)NMi.. Mo P

B-reduction is correct w.r.t. Xn.

—p strategy. Barendregt’s perpetual strategy —pC A x A reduces the leftmost
B-redex not in the operator of a redex, which is either an I3-redex, or a Kp-
redex whose argument is a normal form. Val, is the set of A-terms in normal
form. One can easily show that the evaluation {; is the least binary relation over
A x Val, satisfying the following rules, for n > 0:

My Uy M ... Mn 4y M}, My, N Ny, M[N/z)Mi.. . Mn4pV
oM. M, oMl .. M, &My, zN Oz M)NM .. M 4, V

The reduction — gy, defined as follows, is correct w.I.t. ~p:
(Az.M)N =g,y M[N/z], if (Az.M)N is either an If-redex or a K (3-redex

whose argument is a closed normal form.

2.1 General Formats
The above strategies can be grouped under three general formats:
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Lazy Strategies. —;, —, can be viewed as special cases of the general format of
lazy strategy on a A-calculus with variables by name and by values (see [6, 7]).

Eager Leftmost Strategies. —j, —,, and —, are eager in the sense th'at
they reduce under the scope of a A-abstraction. They can be viewed as special
instances of the following general format:

Mi 'U’O'Mi, -~-Min'U'0'Mi’n . . > M‘U’aN
Py e 7 Py v o v /G ERRE LA R L) PR D vow v i B .

MIN/aIMy .. Mo 4o V(N o) 5

Oz M)NMy ... Mn Uy V where (N {,) can be omitted.
. 1...Mp Yo

Non-deterministic Strategies. —, can be viewed as a special case of the fol-
lowing general format: let § C Val C A({C}) be closed under S-reduction,

M € Val Cl(0z.M)N] ¢ Val C[M[N/z]] |, P
M o C[()\H?M)N] 'U‘a' P

Notice that there are many ways to extend —, on open terms in order to get
a strategy of the above format; we will take the natural one.

3 Showing ~SPP=rs,

In this section, we present in detail the congruence candidate method for estab-
lishing ~fPP=rs,. A special instance of this method was first used by Howe in
the case of the lazy call-by-name strategy —; ([6]), and later generalized to a
class of lazy strategies by-name and by-value, including —, ([7]). Here we ex-
tend Howe’s original method so as to deal with more complex strategies, like the
eager leftmost strategies, whose evaluation relations cannot be axiomatized only
on closed A-terms, and non-deterministic strategies, such as —,. The congruence
candidate method is used to show that ~2P? is a congruence w.r.t. application.
In fact, in order to prove that ~2PPCa, it is sufficient to show (Theorem 4):
L. /5P is a congruence w.r.t. application, i.e. for all M, N, P,Q € A°%(C)
M ~PP N A PSP Q = MP 9P NQ;
2. mgPP is a congruence w.r.t. A-abstraction, i.e., VM,N € A(C) such that
FV(M,N) C{z1,...,z,}, VP,,...,P, € A%(C). M[P;/z;] ~orp N[P;/z;] =
ATy, .. xn M ~OPP Az, ...z, N.
(In case the strategy is by-value, i.e. for 0 = v,p, Pi,..., P, are chosen to be
convergent terms.)

The congruence of ~%PP w.r.t. M-abstraction is immediate to show, once one
has proved the Extensionality of ~GPP (see Theorem 2). This is really problematic
only for ¢ = n; in this case one needs to exploit extensively the separability
technique. For lack of space, we omit this proof.

5

Theorem 2 (Extensionality of ~gPP). i) Let o = l,v. Let M, N € A° be such
that M Yo, N U, . If, for all P € A°, MP ~oPP NP, then M ~%P N
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i) Let 0 = o,h,p,n. Let M,N € A°(C). If, for all P € A°(C ~0PP
theangppN' ( ) ff ( )7 MPNJ NP;

Using Theorem 2,:one can easily show the following theorem:

Theorem 3. =P is.a congruence w.r.t. A-abstraction, for o € {l,v,0, h,n,p}.

Proof. We show that, for M,N € As.t. FV(M,N) C {z},

VP € A°(possibly convergent). M[P/z] ~2PP N[P/z] = Az.M =P Az.N.

For o = I, v this is immediate. For o = o, h, n the proof follows from the Extensionality
Theorem, using the fact.'that (Az.M)P =P M[P/z], which in turn follows from the
correctness of the B-reduction w.r.t. =%P. For ¢ = p, the proof follows from the fact
that, for all M € A, (AP-€ A®. M[P/z] |,) <= M .

The implication (=) in this latter fact follows since —, is perpetual. The other impli-
cation is proved by computation induction, choosing as P a suitable permutator. O

Theorem 4. Suppose that ~%P is a congruence w.r.t. A-abstraction and appli-
cation. Then =%PCx, .

Proof. We prove by iriduction on the context C[ ] that:
M =" N = VC[]{Q[M],C[N] € A(C) A FV(C[M],C[N]) C {z1,..., %0} =
VP, ... P, € A°(C). C[M][P;/z:] =P C[N][P;/x:}).
(In case the strategy ig:by-value, ie. c =v,p, P1,..., P, must be convergent terms.)
m}

3.1 The Congruence Candidate Method

The aim of the congruence candidate method is to show that ~g?* is a congru-
ence w.r.t. application.’The main difference between dealing with lazy strategies
(whose evaluation relation is axiomatized only on closed A-terms) and dealing
with eager strategies, like =4, —n, —¥p, lies in the fact that, for eager strategies,
in order to show that ~2P? is a congruence w.r.t. application, we need to assume
that ~%P is a congruence w.r.t. A-abstraction. This hypothesis is not needed
for the lazy strategies considered in [7]. A further special generalization of the
proof is required for non deterministic strategies, like —,. In fact, the proof of
the main proposition in Howe’s method proceeds by induction on the length of
the derivation of a suitable evaluation judgement, just as we do in the proof of
the main proposition for the deterministic strategies in this paper (Propositions
8 and 9). The same result for non deterministic strategies, on the other hand,
has to be obtained by induction on the minimal length of a converging path
(Proposition 12).

The congruence candidate method is a syntactical method which nonetheless
is quite uniform and modular. It makes essential use of the coinduction principle
(1) of Section 1, and it is based on the definition of a candidate relation, which
is a congruence w.r.t. application, and which extends ~%PP. The aim is to show
that the candidate relation is a ¥,-bisimulation; hence the coinduction principle
(1) guarantees that ~gF? itself is a congruence w.r.t. application. For the reader’s

convenience, we outline the:
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General pattern of the congruence candidate method:
e Build a candidate relation R, C A(C) x A(C) s.t.
1 @app Daglrp.
’ g T a ! . .
2. =P is a congruence w.r.t. application;
3. (BP) 1400y xa0(c) I8 a P, -bisimulation. _
e Use the coinduction principle (1) to deduce that ~3P* is a congruence w.r.t.
application.

More in detail, the congruence candidate method proceeds as follows. First
of all, we have to explain how to build the candidate relation =;"*. Candidate
relations are defined in terms of the extensions to open terms of ¥,-bisimulations:

Definition 3. Let  C A%(C) x A°(C) be a ¥,-bisimulation. Define * C A(C) x
A(C) as follows: let M, N € A(C) be s.t. FV(M,N) C {z1,...,Zn},

Mn*N < VYP,...P, € A%C). M[P;/z|nN|[P:/zs).
(In case the strategy is by-value, i.e. for ¢ = v,p, P1,..., P, are chosen to be
convergent terms.)

Definition 4 (Candidate Relation). Let n C A%(C) x A°(C) be a reflexive
and transitive ¥,-bisimulation. Define the candidate relation 7 C A(C) x A(C)
by induction on M as follows:

zn* N MigM Myn M, M{M,n* N MM daM n*N
z N MMy, N Ax Mg N

Notice that the candidate relation is not simply the contextual closure of 7;
this subtle definition of 7] is necessary to guarantee the crucial Substitutivity
Lemma, 6. The following lemma is an easy consequence of the definition of 7.

Lemma5. Letn C A°(C) x A°(C) be a reflexive and transitive ¥, -bisimulation.
Then: i) 7 is reflexive. 4) n® C 7. i) 7j is a congruence w.r.t. application.
w) MgM' A M'n®N = M#N.

Lemma 6 (Substitutivity). MM’ A NJN' = M[N/z]fM'[N’/z].
(In case the strategy is by-value, i.e. for o = v,p, N,N' must be convergent
terms.)

Proof. By induction on the structure of M.
a !
M=g: I M
* z zn M
mni.M/’ => N'n°M’'[N’/z], from the definition of 5.
NN A N'n*M'[N'/z] => N{M'[N'/z], from item iv of Lemma 5.

o M=MM,: 3IM, Myst. MM MgM, MMy M
M1M2 nM'

By induction hypothesis, M1[N/z|gM{[N’ /2] and M[N/z]aM;[N' /z]. Moreover, by
definition of n*, M{M,[N'/z]n* M'[N’ /z]. Hence:
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Mi[N/z] i Mi[N'/2] M>[N/x] § My[N'/z] M{M;[N'/z] n* M'[N’/z]
M1 Ms[N/z] 7 M'[N’[x]

e M=MXy.M: IM]s.t. My 7 M )\y.M{’n“ M
AyMy g M

By induction hypothesis, M;[N/z]pMi[N'/x]. By definition of 7%,
(Ay-M)[N' /zin® M'[N' /z]. Hence:

My[N/z] g Mi[N'/z] (Ay.M)[N'/z] n* M'[N'/a]
(Ay.M)[N/z] n M'[N'/x] '

O

Thus, if we take 7 to be the equivalence ~2PP, we get a relation 7, which,
by item ii of Lemma 5, extends ~2PP. Moreover, by item iii of the same lemma, it
is a congruence w.r.t. application. In order to show that ~2PP is itself a congru-
ence w.r.t. application, we prove that (8;7")10(c)xa0(c) =~&P. This is done
using the coinduction principle (1), by proving that (8,7)|10(c)x40(c) is a ¥,-
bisimulation. Notice that this is the only part of the proof that depends on the
reduction strategy —,. We succeed in showing that (8;"7)|s0(c)x40(c) is a ¥s-
bisimulation for all the strategies of Section 2. The proof of this fact makes an
essential use of the Substitutivity Lemma, and moreover, it requires the validity
of some further properties, depending on the strategy —. E.g. for eager leftmost
strategies we have to assume that ~27? is a congruence w.r.t. A-abstraction; for
—,, we need the technical property appearing in Lemma 7 below.

Congruence Candidate Technique for Lazy Strategies For the sake of
completeness, we outline briefly the proof of the fact that (RoPP) | a0(c)x A0(C) 18
a W,-bisimulation for o = [,v. The strategies —;, —, are special cases of Howe’s
general format of lazy strategies, see [6, 7] for more details.

Lemma?7. For all M,N € A°,
(M~ N A MYy V) = 0. (N, U A Va2 U).

Proposition 8. (K577} g0 0 is ¢ Up-bisimulation, for o € {l,v}.

Proof. (Sketch, see [6, 7] for more details.) Let M (R57") | 10x 40N From items i and
iii of Lemma 5 it follows immediately that, for all P € A°, MP(&;" ")ia0x 40 NP. The
difficult part of the proof consists in proving that MEF® Jiaoxao N AM Yo = N |s.
This can be shown by induction on the derivation of M |, using Lemmata 5, 6, and,

for ¢ = v, also Lemma 7. o

Congruence Candidate Technique for Eager Leftmost Strategies

Proposition9. Let —, be a eager leftmost strategy s.t. ~GFP is a congruence
w.rt. \-abstraction. Then (R2PP) jox a0 is a ¥, -bisimulation.

Proof. The only non trivial part of the proof consists in proving that
M(gzpp)lexAON /\ Ml}a‘ - N‘U‘a‘
Since the evaluation relation is axiomatized on the whole A, the above fact cannot be
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proved simply by induction on the derivation of M {,. However, it follows from the
stronger result obtained by dropping the restriction on closed A-terms, i.e.:

MEPN A M s = N .
To show this, we proceed by induction on the derivation of M {,.

e M==zM,...M;: then, by hypothesis 3V;,,..., Vi, s.t.

Mi1 'U‘a' 1/1'1 -vain ‘U’tl Vin

M. . . My o 2V1... Vi i, in €41, K}, n 20

and 3Ny, ..., Ny, N°, ..., N*Lgg.

o(~gPP)*N° :
RPN AL D
zRZ U N°  MiRJPPN;  NON;(=2PP)*N?

apr I

ZMimPN
~epPp ark—1 =5 -
My ... My RPN MyRJPPN;,  NE N (2PP)N
le . Mkzi""N

Hence

(B(zgpp)aNo —_ Z'Nl (zZPP)GNONI
oN1(=3PP)°N° N, A NN, (R%PP)°N! = zNN; (~2PPye N

aNy .. Nip(mgPP)ENFTIN, A NFING(REPP)EN = zDN; ... Ny (R9PP)°N.

By induction hypothesis, from M;, 857 Ni,,..., M;, B N;,, it follows that N;, |,
-3 Ni, Uo. Thus zN1... Ny §,. Hence, from &Ny ... Ni(=2PP)° N, using the fact

that ~;*" is a congruence w.r.t. A-abstraction, it follows that N |.

. M—eir. . _M_
xz.M1:  then, by hypothesis 31 s.t. xz. M Jo Mz,

~epp
and AN; s.t. M=, " Ny )\:/c\.j\fl(zgpp)a]v
/\:I:.MlePPN

By induction hypothesis Ny {},. Hence Az.N; |J,. Thus, from Az.N; (~2PP)* N, using
the fact that ~2P7 is a congruence w.r.t. A-abstraction, N {,.

® M= (Ax.Mi)M;...My: then, by hypothesis 3V s.t.

Mi[My/e)Ms ... My}, V (Mo Y,
O M7, i, uo(‘/ 2de) j> s

and N1, ..., Ng, NL, ... N*1 g4,

MRZPN,  Az.Ni(~%PP)° N
Az MR NT MR;PP Ny N Ny(~2PP)e N2
(Az. M) MRR2PP N2

Az MM, .. My REFPNF—1 M REPP N, Nk_lNk(zf,”p)“N
(/\!L‘.Ml)Mz e Mk%:w’

Hence
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N*72Np 1 (=EPP)°N*~1 A NFINu(mEPP)N =

N 72Ny N (2P N
N*"3Ny_o(=2PP)*N¥"2 A NE“2Nj_ Ny (~2PP)°N =

N*=3 Ny o N1 N (=2PP)° N

NNo(~2PP)*N? A N2N3...Ni(R2PP)°N =3 N'N;...N,(x%PP)°N

Az Ni(=2PPY*N' A NNy ... Np(~2PP)°N == (Az.N1)Na...Nj(=2PP)*N.

To show that NV ., it is sufficient to prove that (Az.N1)Nz ... Nj {». Then, from the
definition of (x5FF)*, since =2F? is a congruence w.r.t. A-abstraction, we get the thesis.
To show that (Az.N1)Ns ... Ny o, it is sufficient to prove that N1[Na/z]Ns ... Nk {o,
and possibly also that N2 |,. This latter fact follows by induction hyp.. To show
Ni[Nz/z]Ns... Ni |-, we proceeds as follows. From MR, Ny, ..., My&R;PP Ny, using
the Substitutivity Lemma, we get M;[Mz/z]Ms ... MpR;7P N1[N2/z]Ns ... Ni. Hence,
since M1[Ma/z)Ms ... My -, by induction hypothesis, Ni[N2/z]Ns... Ni {o. ()

Congruence Candidate Technique for Non-deterministic Strategies
Using the fact that Val, is closed under 3-reduction, for —, non-deterministic
strategy of the format of Subsection 2.1, we immediately get

Lemma 10. Let =, be a non-deterministic strategy. Then B-reduction is correct
w.r.t. Xy, i.e. for M,N € A(C), M =g N = M=, N.

Lemmall. Let =, be a non-deterministic strategy. For all contexts C[ |, if
Cl(Az.PYQIRIPPN, then C[P|Q/=]]RFPN.

Proof. The proof proceeds by induction on the structure of C[ ]
e C[] € Var: the thesis is immediate.
e C[]=[]): from the hypothesis. (Az.P)Q=;PPN, 3N1, N2, N3 s.t.

PRIPPN; Az Ni(=5PP)* N2
)\x.PzgppNz QggppNs NgNa(zZ””)“N
Oz . P)QRZPN

Az N1 (REPP)SNy A NaNs(R2PP)PN = (Az.Ni)Na(~eP?)*N;

using Lemma 10, we get N1[N3/z](~5"")*N; moreover, by the Substitutivity Lemma,
RPN, A QRPN = P[Q/x]R5" Ni[V3/z].

Hence, from P{Q/z|R"P N1[Ns/z] and N1{Ns/z}(=577)* N, using item iv of Lemma 5,

it follows that P[Q/z])=;""N. .

e C[]=Cy[]C2[]: from the hyp. C1[(Az.P)QIC:{(Az. P)QIRSPN, 3N, Ng s.4.

Ci[(0e.P)QIRE N1 Col(0a.P)QIREPP Ny NiNa(mg™)*N
Ci[0z. P)QICo [z P)QIRSTN

By induction hypothesis, C1[P[Q/z]]R;" N1 and C2 [PlQ/z]1=RS" ’_’ N3, hence
C1[P[Q/z]|C2[PIQ/x]]R" N1 N2. Then, from N1 N2 (/8PP)® N, using item iv of Lemma

5, we get the thesis. i
e C[]=My.Ci[]: from the hypothesis My .Ci[(Az. P)QIRS N, 3Ny s.t.

Ci[(\z.P)QIES" N Ay Vi (=" N
N CrlOz PYQIRT'N
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By induction hypothesis, C1[P[Q/z]|<s " N1, hence \y.C1 [P[Q/fc]]ﬁip PAy.Ni. Then,
from Ay.Ni(x3PP)* N, using item iv of Lemma 5, we get the thesis. D

As we remarked earlier, the proof of the fact that (R;7")|s0x0 is a Wa-_
bisimulation depends essentially on the strategy. The hypotheses of the proposi-
tion below have been tuned to the strategy —,. Different sets of hypotheses are
probably necessary to deal with other non-deterministic strategies.

Proposition 12. Let —, be a non-deterministic strategy s.t.:

1. ~2PP is q congruence w.r.t. A-abstraction;

2 foral M € A(C), )M, <= Iz.M Yy, and
i) \e.M € Val, = M eVal,;

3. for all My, M € A(O), Z) (M1 Yo AN M, U’a’) = MM, §, and
ZZ) MiMs; eVal, = (M1 €Val, N My e Vala),

then (RgP") | p0x a0 is @ ¥, -bisimulation.

Proof. We prove, by induction on the minimal length k of a convergent path from
M € A(C), that: M=E’N A M|, = N ..
e Suppose k = 0. Then we proceed by induction on the structure of M:
~aPPYa . .
- M=a %:W)N—N ; from z(x3PP)*N, using hypotheses 1 and 2i), we get
g i (R3PP)°N
= . MiBPP Ny Dz . Ni(=2PP)0
— M= )\.’L‘.Ml : 34N s.t. )\w.Mlﬁgm’N
2ii), My € Vals; from Mi=;"P Ny, using the induction hypothesis, it follows that
N1 §,. Hence by hypothesis 2i) Az.N; |, and, by hypotheses 1 and 2i), N {},.
MiBPPNT MoRIPPNy, NiN,(mPP)N
- M=MM,: 3N, N;s.t, 1 1 A;'lMQszple 2( )
Since, by hypothesis 3ii), M1, Ms € Val,, by induction hypothesis, N7 |, and
N2 {o, i.e., by hypothesis 3i), Ny N2 |},. Hence, by hypotheses 1 and 2i), N {,.

* Suppose k > 0. M = C[(Az.P)Q] =, C|P[Q/z]] Uo (the length of a minimal

convergent path from C[P[Q/z]] is k — 1). From C[(Az.P)Q)R" N, by Lemma 11, it
follows that C[P[Q/z]]=;"" N. Hence, by induction hypothesis, N |},. a

; hence, by hypothesis

Corollary 13. (R;") 05 10 is a W,-bisimulation.

Proof. We extend —, on open terms in such a way that a (possibly open) A-term
converges if and only if there exists a G-reduction path to a (possibly open) A-term not
containing any occurrence of £2. Then Proposition 12 is applicable. g

4 Final Remarks

In this paper we introduce the purely syntactical congruence candidate method, but
there are also other methods, both syntactical and semantical, for deriving a coinduc-
tive characterization of the observational equivalence. We mention the following:

1. Plain induction on computation steps of —. This, purely syntactical, direct ap-
proach, which can be traced back to the work of Berry, easily applies to —; (see 1pn-
With suitable extensions in order to take care of open terms, it applies also to o = h,n.
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However, it is rather problematic for call-by-value strategies such as —+,, —,, or non
deterministic strategies like —,. For a subtle, but complex, proof by induction on com-
putation for —, see [11, 10].

2. Method based on a Separability algorithm. This method is based on the existence of
an effective procedure (see e.g. [2]) which, given two non =s,-equivalent terms, M, N,
allows to define an applicative context C[ ] such that either C[M] |, and C[M] {5, or
viceversa. To our knowledge, this method works only for =, ~,.

3. Method based on the Domain Logic corresponding to the intersection types presen-
tation of a suitable computationally adequate C PO-A-model. This semantical method,
introduced in [9], is the generalization of the technique originally used by Abramsky
and Ong in [1] for the special case of —;. In [9], this method is applied to all the
strategies of Section 2.

4. Logical Relations method based on a mized induction-coinduction principle. This
semantical method is introduced in [9]. It is the generalization of the technique origi-
nally introduced by Pitts ([12]) for —+; and —»,. In [9], this method is applied to all the
strategies of Section 2. The method in [3] for —, can be viewed as a weaker variant.

In general, syntactical techniques are more elementary and conceptually simpler than
semantical ones, but they are often “ad hoc”. However, the general version of the con-
gruence candidate method in this paper, still maintaining the low conceptual complex-
ity of syntactical methods, is much more uniform than plain induction on computation
steps. Moreover, it seems to be at least as powerful as the semantical methods in [9].
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