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Abstract. This paper presents a general method to compact the first-
order part of functional languages with call-by-value semantics for fine-
grain parallel machines like VLIW or super-scalars. This work extends
previous works on compaction in two ways. First, it defines a new formal
system for the compaction problem usable to design a meta-compiler
for these machines. Second, the compaction is directly applied to func-
tional expressions instead of graph based representations (control flow
or dependence flow based representations) leading to a very uniform and
simple presentation.

1 Introduction

VLIW (Very Long Instruction Word) [14] and super-scalar architectures [11, 5]
are fine grain parallel and compiled architectures in the sense that they can
execute many instructions per cycle, gathered together by a compiler. VLIW
are controlled by a single instruction stream (one program counter) where each
processor executes a dedicated field of a long instruction. In a super-scalar ma-
chine, the processor executes successive RISC-like instructions belonging to a
small window by analyzing at runtime their dependencies.

Fine grain parallelization for these architectures, or compaction, statically
recognizes and schedules groups of elementary operations that can be executed
in parallel. Compaction can be local — it is then limited to expressions without
branches, or global — and it treats conditional expressions. Loops are compiled
by Software Pipelining.

We propose in this paper a new and formal presentation of compaction,
directly applied to functional expressions (terms). It can be used as a first step
in the problem of designing meta-compacting compilers but also as a first step
toward fast and efficient implementations of functional languages on fine-grain
parallel machines.

This paper is organized as follows. The first part motivates the point of
view adopted in this paper. We then give some examples. The next part is the
formalization: we first define a functional language and its operational semantics.
The classical notion of dependence is defined by an equivalence relation named
structural equivalence, between programs having the same dependences. It serves
as a guide for the formalization: every program transformations will have to
preserve this equivalence. Then we build a transformational system on terms
that improves programs for a given machine.
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2 Motivations

Compacting compilers and, more generally, parallelizing compilers, can be de-
composed into two classes. Compilers in the first class are applied to control flow
based representations (basic bloc graphs) where elementary instructions ”perco-
late” in the graph [8, 7, 1, 15, 6]. In this framework, software pipelining is done
by iterative methods with a controlled inlining of loops, locking for a repeated
behavior [1, 6]. For compilers in the second class, compaction is applied to de-
pendence graph representations of programs, extending scheduling techniques
to programs containing control structures [18, 13]. Software pipelining is then
applied to graphs with cycles. The tradeoff is between generality and efficiency.
Control based representation is the most general framework since it is the low
level representation of every program. Nonetheless, it leads to very poor im-
plementations — operations moves are done in linear time. Dependence graph
based representation leads to efficient implementations — operation moves are
done in constant time — but only a subset (without tests) of a real language
is well treated in this framework. In particular, software pipelining is applied to
elementary do loops with no tests or nested loops. When control is added (e.g,
Lam’s hierarchical reduction system [13]), the control is boxed, which forbids the
best possible compaction.

This paper investigates a formalization of compaction, thus we have to define
an intermediate language and an abstract notion of fine-grain parallel machines.
We have to balance this tradeoff: the intermediate language has to be general
enough to represent a real subset of classical languages, but it also has to be
practical (the representation must lead to efficient implementations). Moreover,
this formalization has to be simple encugh to allow reasoning about compaction.
Then, some program transformations (renaming, duplication, unrolling, etc.)
should be possible. Lastly, to be general enough, it has to compact recursive and
functional programs: to compact such programs, it makes no sense to translate
them into some low level control graph representation and then retrieve their
dependences, since in a functional language, dependences are simply read off
the syntax. Moreover, in a functional language, sections of programs can be
guaranteed to be free of side-effects by the type system ' and have the Static
Single Assignment (SSA) property. As it fails to represent the control of all kind
of programs, the dependence graph representation alone is not suited either as an
intermediate representation of programs. The solution proposed here is between
control flow based representations and dependence flow based representations.

Compaction will be defined by a set of transformations directly applied to
functional terms, each of them improving the term to some extent. The language
is an extension of dependence graph representation — a dependence graph is a
particular case of a functional expression 2 — but is able to represent the control
of program. With the functional representation, the compiler manage at the same

! Though they manage data-structures (lists,...) represented with pointers.
2 The let definition in a functional expression defines the sharing, i.e, Directed Acyclic
Graphs.
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time the dependence and the control information on the program and program
transformations are based on the well known substitution principle. In order to
define a formal system for the compaction problem, we propose an operational
semantics to give a measure to expressions — every compacting transformations
will have to improve programs — and a notion of dependences. The operational
semantics defines the way a fine-grain parallel machine executes a program.
The notion of dependences is also important. Indeed, as compaction usually
respects this notion in the classical framework, how this notion applies in the
functional case, in order to have the same expressiveness? In other words, what
are the program transformations a reasonable compiler can do? Here, the notion
will be defined by an equivalence relation, named structural that will permit
classical transformations. Finally, because functional terms can be represented
with sharing, it allows better implementations than with the classical control-
flow based representation.

3 Examples

Let us try first to compact the simple program P; given on the left of the
following figure. It executes an addition (+1) between a variable and a constant.
It binds the result to the variable £ and then executes the operation +5 and
then —3, the test and one of the two branches. Finally, it computes %5 between
the value of (¢ +2 4) —3 « and the value of the conditional expression.

P1=Ietz:m Py=letz =y+;2
in ((Z‘+24)—31})*5 ifz=20 m=4+43y
then letm =443y inifz=20
inm*gn then letz)y =z +5 4
elsex *3 2 r2=m*4n
Py=lete=y+;2 inletzy =z, —3¢
inifz=90 in o1 %5 29
then ((x +24) —3 z) *5 (letm =4 +3y) elseletz; =z 454
inm#*4n Ty =T %3 2
else ((z +24) —s @) *5 (x *3 2) inlete; =21 —32
in oy *5 &y

Consider now a machine M able to execute this program in a left-to-right eval-
uation order and where three successive and independent instructions can be
executed in parallel. The execution time of P; on M is 5. Let us show how a
simple transformation improves this execution time. Consider the elementary
computations that can be executed immediately in parallel. We term these com-
putations ready sub-terms. They are overlined here. +3 may be executed specu-
latively before the test because it is a safe computation 3. We apply a move-up
rule to the test, getting P;. Now, +3 can be moved-up. We then continue the

3 A computation is safe when it can be executed speculatively without modifying the
semantics.
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compaction with the two branches, getting at the end P3. This program can not
be compacted further and its execution time on M is 4. It is decomposed into
groups of independent instructions executed in parallel.

Consider now the case of a simple recursive function F' written in a PCF
style [10]. It is an iteration on a list where [] stands for the empty list, hd and
tl for the head and the tail of the list (z and a are the arguments).

(/\[m;a].ifx: [ )
F =Fixy thena
else f[ti(z); —(hd(2)) + d]

The global compaction on this program would compact the body of the function,
ignoring the possible overlapping between iterations, thus the parallelism. For
this reason, we apply an inlining rule: Fix;(a) — a[f\Fix ;(a)] meaning that
all occurrences of the free variable f are replaced by its definition. We get the
following term given on the left. Now the only ready sub-term is the test. We
then move the overlined ready sub-terms in the false branch, getting the program
on the right.

)\[:c,a]lf:vz [] A[z,a]rfz:[]
thena thena
else Ftl(z); —(hd(z)) + a else let z; = ti(z)
z2 = hd(z)

in Flzy; —z2 + a]

The current term to be compacted is F[z1; —z2 + a]. Because the first argument
is computed, the inlining of F' will show new ready sub-terms to be executed
in parallel with the current ready sub-terms. After the inlining, the following
application has to be compacted.

(Alz; a).ifz = [Jthen aelse F[ti(z); —(hd(z)) + a])([z1; —2z2 + a])

A simple renamming rule is used for simplifying the application. We get the new
term:

(Aa.if 2 = []then aelse F[ti(z1); ~(hd(z1)) + a])(Zz2 + a)
We can move-up the ready sub-terms. The resulting program is given below,
on the left. In this term, the sub-expression {(Aa.a)(z3 + a) can be simplified in
z3 + a. After the first step of compaction on the false branch, we have the term
given on the right.

letxs = —z9 letzg = —xy
in ifz; =[] in ifzy =[]
then (Aa.a)(z3 + a) thenzz + a
else (Aa.F[ti(z1); —(hd(z1)) + a])(x3 + a) else letzs = x5+ a
Ty = ﬂ(121)
T4 = hd(:cl)

in (Aa.F[z2; —24 + a])zs
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The next expression to be compacted is (Aa.F[zg; ~z4+ a])z3. By the renaming
rule, this term is simplified in F[zg; —z4+23]. We already saw a very similar term.
It is equal, modulo a renaming of its free variables, to the term F[z1; ~z2+ a].
Compaction does not depend on names so it will produce the same result for
this input, hence the process enters in an infinite loop. To stop compaction, we
give a name — here ff — to the term and replace it by a call. The final program
is the following one.

let ff = Fix g(A[z1; z2; a].

letz3 = —x4
in ifzg =[]
thenzsz +a
elseletzg =z3+a
T9 = tl(zl)
z4 = hd(z1)

in ff[22; z4; 23])
in Az;al.ifz =[]

thena
else let z1 = ti(z)
z2 = hd(z)
in ff[21; z2; a]

This final program cannot be compacted anymore. It is the Software Pipelin-
ing version of the initial program, i.e. another inlining followed by the compaction
process would produce the same result since we have inlined F' as soon as pos-
sible.

Note that the recursive call to ff can be implemented here by a direct branch
and variable names can be seen as register names. Then, register allocation can
be done on the fly with compaction (but it is not necessary). In this case, move
instructions between z1 and ¢, 5 and x4, a and z3 can be eliminated.

This example raises the following questions. In this process, some transfor-
mations were done on programs like renaming, moving instructions, reducing
identity calls. What are the legal transformations a reasonable compiler can do?
Why would the last program be better than the first one? Does the compaction
process always terminate and how can this be formalized? Answers to these
questions will be developed in the following sections.

4 Formalization

We present a complete formalization of compaction. The first part deals with
the presentation of a first-order recursive language, named F. It is a low level
language (an intermediate language). We then present the machine model that
will allow discussing about “a program is better than an other one for a given
machine”. The definition should apply to sequential machines as well as super-
scalar or vliw machines. The next part deals with the semantical model of fine
grain parallelization. It presents the notion of dependences in F. We shall see
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why dependences are defined intentionally by an equivalence relation named
structural equivalence. The last part is the definition of sofiware pipelining and
the transformation system to produce it.

4.1 The F language

The F language is a recursive language with an ML-like syntax, but with a
granularity close to the one of a machine.

Definition1 The F language. The definition of the language is the following.

a:=1]|true |false |z |letz = aina|afa;...;a] | AZ.a
| opla;...;a] | Fixs(a) | if athenaelsea
op = add_int | ...

Primitives (called op) are those of the architecture. Terms range over a.
F manages scalars (i), variables (z), defines local values (let ), n-ary functions
Alz1; ...; 2n].a, recursive functions Fix s(a), and n-ary primitives (op) and appli-
cations afay;...; a,]. All memory accesses are done by explicit primitives and
there are no side-effects in the sense that the language has the SSA (Static Sin-
gle Assignment) property [3]. In the paper, we note & instead of [a;; ...; a,] and
dl; for [a1;...;@im1; @ig1; ---; @n).

F is a typed language ¢ la ML and we suppose the existence of a typing
function — named {ype — returning for each expression of F, its type taken
from the type language below for which a classical typing algorithm can be
chosen [4].

tu=r|t—=t|[t;..51

T denotes scalar types (int, bool,...). ¢ — ¢ is the function typeand [t;...;t] is
the product type. Information needed about a type is its complexity, that is, the
number of arrows on the left.

Definition2 Type complexity. We define the function |.|, returning the type
complexity of its argument.

ltr = tal = L+ [ta] |[ta; .5 tall = mazi(Jt]) || =0

For instance, the type complexity of (int — int) —int is 2 whereas the type
complexity of int — (int —int) is 1. This gives the functionality order. We need
a preliminary definition before defining the ready sub-terms of an expression.

Definition3 Cost. The cost of a term a is defined by the function ||.||, returning
an element from IV U {oo}.

if a1 then ay else asl| = S5, (llasll)  lloplas; .. anlll = 1+ X5, (sl

IAZ.ql =1 llletz = a1inas|| = [laa]| + jaz|l

lzll =1l =0 Na(fbs; s ba]ll = o0 lIFix s (a)[| = llall
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The cost is a coarse approximation of the execution time of an expression.
All primitives are assumed to be executed in one cycle and the execution time
of an expression containing a call is infinite. The cost of an abstraction is 1 as
we consider the cost of constructing a closure to be elementary . Now we can
define the ready sub-terms of an expression.

Definition4 Ready sub-terms. Let a be a term of F. s < a means that the
sub-term s of a is ready in a.

s<a; s<az;ifs |s||<oo s<a s<Af.a
s<s s<op(a) § < Aia s <letz =ajinaz s < Fixy(a)
s<a s<a; |sl}] < o0 s<az zLs 5 < a;

s < ifaj thenagelseas s < ifathenajelsea; s<letz=ajina; s < ag(d)

A ready sub-term is a sub-term that can be computed immediately. For
example, 1 + z < Ay.(1 + z) * y. The notion of ready sub-terms is an extension
of free variables (hence, a free variable is always ready). For this reason, we will
use the classical notation F'V(a) containing the set of free variables of a, i.e,
z € FV(a) iff ¢ < a. Ready sub-terms of special interest are those whose cost is
1, that is elementary computations.

Definition 5 Ready sub-terms substitution. Let ¢ be such that ¢ < a. The
substitution of all occurrences of ¢ in a by b, noted a[t\b], is defined by:

t[t\b] =b

z[t\b] = = ifz#t
(oplas; -..; an])[E\b] = opl[a1[t\B]; ...; an[t\]]
(aolas; - an])[E\b] = (ao[t\b])([@1[t\B]; -..; an[t\B]])

(Az.a)[t\b] = Az.a fa<t
(Az.a)[t\b] = Az.(a[2z\2][t\}]) else. zAanz£b
(letz = aqinas)[t\b] = letz = ay[t\b]inas ifz<t
(letz = ayinay)[t\b] = let z = a1 [t\b] inas[z\z][t\b] else. z A aa Az £ Db
Fix ;(a)[t\b] = Fix(a) if f<t
Fix (a)[£\8] = Fix 4 (a[f\g)[£\B]) else. g K aAg Ab

(if ay then a else a3)[t\b] = if a1[t\b] then a2 (t\b] else as[t\b]

The substitution of ready sub-terms is very similar to the classical substitu-
tion of free variables. For example, (Az.(1 + y) * z)[1 + y\y] = Az.y x z. Thus
substitution makes it possible to extract computations from a term.

* A multicycle computation op(z) can be treated, replacing it by
op1(op2(...(0Pn(2))...)).
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4.2 Operational semantics

The operational semantics has two aims. As usual, it defines the values and the
execution order. But, it also express how a fine-grain parallel machine handles a
given program. It leads to a measure on programs.

The language has a call-by-value evaluation in a left-to-right order. A machine
can be seen as a function, selecting a subset of elementary ready sub-terms
and executing them. All sub-terms cannot be selected. A fine grain parallel
machine executing some in-line code does not see the entire control structure of
the program and is limited by control-dependences [12]: an instruction following a
function call is unreachable. To define machines, we need a preliminary definition
to explain what unreachable means.

Definition6 Occurrences and depth. The set of occurrences (access paths),
O(a) of a term a contains words on integers (the empty word is A). It is defined
as usual by:

A€ O(a)
For all construction C of the language, i.0; € O(C(ay, ..., an))
if 0; € O(a;).

We define the Depth of an occurrence in a given term as follows:

Da(A)=0
Dafay;....anl(1-0) = 2321 llail] + Da(o)
For all other constructions C, Dg(a,,...,a.)(1-0) = Da,(0) + 22; . lla; |-

The depth of an occurrence is the number of instructions that are executed
before it, in a left-to-right evaluation order. Thus, the depth of (1+y) in (Az.(1+
y) * £)(2 + z) is 2 because the argument is executed before the body of the
function. The depth of a sub-term on the right of a function call always equals
oo. It means that the computation is unreachable by the machine.

When possible, the occurrence will be omitted and the notation D,(t) will
be used instead of D4(0) if o is the occurrence of the sub-term ¢ in a.

A machine can be seen as a sub-relation of <. For example, a machine is
able to forbid speculative execution. Therefore, instructions under conditionals
or abstractions are never ready.

Definition7 Machine M. A machine M is a function from terms from F to
set of terms verifying the following constraint: there exists k1, k2 € IN such that
for all @ with M(a) = {t1,...,4,}, we have n < k1, t; < a and D,(¢;) < k2 and
there exists at most one ¢; such that ||t;]] = co.

The number of ready sub-terms (k) gives the number of parallel units of the
machine and the depth gives the window size (k2) — the number of instructions
that can be fetched every cycle. This window contains at most a function call
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(an unconditional jump) which is on the right of the others®. A super-scalar
machine also matches this description. A sequential machine is the special case
where k1 = 1 and ks = 1. A vliw machine is a special case of a machine.

Ezample 1 VLIW machine. A vliw machine is a maximal machine M such that:
if t € M(a) and D4(t) = n then V&', D,(t') < n = t' € M(a)

Here, the maximal prefix of independent instructions from a window of se-
quential instructions can be executed in parallel. We call it a VLIW machine,
even if it is not a real one — a Multiflow-like machine [14] — because no schedul-
ing is done by the machine.

Pipelined machines enter in this description if the compiler transforms a
pipelined instruction op(z) in nop(...(nop(op(z)))...).

Ezample 2 Pipelined machine. A pipelined machine is a machine M such that:
if t € M(a) and t # nop(y) then nop(z) < a = nop(z) € M(a).

All nop operations are necessarily executed in parallel with a non-nop oper-
ation. A machine will be given by its state automaton that reads only a finite
part of the term. Let us see now the definition of the operational semantics of
the F language given in a structural way [16].

The operational semantics is straightforward. Like a classical fine-grain par-
allel machine, the machine selects a subset of ready sub-terms that can be ex-
ecuted in parallel, executes them and substitutes selected ready sub-terms by
their values. Nonetheless, because of the representation of programs, a term of
F contains some noise, that is, syntactical constructions that do not generate
any computation (in fact, they correspond to no assembly instructions). For ex-
ample, the let represents dags and the expression letz = 1inz + z has the same
execution time as 1+ 1. To reduce this noise, we define an equality.

Definition 8 e-transitions. We define the equality =x4. C(a) denotes a term
containing the sub-term a.

C(letx = zina) =p C(a)
C(letz = iina) =p C(afz\i])
C(letz = Ay.ay in az) =p Clasz[z\Ny.a1])
C(letz = Fixs(Ay.a1)in az) =pm C(aa[z\Fix s (Ay.a1)])
C(if true then az else az) =a4 C(az)
C(if false then a3 else az) =4 C(a3)

C((AZ.a)[b; ...; xi; ...; b)) =m0 C((AZ)i-a)[b1;...; 5 ...; b))
if x; € M((AZ.a)[by; ...; 255 ...; bn])
Ntype(z;)| = 0
C(Fix ;(AZ.a)) = C(AZ.a[f\Fix ;(A\Z.a)])
if Fix ;(\Z.a) € M(Fix ;(AZ.a))

5 According to the definition, the depth of a function call is finite if it is not preceeded
by any other call.
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The constraint on the complexity of the type for the reduction of applications
will be explained further. The equality says which constructions are invisible for
the machine M. Here, only reachable sub-expressions are reduced: the equality
is not applied in all contextes. This is due to the inlining rule for recursions.
Indeed, without the use of M'm, the following infinite reduction could occur:
Flz;y), ..., Flz; 0p(y)], ..., (Ay.Flz; op(y)]) (0p(¥)), ----
with F = Fix;(A[z; y]. f[x; op(y)]). In our definition, empty computations are
erased when necessary.

Definition9 Operational semantics. The operational semantics of a pro-
gram on a machine M is given by the relation {}. a § b means that a evaluates
to b. Terms are considered modulo =a4. The inference rules are:

M(a) = {t1, ..., ta} ti $vi alti\v1]...[ta\va] Y b
alb

Axioms are of the following form:
z |z
Az.al Az.a

Fix s (Az.a) § Fix s(Az.a)
i1 + i3 |} i3 where 73 is the sum of 7; and 5.

The execution time |a|a of a is the size of the proof of a |} v.

For simplicity, we only give the axiom for integers. With the definition of the
execution time, we may compare programs.

4.3 Dependence semantics

We used some program transformations like renaming of inlining in the com-
paction of the second example. What reasonable transformations should be in-
corporated in a compacting compiler? In the classical framework, only transfor-
mations preserving dependences are legal. There is a dependence between two
instructions if one instruction modifies a value read by another. These depen-
dences are decomposed into true-dependences — or data-dependences — when
the second instruction reads the value produced by the first, and false depen-
dences — anti-dependences and output-dependences — when the second modifies
a value read or written by the first one [2].

Because F is a functional language, dependences, in the usual sense as def-use
links are directly given in the text by variables and composition of computations.
Thus, z of let £ = ain b depends on a — and of all its sub-terms — and every sub-
term of b containing x depends on it. The transitive closure of this relation gives
the classical notion of dependence graph. It is useless to define another notion of
dependences of a term in F and if it would exist, it would be as complex as the
term itself. Our notion of dependences is too rigid here for what we need since
no syntactical transformation of the term is allowed.
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We prefer to define dependences as an equivalence between “programs having
the same dependences”. This equivalence will be named structural equivalence.
How does this equivalence interact with 3-reduction®? On one hand, two really
different programs can be extensionally (beta) equivalent and it is clearly infea-
sible (in a compiler) to allow all kinds of #-reductions. Moreover, we would have
some coherency problems since 142 is not equivalent to 3 but the translation in
pure A-calculus would yield the equivalence. On the other hand, can we limit the
equivalence to the syntactic equality? Of course, not. It is reasonable to allow
instruction moves, inlining, duplication” which are the minimal transformations
needed for compaction.

The solution proposed here is to limit B-reductions by the complexity of the
type: only B-reductions where the type of the argument is simple (the complexity
is 0) are allowed.

Definition 10 Structural equivalence. Let a and b, two terms of F. We say
that a and b are structurally equivalent, noted ¢ ~ b, when lim,_,a” =
limp_0ob™ where a” is defined by @ — a®? — ... — a® and by the rewriting

relation — applied to all contexts. — is defined by:

let z = aj inas — ax[z\a1]

if athen belse & if athenbelsec

if true then aq else az — a;

if false_‘then aelseaz — ay

(AZ.a)b — (AZ|;-a[z:\bi])b|; if |type(b;)] = 0

Fix s(a) — a[f\Fix s (a)]
The first rule allows to duplicate a computation. The second rule is equivalent

for the test. The next two rules show that conditions can be simplified. The next
rule is a B-reduction when the type of the argument b; is simple.

oo h W -

4.4 Compaction

We saw in the examples that compaction can be obtained by selecting and
moving up ready sub-terms. We first define instruction move by two simple
rules and then define how to select a subset of the ready sub-terms.

Definition 11 Move-up. Instruction moves are defined by the relation a Lb
where t is ready in @, such that:

(MOVE) @ > letz = tin aft\e]ifz £ a
(TEST) @ > if t then a[t\true] else aft\false]
if if tthen a; else by is a sub-term of a

& B-reduction is the following rule (Az.a1)az — p ai[z\a2].
" Duplication is useful when it is cheaper to recompute a value than to communicate
it.
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Instruction moves are simply inverse S-reductions. Now, to select a subset
of the ready sub-terms that can be executed in parallel on the machine, the
compaction process needs a strategy. For example, the classical List-scheduling [9)]
strategy will select ready sub-terms which are on the longest dependence path.

Definition12 Strategy. A strategy C is a function C between terms and set
of terms such that C(a) = {t1,...,¢p} and for all ¢;, t; < a

A strategy is not very different from a machine except that — for the moment
— there is no constraint on the position of ready sub-terms in the term. It is
the reason why we can deal with =¢, replacing M by C.

Let us see now the compaction system. It is very similar to the operational
semantics: at every step, some computations are selected and moved-up in the
program. The rest of the program is then compacted.

Definition13 Compaction. Let p be a renaming. Terms are considered mod-
ulo =¢c. The general compaction is defined by the predicates e |=a =>; b given
in the figure 1, meaning that in the environment e, the term a is compacted to
b, using the strategy C and moving up the selected ready sub-terms in [. An
environment is a set [f1\Av].01]...[fs\ AUy, .a] used to record terms.

The (SELECT) rule selects a subset of ready sub-terms from a. It records the
current term a in the environment e and compacts a with the selected ready sub-
terms. The resulting program may be recursive. Of course, if the compaction of a
does not use f, the term (Fix s (Av.b))v simplifies to b. The (EQUIV) rule stops com-
paction when the current term is equivalent modulo a renaming p to a recorded
term. In this case, the compaction of the current term is a call to the name of
the recorded term. The (LAMBDA) rule is compositional rule. The (PRIM), (APP),
(consT) and (VAR) rules are the axioms. The (MOVE) rule moves up a selected
ready-sub term and the (TEST) moves up a selected test.

Now, do the resulting program always exists, that is, does the system ter-
minate? What are the conditions under which the compacted program is better
than the initial one?

For the termination problem, without constraints on C, the answer is clearly
no. Indeed, consider F = Fix ;(A[z; y]. flop1(z); op2(ops(y))]) and F([z;y]). Let
us see the suite of terms that we shall have to compact. It is,

Flz;y), ..., Flz;0pa(y)), - - -, Flz; 0pa(opa(y))),- - ., Flx; opa(ops(opa()))], - .-

F[z;y] is first inlined and the two ready sub-terms op;(z) and ops(y) are sub-
stituted. Then, the current term to compact is F[z; opa(y)], etc. This is a very
classical problem of iterative compaction methods [1]: the problem is that ready
sub-terms are selected deeper and deeper. In the case of tail recursive functions,
1.e. loops, we shall see that compaction is simpler than in the general case and
that simple and satisfying conditions over C can be taken. We shall come back
on general recursive function at the end of the paper to show the problems.
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Cla) =1 = FV(a) e[f\Ma] Ea=b

(SELECT)
e k a = (Fix ;(A#b))7
—_ o d ’
(EQUIV) b=p(a) 7 =p(¥) (LaMBDA)__ €0 ¢ Fa= *
elf\Mia] | b= f(V') e | AZa = Aid

t .
a—letzx =tina, eEt=>t eEa=1bh
(MOVE) E I%

eEa=pyuiletz =t'inh
(PRIM) e |= op(%) => op(Z) (CONsT) e fzi=>i
(aPP) e |= Y(%) = y(%) (VARye 2= @

a—triftthena1e|sea2 elgt:at’ el%alzhbl e}%azzﬂbz

(TEST)
e |z a = (1yur if ' then by else by

Fig. 1. The compaction system

Constraint 1 (Terminal recursions) A term a is terminal if every sub-term
Fix s (b) of a is such that f is in a terminal position in b, noted T(f,b).

T(f, ifathenayelseay) if f & FV(a), T(f,a1) and T(f, a2)

T(f,f(a)) of f ¢ FV(a)

T(f,letz =ainb) if f & FV(a) and T(f,b)
T(f, Az.a) if T(f,a)

7(f,a(b)) f T(f,a) and f ¢ FV(b)

T(f,a) if f & FV(a) for the other constructions

The definition of tail-recursive functions says that recursive calls to f are
never followed by a computation. Now, we define a constraint on the strategy
that must be bounded to guaranty termination of the compaction system.

Constraint 2 (Bounded strategy) Let |a| be the number of ready sub-terms
of a. A strategy C bounded by k is a strategy such that if |a| > k then for allt,
t € C(a) iff t € C(b) where a — b.

A bounded strategy limits the number of selected ready sub-terms. The impli-
cation t € C(a) = t € C(b) is reasonable: it means, for example, that instructions
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inside a loop iteration have a priority over the ones belonging to the next iter-
ations. The other constraint is quite unusual: it means that even if a sub-term
is ready after an inlining, for example, it cannot be selected if the size of the
term is greater than a certain limit. This condition is not so strange: consider a
term F'(a) where F stands for a recursive function. An argument for termination
in iterative methods can be that the recursion is inlined when the size of the
argument is bounded (usually, an instruction from an iteration can be moved up
when the scheduling time of the previous iteration is less than a certain limit).

How does this constraints act with the classical List-scheduling strategy? This
strategy selects ready sub-terms which are on the longest path. The constraint
means that only bounded paths are considered 2.

Proposition 1 (Termination) The compaction system [ terminates with a
bounded strategy.

Proposition 2 (Correction) The compaction system preserves the structural
equivalence.

We have to prove that this system is useful, that is, it decreases the execution
time of programs. This cannot be done for general machines because scheduling
is NP-hard [9] and cannot be achieved by a greedy algorithm. Nonetheless, the
speed-up can be guaranteed for VLIW machines and a strategy which always
select at least the nodes selected by the machine.

Proposition 3 (Speed-up) Let M be a vliw machine and C such that Va, Ie,
such that M(a) C C(a) C M(c). Then if a = b then |a|am > 1blag

The result applies for VLIW machines because the depth of instructions in
the program never increase: an instruction that is selected by the machine in the
initial program is still selected in the second one (except if it has been executed
before).

We can ask now how the resulting program compares with the classical soft-
ware pipelining principle. Software pipelining for recursive programs can be seen
as a finite representation of programs, infinitely inlined and compacted. It is a
fixpoint for compaction: the compaction of the inlined version programs yields
the same program. Software pipelining is defined from the notion of optimality.

Definition 14 Software pipelining. Let a be a term of F. A program a is
optimal for C if [=b = a where a —b. A program a’ is a software pipelining of a
by C when a ~ a’ and &’ is optimal.

Proposition 4 (Optimality) [= constructs a software pipelining for tail-recur-
stve functions.

# Proofs can be found in [17].
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The proposed system is a greedy system and is not well suited to general re-
cursion. Indeed, consider the very simple expression F = Fix ; (AZ.A(Z, f(op())))
where A denotes an F expression. We have the list of terms to compact:

F (&), A(£1, F(£2)), A(21, A(22, F(£3))), ...

The compaction process only reads the beginning of the term (op(z;)). Here the
term grows after the recursive call. Even if compaction is stopped, using condi-
tions over C, we do not have any re-rolling rule for the production of the software
pipelining. It is unclear how a greedy algorithm, where software pipelining is ob-
tained using what has been done in previous steps and where terms are inlined
a priori, can be obtained for non-tail recursive functions.

5 Conclusion and future work

We have presented a method to directly compact the first-order part of func-
tional programs. Compaction is described as a set of program transformations.
An operational semantics has been proposed to model the behavior of a fine
grain parallel machine that executes a program. A notion of dependences has
been given here by the siructural equivalence: it defines only legal — but minimal
— program transformations a parallelizing compiler needs to have. This paper
can be seen as a formalization of classical compaction techniques, but also as an
extension to the general class of recursive programs. By applying compaction to
terms instead of control flow based representation, the compiler can take benefit
of semantical informations available in the source program (for dependence anal-
ysis, for example). Because the representation is more general than dependence
based representations — this representation can be obtained with sharing — it
can be used to represent dependences of a large class of languages.

Some extensions can be done. First, a better strategy will improve conver-
gence since iteration methods are known to be slow and to produce large resulting
code. Secondly, imperative features could be treated with a slight modification
of de ready sub-terms definition. Thirdly, it could be interesting (and useful) to
take into account semantical properties of primitives in order to increase the
set of the structurally equivalent terms and, thus, to improve compaction. This
could be done by the addition of other simplifying rules (commutative rules,...).
It is certainly for this kind of extension that the functional representation of
programs is better than the classical control-flow representation. Thirdly, non-
tail first-order recursion must be treated and, finally, the compaction of general
functional program can be studied.
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