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Abstract. We have designed an algorithm for embedding of complete
k-ary trees into 2-dimensional square meshes. The embedding has load
1, optimal dilation (the constant is 3 if & = 3 and 2 otherwise), and
expansion 2. This solution can be easily converted into an embedding
with optimal expansion 1/2 for load 2 while keeping the dilation the
same,
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1 Basic definitions

A graph G is a pair (V(G), £(G)) where V(G) is the set of nodes of G and £(G)
is the set of edges of G. An edge with end nodes u and v is denoted by (u, v).
The set of all paths of graph G is denoted P((z). An embedding of a guest graph
G = (V(G).&(G)) into a host graph H = (V(H),E(H)) is defined as a pair of
mappings {p, §) where p : V(G) — V(H) and € : £(G) — P(H). The quality of
an embedding is measured using several parameters .

The expansion of (p, €) is defined as J;"‘.}Ti“g’;‘ The dilation of an edge e € £(G)

is the length of the path £(eg); the dilation of (p,€) is the maximum dilation
over all edges of G; the average dilation of (p,£) is the average over all edge
dilations. The load of a node vg € V(H) is the number of nodes of V(G) that
are mapped onto vg; the load of (p,&) is the maximum load over all nodes of

H. An embedding of G into H has the optimal load z = H“:(Gil.l if the load of
each node vy of H is z — 1 < load(vy) < :.
Fork > 2, h >0, let CT} 5 denote the k-ary complete tree of height h and
plk,h) = (k"1 —1)/(k — 1) be the number of its nodes. Each internal node of
CTy » has exactly k children and each leaf of CTy j is at distance h from the

root. The level of a node v of CTj 5, denoted by I(v), is the distance of v from
the root. For 0 < i < h, define

Ai = {v € V(CTi,) ¢ S l{v) <i} and a; = A,
By = {v € V(CTyn) : H{v) = i} and 7 =Bl
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Fig.1. a) Decomposition of M, into M} and M7, b} Decomposition of V(M}) into
zones Z;, 0 <1 < w.

For n > 1, let M, denote the square mesh [n x n]: Vertex set of M, is
V(Mp) = {u = [uz,uy] : 1 < uz,uy < n} and edge set of M, is E(M,) =
{{u,v) : (Jus — vz| = land uy = vy) or (Juy — vy| = land u; = v;)}. Mesh node
ce=][ n/ 2], [n/2]] is said to be the center of M,,. Let L( i} denote the set of mesh
nodes in distance ¢ from ¢. For odd n, let M} and M? be the decomposition of
M, into two subgraphs as depicted on Figure la. It follows that V(Mh =
(n?+1)/2 and (V(M2)| = V(M) = (V(MD)| = (n? —1) /2. The minimum
odd n such that |V(M})] > p(k, k) will be denoted by d(k, k). It is easy to show

that d(k, k) = 2 [(\/zp(k,h) =11 /2] + 1. Since the diameter of M}, ,
is d(k, h) — 1, it follows that the lower bound on the dilation of an embedding

CT p into Mage,) with load 1is w(k,h) = | e ~1)/2] /],

2 Related work

Embeddings of C'T5 j, into meshes have been investigated in several papers. From
the diameter argument, it follows that the lower bound on the dilation for an
embedding with load 1 is 2(5/p(2, 2)/ log u(2, h)). The well-known H-tree con-
struction from [7] and the improved embeddings in [2, 5] all have load 1 and
dilation O(y/p(2,h)), but they embed CT5, into non-optimal square meshes.
Modified H- tree construction from [4, 7] also embeds CT» .4 into a non-optimal

square mesh, but it achieves optimal load 1 and dilation O(/p(2, h)/ log u(2, h)).

An embedding of CT» ; into its optimal square mesh with load 1 and dila-
tion O(y/p(2, h)) is presented in (8]. In [3], the author proves that CT5 ) can
be embedded into its optimal square mesh with optimal load 1 and optimal di-
lation O(\/u(2, h)/log (2, h)). The general problem of embedding C7 ; into
2-d1mensxona,1 meshes is discussed in {1].

In this paper;, we give an algorithm for embedding of complete k-ary trees
into 2-dimensional square meshes with expansion 2, load 1, and optimal dilation.
This solution can easily be converted into embedding of complete k-ary trees into
2-dimensional meshes with load 2, expansion 1/2, and optimal dilation. Hence,
both solutions are optimal with respect to load, expansion and dilation within
constant factors close to one.
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3 The embedding algorithm

In the following text, we will assume & > 3 and h > 0 and use symbols g, d, and
¥ instead of p(k, h), d(k, h), and ¥(k, k). The embedding algorithm is based on
a decomposition of the mesh My into vertex-disjoint zones Z; defined as follows
(see Figure 1b).

Definition1. Let w = A — 1 if (A — 1)y = 431 (p,)
be an embedding of CTy s, k > 3, h > 0. into My with load 1. For 0 < i < w,
define

L(0) if i=0,
Zi={ L(G-Dy+ 1 U...ULGEY) if 0<i<uw,
LG-)yp+1uU...U L(d—;i) otherwise.

Obviously, the last zone Z, may be narrower than the inner zones Z;, 0 <
i < w. The number of nodes within zones Z; increases linearly with :.

(
(i

Lemma?2. For) <i<w,
1 i i=0,
1Z:] = { 4iv? ~ 297 + 29 it 0<i<w,
3(d* = 1) = 2(i — 1)*¥? — 2(¢ — 1)¢ otherwise.

From the definition of d, it follows that 3 "_, | Z,| = [V(M})| > u. To describe
the embedding algorithm, we need to specify tree node subsets of 4; and Bj,
0 € j < h, mapped into zones Z;, 0 < < w.

Definition3. For 0 < j < h, define

Aj(Zi) = {z € Aj - p(e) € V(Z))} and  o;(Z;) = |A;(Zi)),
Bj(Z:) ={z € B;: p(x) €V(Z:)} and p;(Z )=|J( i)l

The embedding algorithm embeds the tree nodes level by level. Since |Z;]
grows linearly with ¢ whereas (; grows exponentially with i, we cannot just
simply map all nodes from B; into Z; for 0 < 1 < w.

The embedding algorithm consists of two phases. In the first phase, succes-
sively for 1 =0, ... I_ J all the tree nodes from B; are embedded into zone Z;,

Hence, up to level [ J the tree is embedded level by level into successive zones.
As we will show later, it follows from Lemma 4 that after the first phase, there
are free unloaded mesh nodes in zones Zi,0<i< |4 J

Hence, in the second phase, successively for i = [_ | +1,...,h—1, we will
embed the tree nodes from B; so that the tree will gfow not only towards the
border of the mesh but also backwards to fill in the remaining free parts of the
previous zones (see Figure 2 for an e\ample)

Assume that, for given i > |[%] + 1. 3;(Z;) tree nodes from B; are em-
bedded into Z;. Among their £8;(Z;) children, Fiy1( ,+1) of them will be em-
bedded into Z;j+; and the remaining children will stay in Z;, Le.. k3;(Z;) =
Biv1(Zi) + Bi+1(Zi41). The ratio between Ji+1(Z;) and Bi41(Z;41) is determined
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by the following strategy. All the subtrees of nodes from B;41(Z;) will be embed-
ded backwards into zones Z;.1, Zi—a, ..., level by level. Hence, Bit14,(Zi-p) =
kPBi1(Zi) forallp=1,...,h — i — 2, and the backward phase ends up in zone

Z; —(h—i-2) = Z2i—h42, which will be loaded with k"=*~23;,, (Z;) tree nodes from

Bi_1. It follows that Bp_1(Zai—nsa) = k*~7=28i11(Z:). All the kA~=18,141(Z))
nodes, i.e., all the children of nodes Bp—1{Zai+a-2), will be used to fill up the
empty parts of both Zs;_py1 and Za;_p4o in this order and if some of these
children still remain, they will be embedded into Zs;_p43. Since now on, zones
Zai—ny1 and Zoj_pyo are full and the algorithm will proceed to fill up the next
two zones. Again, it starts by splitting children of B;t1(Zi+1) into Bira(Zit1)
and B«;.{,Q(Zi.*.g).

Zy Zy Zy Z3 Zy Zs Zg Z7 Zs Zy  Zw
lﬂu(zu) H mzl)H az(za)} 22(22) i 2a(22) N 25.25) [l 56 2e) | MZﬂ-L[as(za) i ag(zg)]-,kmzmj
[ ﬁ-:(z:)/ﬂ [sytzt-.) |
/W [ A
lﬁs(za)-l ‘ Bs(Z7)
[o50] o)
1 r. .jl t
iﬁm(zl)i B10(Z2){l|810(Z3) Ifm(zq)J iﬁxo(zs)i ﬁm(zs)l iﬂm(zf)i |f310(zs)] E:a(zs)]

Fig. 2. The distribution of nodes of CTj 10 within zones Zo U...U Zyg

£
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In general, the detailed way how the tree nodes will be distributed across
zones of the mesh depends on whether h is even or odd. Assume that h is even
(for h odd, the conditions are similar). The distribution of tree levels into zones
must satisfy the following constraints (see Figure 2).

l.ilsevenand 0 < ¢ < % Then
an(Zi) = Bi(Zi) + Br—-i+1(Zi) + Br—it3(Zs) + .- .+ Broivi-1)(Z3) + Bu(Z:),
where

3i(Z;) = kBi-1(Zi-1). (1)
Bh-itj+1(Zi-1) = kBn-i+j(Zi) (2)

forall j = 1,3,5,...,7— 1, (equation (2} says that all the children of nodes
in 8h-i+j{Z;) are embedded back into preceeding zone Z;_,),

h{Zia1) + /\h—'.’.(Zi).I kﬁ;—"‘l_ (3)

e

Boer(2) = |
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(¥4 (Z;-1) is the number of free mesh nodes in Z;_; after embedding as_2(Zi-1)
and all their children 84 (Z;_3), 3n(Zi-2) and Ba(Zi—1), An-2(Z;) is the num-
ber of free mesh nodes in Z; after embedding «,_3(Z;) for A > 4), and finally

Bu(Zi) = 1Zi| = an-1(Z;). (4)

(the remaining unloaded part of Z; will be filled up with leaves of CT »)
2. tisoddand 0 < i < é,‘- Then

an(Z;) = Bi(Zi) + Br-i+1(Zi) + Sn—i+3(Zi) + .. . + Broiv(i-2)(Zi) + Bu(Zi),
where 0;(Z;) for j =i, h—i+1.h—i+3,...,h—2,h is defined by (1), (2)
and (4), and B,-1(Z;) = 0.
3. iis even and%<i<h-1. Then
an(Zi) = Bi(Zi) + Biv1(Zi) + Bigal(Zi) + .-+ Bu—1(Zi) + Bu(Zs),
where
Bi(Zi) = k3i—1(Zi—1) — Bi(Zi-1) (5)

and 8;(Z;) for J=i+1,i+3,...,h— 1,k is defined by (2), (3), and (4).
4. iisodd and & <i<h-1. Then

on(Z:) = BilZ:) + Biw1(Zi) + Biga(Zi) + ...+ Ba—2(Zi) + Br(Zi),

where 3;(Z;) for j = 4,i+1,i+3,.... h — 2, h is defined by (5), (2), and (4),
and ,Bh_l(Zi) = 0.

4 The analysis of the embedding algorithm
To justify the embedding algorithm, we must prove that zones Z; are large
enough to accommodate the tree nodes distributed to them by the algorithm
described above. This is proved by the following two lemmas.
Lemma4. Fori=1,...,h—2,
1
,Bi(Z,') < EIZ,]

Lemmab. Let {p,£) be an embedding of CTi s, k > 3, h > 0, into My and
0<i<h-—1.If both h and i are even or both h and i are odd, then

n Z :Br i— 1)‘+ ‘VJh(Zz l)‘l E'le

r—z+1 2

If h is odd and i is even or h is even and i is odd, then

1 = 1
z Z I (Zi-1) < §lZil-

r=i41
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We can summarize by giving exact formulae for computing 3;(Z;), 0 < i < w,
0 <j<h (wis defined in Deﬁmtlon 1).

Lemma 6.
1if j=0
Ji(Z0) = {0 otherwise.
For<i<w
(kBic1(Zi-1) = 3i(Zi-) i j=i
pﬂj+1( Zi_1) if i<j<h-1

‘(h(z.—x)-i-/\h-"(z) | . . _
B:(Z:) = { =Ty e ]L if j=h-1 and i<h-1 and
((and h are even) or (iand h are odd))

An—1(Z;) if j=h and i#£h
0 otherwise,
where
1Z:) - S0, 8- () if i<w
M(Z) = =T 12 - T 8 (20 i =
0 otherwise,
Zah(z - LZﬂh .
r=0

Proof: The proof is by a detailed case analysis based on equations (1)-(5). O

The main result of the paper follows.

Theorem 7. CTy n, k > 3, h > 0. can be embedded into mesh My with load 1,
expansion 2, and dilation dil(k, h). where dil(k,h) = 2¢ if k > 4 and dil(k, h) =
3v ifk=3.

Proof: The exact proof is very technical and can not be included in its full
extent here. We will just sketch the strategy leading to optimal dilation.

We have shown how to distribute tree nodes across mesh zones with load 1 by
giving formulae for computing numbers 3;(Z;), 0 < j < h, 0 < i < w. To achieve
the optimal dilation, we use the following strategy.

1. for all i = 0,...,w, nodes from B;({Z;) are embedded into zone Z; starting
from the outermost layers of Z;.

2. successively for j = i+ 1....,h — 1, nodes from B;(Z;) (if they exist) are
embedded into the innermost layers of Z;,

3. if both h and i are even or both h and 7 are odd, then nodes from B,(Z;)
will be embedded into remaining inner parts of Z;,
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4. if his even and 7 is odd or A is odd and i is even, then the nodes from B, (Z;)
can have parents embedded into Z;_; or Z;4,. Say that B} (Z;) is the subset
of nodes from Bx(Z;) whose parents are embedded into Z;_; and B} (Z;)
is the subset of nodes from Bj(Z;) whose parents are embedded into Z;1;.
First, we embed nodes from B} (Z;) into the remaining innermost parts of
Z; and then nodes from B}/ (Z;) into remaining free nodes in Z;.

Fig. 3. Embedding of CT3 4 into M- with dilation 5 and load 1.

As an example, Figure 3 shows the embedding of C'T3 4 into M. The nodes of
CT3 4 are labeled by their levels.

5 Embedding of complete k-ary tree into optimal mesh
for load 2

We have described the embedding of CTj ; into M} 4 (see Flgure 1). This embed-
ding achieves load 1 and dilation dll(k h), but the expansion is 2. However, this
embedding can be easily converted into an embedding with expansion optimal
for load 2 by folding the corners of M} towards the center (see Figure 4).

Lerama8. Letp = !..'::_;_1J = |252|. CTes. k > 3, h > 0. can be embedded
into mesh M, _1, with load 2, expansion 1/2, and dilation dil(k, h).
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o(My%)

Fig. 4. The transformation of the expansion-2 embedding into an expansion-1 embed-
ding.

6 Conclusions

We have designed an embedding of complete k-ary trees into 2-dimensional
square meshes with load 1, expansion 2, and dilation optimal within a mul-
tiplicative constant < 2 for k >3 and < 3 for k = 3. It can be easily converted
into an embedding with optimal expansion 1/2 for load 2 while keeping the dila-
tion the same. Currently, we are working on the proof of optimality of the edge
congestion. We conjecture that the embedding algorithm can be generalized for
3-dimensional square meshes.
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