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1. INTRODUCTION

Infinite streams of actions or states provide a natural and clear concept for describing the behaviour

of non-terminating concurrent processes [Br 1, Ni]. The supporting mathematics, however, tends to

get complicated even if some simplifying assumptions on the admissible sets of streams are possible

[Br 1, BBKM]. On the other hand, finite traces of actions or more generally finite observations like

ready or failure pairs typically require a rather simple mathematics to justify the semantic construc-

tions [BHR, FLP, OH2]. However, these constructions often seem more “ad hoc” and less clear con-
ceptually. Also, finite observations are in general less expressive than infinite streams, for example in
the presence of fairness [He2, OH2].

Our paper now presents an interesting case where infinite streams and finite observations are
equally expressive in the sense of an isomorphism. This isomorphism will have various benefits in the
mutual understanding of both approaches. More specifically, we establish our results for a core
language £ of uniform or schematic concurrency [BMOZ] involving uninterpreted atomic actions,
sequential composition, nondeterministic choice (local nondeterminism), parallel composition (merge)
with communication and recursion. For £ we introduce two versions of (denotational) linear time
semantics [BBKM].

The first semantics 9, is based on finite and infinite streams of actions. %, refines the linear time
semantics LT developed in [BBKM] in that it deals more satisfactorily with recursion. This is achieved
by using a Smyth-like ordering on sets of streams. When developing the semantics %, we shall care-
fully motivate the important conditions of flatness and topological closedness for our powerdomain of
streams. In particular, topological closedness will be crucial for proving the continuity of the semantic
operators for sequential and parallel composition. Unfortunately, these proofs are rather complicated
[Me, BBKM].

The second semantics D, fits into the specification-oriented approach to the semantics of con-
current processes [OH 1/2] - a generalization of the specific failure semantics in [BHR]. The starting
point for the approach is a simple correctness criterion for processes: a process P satisfies a
specification S, denoted by P sat S, if every observation we can make about P is allowed by S. An
observation is a finitely representable information about the computational behaviour of processes.
Important examples of observations include (finite) traces, traces with divergence information, ready
pairs and failure pairs leading to the (increasingly sophisticated) trace semantics, divergence seman-
tics, readiness semantics and failure semantics for concurrent processes [OH2].

Characteristic and uniform for specification-oriented semantics is a simple nondeterminism ordering
(reverse set-inclusion) on sets of observations [BHR], simple closure conditions on sets of observa-
tions, and a very simple way of constructing continuous semantic operators. Our specific observation
semantics 9, for £ follows these construction principles and can be seen as “in between” the diver-
gence and the readiness semantics of [OH2].

Our main result is that both approaches to the semantics of £ are isomorphic. In fact, we can view
D, as a special representation of @,. This isomorphism has various benefits in the mutual under-
standing of both approaches
- the concepts in 9, have a natural translation into ®y,: for example topological closedness in

oy, gets translated into prefix closedness in %y,

- through this translation the constructions for %, become clear conceptually,

- most important perhaps, proofs of continuity of the semantic operators in ), now become very
simple via the isomorphism to 9,, involving only the notion of domain finite relations on the
side of observations [OH 1/2]. Thus through the idea of observation we can circumvent the
technically difficult continuity proofs of [BBKM, Me].

These results seem to indicate that the notion of finite observation is more successful here than that of

inifinite streams. This is not any more the case for more ambitious language constructs like hiding.

We show that for an extended language £ with hiding the idea of infinite streams very well motivates

a standard definition of hiding due to [BHR]. Furthermore, a proof of the continuity of hiding in the

framework of finite observations is provided, using techniques described in [OH2]. (The proof of the
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continuity of hiding in stream semantics requires certain techniques not included in the present paper
and will appear elsewhere.)

Thus infinite streams and finite observations provide us with valuable, complementary information
about one and the same computational structure.

Our results on the individual semantics %), and ), are backed up by the reports [Me] and [OH2].
The linking isomorphism result is proved fully in sections 5 and 7.

2. THE mGUAGE £

part
Let A be a finite set of actions, with a,be A, * : AXA — A be a partial binary operation on A called
communication function, and Pvar be a set of process variables, with x,y € Pvar. Then the set of
(concurrent)processes £, with P,Q £, is given by the following BNF-syntax:

2.1 DerFINITION (£)
P:=a|P;Q|P or Q|PIQ]x|px[P]

2.2 ReMARK. Every action a4 denotes a process, the one which finishes (successfully terminates)
after performing a. P;Q denotes sequential composition such that Q starts once P has finished.
P or Q denotes nondeterministic choice, also known as local nondeterminism [FHLR]. P||Q denotes
communication merge (cf. [BK]) where parallel composition is modelled by arbitrary interleaving plus
communication between those actions a of P and b of Q for which a*b is defined. For example, if
only bxc is defined, we will obtain the following equation in our semantics:

(a;b)llc = a;b;c or a;c;b or c;a;b or ay(bxc).

- Communication merge is inspired by [Mi2, BK, Wi}, though we do not assume any algebraic proper-
ties of * while defining its semantics. The use of a partial communication function * seems new; it
avoids to give any default value like 8 [BK] or 0 [Wi] to pairs a*b which should not communicate.

Starting from actions @ €4, the operators ; , or and || can only define concurrent processes P with
finite semantic behaviour; infinite behaviours require processes P involving recursion, expressed here
by the p-construct [dB].

By varying the communication function *, we can express more familiar notions of parallel compo-
sition:

2.3 EXAMPLE.

1. Shuffle /arbitrary merge. Take * as the totally undefined function.

2. CCS: binary communication. Let CCA be a designated set of communications, with ceC, let
~: C—C be a bijection on C providing matching communications ¢ and ¢ such that ¢ = ¢ holds, and
let v be a special symbol in 4 \ C denoting the so-called invisible action.

We define

c*C = 7T
for all ceC, and take * to be undefined otherwise. Thus e.g.

(r;0)llc = 7;¢;¢ or T;C;C OF C;73C OF T3T

will hold in our semantics. This is the parallel composition of CCS [Mi 1], except that we may have
more non-communicating actions in 4 \ C than just 7.




3. THE STREAM SEMANTICS %),

Let L ¢A. Then we define the set of streams Str(4), with u,v,w e Str(4), as follows [Br 1]:
3.1 DEFINITION. Str(4) = A"UA“UA™{L1}.

3.2 REMARKs. Str(4) includes the set A® = A*UA“ of finite and infinite words over 4 [Ni], called
here finished and infinite streams, respectively, and additionally the set A*-{ 1} of unfinished streams.
The linear time semantics LT of [BBKM] - given for an £ with arbitrary merge (cf. Example 2.3) - was
entirely based on 4*. The reason for including unfinished streams u L as well is that they allow a
more satisfactory treatment of recursion (see Proposition 3.32).

Let e denote the empty (finished) stream, << the prefix relation and < the proper preﬁx relation over
streams, and |u| the length of a stream u, with |u| = oo for infinite u’s.

3.3 ExaMpLEs. a<al, al<a, al <ab.
For streams u,v we use the following approximation relation [_

3.4 DErFINITION. u [ v iff the following holds:

- if u is finished or infinite then u = v,
- if u is unfisnished, i.e. of the form u = «’ L, then u’'<v.

3.5 EXAMPLES. a E al,al [ a,al [ ab. |
Consider for a moment an arbitrary ¢po(C, [_ .,.1.) and a subset SCC.

3.6 DermNITION. S is called flat if x [ .y implies x =y for all x,yeS. If C\ {L.} is flat, the
cpo(C, [ ., L) itself is called flat. -

3.7 PROPOSITION. (Str(A4), [_ ,1) is a non-flat cpo.

To provide meaning to concurrent processes P ef we need (certain) sets of streams. Let P(Str(4))
denote the powerset of streams, with typical elements X, Y eP(Str(4)). Then we will use the following
Smyth relation [Sm]:

3.8 DEFINITION. X [ Y if WweY JueX :u[_ v.

3.9 AsiDE. This is “one half” of the Egli-Milner relation {P1 1]:
XC egmY T X[ sY and VueX IveY :u[_ v
3.10 DIAGRAM. | - -

removal

—_— T : Y

expansion

FiGure. 1
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Arbitrary streams u€X can be removed (this is not possible in the Egli-Milner relation); unfinished
streams u 1 €X can be expanded.

3.11 REMARK. XD Y implies X [~ §Y.
It is well-known that the Smyth relation [_ g is not antisymmetric and thus not a partial order on

non-flat domains like 9(Str(4)) [Ba, Br 1]. Eg. for X = {al,ab.l,abc} and Y = {al,abc} both
X[C sYand Y[ X hold. But the Smyth relation is a pre-order which generates an equivalence

relation =g on P(Str(4)):
X_sYlﬂXE SYand Y [: SX
What are the sets identified by =

3.12 DeFINITION. ming (X) = {veX |JueX : u [_ v N us~v} is the set of minimal streams in X.

Then X=Y if and only if ming(X) = ming(Y). Thus the sets ming(X) form a system of represen-
tatives of the equivalence classes under =g. Note that ming(X) is flat.

3.13 DEFINITION. P(Str(A)) is the sét of all flat subsets of Str(4).
3.14 PROPOSITION. H(Str(A4)) / =; is isomorphic to F{(Str(4)).
3.15 PROPOSITION. (PA(Str(4)), [ ;,{L1}) is a cpo.

Proor. The proof can be read off from [Ba] (see {Me]). [1

In fact, Back [Ba] considers the more complicated case of the Egli-Milner relation which forces him
to require additional closure properties for sets X CStr(4) when proving the ¢po property. We also
have to introduce additional closure properties, but at a later stage when it comes to proving the con-
tinuity of various semantic operators.

To define these operators, we first need some auxiliary operators on streams.

Concatenation uv: For u,yeA® = A*UA® the concatenation u-v is well-known from the theory of
infinitary languages [Ni]. We extend this definition to arbitrary streams by imposing the equation
1w = 1. More specifically, foru L ed*-{ L} wesetul-v = ul, and for ueA®,vled*-{L} we
set w(v.L) = (w) L.

Comunication merge ullv: Here we consider only finite streams u,veA*UA"-{_L}. Then ullv is a set of
(finite) streams defined by

ullv = ull vUv|l uUujy

where recursively Lll v = {L}, ellLv = {v}, aully = a(ullv) and alb = {a*b}, a|(bv) = (a*b)wv,
aulb = (a*b)u,aulbv = (a*b)- (uIIv) prov1ded axb is defined; in in all other cases u|v = &. This
finite recursive definition of || using || and | is due to [BK].

To lift these definitions to flat sets of streams, we enforce flatness of the results by })plying the
operator ming of Definition 3.12, and use the following notion of n-th approximation u"l, n=0, for

streams u : "l = u if |u|<n and ! = 'L if |u|=n and uw'<u with ju’| = n. Thus % = 1
holds for all streams u. We extend this definition pointwise to subsets X CStr(4) by putting
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X"l = (4" | ue X}. Note that X" [~ ¢Xx!"*+1 holds.
Now let X,Y €P(Str(4)).

Sequential composition

X;5"Y = ming({uv |ueX and veY))

Local nondeterminism

X or 5"Y = ming(XUY)

Parallel composition
For X,YCA*UA"-{1} (involving only finite streams) we set

XII"Y = ming({weStr(4)|FuecX,veY : weullv})

and for arbitrary flat X,Y CStr(4) we work with semantic approximations:

X”StrY — I:Ts (X{n]”StrY-[n]).
n=0

3.16 THEOREM. The semantic operators
opS : PAStr(A)) X FPLStr(A))->F(Str(4))

with op€{;, or ,||} are both well-defined and [ ;— monotonic. x

PrOOF. The proof is given in [Me]. Showing monotonicity is not trivial for ; and || due to the com-
plex definition of [_ . O

To provide meaning to recursive processes too, we will have to show that the semantic operators

opS are also continuous.

3.17 THEOREM. or 5" is continuous under [_ .

Str lStr

Unfortunately, the operators ; and ||°" are not continuous on arbitrary flat sets of streams.

3.18 Counterexamples. Take X = {a®} where a” is the infinite stream of a’s and

X, = {us{a}’ | where|u|=n}, n=0

Clearly <X,>,¢ is a D-chain, and hence a [_ ;-chain by Remark 3.11. Note that

o
L, x, = 2,
n=0

whereas both L], (X,;5"X) 5@ and LI, (X, 5" X) £ @. Thus
n=0 n=0
LI, (X,0057X) 5= (Uan)OPS"X
n=0 n=

for both ape{;, I}.
To rescue the continuity of ; and ||, we will restrict ourselves to closed sets of streams.

3.19 DErFINITION [Ba]l. X CStr(A4) is closed if for every infinitely often increasing chain <u,>,>¢ of
unfinished streams in Str(4) the property

&




Vn=03v,€X :u, [ v,

00
implies that the stream limit LJou,, eX.
n=

At first sight this closedness property looks a bit technical, but it is not. We can show that it coin-
cides with the clear concept of fopological closedness with respect to the following metric topology on
Str(4).

3.20 DeFiNITION.  The distance d : Str(A)X Str(4)->[0,1] is given by
d(u,y) = Z_miﬂ{nlu‘“;evlu;}

with the convention that 2~® = (.
3.21 ExampLEs. d(abc,aba) = 273,d(a",a®) = 27"~ L.

3.22 PROPOSITION. (Str(A4),d) is a metric space.

Thus we can talk of Cauchy sequences <u,>>,o of streams, their topological limits and of topo-
logically closed sets X CStr(4), i.e. where every Cauchy sequence <u,>>,o with u, €X has its topo-
logical limit (which exists in Str(4)) inside X.

3.23 PROPOSITION. X = {a"ba" | n=0}U{a®} is (topologically) closed, but Y = {a"ba® | 'n=0) is
not.

Note that Y typically arises through a fair merge of ¥; = {a“} and Y, = {b}. Hence notions
like fairness or eventuality are not expressible using only (topologically) closed sets of streams [He2,
Mel.

3.25 DEFINITION. 9, Str(4)) is the set of all non-empty, closed and flat subsets of Str(A4).
The following lemma is crucial for the further development:

3.26 LeMMA. If <X, >,z is a [ s-chain of sets X, €Pnef(Str(A)), then |js X, # 3.
- 0

n=

Proor. The proof is rather involved and given in full detail in [Me]. [J
Using the lemma, we can now establish the following results:

3.27 PROPOSITION. (%,.(Str(4)),  ,{-L}) is a cpo.

3.28 THEOREM. The operators ; 5" and ||, when restricted to Due(Str(A)), are continuous under [_ .

ProoF. This uses Lemma 3.26 and otherwise follows the proof of Theorems 2.9 and 2.10 in [BBKM];
in particular the case of || is involved. [J

3.29 REMARK. Lemma 3.26 and Theorem 3.28 do not hold, in general, for infinite sets A of actions.
We can now define the denotational stream semantics %g,, for £. We adopt the usual technique with
environments to deal with (free) process variables. This set of environments is given by .
I = Pvar—%,,(Str(A4)), with yel. Let, as before, X,Y range over ¥,,(Str(4)), and let v{X /x}
denote the environment which is like vy, except for its value in x which is now X. Let
[Fue(Str(4))—s Fue(Str(4))] denote the collection of all [ s-continuous functions from ‘

Pucf(Str(A4)) to Fue(Str(4)), and let, for P[P, AStr(A))—>Pu(Str(4))], p® denote its least fixed
point.




3.30 DerFNITION. The semantic mapping
Dsel] : E5T— Fu(Str(4)))

is given by:
D, [al(y) = {a} @
Vsl P;Q1(Y) = Dy, [PI(r);> D[ Q1) (i)
D[P or QI(Y) = D5, [P1(y) or 5D, [QN(¥) . (i)
Vs [PUQT(Y) = D, [PII Ds, [ QT(¥) @iv)
DserIx1(¥) = v(x) \2)
D Lpx[PTI(Y) = pPp,y (vi)

where ®,, = AX-Dg, [PI(y{X /x}). Let us evaluate the stream semantics 9s, of recursive processes
more precisely. A process Pef is called guarded in x whenever all occurrences of x in P are within
subprocesses of P of the form Q ; (---x---). A process P is called guarded (cf [Mi 1] or [Ni],
where Greibach replaces gnarded) whenever, for each recursive subprocess uy[Q] of P we have that Q
is guarded in y.

3.31 ExampLEs. px[a;x or b] and px[a;(x]|b)] are guarded; px[x], px[x;a or b] and px[x||b] are not.

3.32 PROPOSITION. Consider a concurrent process P without free process variables. If P is not guarded,
Vs [PICy) = {L} holds.

Thus all unguarded processes are identified in our semantics. This simple solution seems more
attractive than the results computed by the linear time semantics LT in [BBKM]. In LT, for example,
one obtains LTTpx[x[l(y) = A%, but surprisingly LT{px[x;b]l(y) = A4“ - without an intuitively
clear explanation of these differences. (We remark, however, that for guarded processes P the equation
Dsi[PI(v) = LTTPI(y) holds [Me, Ni])

4. THE OBSERVATION SEMANTICS 6,

4.1 Background. Motivated by some of the construction principles in the failure semantics [BHR], a
new approach to the semantics of concurrent processes has been developed in [OH 1/2]. It is called
“specification-oriented” because it starts from the following simple concept of process correctness: a
process P satisfies a specification S, abbreviated PsatS, if every observation we can make about P is
allowed by S. The idea is that by varying the structure of observations we can express various types
of process semantics and process correctness in a uniform way. In [OH2] the feasibility of this idea
has been demonstrated by treating the (increasingly sophisticated) examples of counter, trace, diver-
gence, readiness and failure semantics, which support the specification of both safety and (certain)
liveness properties.
The principles of specification-oriented semantics are:
- an observation is a finitely representable information about the operational behaviour of
processes,
- therefore the set of possible observations about a process enjoys some natural closure properties
with respect to certain predecessor and successor observations,
- sets of observations are ordered by the nondeterminism ordering (reverse set-inclusion) [BHR],
- this ordering leads to a simple mathematics, in particular a very simple continuity argument for
most language operators (except hiding: cf. Section 8).
We shall not explain these general principles any further, but rather start with an example of a
semantics-not treated in [OH2}- which fits into this framework. We use two distinct symbols \/,1¢4




to define the following set Obs(A) of observations, with h € Obs (4):

4.2 DEFINITION. Obs(A) = A" UA*-{V/,1}.

4.3 REMARKs. Here observations are finite traces or histories over A and the extra symbols 1/ and 1,
representing successful termination [BHR] and divergence [OH2], respectively. Divergence 1 stands for
an infinite internal loop of a process generated by an unguarded recursion like px[x] (or hiding an
infinite stream of actions: see Remark 8.6 later). Thus in spite of their finite representation, not all
observations can be made effectively; a similar concession is also present in the concept of testing due
to [dNH].

As for streams we let € denote the empty history and << the prefix relation between histories. Apart
from < we do not introduce any further relation on Obs(4) which would correspond to [_ on

Str(A). Instead we jump now directly to sets of observations. Let 9(Obs(4)) denote the powerset of
Obs (A), with H eP(Obs (A)).

4.4 DEFINITION. H C Obs(A) is called saturated iff the following holds:
(i) H includes the minimal observation, i.e. e€H,
(ii) H is prefix closed, i.e.

heHandh'<h imply h’'e H
(iii) H is extensible, i.e.

heH\ A*-{\/} implies JacA U {+/,1} : hacH
(iv) H treats divergence as chaos, i.e.

hteH and h’e0bs(4) imply hh'cH.

4.5 ReMarks. These closure properties are (partly) motivated by looking at saturated H’s as the sets

of possible observations about a concurrent process:

(i) As long as the process has not yet started, we only observe the empty history e.

(ii) Whenever we have observed a history h, also all its prefixes 4’ are observable.

(iii) Only histories 4/ indicate the successful termination of the observed process; for all other his-
tories & some extension acA U {+/,1} is certain to happen, but we do not know which one, by
looking at A.

(iv) Identifying divergence k1 after a history & with the chaotic closure h-Obs(A) cannot be explained
operationally, rather it originates from the desire to ban diverging processes from satisfying any
reasonable specification (see the Aside 4.7). This idea is familiar from Dijkstra’s weakest precon-
dition semantics where a diverging program will not achieve any postcondition [Pl 2].

Properties (i), (ii) are typical conditions on traces to be found in [BHR, FLP, OH 1/2]. Property (iii)

is a new “linear version” of the extensibility condition in the readiness [OH2] or failure semantics

[BHR] where the local branching structure of a process is recorded by requiring more than one exten-

sion of a trace to be present in H. Property (iv) is typical for a simple, but proper treatment of diver-

gence [OH2]; without 1 unsatisfactory results occur [BHR] akin to those in the LT semantics [BBKM]

(cf. end of Section 3).

4.6 DEFINITION. 9,,,(Obs(A)) is the set of all saturated subsets of Obs(4).

4.7 Asipk. Following [OH2], a specification S is an arbitrary subset S C Obs(A4) whereas the saturated
subsets H CObs(A) are called process specifications; they serve as semantics for processes via Dpp,.
The relation PsatS is then defined by HCS with H = D, [P]. A reasonable specification S will
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only talk about traces and terminated traces: S CA4*UA*-{1/}. Then PsatS holds only if P never
diverges.
On P,,,(0bs(A)) we introduce the following nondeterminism order [_ y [BHR]:

4.8 DEFINITION. H, [_y H, iff H, D H,.
4.9 PROPOSITION. (%, (0Obs(A4)), 2, Obs(A)) is a cpo.
ProoF. Clearly, D is partial order on 9,,(Obs(4)) with Obs(A), which is saturated, as its least ele-

ment. The only property we have to check is that for every chain
HyDH;D..2H,D..

[>e]
- of saturated sets also () H, is saturated. This is clear for property (i) and the universal properties (ii)
n=0
and (iv) of Definition 4.4. Only showing the existential property (iii) could be a problem. Fortunately
it is not because A4 is finite. []
We see that proving the cpo property for ¥, (Obs(4)) is much simpler than for F,(Str(4)):cf.
Lemma 3.26. But what is the relationship between 9,,/(Str(4)) and 9, (Obs(A)) anyway? This is the
topic of the next section.

5. THE ISOMORPHISM BETWEEN STREAMS AND OBSERVATIONS
We wish to relate the cpo’s (F,(Str(4)), [: s> {L)) and (P, (Obs(4)), 2,0bs(A)). To this end, we
define a mapping W, first as

¥ : Str(A4)—>9(0bs(A4)).
For ucA* and veAd® let

Y(u) = {(hed" | h<u}U{u\/}

Y(v) = {(hed" | h<v}

Y(ul) = {hed” | h<u}
U {uh | heObs(4)}.

5.1 REMARKS. A finished stream u is translated into the set of all its prefixes plus uy/ with 1/ signal-
ling successful termination of u, an infinite stream is translated into the set of all its finite prefixes,
and an unfinished stream u_L is translated into the set of all prefixes of u plus the chaotic closure
u-Obs (A) of divergence uf.

We extend ¥ pointwise to a mapping

¥ : N(Str(4))—>P(Obs(4))
by defining
¥(X) = WtEIX ¥ (w).

5.2 ExameLes. ¥({ab}) = {e,a,ab,ab/}, ¥({a®}) = {a"|n=0}, ¥({ L}) = Obs(A).

5.3 THEOREM. ¥ is an isomorphism from the cpo (P (Str(4)), [_ s,{L}) onto the cpo
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(P (Obs(A)), D,0bs(A)), i.e. VY is bijective, yields Y({ L}) = Obs(A) and strongly preserves the partial
orders:

X[ Y iff ¥(X)D¥(Y)
for all X, Y €9,.(Str(4)).

PROOF. (1) ¥ is well-defined:
Let X9, AStr(4)). We have to check that ¥(X)e%,,(0bs(4)) holds.

(i) ee ¥(X): since X is non-empty and (i) holds.

(i) ¥(X) is prefix closed: by definition of ¥.

(iii) ¥(X) is extensible: by the definition of ¥, all histories # €¥(X) not ending in \/ have some
extension ha with a4 U{+/,1} in ¥(X).

(iv) ¥(X) treats divergence as chaos: a history h1eW(X) can originate only from a stream 7l eX
which, by the definition of ¥, leads to h-Obs(4)C X as well.

@ ¥({L)) = Obs(4) :
by definition of ¥, ¢f. the argument for (1), (iv) above.

(3) ¥ is surjective:
Take some H €%, (0bs(4)). We have to present some Y €%, AStr(4)) with ¥(Y) = H. We define Y
via the following auxiliary set X C Obs(4):

X = {ued* |u\/eH}
U{red® |VheA" : h<vimplies heH}
U{ued’{Ll}|uteH).
To enforce flatness, we apply'to X the operator min, of Definition 3.12 yielding:
Y = miny(X).
We first show Y €9, (Str(4)).

(i) Y is flat: by the definition of min,.

(ii) Y is non-empty: It suffices to show that X5£4g.

To this end, we start from ecH and apply the extensibility condition of (the saturated) H to € and
its successive extensions as long as possible.

Case 1. This is possible only finitely often. Then we end up in some history u\/eH and have
uekX.

Case 2. This is possible infinitely often. If we eventually hit some history uteH then u Ll €X. Oth-
erwise all finite prefixes 2 <<» of some infinite stream »€A4“ are in H. Then reX.

Thus indeed X9 .

(iii) Y is topologically closed: Take some r€A4“ and suppose there is a Cauchy sequence <u,>>,
with u,€Y and (*) Vm=03n=0 : d(u,,v)<2™™. We have to show »€Y. By (*), u, and » agree
on their first m symbols:

c— m —

FIGURE 2
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Since the original H is prefix closed, we obtain
VheA” : h<v implies heH.

Thus »eX. But also »r€Y. Otherwise there is some uc4” with u<» and ul €Y. By (), there is
some n =0 with u<u,. Contradiction to u, €Y, which is flat by (i).
Next we show ¥(Y) = H. It suffices to show ¥(X) = H since ¥(X) = ¥(Y) holds by the construc-
tion of X and Y.

(i) ¥(X) CH: by the definition of ¥ and X, and the prefix and chaotic closure of H.

(i) HC¥(X): Let heH. By applying the extensibility condition of H to h and its extensions as
long as possible, we realize - similarly to the non-emptiness proof of ¥ above - that there exist some
ucA* orved® with

ueX and h<u-/, or
veX and A<, or
ul eX and h<<uf.
By the definition of ¥, we get h e ¥(X).

D X [C .Y implies W(X)2W(Y) for all X,Y €F,,(Str(4)):
By definition, X [ ;Y iff VveY 3ueX : u [_ ». Take some he¥(Y).
Case 1. Ju<h : ul €X. Then heu-Obs(A)C¥(X).

Case 2.Vu<h : ul ¢X.
Then also Vv<<h : v_L Y because, by the definition of X [_ Y, » 1 €Y with »<<h could be generated

only by some unfinished stream u_L with #<<y<<h in X, which contradicts Case 2.
Consequently VA’<<h : h'1¢¥(Y), and in particular he4*-{1}.

Subcase 2.1. he A*-{\/}
Then 4 is of the form i = w+/. By the assumption of Case 2, we obtain weY and weX. But then
also & = wy/e ¥(X).

Subcase 2.2. heA*-{\/}
Then AweY : h<w. By the definition of X [_ ¥, IveX : [ w. Due to Case 2 also A<». Thus

he¥(X).

In all cases we have h € ¥(X).
(5) W(X)2¥(Y) implies X [ Y for all X,Y €9, ,(Str(4)):
Take »eY. By the definition of X [_ ;Y, we have to present some ucX with u [_ ».

Case l. Ju<v:uleX
Thenul [ ».

Case 2. Vu<v :ul gX.
Then veA*-{ 1} and Vh<w : hte¥(X).
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Subcase 2.1. veA*
Then »v/e¥(Y) and thus v/ e ¥(X).
By Case 2, we get ve X. Of course, » [ ».

Subcase 2.2. veA*®

Then H = (heAd" | h<r} CW(Y)C¥(X).

By Case 2, we find for each h €H of length m=0 some u,, € X with h<u,,.
In other words:

VYm=03u, X : d(uy,,)<2"™

Thus <u,, >, =0 is a Cauchy sequence in X converging against ». By the topological closure of X, we
get ve X and of course v [ ».

In all cases we found some ueX withu [ ».

(6) ¥ is injective:

Suppose ¥(X) = ¥(Y) holds for X,Y ¥, AStr(4)).

By (5), we obtain X [_ ;Y and Y [_ ;X,ie. X=Y. Since X and Y are flat, X=7Y follows (cf. Propo-
sition 3.14). O - -

5.4 CoroLLARY. The isomorphism ¥ is (of course) continuous, i.e. for every [~ ,-chain <X, >, we
have ' =

o0 o0
WU X)) = N ux.
n=0g n=0
PrOOF. Consider a [ ;-chain <X,>,-¢. Since y is bijective, its inverse ¢! exists, and since ¢
strongly preserves thepartial orders, both ¢ and y~' are monotonic. Thus <¥{X,)>,»¢ is a2 D-
chain, and both

a;P(X,.) 2 \I/(n[:JO X,) )
and
Oy ey Cov(ueny @

Applying ¢! to (1) yields

Q) C v X | )
Connecting and simplifying (2) and (4) yields

O xca . O %
Hence

v = 0 x @

Applying  to (4) yields after simplification
o 0
N = w LX),
n=0 n=
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the desired continuity property of . [

5.5 REMARKs. 9,,AStr(A)) has been constructed through a chain of clear domain-theoretical notions:
streams, sets of streams, Smyth relation, flatness, continuity, topological closure, non-emptiness. The
introduction of %,,(0bs(A4)) with its saturation property may seem more ad hoc. But the theorem
now tells us that ¥, (0Obs(4)) can in fact be viewed as special representation of the general construc-
tion ¥, Str(4)). This provides us with a new mutual understanding of the closure properties in both
domains: tgpological closedness on streams corresponds to taking all finite prefixes as observations,
Satness of sets of streams corresponds to the chaotic closedness on observations, non-emptiness of sets
of streams does not simply correspond to the fact that saturated sets of observations include ¢, but
that in addition they are extensible.

Whereas the non-emptiness of (lubs of) sets of streams is a global property, the extensibility of
observations is a local property where every observation h¢A*-{1/} can be locally extended by
another a€4 U {+/,1}. This issue of “global” vs. “local” hints at why it is more difficult to prove the
cpo property for ,.,(Str(4)) than for F,,(Obs(4)).

Some parts of the isomorphism ¥ look familiar from the well-known (trivial) isomorphism for the
case of discrete cpo’s of the form A4 |, = AU{ L} (withx [_ yifx = L or x=y for x,yed ;),

used to justify Dijkstra’s weakest precondition semantics for nondeterministic state transformers [P12].
There the Smyth ordering [ ; on sets X,Y CA , , defined by

X[C ,Yiff VyeYixeX:x [ y

as in Definition 3.8, can easily be shown isomorphic to the superset ordering D if L is replaced by
its chaotic closure 4 | [P12]. But this technique is of course too simple for the set Str(4) of finite and
infinite streams.

6. OBSERVATION SEMANTICS ), : CONTINUED

Let us now continue with the development of the observation semantics ®Dg,. To define the semantic
operators for ),,, we could well provide indirect definitions by using the previous isomorphism. But it
will be illuminating to discuss direct definitions first. This is so because the ordering D on sets of
observations allows a very simple, uniform proof of (monotonicity and) continuity for the operators ;,
U and | in £

In fact, this uniform argument can be explained independently of the specific structure of observa-
tions. Consider two sets X, Y and a relation RCX XY,
Then R induces an operator

opr * 2X)->9(Y)
on the subsets of X by taking for every X CX the pointwise image of X under R, i.e.
opr(X) = {yeY | IxeX : xRy}.

6.1 LemMa [OH2]. The operator opg is D -monotonic. Moreover, if R is domain finite, i.e. if for every

y €Y there exist only finitely many x €X with
xRy,

opg is also D -continuous.

6.2 REMARK. If R is not domain finite, gpg is not continuous in general (see Section 8).
Let us demonstrate the use of the lemma in the case of sequential composition. First we define the
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corresponding semantic operator
39 2 Bea(Obs (A)) X Fyu(Obs (A))>Fsa(Obs (A4))
as follows: »
H;°%H, = {h, | hyeH, and h,does not containy/}
U{hihy | hy\/€H, and h,eH,}
U{hih | hy1eH, and h€Obs(4)}

Well-definedness of ;%% does not follow from a simple, general principle; this has to be checked
separately:

6.3 PROPOSITION. The operator ;%% is well-defined, i.e. preserves the saturation property of its argu-
ments.

But monotonicty and continuity of ;%% follow from Lemma 6.1. To see this we take
X = Obs(A) X Obs(A) and Y = Obs(A4). Next we look for a domain finite relation RCX X Y
such that

) 5% = oprtFu(Obs(4)) X Fur(Obs (4)).

R can be read off from ;%% as follows: (h;,h,) R h iff

(i) h, does not contain v/, h; = € and h=h,, or

(li) hl ends in \/ and h—_-'(hl \ \/)'hz, or

(iii) h, ends in 1, h; =€ and he(h, \ 1)-Obs(h)

Here hy \ V/ and k; \ 1 result from 4, by removing from k; the symbols 1/ or 1, respectively.
Clearly, this R is domain finite. Thus Lemma 6.1 - together with the fact that for sets

X;, Y; € %0 (0bs (4))

X, XY, DX, XY,iff X; 2X,and Y, D Y,
holds - imply:

6.4 PROPOSITION. The operator ;95 is monotonic and continuous under .

6.5 CAUTION. Note that there are many relations RCX X Y satisfying (*) above. But not every such
relation is domain finite. For example, by omitting the condition 7, = ¢ in clause (i) of R, we lose the
domain finiteness of R so that Lemma 6.1 does not apply.

The discussion of the remaining semantic operators will be more brief. Local nondeterminism is
modelled by set-theoretic union

H] OI'ObS H2 = H1UH2

which is well-defined and (by a straightforward application of Lemma 6.1) monotonic and continuous
under D. Parallel composition is defined by

H, % H, = {(h|3h,€H,h,€H, : heh,lih,}
where A, |k, is a set of observations given, similarly to the stream definition in Section 3, by
h]”hz - h]‘_Lhz UhZH_hl Uhl lhz

with  elle = (e}, ah L hy =atlhy), ILh=1{r}, 1l e=O0bs(4) and with
ah, | bhy = (a*b)-(hyllhy) provided a*b is defined; in all other cases | h; = & and hih; = &.

6.6 PROPOSITION. The operator 19 is well-defined, monotonic and continuous under 2.
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PROOF. Again, well-definedness has to be checked separately. But monotonicity and continuity follow
from lemma 6.1 by taking as domain finite relation that R with (h1,h2) R hiff heh,lih,. O
6.7 REMARKs. In the observation semantics the continuity proof for the operators ;%%, or %%, [|%
could be reduced to a simple test on domain finiteness. In the stream semantics the operators ;" and
IS will fail such a test. For example, the infinite stream a“ can originate from infinitely many pairs
of streams u,v in the sense of both u-v = a® and ullv = a“. Thus finite observations are crucial here.
Another advantage of finite observations is that we can define the operators, in particular (195,
without reference to any semantic approximation of its arguments - unlike the stream operator ISt
where we put

XI5y = [.js (X[n] ISt Y[n])
n=o

in the general case. )
We can now define the denotational observation semantics %oy, for £. Again we use environments
veT, but now with respect to I' = Pvar—%,,,(0bs(4)).

6.8 DEFINITION. The semantic mapping
Dovsl] + (> Far (Obs(4)))

is given by -
DossLal(y) = {eaaV/} 0]
Doss[P; Q1Y) = Do [PI(Y); % Doss [Q1(Y) (i)
DossLP or Q1Y) = Dos[PI(x) or Dy [Q1(Y) (i)
Doss[PIIQN(Y) = DosLPINI® Dous1Q1(¥) (@iv)
DopsIx1(y) = 1(x) )
Dosslpx[PI(Y) = pPp,y (Vi)

where ®p ., = AH-Dop[PIY{H / x}).

7. THE ISOMORPHISM BETWEEN STREAMS AND OBSERVATIONS: CONTINUED

Here we wish to link the stream semantics %, with the observation semantics Dp,,. Recall that ¥ is
the cpo isomorphism from @,.AStr(4)) onto F,,(Obs(4)).
7.1 THEOREM. For every language operator op {;, or ||} of £ and all X,Y €9,.(Str(4))
¥(X opSTY) = ¥(X)op PP ¥(Y)
holds.

PrOOF. Every X €9,,(Str(4)) can be approximated by
o0
X = LJ s X[”]
n=0
where the X"], n=>0, are defined as in Section 3. By Theorems 3.17, 3.28, 5.3 and Propositions 6.4,
6.6, the operators op>”, ¥, op® with op &{;,or, 1|} are all continuous. Thus it suffices to prove

¥(XopS"Y) = ¥(X)op " ¥(Y) M
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only for sets X,Y €9,,(Str(4)) without infinite streams u 4. Noticing that
Y(min(2)) = ¥(Z) ' )
holds for all Z C Str(4), we can simplify the proof of (1) further.

Case 1. op = or
¥(Xor’Y) = ¥(min(XUY)) = ¥(XUY) =
YXO)U(Y) = ¥(X)or?¥(Y).

Case 2. op = ;
By the definition of ;57 and fact (2) it suffices to show that
Y(uv) = ¥(u) ¥ @) 3

holds “pointwise” for all u,red4*UA"-{ L}.

Subcase 2.1. ucA*
We show the inclusion ” C” of (3). Let he¥(u-»). If h<<u then he¥(u) and h does not contain /.
hence he¥(u);?*¥@). If u<h, eg. h = uh’, then u\/e¥(u) and h’'e¥(y). Hence also
he¥(u); 25 ¥ ().

The proof of inclusion ” D" requires a similar case analysis.

Subcase 2.2. u = uw’' 1L eA"-{ 1}
Y(uv) = ¥(u) = {h | h<uw'}U{uw'h | heObs(4)}
= W(u); " ¥ () [ since u'1e¥ ) ].

Case 3. op = ||
Again, it suffices to show the “pointwise” equation
Y(ully) = Y@ ¥@). C))

But this case is more involved because of the recursive definitions of || and its auxiliary operators |
and |. For sets H,,H, CObs(A) and ope(lL, | } let

H,0p°H, = {h |3hye€H ,hy€H, : heh oph,}
analogously to the definition of H, /% H, in Section 6. Furtheron, for gp&{ll,lL, | } and =0 let
OPn
abbreviate the following assertion:
Yupred*UA™-(L}: |u|+|v]| =n=
Y(uopv) = Y(u)op O ¥ (v).

For example, ||, asserts that equation (4) holds for all streams u,v of length |u | + || = n.
To prove (4), we will show by induction on n that
la AL | &)
holds for all n=0. To this end, we show
LoA o ©
V,=0: L A= lln )

V,=20:ll, = a1/ | a1 ®)
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Ad (6). Clearly, |u | + | »| = 0 implies u=»=e¢.
By the definitions, we have

Yl o = ¥({e)) = {6V} =

{& VL% {e,\/} = ¥ %¥()
and

V| = 2 = V)| 2¥()

Ad (7). Assume ||, and |,. To show ||, we take u,» with |u | + |v| = n:

Y(ully) = ¥(ullvUrll_uUu | »)[def-ullv]
= Y(ul »)UP@Elu)U¥(u | ») [def.¥]
= (Fu) L% F@)UFEIL ¥ )

U(¥(u) | % ¥(»))[ assumption ]
= W(u)lO%¥@)[ def. |9 ].

Ad (8). Assume ||,. We show || . Takeu,p with |[u | + |r]| = n.

Subcase 3.1. u = ¢

Y(elly) = ¥({»}) = {(VIL¥({»})
= ¥(LOP¥().

Subcase 3.2. u = au’
Y(auw'|l») = ¥(a-('lIv)
= ¥(a); 2" ¥(u’|lv)] def.¥ and ;% ]
= ¥(a); %% (¥ (u")||% ¥(v))[assumption]
= ¥(au")|l %5 ¥(v)[def.|l_9%].
The proof of | , +; is similar. [

Theorem 3.1, Corollary 5.4 and Theorem 7.1 yield:

7.2 COROLLARY. For every concurrent process P €€ and environment y € Pvar—%,,(Str(4))
‘I,(GDStr[P B(Y)) = GDObs[P n (\POY)
holds.

PROOF. By induction on the structure of P. In particular, dealing with the case P=px[Q] uses continuity
of Dy, Dyps as well as strictness of ¥, that is ¥Y({ L})=0bs(4). U

Together with Theorem 5.3 the corollary says that the denotational semantics Ds,, and Doy are iso-
morphic.
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8. THE LANGUAGE B* wITH HIDING

In this section we continue with the observation semantics. We wish to extend the previous language
£ to a language £', again with P,Q £, which includes a hiding operator P \ b for every beA [BHR]:
8.1 DEFINITION (£")

P:=a|P;Q|P or Q|PIQ|P\b|x|px[P]

8.2 REMARKs. Hiding an action b in a concurrent process P means that b is removed from the visible
semantic behaviour of P. For example, the equation

(@a;b;e)\b = a;c ¢))

will hold in our semantics. Operationally, we imagine that the hidden action b occurs autonomously
or invisibly after action a has finished. Once the hidden b has finished, action ¢ can be performed.
Thus a hidden action corresponds to the idea of an e-move in automata theory (cf. e.g. [HU]).

With this operational idea of hiding in mind, equation (1) indicates that we abstract away from any
notion of real time [Br2] in our semantics. Ungler a real time assumption, (a;b;c)\ b would differ
from a;c in that it takes one time unit more to execute.

How to capture this informal idea of hiding within the observation semantics %g;? We first try to
define a corresponding semantic operator

\b% & Py (Obs (4))—>Fsa(Obs (A))
by putting for H €%y, (0bs(A4))
H\b% = (h\b|heH) Q)
where & \ b results from 4 by removing every occurrence of b in k.
8.3 ExameLes. (abc)\ b = ac, (abbb)\ b = a.
Definition (2) seems natural, but unfortunately it is wrong for two reasons. First, it is not well-
defined.
8.4 COUNTEREXAMPLE. Take
Hy, = {b" | n=0} € F;,,(Obs(A4)).
Then
Hy\b% = (€} & Puu(Obs(4)

as {¢} violates the extension property (iii) of saturated sets of observations. [
Secondly, definition (2) is not D -continuous.
Note that the obvious hiding relation R, CObs(A4) X Obs(A) with

hR h' iffh' = h\ b
is not domain finite, so Lemma 6.1 is not applicable to definition (2). In fact, we have the

8.5 COUNTEREXAMPLE. Taking

H, = {&/,b,...,b"} U {b"-h | heObs(4)},
n=0, yields a chain

HyDH,D2.2H,D..
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in 9,,(0bs(4)), but

() o) \b% = (V)

A ANBYU@NEY (VD) = () E\b%), D

Inside the observation semantics Dy, it is not obvious how to correct definition (2) such that these
problems are solved. At this moment it is very helpful to recall the isomorphism ¥ between streams
and observations. Through ¥ we will get an insight how to modify (2).

To settle the first counterexample, take

X, = (b°)
in 9,,A(Str(4)). Then ¥(X;) = Hp. Note that X, can be approximated as X, = Ll xt) with
n=0

Xl = (p"L).
Now, if we apply the suggested definition (2) of hiding - denoted here by -\ b5 instead of -\ 5% -
to each approximation X¥"! individually, we obtain
XP\b = (L)
o0
Finally, setting X, \ 65" = l__Ios(XL'” \ b57) yields

X, \b5" = {1}

Going back to the observation semantics, we thus expect
Hy \b%" = ¥(X, \b>") = Obs(4),

the least element in P, (Obs(A4)).

8.6 ReMARKs. Through a purely mathematical argument in the stream semantics we realize that hid-
ing an infinite stream of b’s, e.g. (ux[b;x])\ b, should be semantically identical to unguarded recur-
sions, e.g. px[x]. This identification has a very clear intuitive interpretation as well: both (ux[b;x]\ b
and px[x] can be seen as instances of divergence where operationally an infinite internal loop is pur-
sued (cf. Remark 4.3).

Note that in general the infinite stream of hidden b’s need not start at the very beginning, but may
occur only after some “ordinary” actions have been finished, e.g. in P = a;a;(ux[b;x])\ b. Then,
using an analogous detour via streams as above, we see that P will be identified with a;a;ux[x] and
not with px[x] as divergence happens only after the a’s.

We shall not state the full definition of hiding in the stream semantics here, but rather take our
stream analysis of hiding as a motivation for the following correction of definition (2) in the observa-
tion semantics:

H\b% = {(h\b | heH)
U{(R\D)r' | Yn=0 : hb"eH and h’'€Obs(4)}.
This is the typical form of the hiding definition known from [BHR].

8.7 PROPOSITION. The operator -\ b%% is well-defined and 2 -monotonic.

But what about D-continuity of -\ »#%*? Lemma 6.1 is not applicable as -\ b%* is not the point-
wise image of the hiding relation R,, which is not domain finite anyway. Instead of giving a direct
proof for continuity, we apply here a general theorem of [OH 1/2] analyzing the typical structure of
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hiding operators.
A domain finite well-founded structure (W,—) consists of a set W and a domain finite relation
— C W such that there exists no infinite chain

w =2X9 X1 —>Xg
of elements x; € W. By a grounded chain of length n=0 for x e W we mean a chain
XQ e DXy = X

such that x, is minimal with respect to — in W. To every element xeW we assign a level |Ix||
defined by

lIlxll = min{n=0 | 3Jgrounded chain of length n for x}.

A subset X C W is called generable with respect to — if for every element x €X there exists a grounded
chain '

Xo=de X, = X
inside X, ie. with {x¢,..,x,} € X. By GJ’E(W) we denote the set of all subsets X C W which are
generable with respect to —.
8.8 EXAMPLE. (Obs(A4),—) with — CObs(A) X Obs(A) defined by
h—h' iff JacAU{\/,1} :ha =h"

is a domain finite well-founded structure. Note that —, the reflexive, transitive closure of —, is the
prefix relation < on Obs(4) and |Ik|l is the length of h. Here a set X C Obs(4) is generable with
respect to — iff it is prefix closed - one of the conditions for saturated sets of observations in
Definition 4.4.

Let now (X;,—;), i=1,2, be domain finite well-founded structures and R some relation
RCX; X X,. We consider now operators

op: @g(xl) d @(XZ)

Besides the known pointwise image operator gpg : F4(X1) — ?]’(Xi) of Section 6 (here restricted to
9¢(X)) we consider an additional operator

opR : (X)) = 9(X3)

defined by
o
pR(X) = {y'eX; | yeX3IxeX : (xRy and y—3y’)}
[

where 3 means “there exist infinitely many” and where —; denotes the reflexive, transitive closure of
->,. We will study the combined operator

opr U opR : (X)) = 9(X3)
To this end, we need the following concepts.
8.9 DEFINITION. RCX; X X, is level finite if for every yeX; and /=0 there exist only finitely
many x €X; with

xRy and |ix|l; = £
R is called downward consistent if

-1 °R C Ro—}
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holds, with o denoting the relational product.

8.10 THEOREM [OH2]. The operator opr UopR : Fe(Xy) — H(X3) is 2 -monotonic. Moreover, if R is
level finite and downward consistent, op¥ is also D -continuous.
To apply the theorem to the particular hiding operator -\5%, we take
(X;,—;) = (0bs(A),~), i=1,2and R = R, CObs(4) X Obs(A) as the hiding relation with
hRyh" iff B’ = h\ b.
Then R, is indeed level finite and downward consistent. Since
\b% = (opg, U opr;) 1 F:a(Obs(A4))

holds, we obtain:
8.11 COROLLARY. The operator -\ b%* is D -continuous.

8.12 REMARK. One of us (J.J.Ch.M.) has obtained a proof of the continuity of hiding in the stream
semantics framework. The proof requires various additional results and will be published separately.

These preparations allow us to extend the observation semantics @y, to £ by adding the following
clause to Definition 6.8:

8.13 DEFINITION.

DossLP \ b1 (¥) = Dogs[PI(y) \ 5.

We see that the level finite hiding operator P\ b is more difficult to deal with than the domain
finite operators P;Q, P or Q and P||Q, but the stream domain helped us to understand its definition.

9. CONCLUDING REMARKS

We have not included any notion of global nondeterminism like + [Mil] or OO [BHR] nor any notion
of deadlock like stop [BHR] or & [BK] in £ or £'. This restriction allows us to work with a linear time
approach in the form of streams or linear histories. It is a topic for further research to investigate
whether our results can be extended to non-linear approaches like failure [BHR] or branching time
semantics [BZ].
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