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Abs t rac t .  We give parallel and on-line algorithms for addition in num- 
ber systems where the base is a negative integer, or some complex number 
of the form iv~ or -1  + i. 

1 I n t r o d u c t i o n  

Addition of two numbers in the classical b-dry number system, where b is an 
integer _> 2, has a linear t ime complexity. In order to save time, several solutions 
have been proposed. A celebrated one is the Avizienis signed-digit representation 
[Av], which consists in changing the digit set. Instead of taking digits from the 
canonical set {0 , . . . ,  b - 1}, they are taken from a balanced set of the form 
{~, �9 -., a}, where fi denotes the digit - a ,  a being an integer such that  a + 1 _< 
b _< 2a - 1 (b must be _> 3). Such a number system is redundant that  is to say, 
a number may have several representations. This property allows to perform 
addition in constant t ime in parallel, because there is no carry propagation.  A 
similar algorithm for base 2 has been devised by Chow and Robertson [CR] using 
digit set {2, 0, 1}. Here addition is realized in parallel with a window of size 2. 
These signed-digit representations are really implemented; for instance in the 
Pentium processor, numbers are represented in base 4 with digit set { 2 , . . . ,  2} 
to perform fast division. 

On-line arithmetic consists in performing ari thmetic operations in Most Sig- 
nificant Digit First (MSDF) mode [Er], digit serially after a certain delay of 
latency. This mode of doing allows pipelining different operations such as addi- 
tion, multiplication and division. It  is also appropriate for the processing of real 
numbers having infinite expansions. It is well known that  when multiplying two 
real numbers, only the left part  of the result is significant. To be able to per- 
form on-line addition, it is necessary to use a redundant number  system ([Maz]). 
From a parallel algorithm for addition, it is straighforward to derive an on-line 
algorithm for the same operation. 

In this paper we use a model of computabil i ty which is the one of finite state 
automata .  A function is computable by a finite state au tomaton  if it needs only 
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a finite auxiliary storage memory, independently of the size of the data. In that  
setting, one knows that addition of two integers in the classical b-ary system is 
computable by a finite state automaton,  but that multiplication is not ([Ei]). 
Actually, the natural f.s.a, one designs to perform addition is a sequential one, 
processing numbers in the Least Significant Digit First (LSDF) mode. On-line 
f.s.a, have been introduced by Muller [M]. They are sequential f.s.a, processing 
data  in MSDF mode. The Avizienis and the Chow-Robertson algorithms for 
parallel addition lead to the construction of on-line f.s.a, for addition ([M], [FS]). 

We study here number systems where the base is a negative integer, or a 
quadratic complex number of the form/3 = ix/~ or/3 = - 1  + i. With a negative 
base, any real number can be expressed without a sign. Representing complex 
numbers with a complex base implies that those numbers can be manipulated 
without separating the real and the imaginary part. The bases we are considering 
are strongly related to negative bases: (ix/~) 2 = - b  and ( - 1  + i)4 = - 4 .  We 
consider balanced signed-digit sets such that  the number systems we obtain 
are minimally redundant (with respect to the cardinality of the digit set). We 
give parallel algorithms for addition in these systems, from which we derive the 
design of on-line finite state automata.  We also give some constructions for digit 
set and/or  base conversion. 

Complete proofs will appear in a forthcoming paper. 1 

2 P r e l i m i n a r i e s  

N u m b e r  r e p r e s e n t a t i o n s  
Let/3 be a real or complex number such that I#1 > 1, and let A be a finite 

set of real or complex digits. A t3-represeniation of x with digits in A is a finite 
or a right infinite sequence (xk)k_<k0 with xk E A such that x = ~k--~o xk/3k" It 
is denoted by 

(Xko "" .xo  . x - i x - 2 . . . ) ~  

A u t o m a t a  
Let A be a finite set. The set of finite sequences of elements of A, called 

words, is denoted by A*. The empty word is r Let A and B be two finite sets. 
An on-line finite state automaton .4 = (Q, A • (B  U e), F, i0,~o) with delay 6 
is a directed labelled graph with a finite number of vertices called states : Q is 
the finite set of states, i0 is the initial state, F is the set of edges, labelled by 
elements o fA • (BUe),  and ~o : Q ) B* is the terminal  function. The following 
properties must be satisfied. First, the automaton is sequential, that is to say, if 

a/b) a/b' ql ql b I p q and p are two edges, then necessarily q = and b = . Secondly, 
every path of length 6 starting in i0 is of the form 

io a i / r  . a~/r ae / r  . 
) ~i -----+ "'" I $6, 

1 We were completing the writing of this paper when we learnt that  parallel algorithms 
for addition in base -2,  ivY, 2i and -1  + i have been independently given by Nielsen 
and Muller in [NM]. 
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the only edge arriving in a state i0, . . . ,  i~- i  is as above, and all the other edges 
of .4 are labelled by elements of A • B. This means that  the au tomaton  starts  
reading words of length ~ ~ output t ing nothing, and after that  delay, outputs  
serially one digit for each input digit. 

A function f : A* ~ B* is computable by an on-line finite state automaton 
if there exists such an automaton .4 such that  the graph of f is equal to the set 
{(x,y)  G A* x B* ] y = y 'y" , (x ,y ' )  is the label of a path  in .A start ing in i0, 
ending in state q, and w(q) = y '} .  

The same definition works for functions of infinite words, considering infinite 
paths in .A, but there is no terminal function w in that  case. 

An on-line function treats numbers in most significant digit first (MSDF) 
mode, an on-line finite state au tomaton processes words sequentially from left 
to right. We need also the reverse definition: a least significant digit first (LSDF) 
sequential finite state au tomaton is the same thing than an on-line finite state 
automaton,  but words are processed from right to left, and the terminal function 

comes as a prefix of the output.  

A d d i t i o n  
To perform addition in a given number system with base/3 and digit set A, 

the procedure will always be the same: take two numbers x = x • - l . . . x 0  and 
n - - 1  n - 1  Y = Y n - l " " y o s u c h t h a t x = ~ - ~ . k = o x k f l  k , y = ~ k = 0 y k / 3  k wi thxk  a n d y ~ i n A .  

If the expansions are infinite, the process is identical. In parallel, compute zk = 
rt--J_ xk + Yk. Then zk is an element of B = {c + d I c, d G A}, and x + y = ~-~-k=0 zk flk 

Addition consists in transforming the representation z , -1  - - ' z0  of x + y  on B into 
~--,~- l+Z sk/3 k an equivalent one s ~ - l + z "  .so, with sk E A, such that  x + y = z-~k=0 

This is a special case of what is called normalization, which consists in the 
conversion of any representation of a number  in base/3 on a given digit set into 
an equivalent one on a "canonical" digit set ([F1]). 

3 N e g a t i v e  b a s e  n u m b e r  s y s t e m s  

Let/3 = -b ,  where b is an integer _> 2. It  is well known (see [K1, K2], [Ma]) that  
any real number can be uniquely represented in base - b  with digits from the 
canonical digit set A = {0 , . - . ,  b - 1}. 

P r o p o s i t i o n l .  Addition in base/3 = -b,  b > 2, with digits in A = { 0 , - - . , b -  
1}, is computable by a LSDF sequential finite state automaton (with delay 0). 

P r o o f .  As explained above, we have to convert representations over B : 
{0 , . . - ,  2b - 2} into equivalent representations over A. Number representations 
are processed in LSDF mode, that  is to say from right to left. The set of states 
of the automaton is Q = {0, 1,1}. The name of a state indicates what is kept in 
memory.  The initial state is 0. Let z E B = { 0 , . . . ,  2b - 2}. Edges are defined 

by: I f 0  < z < b - l ,  let 0 z/z O. If b <  z < 2 b - 2 , 1 e t  0~/z~b ~. I f z  = 0, let 

i 0/bC1 1. If 1 < z < b, let i z/z-:l O. If  b + 1 _< z _< 2 b -  2, let 1 ~/z-b-1 i. If 
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0 < z < b - 2 , 1 e t  l Z / - ~ 1 0 .  I f b - l < z < 2 b - 2 , 1 e t  lZ /~-b+l  1. 

The terminal  funct ion ~ is defined by ~(0) = c, ~(1) = 1 and ~o(1) = l ( b -  1). �9 

Remark.  Addit ion in base - b  with digits in A is not  computable  by an on-line 
finite state au tomaton :  let us take b = 2 and A = {0, 1}. Then  (01)n02 has to 
be t ransformed into 1(10) '~+1, but  (01) '~+1 is t ransformed into itself, so we have 
to know the least significant digit to  be able to ou tpu t  the most  significant digit 
of  the result. 

We introduce an other set of  digits in order to obtain  a redundant  number  
system, analoguous to the Avizienis signed-digit representation [Av]. Let a such 
tha t  a +  1 < b < 2a and let D = { ~ , . . . , a } .  Then  every real number  has 
a representat ion in base - b  with digits in D. The  system is redundant .  From 
now on, we consider redundant  digit sets which are the smallest ones for which 
addit ion can be realized purely in parallel (Proposi t ion 2) or in parallel with a 
window of length 2 (Proposi t ion 3). 

P r o p o s i t i o n 2 .  Let ~ = -b ,  where b is an integer >_ 3, and let D = { ( t , . . . , a }  
where a = [b/2] + 1. Then addition base - b  can be realized purely in parallel 
in constant time. Moreover, addition is computable by an on-line finite state 
automaton with delay 1 and 2 a -  1 states. 

P r o o f .  1) Let x = x , , - 1 . " x 0  and y = Y ~ - l " " y 0  be two numbers  writ ten 
in base /3, with xk and Yk in D for 0 < k < n -  1, and let zk = xk + y k ,  

E = { ( 2 a ) , . . . ,  (2a)}.  
If  a < zk < 2a, let ck+l : i and rk = zk - b. If  - 2 a  <_ zk < - a ,  let ck+l = 1 
and rk = b + z k .  If  Izkl < a -  1, let ck+l = 0 and rk = zk. 

Then  in any case, zk = flck+l + r k .  Let us put  sk = r k + c k  for 0 < k < n -  1 
n 

and sn = c , .  Thus  x + y  = ~ k = 0  sk/3 k. Since Ick] < 1 and Irkl < b -  a < a - 1, 
we g e t s k E D f o r 0 < k < n .  

2) From tha t  a lgori thm we define an on-line finite state a u t o m a t o n  with delay 
1 realizing addit ion.  To avoid overflow, we assume tha t  words begin with a 0. 
Let z = zk E E and let r ( z )  = (c, r) = (ck+l, vk) as determined by the above 
algori thm. The  set of  states of the a u t o m a t o n  is Q = {i0} o { - a  + 1 , . . . ,  a - 1}. 

The  initial state is i0. Edges are defined this way: i0 ~ 0, and, for any q 6 

Q \ {i0} and for any z 6 E,  we have an edge q z/c+q r, with (c, r) = r (z) .  Since 
Icl _< 1 and ]ql < a - 1, c + q E D and r E Q. The  terminal  funct ion associated 
to any state q # i0 is w(q) = q. �9 
Example 

Let /3 = - 3  and let D = { 2 , - . . ,  2}. Below is the on-line finite au toma ton  
with delay 1 realizing addit ion in this system. 2 Take x = 0202 and y = 02i2. 

Then  x + y = 045/1. We have in the a u t o m a t o n  i0 ~ 0 ~ 1 i /1  i :~/0) i and 
w( i )  = 1, thus x + y = i l 0 i .  

2 I thank Paul Gastin for his set of macros Autograph. 
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o/o,3/i,~/1 1/1,~/2,4/o 

~ - ~  1/0, 2/1, 4 / i  ~ 

-@ 
o/L3/~,3/o 

1 / i , 4 /2 ,2 /0  

21~,ili,~/o 

In the case tha t  /7 = - 2 ,  the previous a lgor i thm does not apply. We give a 
special a lgor i thm for tha t  case, which can be extended to any even b together  
with a minimally redundant  digit set, and which is analoguous to the Chow and 
Rober tson a lgor i thm for base 2 [CR]. 

P r o p o s i t i o n 3 .  Let /3 = -b ,  where b = 2a, a being an integer > 1, and let 
D -= { ~ , . . - , a } .  Then addition base - b  can be realized in parallel in constant 
t ime with a window of length 2. Addition is computable by an on-line finite state 
automaton with delay 2, and 4a 2 + 2a + 3 states. 

P r o o f .  For 0 < k _< n -  1, let zk = xk + y k  E E = {/~,. .- ,b} as above. If  
a + l < z k  < b ,  let ck+l = i  a n d r k = z k - b .  I f - b < z k _ < ' - a - l ,  let ck+l = 1 
and r~ = b +  zk. If  z~ = a, and if zk-1 < 0 then let ck+l = i and rk = ~ else let 
ck+l = 0 and rk = a. If z~ = - a ,  and if z~- I  > 0 then let c~+z = 1 and rk = a 
else let ck+l = 0 and rk = - a .  If  Izkl < a - 1, let ck+l = 0 and rk = z~. 
Then  we have zk = flck+l + r k .  Let sk = vk + c k  for 0 < k < n -  1 and sn = c~. 
Clearly x-by = ~ = 0  skflk- We have to show tha t  sk E D. When  a + l  _< Izkl _< b, 
whatever  the value o f z k - 1  is, we get Irkl < a -  1 and Ickl <_ 1, thus Iskl _< a. 
I f zk  = a ,  a n d i f z k - 1  < 0 t h e n r k  = ~ a n d c k  = 0 o r  1, t h u s s k  = - - a o r - - a + l  
and thus belongs to D. If  z~ = a and z~- i  >_ 0, then r~ = a and c~ = - 1  or 0, 
and so sk = a - 1 or a. The case zk = - a  is symmetr ic .  If  Izkl _< a -  1, rk = zk 
and ]ckl < 1, thus sk E D. 

The construct ion of the on-line a u t o m a t o n  will be given in the full paper.  �9 
In [Ko] it is shown that  digit set conversion can be very useful in Compu te r  

Ari thmetic .  Here we have the following. 

C o r o l l a r y 4 .  The digit set conversion in base - b  belween numbers written with 
digits in the canonical digit set A into their representation with digits in D 
is computable in parallel in constant time, and computable by an on-line finite 
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automaton. The inverse conversion, f rom D to A, cannot be computed on-line, 
but in L S D F  mode only (with a sequential finite state automaton).  

In the same  spirit,  in [All, it is shown tha t  conversion between numbers  wri t ten  
in base b, b integer >- 2, with digit set A = {0, �9 �9 b -  1} into their  representa t ion 
in base - b  with the same digit set is computab le  by a LSDF sequential  finite 
s ta te  a u t o m a t o n .  We show the following. 

P r o p o s i t i o n 5 .  Let b be an integer >- 2. The conversion from base b and digit 
set A = { O , . . - , b -  1) into base - b  and digit set D = { ~ , - - . , a } ,  whith a + 1 <_ 
b <_ 2a, is computable by a L S D F  sequential finite state automaton. The inverse 
conversion is also computable by a L S D F  sequential finite state automaton. 

4 Complex number systems 

B a s e  /3 = ix/b 
Let /3 = ix~b, where b is an integer >- 2. Any complex  n u m b e r  is uniquely 

representable  in base fl with digits in the canonical digit set A = { 0 , - - . ,  b -  1} 
(see [Ul], [KS], [Gi]). Note tha t  when b is a perfect square,  b = c 2, c integer _> 2, 
cases /3  = ci as well as fl = - c i  are included in the general  case. Most s tudied 
cases are /3 = 2i and A = { 0 , . . . ,  3}, s t rongly related to base - 4 ,  and /3  = ix/'2 
and A = {0, 1} ([K1, K2]). 

Let j be an integer >- 0, possibly infinite, and let k > 0. Since 32 = - b ,  we 
have 

( a 2 k ' ' ' a o  " a - l  ' ' ' a - 2 j ) Z  = 

(a2ka2~-~ . . .ao . a-2  " " "a_2j)-b + ix/~(a2k-la2k-3" . .al  . a - l  . . . a -2 j+l ) -b .  

Thus,  if z = x + iy E C, x and y in R,  the /3- representa t ion  of z can be ob ta ined  
by interleaving the -b - r ep resen ta t ion  of x and the -b - r ep re sen t a t i on  of y/x/~: 

P r o p o s i t i o n 6 .  Addit ion in base/3 = iv/-b, b >- 2, with digits in A = { 0 , - . . ,  b -  
1} is computable by a L S D F  sequential finite state automaton. It cannot be com- 
puled on-line. 

P r o p o s l t i o n T .  Let~3 = ivY ,  where b is an in teger> 2, let a = [b/2] + 1  and let 
D = {~t , . . . ,  a}. Then addition in base/3 = iv/b can be realized purely in parallel 
in constant time. Addit ion is computable by an on-line finite state automaton 
with delay 2 and (2a - 1) 2 + 2 states. 

P r o o f .  We define zk C E = { ( 2 a ) , . . . , ( 2 a ) }  as above.  If  a < zk _< 2a, let 
ck+2 = 1 and rk = z k - b .  I f - 2 a _ <  zk < - a ,  let ck+2 = 1 a n d r k  = b + z k .  If  
[zk] < a - l , l e t  ck+2 = 0 and rk = zk. In any case, [ck[ _< l a n d  [rk[<_ b - a  <_ a - 1 .  

Thus,  zk = fl2ck+2 + rk. Let us put  sk = rk + ck for 0 < k < n -  1, s,~ = c~, 
V'~+l skfl k with [ sk [<  a. and Sn+ 1 ----- C n +  1. We have x + y = z~i=o 

The  construct ion of the on-line a u t o m a t o n  will be given in the full paper .  �9 
We now consider the min imal ly  redundant  digit set associated to t3 --- ix/~ 

when b is even. 
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P r o p o s i t i o n 8 .  Lel fl = ix~b, where b _ > 2 is even, let a = b/2 and let D = 
{~t , . . . ,  a}. Then addition base fl = ix/b can be realized in parallel in constant 
t ime wilh a window of lenglh 3. Addi t ion is compulable by an on-line finite stale 
automaton with delay 3 and about b 4 slates. 

P r o o f .  Define z~ E E =  { - b , - . . , b }  as above .  I f a + t < _ z k  <_ 2a, let c k+2= i 
a n d  rk = z k - b , .  I f - 2 a  < zk < - a -  1, let  ck+2 = 1 and  rk = b + z k .  I f  
zk = a a n d  i f  z k - 2  < 0, le t  ck+2 = i a n d  rk = ~ else le t  c~+2 = 0 a n d  rk - a.  I f  
zk = ~ a n d  if  zk -~  > 0, let  ck+2 = 1 a n d  rk = a else let  ck+2 = 0 a n d  rk = ~. 
I f  Izkl _< a - 1, let  ck+2 = 0 a n d  rk = zk. In  a n y  case,  levi < 1 a n d  Irkl < a.  
W e  have  zk = fl2ck+2 + rk .  Let  sk --  rk + ck for  0 < k < n - 1, s,~ = cn, a n d  

~--~n+l o k  
Sn+l  = Cn+l. T h e n  x + y = 2_~i=0 sk~, �9 

I f  a + l  _< [zk[ < 2a,  t h e n  Irk[ _< a - 1 .  Since  Ickl _< 1, [ski _< a. I f  [zk[ _< a - l ,  
we get  [ski _< a.  Le t  zk = a a n d  zk -2  < 0. T h u s  rk = - a  a n d  ck = 1 or  0, so 
sk E D.  If  zk = a a n d  zk -2  > 0, t h e n  rk = a,  ck = i or  0, t hus  sk C D.  T h e  case  
zk = ~ is s i m i l a r .  �9 

C o r o l l a r y  9. The digit set conversion in base/~ = i v ~  between numbers wri t ten 
with digits in A into their representation with digits in D is computable in parallel 
in constant t ime, and computable by an on-line finite automaton. The inverse 
conversion, f rom D to A cannot be computed on-line, but in L S D F  mode only 
(with a sequential finite automaton).  

B a s e / ~ : - b + i  
W e  now cons ide r  base  ~ = - b  + i, where  b is an  in teger  > 1. I t  is k n o w n  

([KS], [Pe]) t h a t  any  c o m p l e x  n u m b e r  is u n i q u e l y  r e p r e s e n t a b l e  in base  fl = - b + i  
w i t h  A = { 0 , - - - ,  b 2} for c anon ica l  d ig i t  set .  T h e  case  fl = - b  - i is t he  s a m e .  
E v e r y  fo l lowing  p r o p e r t y  is sa t i s f ied  by  b o t h  bases .  Reca l l  t h a t  a d d i t i o n  in  ba se  

= - b  + i, b > 1, w i th  d ig i t s  in A = { 0 , . - . , b  ~} is c o m p u t a b l e  b y  a L S D F  
s e q u e n t i a l  f in i te  s t a t e  a u t o m a t o n  [Sa]. 

R e m a r k  t h a t  ( - 1 + i )  4 = - 4 ,  b u t  t h a t  for  a n y  b > 2, t he re  is no  in t ege r  k # 0 
such t h a t  ( - b  + i) k is an  in teger .  T h u s ,  f r o m  now on,  we t r e a t  on ly  of  t he  case  

= - 1  + i a n d  A = {0, 1}. T h e  m i n i m a l l y  r e d u n d a n t  d ig i t  set  for  ba se  - 1  + i 
is { i ,  0, 1}, b u t  i t  is an  o p e n  p r o b l e m  to  give a p r a c t i c a l  a l g o r i t h m  p e r f o r m i n g  
a d d i t i o n  in p a r a l l e l  for  th i s  d ig i t  set  (see [NM]).  S ince  ( - 1  + 0 2 = - 2 i ,  i t  is 
n a t u r a l  to  t ake  D = { 2 , . . . ,  2} as a d ig i t  se t  l e a d i n g  to  a r e d u n d a n t  n u m b e r  
s y s t e m .  

P r o p o s i t i o n l 0 .  Addit ion in base ~ = - 1  + i and digit set D = { 2 , . . - , 2 }  
can be realized in parallel in constant t ime with a window of lenglh 5. Addi l ion 
is computable by an on-line finite state automaton with delay 5, and aboul 5 6 
states. 

P r o o f .  Let  zk E E = { Z l , . " , 4 } , 0 < k < n - l .  I f z k  = 4 ,  let  c k + 4 = i ,  r k = 0 .  
I f  zk = 4, le t  ck+4 = 1, rk = 0. I f  zk = 3, let  ck+4 = i ,  rk = i .  I f  zk = 3, le t  
ck+4 = 1, rk ---- 1. I f z k  = 2 a n d  if  z~-4  < 0, le t  ck+4 = i and  rk --  2 else ck+4 --  0 
a n d  r~ = 2. I f  z~ = 2 a n d  if  z~_4 > 0, let  c~+~ = 1 a n d  r~ = 2 else c~+4 = 0 a n d  
r~ = 2. I f  Iz~l _< 1, le t  c~+4 = 0 a n d  r~ = z~. W e  have  z~ = fl~c~+4 + r~.  Le t  
8k = ck + rk .  
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I f 3  _< Izkl _< 4, or Izkl _< 1, then in any case Irkl _< 1 and Ickl _< 1. thus ]ski _< 2. 
If  zk = 2 and zk-4 < 0, we have rk = 2 and ck = 1 or 0, thus Iskl _ 1. If  zk = 2 
and Zk_ 4 ~ 0, then rk = 2 and ck = i or 0, thus Isk] <_ 2. The  case zk = 2 is 
symmet r i c .  I 

Remark. Conversion in base - 1  + i between digit  set A = {0, 1} and D = 
{ 2 , . . . ,  2} is not on-line computab le ,  but  is c o m p u t a b l e  by a LSDF sequential  
finite s ta te  a u t o m a t o n .  
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