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Abstract. A finite representation of the prime event structure corre-
sponding to the behaviour of a program is suggested. The algorithm
of linear complexity using this representation for model checking of the
formulas of Discrete Event Structure Logic without past modalities is
given. A method of building finite representations of event structures in
an efficient way by applying partial order reductions is provided.

1 Introduction

Model checking is one of the most successful methods of automatic verification of
program properties. A model-checking algorithm decides whether a finite-state
concurrent system satisfies its specification, given as a formula of a temporal
logic [3, 10]. Behaviour of a concurrent system can be modeled in two ways.
In the interleaving semantics, the meaning of a program is an execution tree,
temporal-logic assertions are interpreted over paths of this tree. In partial-order
semantics (or event structure semantics), behaviour is an event structure, where
the ordering relations over events reflect the causal dependency and conflict
among them [28]. So far model checking algorithms have been suggested for
many partial-order temporal logics [23, 26, 1, 14].

There is a long and rich tradition of research that employs the interleaving
semantics, resulting in both theoretical and practical results. The main reason
for this is the simplicity of the model providing a natural connection with Kripke
structures or automata theory. In this framework, a concurrent system P, pos-
sibly with fairness requirements, is a Kripke structure Mp that generates the
execution tree. The commonly employed specification language is CTL [3, 6]. To
check whether the structure Mp satisfies a CTL-formula ¢, the model-checking
algorithm assigns the subformulas of ¢ to states of Mp; if the beginning state
has been assigned the formula ¢, then it holds over Mp.

The use of partial-order semantics is less common, but has attracted re-
searchers in concurrency theory for at least two reasons: It does not distinguish
among total-order executions that are equivalent up to reordering of independent
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transitions, thereby, resulting in a more abstract and faithful representation of
concurrency [18, 26, 1, 14]. Logics over partial orders [24, 18, 19, 20, 21] allow a
direct representation of properties involving causality, conflict, and concurrency.

The first temporal logic on prime event structures has been put forward by
Lodaya and Thiagarajan [9]. Since then several new logics on event structures
have been defined [19, 20, 13, 22]. Most of these logics have been proved to be
decidable and possessing complete axiomatizations. However, the model checking
problem for event structure logics has never been addressed. The reason for
this was the lack of two notions: automata on event structures and/or finite
representations of event structures.

The main result of this paper is a finite representation of the event structure
corresponding to the behaviour of a program and the algorithm using this repre-
sentation for model checking of the formulas of Discrete Event Structure Logic
(DESL) [20] without past modalities. We suggest also a method of building finite
representations of event structures in an efficient way by applying partial order
reductions [17]. This is the first model checking algorithm for an event structure
logic suggested in the literature.

The rest of the paper is organized as follows. In section 2 event structures
are defined. Trace systems are introduced in section 3. Logic (DESL) on event
structures is given in section 4. Section 5 contains the definition of finite state
concurrent programs and its semantics. Finite representation of trace systems
and event structures is given in section 6. The correctness of the construction
is proved in section 7. Section 8 contains an efficient method of generating fi-
nite representations. Model checking of DESL is described in section 9 and the
discussion can be found in section 10.

2 Event Structures

We start with the definitions of event structures [28] and trace systems [12],
which are used for giving semantics to concurrent systems.

Let S be a countable set, and let < be a binary relation over S. The inverse of
< is denoted by <~!. For an element s € S, the set |« (s) contains the elements
s’ € S such that s’ < s, and 1< (s) equals {s' € S| s < §'}.

An element s € S is <-initial if | (s) is empty. The relation < is prefinite if
d< (8) is finite for all elements s € S. Let R* be the reflexive-transitive closure of
the relation R. The relation < is reduced if for each s < ¢/, (5,5") & (< \(s,8))*.
Note that if < is reduced then < is irreflexive, and if s < s’ and s’ < s then
s s".

Event structures represent a concurrent system by taking occurrences of ac-
tions as the starting point. Every occurrence of an action is modelled as a sepa-
rate event. Two relations are provided that capture, respectively, the (immedi-
ate) causality and (immediate) conflict relationship between events.

Definitionl. A four-tuple (E, Eo, <, #m) is a (discrete prime} event structure
(ES, for short) if the following conditions are satisfied:
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1. E is a countable set, called a set of events,

2. <C E x FE is irreflexive and reduced relation, called immediate causality
relation,

3. <=<* is a prefinite partial order, called causality relation,

4. #, C EF x E is an irreflexive and symmetric relation, called immediate
conflict relation,

5. <N# =0 for # = (<71 o #, 0 <), called conflict relation,

6. By C E is the set of <-initial elements of E. '

It follows from the definition that # o < C #. This condition is called conflict
preservation. Notice that the conflict relation # is generated by the immediate
conflict relation #,, and the causality relation <. For event structures giving se-
mantics to concurrent programs, the relation #,, will be modeled as the minimal
relation generating the conflict relation #.

3 Trace Systems

By an independence alphabet we mean any ordered pair (X, ), where X is a
finite set of symbols (operation names) and I C X' x ¥ is a symmetric and
irreflexive binary relation in X (the independence relation). Let (X,I) be an
independence alphabet. Define = as the least congruence in the (standard) string
monoid (Z*, 0, €) such that (a,b) € I = ab = ba, for all a,b € T ie., w = w/,
if there is a finite sequence of strings wi, ..., w, such that w; = w, w, = v/,
and for each i < n, w; = uabv, w;11 = ubav, for some (a,b) € I and u,v € I*.
Equivalence classes of = are called traces over (X, I). The trace generated by a
string w is denoted by [w]. We use the following notation: [¥*] = {[w] | w € X*}.
Concatenation of traces [w], [v], denoted [w][v], is defined as [wv].

Now, let T" be the set of all traces over (X, I). The successor relation — in
T is defined as follows: [w1] — [wy] iff there is a € X such that [w;][a] = [wy].
The prefir relation < in T is defined as a reflexive and transitive closure of the
successor relation i.e., < = (—)". By < wemean < — idp. Let r € Tand Q C T'.
We use the following notation: | < @ = UTEQ <.

We say that a subset Q) of T' dominates another subset R of T, if R C {< Q.
Two traces are consistent, if there is a trace in T' dominating both of them and
inconsistent otherwise. We shall say that inconsistent traces are in conflict.

A set R of traces is said to be proper , if any two of its consistent traces
are dominated by a trace in R, and directed , if arbitrary two traces in R are
dominated by a trace in R. A set of traces @ is said to be prefiz-closed, if
RQ=1<Q.

An ordered pair (T, —) is a trace system over (X, 1), if T is a prefix-closed
and proper trace language over (X, ]) and — is the prefix relation in T

For each w € 2, let last(w) = a if w = w'a. For each trace 7 € [Z*]
Maz (1) = {last(w) | [w] = 7}. A trace 7 is called prime, if |Maz(r)] = 1, i.e.,
there is exactly one operation executed last in 7.
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4 Logic on Event Structures

We give a definition of Discrete Event Structure Logic [19, 22] without past
modalities, for which a model checking algorithm is defined. The language con-
tains modalities corresponding to the relations of (immediate) causality and

(immediate) conflict.

4.1 Syntax and Semantics

Let AP = {p1,ps,-..} be a countable set of atomic propositions. The logical
connectives = and A, as well as modalities O (causally always), ® (all causally
next), Oy (all in conflict), and ®s (all in immediate conflict) will be used. The

set of formulas is built up inductively:
El. every member of AP is a formula,
E2. if o and £ are formulas, then so are —a and o A 3,

E3. if a is a formula, then so are Do and Oy o,
D4. if o is a formula, then so are ® &, and ®: «,

The following derived logical connectives and modalities are defined:

avp® =(—a A 0p) (standard)
o= 0 © avp (standard)
oo™ -0-a (< - causally sometimes)
Op o def Oy —a (¢4 - some in conflict)
Oa® _e-q (O - some immediately causal)
Ota % —®i-a (Os - some in immediate conflict)

Definition2. An ordered pair M = (F, V) is a model, where
F=(E Eo,<,#m)isan ESand V : E — 24P is a valuation function.

Let M be a model, e € £ be a state, and o be a formula. M, e k= a denotes
that the formula a is true at the state e in the model M (M is omitted, if it is

implicitly understood). This notion is defined inductively as follows:

El. el=piff pe Ve), for p € AP,
E2. e E-aiff not e = a,

eEanpiffelEaande =B,
E3. e EQaiff (Ve' € E) (e <* ¢ implies ¢’ = o),

e =0y aiff (Ve € E) (e §m o <* ¢ implies ¢’ |= a).
D4. e E®@a iff (Ve € E) (e < ¢ implies ¢’ = o),

e E®raiff (Ve' € E) (e §m € implies ¢’ = a).
Notice that e |= Oy o specifies that « holds at all the states, which are in im-
mediate conlict or in the future of the states that are in immediate conflict with
e.

The above semantics is caused by the lack of the past operators. However,
our modality Oy is still usefull for expressing properties of event structures:
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— O« - « holds in all the states (safety),

— O a - o 1s possible in the causal future,

— D(—®strue) - the system is conflict-free,

— O(QO(~®rtrue)) - from some state in the future the system is conflict free,
— O(a A Ot ) - a will inevitably hold in the next state.

For specifying more properties see [20, 22]. DESL was shown to be decidable
and possessing a complete axiomatization [20]. The extension of DESL by an
independency operator was considered in [13]. The model checking problem has
never been addressed for any of the event structure logics.

5 Finite State Concurrent Programs and their Semantics

Programs are represented by K-sequential agents communicating via executing
joint operations.

5.1 Programs
A program is a structure P with the following components:

1. K is a finite set, called set of processes,

2. for each process i € K, a finite non-empty set S;, called a set of local-states
of the process i,

3. for each process i € K, s? € S; is a distinguished state, called the initial state
of the process i,

4. for each nonempty process-set X C K, I'x C (HiEX S5;)? is transition rela-
tion.

For s € [l;ex Si and Y C X let sy denote the projection of s to the Y-
components. If Y = {4}, we write s|; instead of s|(;;.

Some of our model checking results will hold only for a restricted class of
programs in which the conflicting transitions having at least one beginning state
in common belong to the same sequential agents. This class of programs is called
free-choice (see [4] for the definition for Petri Nets) and it is formally defined as
follows:

Definition 3. A program P is said to be free-choice, if for each two transitions
t = (s,81) € I'x,t' = (¢',5}) € I'y, either XNY =P orif s|; =& for some
i€ XNY,then X =Y and s|; = §'|;, forall i € X.

The transition-relation I'x models the events in which all processes in X
participate. -For each transition ¢ = (s, s1), proc(t) denotes the set of processes
involved in executing ¢, i.e.; proc(t) = X, if t € I'x; in(t) = s, and out(t) = s1.
Let ¥ = Uxcxe I'x. The independency relatzon I C Y x X of transitions is
defined as follows: (¢,t') € I if proc(t) N proc(t’) = §. The dependency relation
D =X x ¥\ (IUidg). The immediate dependency relation Dy, = {(t,t') € D |
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in(t)|; = in(t')|;, for some ¢ € proc(t)Nproc(t')}. The free choice programs enjoy
the following property: if two transitions (¢,¢') € D, then proc(t) = proc(t’)
and in(t)|; = in(t')|;, for each 7 € proc(t).

Let GS = [];cxc Si be the set of global states of P. A transition ¢ = (s,s) €
I'x is said to be enabled from a global state ¢ € G.S (denoted ¢ € enabled(g)),
if g|x=s. For the free-choice programs, for each two transitions (¢,t') € Dy, if
one of them is enabled from a global state, then the other one is also enabled
from the global state.

For two global states g, g’ € GS, g = ¢ iffforsome Y CK,t = (gly, ¢ |y) €
I'y and g |c\y= g’ |k\v. An ezecution sequence w =1tq...t, € L* of P is a finite
sequence of transitions s.t. there.is a sequence of global states £ = go g1 92 - .- gn
of P with go = (59,...,s%), and g, 11N gi+1, for each i < n. Let go[w > g, denote
that the state g, is reached after executing the execution sequence w from the
state go. We say that trace [w] leads to the state g,.

Fzample 1. Program MUTEX is shown in Figure 1. It is composed of three
processes, which local states are denoted with circles, whereas the transitions
with horizontal bars, e.g. b = ((3, 8), (5, 10)). The program ensures the mutual
exclusion of access to the local states 5 and 6 being the critical sections. 57 =
{1,3,5}, Sy = {2,4,6}, S3 = {7,8,9,10,11},and sy =1, 8§ = 2, and s = 7.

3 8
b
5 10 11 6

c L —_J f

Fig. 1. Program MUTEX

5.2 Trace System Semantics of Programs

The interpreted trace system T'Sp = (T, —,I) over (X, I) and the set of atomic
propositions AP is the trace semantics of the program P iff the following con-
ditions are satified:
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— [w] € T iff w is an execution sequence of P,

— — is the trace successor relation in T,

— I : T —» 24P is an interpretation function such that for each [w], [w] € T
if go[w> ¢ and go[w’'> ¢, then Z([w]) = Z([w']).

The interpretation function does not distinguish between the traces leading to
the same global state.

Ezample 2. The trace semantics of program MUTEX is shown in Figure 2. The-
prime traces are printed in bold face.

[ag] [ah] [ad] [dg] [hd]

N 2=

[agb] [agd] [hda] [hde]
A/’}gtld[\igfb] [hdie]’/[li&
[agbca] [agbcg ] [agbch]agdbe] [hdaef[hdefg] [hdefh] [hdefd]

[agbcag] [agbcah][agbcad] [agbcdg] [agdbch]  [hdaefg][hdaefh][hdaefg][hdefdg][hdefdh]

NS

[agbcagb] [agbcagd] [agdbcha] [agdbche] [hdefgab] [hdaefga]lhdefdhd] [hdefdhe]

Fig. 2. Trace semantics of MUTEX

5.3 Event Structure Semantics of Programs

Each trace system defines the corresponding event structure [16], where the
events are defined as equivalence classes of strings of transitions. For the trace
systems that are semantics of the programs defined in Section 5.1, alternatively,
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one can identify the events with the prime traces and view the corresponding
event structure as a substructure of the original trace system. This approach is
taken below.

Definition4. Let 7'Sp = (T, —,Z) be the trace semantics of program P. An
interpreted event structure ESp = (E, Eqo, <%, #E VE) is the event structure
semantics of program P, where

1. E={e €T ||Maz(e)| =1},

2. Eo = {[d},

3.e<B e ife 5" ¢ and e =»* ¢’ —* ¢, implies e = ¢’ or e = €', for each
¢ € E,

4. e #E ¢ if e, ¢’ are not consistent and for each 7 € T s.t. 7 — € the traces
T,¢' are consistent in T and for each 7/ € T s.t. 7 — ¢’ the traces ¢, 7’ are
consistent in 7.

5 VE(e) =ZI(e),fore€ E.

The condition 3) corresponds to the fact that the relation < is reduced. The
condition 4) specifies that #Z is the minimal relation generating the conflict
relation in E.

Lemmab. Let P be a free-choice program and let ESp be the event structure
semantics of P. Then, the following condition holds:

—e#E e ff BreT) r—oe, ¢, and (Maz(e), Maz(e')) € Dp,.

Proof. Consider e, ¢’ € E that are not consistent (i.e., in conflict) and for each
trace 7 € T s.t. 7 — e the traces 7,¢’ are consistent in T and for each trace
7' € T s.t. 7' — € the traces e, 7’ are consistent in T'. Then, proc(Maz(e)) N
proc(Maz(e')) # B. Therefore, there is eq € F such that eg <P e and eg <F ¢'.
This implies that ((Maz(e), Maz(e')) € Dp,. Since P is free-choice, proc(e) =
proc(e’). Thus, {f € E | f <B e} ={f € E| f/ <F ¢'}. Consider the minimal
trace 7 € T such that f —* 7, for each f <P e. Then, 7 — e and 7 — ¢’. |

Erample 3. The event structure semantics of program MUTEX is shown in Fig-
ure 3.

Ezample 4. Consider again our running example. Let the set of propositions con-
tain propositions corresponding to the transitions %' of program MUTEX. For
simplicity, we assume the same symbols for these propositions and the transi-
tions, i.e., ¥ = {a,b,c,d,e, f,9,h} C AP. Let ¢ € VE(e) if Maz(e) = {z}, for
z € Y. Then, the following properties of MUTEX can be specified:

- OobAOCe -
each process always can enter its critical section by executing b or e (resp.),
- O(g = O(b A ®: false)) AO(h = Ofe A ® false)),
after executing g the action b will be inevitably executed in the next step
and after executing h the action e will be inevitably executed in the next
step,



153

[agb] [hde]

[agbc] [hdef]
/;Zij?@#m%ii\\ ;;fHM%ﬁiiiz
[agbcagb] [agdbche] [hdefgab] [hdefdhe]

Fig. 3. Event structure semantics of MUTEX

~ D=0 AD(e=0f),
each process will always leave its critical section in the next causal step.
- O(g = h) AD(R = Oy g),
the transitions g and h leading to the critical sections are in conflict.

6 Finite Representations of (Prime) Trace Systems

Trace Systems as well as Prime Event Structures are usually infinite objects and
as such are not very convenient for model checking. Therefore, one uses quotient
structures of T'Sp, which identify all the traces that cannot be distinguished by
the formulas of a logic of interest.

When one is interested in model checking of CTL formulas, then the finite
representation is obtained by applying the equivalence relation ~crr on the
traces, which identifies the traces leading to the same global states, defined as
follows:

(V[w], [w] € T)(Yg € GS) [w] ~crr [w'] iff (g0[w> g & go[w'> g).

When one is interested in model checking of CTLp formulas, then the finite
representation of T'Sp is obtained by using a more discriminating equivalence

relation (see [21]).
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For event structure logics the situation is slightly different since a finite rep-
resentation should only involve equivalence classes of prime traces. The sim-
plest solution would be, if a substructure of the quotient structure of T'Sp by
~crr could be applied. This is, unfortunately, not the case since there could
be two prime traces leading to the same global state that have different causal
futures and therefore can be distinguished by DESL formulas corresponding to
the causality relation. In the trace semantics of MUTEX (Figure 2) the traces:
[ ], [agbe], [hdef] lead to the same global state (1,2,7), but the sets of global
states to which lead their causal successors are different (see Figure 3).

The solution is to sharpen the equivalence relation ~crr accordingly. For
technical reasons, the new equivalence is defined for all traces. Two traces are
E S-equivalent if they lead to the same global states and their sets of maximal
transitions are the same. A new equivalence relation ~gg is formally defined as
follows:

— Define f : T — HiexcSi x (22 U{to}), where to & X is an artificial transition
with proc(tg) = K,
f([e]) = (g0, %0),
f([w]) = (9, X) if go[w> g and X = Maz([w]) for [w] # [e], and

- (Viwl, [w] € T) [w] ~ps [w]iff f([w]) = f([w]).

We will write (g,t1...t,) for (g, {t1,..,tn}) and let State(r) stand for g, where
f(r) = (9, X)

As we show later, ~gg identifies all the prime traces, which cannot be distin-
guished by DESL formulas without conflict operators. Unfortunately, for unre-
stricted programs ~gs-equivalent prime traces can be distinguished by conflict
modalities. To see this, consider the program Pr shown in Figure 4. The be-
ginning states of the three processes of Pr are marked with dots. The traces
[a], [b], [c], [ac], [ba], [bd], [cd] belong to the trace semantics of Pr. All of them
except for [ac] are prime. Notice that f([bd]) = f([ed]) = ((1,7,8),d), but
[cd] #E [a], whereas [bd] #EZ [ba]. Since f([a]) # f([ba]), the prime traces [bd]
and [cd] can be distinguished by a conflict formula, referring to f([a]) or f([ba]).

There are two possible ways to overcome this problem:

1. Define a more restrictive equivalence relation on T', or
2. Restrict the class of programs such that ~gg preserves all DESL formulas.

The first solution leads inevitably to an equivalence relation, which index is
exponential in the number of the global states and therefore, we do not consider
this solution in the present paper.

The second solution requires such a restriction of programs, which makes it
possible to define the immediate conflict relation in terms of the preserved by
~gs causality relation. This is the situation for free-choice programs, which is
shown below.

Next, we define the quotient structures of T'Sp and ESp by ~gs.
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Fig. 4. Program Pr

Definition 6. The quotient structure of TSp by ~pgs is the triple Fps =
(W, — ,wg), where:

- W = {[r]logs | T €T} is aset of states,

— =5 C W x X xW is a transition relation such that [7]. 4 1
are traces
T € [T]aps, T € [T]ags, and t € X such that i [t] = 7,

— Wo = [€]ps-

if there

~ES)

Definition 7. The quotient structure of ESp by ~gs is the 4-tuple Fgs =
(Er, <, #m,eo), where:

— Er ={[e]~ps | € € E} is a set of states,

— < C Efp x Ep is a relation such that [e]~n s < [€/]~zs, if there are prime
traces ‘
e1 € [€]lnps,€) € [€']mps such that e <¥ ¢/,

— #m C EF x Ep is a relation such that [€]., #m [€']~zs, if there are prime
traces
€1 € [€lmps, €l € [€']nps such that e #E e,

— €0 = [e]NES'

Ezample 5. The quotient structure of the trace semantics of MUTEX is shown
in Figure 5.

We will refer to the states [7].,; of Frs by the values of the function f of
their representatives, i.e., f(r). Note that Frg can be directly generated from
the given program P using the Depth First Search (DFS)-algorithm [25]. The
algorithm starts from the beginning state (go,?o) and then, recursively, for a
current state (g, X) and enabled transition ¢ € X' expands the t-successor (g’, X)
of (g, X). When all the successors of a current state have been already expanded,
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h

7),ad)( 1,4,8),dg)g ((1,4‘,9),hd)
h
™ &~

((5,2,10),b) ((3,4,8),3gd) | dl ((38,4,9)hda) ((1,8,11),e)
cl d . a .
Ca &
:((1.,‘2,7),c) ({5,4,10),bd) (3,6,11),ae) ((1,2,7),f)=_
' ' 1 l
((1,4,7),dc) ((3,2,7) af)

Fig. 5. The quotient structure of the trace semantics of MUTEX

the algorithm backtracks to the nearest state with at least one un-expanded
succcessor. (g’, X') is computed in the following way: ¢’ € GS: g[t > ¢' and
X' =(Xu{th\{t' e 2| (¢t,¥) e D}.

The simplest (but ineffective) way of constructing Fgg is to extend Fpg with
the relations < and #m between the states (g, X) with |X| = 1 (using the below
lemmma) and then to remove from Frs all the states (g, X) with | X| > 1.

Lemma 8. The following two conditions hold:

t

*) (9,t) < (¢',t') iff there is a sequence (g,t ) (g1, X1) 3
(gn-1,Xn-1) Iy (gn,tn) with (gn,tn) =g',t') such that (t;,¢) € I for 1 <
1< n.

) (g,8) #m (¢,1) i A", X) € Bp st (¢, X) 5 (0,0), (0", X) S (4,1,
and (t,t') € Dp,. ‘

Proof. *). (g,t) < (¢’,t') iff (by definition) there are prime traces e,e’ € F
with f(e) = (g,t) and f(e') = (¢',¢') such that ¢ —* ¢/ and e =" &’ —* ¢,
implies e = ¢” or ¢ = ¢”, for each ¢’ € E, iff there is a sequence of traces
To = TL... > Ty With o =e, n, = ¢, n = 7_1[t;] with ¢; € 2 and (¢;,8) €
for 1 < i < n, (Notice that if for some j < n (¢;,t) € D, then it would be a
prime trace f # e s.t. e =* f —5* 7; and Ma:z:(f) {t;}), iff there is a sequence
9:8) B (91, X1) B ... "5 (gno1, Xno1) 3 (gn,ta) with (g5, Xi) = f(r) and
(gnstn) = (¢',t') such that (¢,¢1) e I for 1 <i< n.

**) follows directly from Lemma 5. O
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7 Correctness of the Construction

We have to show that the formulas of DESL cannot distinguish between two
prime traces e and e’ with f(e) = f(e’). Since the modalities of DESL correspond
to the relations expressible in terms of the relations < and #p,, this requires
proving the following Lemma.

Lemma?9. For each prime tracese, ', e} € E, the following two conditions hold:

<E) ife~ps ¢’ and e <E ey, then there is e} € E s.t. ¢ <F ¢} and ey ~gs €,
#E) if e ~ps ¢ and e #Eeq, then there is e} € E s.t. ¢ #E¢} and e; ~gs €]

Proof. <F). It follows directly from Lemma 8 *).

E). Let e ~gs ¢ and e #EZe;. Then, (34,8’ € T and ¢t € X) such that
e = d[t] and ¢ = §'[t]. It is not necessarily the case that f(6) = f(d'), but it
is easy to observe that State(§) = State(d’). It follows from the definition of
#E that e; = §[t'] for some t' € X with (£,t') € Dp,. Let €} = §’[t']. It is easy
to notice that e € T. Since §’[t] € E and proc(t) = proc(t'), so e} € E. It
follows from definition of #Z that ¢’ #Le|. Next, State(e;) = State(e}) and
Maz(e1) = Max(e}) = t'. Therefore, ey ~gs e, which completes the proof. 0O

Notice that Lemma 9 <) holds for the programs unrestricted to free-choice
ones.

Lemma10. For each formula ¢ € DESL and for each e, e’ € E if f(e) = f(¢'),
then ESp,el= ¢ iff ESp,e' E ¢

Proof. By induction on the complexity of a formula using Lemma 9. ]

Now, we can define the valuation Vgs : [E]~gs — 247 of the states of the
structure Fgg consistent with the valuation of the corresponding traces of ESp:
Vr([e]l~ngs) = V{e) for each e € E. Then, the notion of a formula ¢ true at the
state e in the structure Mgs = (FEs, Ves) (denoted MEg,e = ¢) is defined
inductively as in Definition 2. The following theorem shows that model checking
of DESL can be performed over the structure Mgg. '

Theorem 11. For each DESL-formula ¢ and each e € E:
ESp,e =@ iff Mgs,[elnss .

Proof. Follows from the definition of Mgs and Lemma 10. g

8 Efficient Method of Generating Fgg

The above method of generating Frs can be substantially improved for some
programs by applying partial order reduction methods [7, 17].

Despite the equivalence classes of not-prime traces (called global states) do
not occur in the structure Fgg, some of them need to be generated in order to
establish whether two equivalence classes of prime traces (called local states) are
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causally related. The idea of using partial order reductions relies on generating
only these necessary global states. For finding out whether (g,t) < (¢/,¢), it is
sufficient to find a sequence of global states satisfying the condition *) of Lemma
8.

The new algorithm is the adaptation of the DFS-algorithm such that only a
subset of transitions enabled at a current state is expanded. This subset (called
ample-set) is computed statically at the current state. Let s = (g, X} be a current
state with proc(X) = J. A transition ¢ is called J-transition, if proc(t) N J # @.
Ample(s) has to satisfy the following condition: '

C for all non-empty sequences (g, X) L2y (g1, X1) RE (gn-1,Xn-1) fn

(gn,tn) such that there is t € X with (t;,¢) € I for 1 < i < n, there is

t' € ample(g, X) s.t. t; =t for some i < n and (¢, ¢;) € I for all j < i.

It follows from C that £, is an J-transition and all J-transitions t € enabled(s)
are in ample(s). ‘

Denote the structure generated by the modified DFS-algorithm by Rrs =
(R, —rr ). Define the relations <, #m  C R x R as follows:

tn—l

~ (g,t) <» (¢',t') iff there is a sequence (g,1) X (g1, X1) L)

1
— (gt) #my (¢ 1) T 3", X) € Rst. (g7, X) S (0,1), (", X) 50 (g, 1),
and (¢,¢') € Dp,.

In order to show the correctness of the partial order reduction method we need
the following lemma.

Lemma12. If (9,X) € R with t € X and there is a sequence (g,X)
(91, X1) 3 tnyt (gn—1, Xn-1) ‘n (gn,tn) tn Fgs such that (t,t;) €

t] t: toot
for 1 < i < n, then there is a sequence (g, X) = (91,X1) =3 ... 5,

(0 1y Xy 1) . (gh,th) in Rps such that (g, 1) = (gn,tn) and (t,8}) € I,
for1<i<n.

t
I,

Proof. By induction on [n]. Let proc(X) = J.

Base case. |n| = 1. Since ¢; is an J-transition, it follows from condition C
that ¢; € ample(g, X). So, (91,%1) € R and (g9, X) =, (91,%1).

Induction step. Assume that the lemma holds for all n| < k. Let (g, X) &

(91, X1) LG S (gr+1,tk41), t € X with (t,t;) € I, for 1 < i < k+1.
Since #x4+1 is an J-transition, it follows from condition C that there is t" €

ample(g, X) s.t. t; = ¢" forsome ¢ < k and (t,¢;) € I forall j < i. Let (g, X) —E’)’r

(g7, X1), for some (g1, X7). Since_(t”,.t) € ITandt € X, t € X{. Moreover,
there is the sequence (g}, X}) RN (95, X3) L&Y g XD figt (94, X2) fax

(gi+1, Xig1) - - s (gx+1,tk+1) of length k in Fgs such that (¢,¢;) € I, for
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1<j<iand i< j<k+1, where (g;,X;) L2 (g;+1,XJ'-+1) for0<j<i—1.
Thus, the lemma holds by the inductive assumption (see the figure below). O

(91, X1) (95, X5) (95, X3) (96, Xi)  (gi+1, Xit1) (9k+1,tk41)

Theorem 13. The following three conditions hold:

1. (gO)tO) S R;

2. if (¢,t) € R and (¢',t') € Fgs such that (g,t) < (¢',t'), then (¢',t') € R and
(9,t) <r (¢',1).

3. if (9,t) € R and (¢',t') € Fgs such that (g,t)#m(g',t'), then (¢,t)eRr
and (g,t)#m (9, ).

Proof. 1) (go,to) is the beginning state of the modified DFS-algorithm.

2) Follows directly from Lemma 8 *) and Lemma 12 for X = {t}.

3) If (g,t) #m (¢’ ), then t # tg and t' # to. Thus, there is (9", X) € R such
that (¢”, X) = (g,%). Since (¢,t') € Dy, t' € enabled(g"). Moreover, it follows

from proc(t')Nproc(X) # @ that t' € ample(g”, X). Therefore, (g”, X) 4 (¢', 1),
which implies that (g,t)#m.- (¢, 1) a

It is easy to see that checking that condition C holds for a set of transitions
is as hard as checking reachability, hence as hard as the original model-checking
algorithm itself (which is in NP-hard for some standard representations of the
program).

However, one can benefit from substantial reduction even when using a pes-
simistic heuristic algorithm that in some cases considers a subset of transitions
not to satisfy C when it actually does. We suggest the following heuristic method
of computing ample(g, X) with proc(X) = J.

Define ample(g, X) as the minimal set of transitions satisfying the following
conditions:

1. For each J-transition ¢, if t € enabled(g, X), then t € ample(g, X),

2. For each J-transitiont = (s,s’) € enabled(g, X) s.t. (3i € J) s|; = g|i, either
there is a transition ¢ € enabled(g, X) s.t. (,¢') € D and t’ € ample(g, X),
or ample(g, X) = enabled(g, X), _

3. For each transition t' € ample(g, X), t"" € ample(g, X) for all transitions "
s.t. (t',1") € Dpy,.
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Thus, if there is an J-transition t, which is not enabled at (g, X), but it may
become enabled in the future of (g, X), and no transition from the processes to
which t belongs is enabled now, then ample(g, X) = enabled(g, X). Notice that
condition 3) is correct only for the free-choice programs, but it could be easily
adapted to deal with the not-restricted programs.

Lemma 14. Conditions 1,2, and 3 imply condition C.

Proof. Consider a non-empty sequence (g, X) 2N (g1, X1) a3 Agrn-1,Xn-1) Iy
(gn,tn) such that there is ¢ € X with (¢;,t) € I for 1 < 7 < n. Assume that
ample(g, X) # enabled(g, X). If n = 1, then ¢; € ample(g, X} (by cond. 1).

Assume that n > 1 and let t,, = (s,s'). Since ¢, is the first transition in the
sequence s.t. (t,,t) € D, (i € proc(t) C J) sli = gli. If £, ¢ enabled(g, X),
then let ¢ be a transition dependent on t, such that ¢’ € enabled(g, X) and
t' € ample(g, X) (by cond. 2). It is easy to notice that it is not possible that
all t; with ¢ < n are independent of ¢'. Because then, ¢ € enabled(gn_1, Xn-1),
which implies that (¢,¢,) € Dm. Since proe(t’) = proc(t,), tn is independent
of all ¢; with ¢ < n, which contradicts with the fact that t,_; € X,_1 and
(gn-1, Xn=1) Iy (gn,tn). If t,, € enabled(g, X), then ¢, € ample(g, X) (by cond.
1). By repeating the same argument as before, we show that there is i < n s.t.
(ti,tn) € D. In this case let t/ =1t,.

Next, consider the smallest index ¢ s.t. (t',t;) € D. Since (¥',t;) € I for
all j < i, t' € enabled(gi—1, X;-1). Thus, (¢',t;) € Dy, and (t;,t;) € I for all
J < . This implies that t; € enabled(g, X) and t; € ample(g, X) (by cond. 3).
Therefore, the condition C is satisfied. O

Ezample 6. For our running example, the modified DFS-algorithm would gen-
erate the structure shown in Figure 5, without the transitions marked with the
dotted lines. In this case, the partial order reduction method did not reduce
any states, but only transitions. We give an example showing that substantial
reduction of states is also possible.

9 Model Checking of DESL

Assume that the modified DFS-algorithm has generated the reduced structure
Rps = (R, —+,) for program P. In order to obtain the structure Fgs, we have to
construct the relations <, and #m, » between the states (g, X) € R with | X|=1
and then to remove from Rpg all the states (g, X) with |X| > 1. Constructing
#m,r is straightforward, whereas constructing <, could be of quadratic complex-
ity in the size of Rpg. Therefore, from practical point of view, it is more efficient
to perform model checking over the structure Rrg itself. Qur method relies on
translating DESL causality formulas into CTL formulas, interpreted over Rpg.
Then, the model checking algorithm for CTL [3, 27] applies.

First, we have to extend Rpg by a valuation function and make the definition
of the set of atomic propositions a bit more precise. So, assume that AP is a
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finite set of propositions, which contains the special proposition prime, which
is used to mark the ”prime” states in Rps and propositions corresponding to
the transitions X' of program P. For simplicity, we assume the same symbols for
these propositions and the transitions. Therefore, {prime} U 2 C AP. Define
Mg = (Rrs, VRr) as follows:

- Vr : R — 24P such that X C Vg(g,X), for X C AP, and prime €
Vr(g, X) iff |X| = 1.

Since Fgg is a substructure of Ry s, we can define Mg, (9,t) k= ¢ iff Mgs, (g,t) E
¢ for each DESL formula . In order to give the traslation from DESL causality
formulas to CTL, we have to define the semantics of the CTL operator EX. and
E(.Until.):

— Mg,s = EXp iff there is a state s; s.t. s =, s; and Mg, s; = ¢
— Mg, s = E(¥Up) iff there is a sequence of states sg, s1, ... such that sg = s,
8; =y Siy1,for i >0,and (I > 0) s;i = and (Vj: 0<j<1i)s; 9.

The translation is defined as follows:

- Mg, (g,t) E® ¢ iff Mg, (g,t) = ~EXE(t Until (~¢ A prime)),
— Mg, (9,t) EO g iff Mg, (g,t) k= —=E(true Until (~p A prime)).

The correctness of the translation of ® a follows from the following observation.
Notice that the condition *) of Lemma 8 could be equivalently reformulated
by replacing (t;,t) € I by t € X; ie., (g,t) < {¢’,t') iff there is a sequence
tnn .

(0,1) B (91, X1) 3 ... 5" (gno1, Xno1) 3 (gn,1n) with (gn, 1) = (¢, ') such
that ¢ € X; for 1 < 1 < n. Consider a sequence (g,t) LN (91, X1) Bty
(gn—1,Xn-1) In (gn,tn). If (t;,t) € I for 1 < i < n, then obviously ¢t € X; for
1<i<n,

On the other hand if ¢t € X;, then either (¢;,t) € Jort; =t for 1 < i < n.
In the latter case, (g;—1, Xi—1) = (gi, X;) as t enables ¢t. Therefore, if we remove

from the sequnece (g,1) = (g1, X1) 3 ... =3 (9n-1, Xn-1) 3 (gn,tn) all the
transitions ¢; = ¢ for 1 < ¢ < n, then it would hold for the sequence of remaining
states and transitions ¢; that (¢;,¢) € I.

The correctness of the translation of O « follows from the definition of <.

Given a DESL formula . First, replace each occurrence of 0y modality by the
semantically equivalent combination of ®: 0. Next, the model checking method
relies on assigning the subformulas of the formula ¢ to the local states of Mg.
The method is inductive, i.e., starting from the shortest and most deeply nested
subformula 3 of ¢ the algorithm labels with ¢ these local states of Mg, which
are equivalent classes of the prime traces at which ¥ holds. Therefore, in case of
checking a less nested subformula, it can be assumed that the states have just
been labelled with all its subformulas.

The appriopriate algorithms for labelling states with the causality subformu-
las are standard (see [3, 27, 21]) due to the translation to CTL formulas. The
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algorithms for the immediate conflict subformulas are based on the following
principle:

- Mg, (g9,t) E @1 iff for all (¢/,t') € R, if (g,t) #m . (¢',t'), then
MR; (gl)tl) }: ¥,

Complexity of Model Checking

Notice that checking a formula containing a subformula ® ¢ requires labelling
states of Mp with the formulas EXE(t Until (—¢ A prime)) for all t € 2.
Therefore, we have the following theorem:

Theorem 15. The complezity of the model checking algorithm of a formula ¢
over program P is O(|Mg| x (m x |X| + (|| — m))), where m is the number of
the ®-subformulas of ¢ and |[Mg| < (|GS| x |C(D)|)+|—= | with C(I) = {A C
Y| Ax ACI} (the set of I-cliques of X).

Experiments with applying partial order reductions show (see [17, 7]) that one
can expect Mg to be much smaller than its upper bound. '

Gk i correrreenn
2k+2 3k
a}\

Fig. 6. The global state space contains 3* states, whereas the reduced structure only
2k? states, for k-processes.

—© O O
01‘}’ a2<i, ak

2k
a,fj

The model checking algorithm for DESL has not yet been implemented.
However, it is possible to calculate the number of the global states G.S and the
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number of the states in the reduced structures Rpg for several "toy” programs,
for which substantial reductions in the number of states can be obtained. A
simple program is given in Figure 6.

10 Discussion

We have suggested a model checking algorithm for Discrete Event Structure
Logic without past modalities. So far model checking algorithms have been given
for linear time partial order temporal logics: (u)TrPTL [14, 15] and TLC [1].
Our algorithm is the first one, which is designed for a logic interpreted on event
structures. It is also the first model checking algorithm for a partial order logic,
which is linear in the number of subformulas of a checked formula. As far as
efficient generation of quotient structures of event structures is concerned, it
seems possible to apply also net unfolding methods [11]. It is important to men-
tion that for unrestricted programs Lemma 9 <) still holds making it possible
to model check the DESL formulas without conflict operators. Moreover our
method can be applied to model checking of more expressive languages, like
modal p-calculus, interpreted over prime event structures. This approach will be
described in a forthcoming paper.
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