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Abstract. A segmentation and velocity estimation technique is pre-
sented which treats each object (either moving or stationary) as a distinct
intensity wave profile. The Fourier components of wave profiles — and
equally of objects — which move with constant velocity exhibit a regu-
lar frequency-dependent phase change. Using a Hough transform which
embodies the relationship between velocity and phase change, moving
objects are isolated by identifying the subset of the Fourier components
of the total image intensity wave profile which exhibit this phase rela-
tionship. Velocity is measured by locating local maxima in the Hough
space and segmentation is effected by re-constituting the moving wave
profile — the object — from the Fourier components which satisfy the
velocity /phase-change relationship for the detected velocity.

1 Introduction

Traditional approaches to segmentation typically exploit one of two broad ap-
proaches. These are (a) boundary detection, which depends on the detection of
spatial intensity discontinuities (using first or second order gradient techniques)
and their aggregation into contour-based object descriptions, and (b) region-
growing, which depends on the identification of local regions which satisfy some
regional similarity predicate (see [1] and [2] for an overview).

Equally, the measurement of object velocity in images normally exploits one
of two primary techniques. The first involves the computation of the spatio-
temporal gradient, differentiating the (filtered or unfiltered) image sequence with
respect to time and subsequently computing the optical flow field (e.g. [3]).
The second involves the segmentation of the object or feature in question using
either region-based gradient (first or second order) filtering and analysis followed
either by the computation of the optical flow field or by identification object
correspondence, typically by matching contour or region primitives (e.g. [4]).
Comparisons of the many variations of these approaches and the relationship
between them can be found in [5, 6, 7]. A third, lesser-used, approach exploits the
regularity in spatiotemporal-frequency representations of the image, such as the
spatiotemporal Fourier Transform Dormain, resulting from certain types of image
motion. Briefly, it can be shown that the spatiotemporal Fourier Transform of
an image sequence in which the image content is moving with constant velocity
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results in a spatiotemporal-frequency representation which is equal to the spatial
Fourier Transform of the first image multiplied by a é-Dirac function in the
temporal-frequency domain. This é-Dirac function is dependent of the image
velocity which can be computed if one knows the position of the §-Dirac function
and any spatial frequency [8]. Because this approach is based on image motion,
rather than object motion, it normally assumes uniform (zero) background when
evaluating object motion. Extensions of the technique have been developed to
allow it to cater for situations involving noisy backgrounds [9], several objects
[10, 11], and non-uniform cluttered backgrounds [12].

In this paper, we present a segmentation and velocity estimation technique
which is based on an alternative formulation of the above spatio-temporal ap-
proach. This alternative uses the normal spatial Fourier Transform together with
a Hough Transform, rather than the spatiotemporal Fourier Transform. Here,
object velocity is computed and segmentation effected by treating each object
as a distinct intensity wave profile, with Fourier components, and by identi-
fying the Fourier components which exhibit the magnitude and phase changes
which are consistent with detected velocity. This velocity detection is accom-
plished using an appropriate Hough transform{13] which operates on the phase
component of the Fourier Transform of each image in the sequence. Segmenta-
tion is effected by re-constituting the moving wave profile — the object — from
its identified Fourier components. This approach lends itself to straightforward
generalization to types of motion other than the uniform translation in a plane
parallel to the image plane, as is normally required. Specifically, the velocity of
objects is measured by treating each object (either moving or stationary) as a
distinct intensity wave profile, each of which is an additive component of the
total image intensity profile, and hence each of which is a solution to the wave
equation. The Fourier components of wave profiles — and equally of objects —
which move with constant velocity exhibit a regular phase change. The velocity
of a moving object is measured by identifying the Fourier components of the
total image intensity wave profile which exhibit this phase relationship using an
appropriately-designed Hough transform. This Hough transform embodies the
relationship between velocity and phase change, and velocity is measured by
locating local maxima in the Hough space.

The two major advantages of this technique are that, because the analysis
takes place in the Fourier domain, the spatial organization and the visual ap-
pearance of the moving object is not significant and, secondly, the formulation
presented in this paper lends itself to direct extension for more complex motion.
Consequently, objects which are visually or spatially complex and which would
be difficult to analyse using either of the traditional spatiotemporal differentia-
tion, feature-based, or region-based approaches can be effectively treated. The
objective of this paper is to introduce the alternative formulation and to demon-
strate its effectiveness. We will also discuss briefly on-going work in the direct
extension of the technique to address situations exhibiting more complex object
motion.
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2 Overview of the Approach

Consider an image g(z,y,t): a 2-D spatio-temporal representation of the re-
flectance function of a scene. This image is normally regarded and viewed as
a time-varying two-dimensional representation of intensity values. However, the
image g(z,y,t) can also be regarded as a time-varying surface. Consider an ob-
Jject O; to be moving in the image. If we view g(x, y,t) as a time-varying surface,
the height of each point on the surface defining the reflectance value at that
point, then this object may be viewed as a wave, with a characteristic shape,
propagating through the image space with a velocity v;(t). The velocity function
v can, in general, be a function of image coordinates and time: v(z, y,t), that is,
it can vary with position and time. For example, consider the motion of an object
such as a motor-car travelling toward you on a road. In this paper, however, we
will be restricting our attention primarily to the situation where the velocity is
constant and parallel to the image plane. This restriction means that the shape
of the wave profile does not vary with position and that it propagates with con-
stant velocity: v;(t) = v, a constant. The task then becomes one of isolating the
wave (and computing this velocity).

Let us use the general form of the 2-D differential wave equation to model
the object O; or, equivalently, its waveform in image-time space.

Thus:

Py, yt) O (zyt)  10° (e 1)

oz? oy v; ot?

The solution of this wave equation ¥ (z,y,t) is, in effect, a description of
the object as a grey-level wave profile propagating with constant velocity v;,
ie ¥z, y,t) = fi(z — vgit,y — vy,t), where f'(z,y) is a solution to the wave
equation at time ¢ = 0 and this solution describes the shape of the wave at
time ¢ = 0. Our task is to solve this equation for all distinct v; using only our
knowledge of the total optical field ¥ = g(z, y,1).

Let us assume that the total optical field comprises m objects which we
characterize as waves:

m

¥ =g(z,y,t) =Y ¥ (z,y,1) (1)

i=1
By the principle of linear superposition, the total optical field can also be be
decomposed into constituent components:

n

1/)(:c,y,t) = ZCJT/)](.’E,y,t)

i=1

~ Equally, the wave corresponding to a given object,
Yz, y,t) = f'(2 — ve,t, ¥y — vy, t), can be so decomposed:
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I
V(2 y,t) =) cth(z,y,1)
k=1

where ¢, € {c¢;}, ¥, € {¥;} and where }(z,y,1) is also a solution to the
wave equation. _ ' . .
Recalling that ¢*(z,y,t) = f'(z — v, t,y — v},t), we have

i

I
Pz, yt) =Y (e~ vhty—v,1) (2)

k=1

such that v,, = constant, v,, = constant, Vk: that is, the components of P all
have a constant propagation velocity. Substituting (2) into (1), we have:

¥ =g(z,y,1)
m . . . .
=3 dfilz -l ty—vp,1)

That is, the image ¢ = g(z, y,t) is the sum of all the individual wave profiles
v, each wave profile ¥; comprising components with constant velocity (v;,, , v;k).
Similarly,

¥(z,y,1) = g(2,y,1)

- 20j¢j($, y,t)
=1

n
= chfj(:c — gty — vy t)
j=1

The task, then, is to decompose the image into constituent components
¢jfi(x — vs;t,y — vy;t), each of which satisfies the differential wave equation,
and to group them into m sets ¢ fi(z — vz, t,y — vy, t), 1 < i < m such that
(v;,,vh,) is constant.

We will use the discrete Fourier transform to accomplish the decomposition
and the Hough transform to accomplish the grouping.

3 The 2-D Fourier Transform

The Fourier transform F (f(z,y)) = F(kz, ky) of a 2-D function f(z,y) is given
by:

F (f(z,y)) = F(ks, ky)
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where k, and ky are the spatial frequencies in the # and y directions. Note that

F(ks, ky) is deﬁned on a complex domain with F(ks, ky) = A(kz, ky) +iB(ks, ky)
where

o0 0
Alky, ky) = / / f(@',y') cos(koz' + kyy')da'dy’
—00 J—00
B(ks, ky) = / / (&', y) sin(ksz' + kyy')dz'dy’
—o0 J ~00
F(ks, ky) may also be expressed in terms of its magnitude and phase:

F(kz, ky) = |F(ke, ky)| ei#lhs k)

where:

[F(ke, ky)| = \/A2(ks, by) + B2k, ky)
B2(ky, ky)

¢(kz, ky) = arctan m

|F(ks, ky)| is the real-valued amplitude spectrum and ¢(k, ky) is the real-valued
phase spectrum. The inverse Fourier transform is given by:

flz,y) = f kx,k
Fkg, ky)e™ F=2tR0)d dk,

/ / F(ke, ky)| e'¢Earkv)e=itkertbot) g dk,
271'

In the discrete case, the Fourier transform becomes:
F(f(z,y)) = Flka, ky)

=3 fla ety
Ty

and the inverse discrete Fourier transform is:
fx,y) = F71 (F(ko, ky))

1 i L
- (271')2 Z Z IF(kI’ ky)] € ¢(kr'ky)e (kxz+kyy)
ke

In effect, f(z,y) can be constructed from a linear combination of elementary
functions having the form e*(ks*+kw¥) each appropriately weighted in ampli-
tude and phase by a complex factor F(k;, ky ). However, this construction is valid
only for a given time t = tp, say, and, since we are dealing with a wave func-
tion 9¥(z,y,t) rather than a 2-D spatial image 9)(z,y), we need to develop this
formulation of the Fourier and inverse Fourier transforms.

ky
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Consider a waveform f(x, y) and an identical waveform shifted to coordinates
(z5,vs), t-€., f(x—zs5,y—ys). If the waveform is travelling with constant velocity,
then f(2 — 25,y — ys5) = f(z — vo6t,y — vydt). The Fourier transform of f(z —
zs5,Y — Ys), equivalently f(z — vz0t,y — vydt), is given by:

F (f(z — vz 6ty — vydt))

= F(kd’}y ky)
oo poo
- / flz — vty — vyat)ei(kz($—U:6t)+ky(y—uy5t))dxdy
oo poo
= f(.’L‘ — v, 0ty — vy(jt)ei(ksz‘+k,y)—i(kxvz6¢+kyvy5t)dmdy
—00 J—00
0o poo
= / / f(2 — vy6t, y — vy 8t)ei k= thay) g=ilhovadtthyvy8t) qo gy

o0 oo}
= e"(k"""st+k”””6t)/ / f(z — vpdt, y — v, dt)e! K== +kW) dady
—co0 J =00

— e—i(k,uzét-(-kyvyét)F(kz, ky)
—_ lF(kx, ky)' el lkaiky) g—i(kovsbt kv, bt)

Thus, a spatial shift of (x5, ys) = (v:0t, vydt) of a waveform in the spatial domain,
i.e. f(z,y) shifted to f(zs,ys) = f(v6t,vydt), only produces a change in the
phase of the Fourier components in the frequency domain. This phase change is
given by:

e—-i(k:urdt-{-kyvv&t)

Thus, in order to segment the image into its component waveforms, each of which
corresponds to an object moving with constant velocity in the image, we simply
need to identify the set of frequency components k; and k, which have all been
modified by the same phase shift, i.e. e=*(k=¥=8t+kyv43t) T4 accomplish this, we
note that the phase spectrum for the shifted wave at time t + 8t is equal to
the phase spectrum of the wave at time ¢ multiplied by the phase change given
above:

gitrwsilhoiky) — e-—i(k,v,&t+k,,u,,6t)ei¢,(k,,k,,)
- ei(¢¢(kx,k,,)—(kzvz6t+kyv,,6t))

Hence:

¢t+6t(kx; ky) = ¢t(km, ky) - (k'xvz& + kyvth)

That is, the phase at time ¢ + 4t is equal to the inital phase at time ¢ minus
(kzvz0t 4+ kyv,dt). Since we require v, and vy, we rearrange as follows:

1
vy = E—&Z (¢t(kw; ky) - ¢t+6t(kx; ky) — kl-’l)_:,;(st)
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This equation becomes degenerate if k, = 0 in which case we use an alternative
re-arrangement as follows:

o — (Be(ks, ky) — dryoe(kz, ky))
v kOt

If we have several images taken at time t = to,%;,%9,13,..., Wwe can compute
¢1,, 10 particular, and ¢, 4+nst, in general. Treating the equation above an a
Hough transform, with a 2-D Hough transform space defined on v, vy, then
we can compute vy for all possible values of v, and for all (known) values
of n, kg, ky, ¢to4nst(kys, ky). Local maxima in this v,, v, Hough transform space
signify Fourier components which comprise waveforms — objects — in the spatial
domain which are moving with constant velocity v, vy.

4 Results

Figures 1 through 12 demonstrate the results of applying the technique. Figures
1 and 2 show the first and last images in an eight image sequence featuring a
moving dog; figure 3 shows the velocity Hough Transform derived from the phase
values of the Fourier Transform of each image in the sequence. The velocity com-
putations are summarized in Table 1. Figures 4 to 6 depict the re-constructed,
segmented, image where only frequency components whose phase satisfies the
velocity /phase-change relationship embodied in the Hough Transform for the
detected velocity are used in the reconstruction; figures 4, 5, and 6 show the
results when a minimum phase change threshold of 0.4, 0.3, and 0.2 radians,
respectively, is imposed.

Figures 7 through 12 demonstrate the results in a more complex scenario
where there is a moving foreground image of a cat superimposed on the back-
ground scene depicted in figures 1 and 2. Such a situation arises when, for ex-
ample, an observer (the cat) views a scene through a window and sees both the
external scene and its own reflection.

Image |Actual Velocity|Computed Velocity
Sequence| (pixels/frame) | (pixels/frame)

Uy vy Vg Uy
1 |0] 307 |0 3.2
[ 2 J0] 307 o4 2.8

Table 1. Summary of Measured Velocities



Fig. 1. Image 1 of sequence 1

Fig. 3. Hough transform (vz,vy)
space derived from images 1-8

Fig. 5. .Re-constructed Image
(min. phase change of 0.3 radians)

Fig. 2. Image 8 of sequence 1

R
Fig. 4. Re-constructed image
(min. phase change of (0.4 radians)

Fig. 6. Re-constructed image
{min. phase change of 0.2 radians)



Fig. 7. Image 1 of sequence 2

Fig. 9. Hough transform (vz, vy)
space derived from images 1-8

Fig. 11. Re-constructed image
(min. phase change of 0.3 radians)
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Fig. 8. Image 8 of sequence 2

Fig. 10. Re-constructed image
(min. phase change of 0.4 radians)

Fig. 12. Re-constructed image
(min. phase change of 0.2 radians)
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5 Discussion

5.1 Implications of using the Wave Model

The velocity of objects moving parallel to the image plane is measured by treat-
ing each object as a distinct intensity wave profile. It is assumed that each wave
profile is an additive component of the total image intensity profile and, hence,
that each is a solution to the wave equation.

Strictly speaking, this is not a valid assumption since the intensity profile of
an object does not add to the intensity profile of the background visual envi-
ronment; rather, it occludes it. As a result, the occluded part of the background
changes as the object moves and this distorts the phase components of the
background profile. As it happens, this problem may in fact be useful in cir-
cumstances where one is attempting to estimate the motion of transparent or

translucent objects where the object and background intensity profile are, to an
approximation, additive (such as the situation shown in figures 7 and 8).

5.2 Implications of using the Hough Transform

As noted in the introduction, spatiotemporal-frequency and phase-based ap-
proaches to the estimation of object velocity, while not as popular as other ap-
proaches, have been successfully used for situations where the objects are trans-
lating on a plane parallel to the image plane. The advantage of using the Hough
Transform to group the Fourier components rather than a temporal Fourier
Transform is that the grouping criterion can be arbitrarily complex (although
with consequent increase in computational cost). In this paper we have restricted
ourselves to the normal translational motion but the technique can be extended
in a very straightforward manner to deal with more complex circumstances as
follows.

Object Scaling If the object translates either toward or away from the camera
then the perspective lens distortion will result in a scaled image of the object.
Such a scaling results in an inverse scaling of the spatial frequencies and this
is easily incorporated into the equation defining the Hough Transform. This
results in a 3-D Hough Transform defined in terms of v, vy, s: the  and y
velocity components and the scaling factor, respectively.

Curvilinear Motion Objects which do not describe translation in a straight
line, i.e. v, = vz(2,y) and vy = vy(z,y), can also be estimated if their ve-
locity profiles are continuous. In this case, the object will generate a velocity
curve (or crest) in the Hough Transform space rather than a single peak.

Non-Uniform Velocity It is often the case that objects do not move with
constant velocity and the velocity is time dependent, i.e. v, = v, () and
vy = vy(t). In this case, the Hough Transform can be extended by two
additional dimensions v, (¢) and v, (¢) to cater for expected velocity profiles.
For example, let v, = at and v, = bt in which case we have a 4-D transform
space defined on vs, vy, @, and b.
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Rotation about an Axis The situation where an object rotates about a ver-

6

tical or horizontal axis parallel to the image plane as it translates can be
catered for by allowing independent scaling of the object in the horizontal
and vertical directions, respectively.

Conclusions

A flexible and extendable technique for segmenting and estimating the velocity of
objects moving in image sequences has been presented and its efficacy has been
demonstrated. It now remains to validate and evaluate the proposed extensions
in situations of varying complexity.
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