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Abstract. This article presents a new method to find the best rigid
registration between a curve and a surface. It is possible to write a com-
patibility equation between a curve point and a surface point, which
constrains completely the 6 parameters of the sought rigid displacement.
This requires the local computation of third order differential quantities
and leads to an algebraic equation of degree 16.

A second approach consists in considering pairs of curve and surface
points. Then only first order differential are necessary to compute lo-
cally the parameters of the rigid displacement. Although computation-
ally more expensive, the second approach is more robust, and can be
accelerated with a preprocessing of the surface data.

To our knowledge, it is the first method which takes full advantage of
local differential computations to register a curve on a surface.

1 Introduction

Finding the best spatial registration between a rigid curve and a rigid surface is
an important problem in the medical field when a volume medical image must be
registered either with a single cross-section acquired later with a CT-Scanner or
MRI, or with a 3D curve acquired with a laser range finder on the external surface
of a patient. Besl mentionned this problem in a paper on 3D registration [1], and
Grimson presented recently an industrial application of this type but restricted
to the recognition of cylinder objects [2].

The scope of our study is more general in that we do not restrict the shape
of the observed surfaces or curves. In fact, although results are presented with
planar curves, the developped formalism is valid also for general spatial curves
and free form surfaces. On the other hand, we assume that it is possible to
compute the differential properties of both the curve and the surface, either
up to the third order (first approach), or at least up to the first order (second
approach). Both are reasonable assumptions with high resolution medical volume
images, where adequate spatial filtering allows for the extraction of anatomical
surfaces and curves, with the computation of differential properties [3, 4, 5].

2 Registration Using one Point on Curve and Surface

2.1 Geometrical Constraints

At each point of a parametric curve, we can define an intrinsic orthonormal
frame (t,n,b) (the Frenet frame) and metric invariants (the curvature k and
torsion 7). We can also build at each point of a parametric surface the two fun-
damental forms and infer from them an intrinsic orthonormal frame (eq, e, N)
(the principal frame) and the two principal curvatures. (k1, k2)) [6]

When a curve lies on a surface, its tangent vector is in the tangent plane of the

surface. We can then also construct a third intrinsic orthonormal frame (t, g, N),

Lecture Notes in Computer Science, Vol 801
Jan-Olof Eklundh (Ed.)

Computer Vision - ECCV '94

© Springer-Verlag Berlin Heidelberg 1994



188

called the Darboux frame. Thus, for each of these frames, we can express the
derivatives of the frame along the curve with respect to the arc length s in the
same frame (moving frame method) [6]. Using the relations between the Darboux
frame and the Frenet frame or the principal frame we obtain:

kp =kcost = k1 cos® o + kasin® ¢ (normal curvature) (1)
ky =ksinf = —1—(% cos @ + k2 sin @) + de (geodesic curvature)'  (2)
9= - kl - kz 362 it 361 $ ds 8
d
Tg =T — E% = {k1 — ko) cos psin ¢ {(geodesic torsion) (3)

The knowledge of # (angle betwen the normal to the curve and the normal to
the surface) and ¢ (angle between the curve tangent and the principal direction
eq) characterizes the rotation between the Frenet frame and the principal frame.

For each point on the curve, we can compute its curvature k and its torsion 7
and their derivatives with respect to the arc length s. Moreover, for each point of
the surface the principal curvatures (ki, k2) and their derivatives along eq and
eo can be computed. However ky, kg, 7, the two angles 0, ¢ and their derivatives
with respect to s are unknown. In our problem, we have a model S of a surface
and a curve o that we wish to register on S. For every point m of ¢ and its
homologous point M on the surface, every pair (8, ¢) which is solution of (1,2,3)
gives us a unique registered Frenet frame. It is then easy to find the rotation of
the Frenet frame and to infer the rigid transformation which maps m into M.

2.2 Determining the Angles 8 and ¢

The drawback of the system (1,2,3) where the unknown values are (6(s), ¢(s)) is
the presence of the derivatives of (0(s), ¢(s)) with respect to s (except for (1)).
Thus, in order to find (8, ) we must eliminate those derivatives. By derivat-
ing (1) with respect to s and using (2,3) and ? we obtain:

1dk
kds

8k 3k . gk . Jks .
kn+kg(3rg—7) = a—ei- cos® :,a+3-é-é— cos® psin +3 -a—e—j- cos ¢ sin® 99-!—5;—22— sin® p = C(yp)
(4)

Therefore we obtain one single algebraic equation in ¢ with

14) = (B = @)y 6) — 7" = (C(p) = Tha@)? =0 (5)

Since (5) 1s an algebraic equation of degree sixteen, there is no hope to find
explicit roots for the general case, but classical methods may be used [7].
For each solution ¢, (1) gives us cos #; sin § is obtained by (2) and (4) .

2.3 Matching Algorithm

First at all we have to compute differential invariants in volume or planar im-
ages. The use of a Gaussian convolution filter transforms the digital 3D image
into an infinitely differentiable function I{z,y,z) [3, 5]. Then the implicit func-
tion theorem allows us to express the differential caracteristics of the iso-surface
I(z,y,z) = a as expressions of the derivatives of I{x,y, z) [4].

Now we can describe our matching algorithm: '

! for each fonction M (u,v) defined on the surface, g—ﬁ—f—(m) = idj\—f-(m—}-tel) for (t = 0)
is called the derivative of M with respect to e in m.

2 for each function P of the coordinates of the surface (w,v), the derivative of the

restriction of P on the curve may be written: %g = gf} cos p + % sin @
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1. For each remaining pair of points with one point on the curve and the other
one on the surface, solve the equation for the angle ¢. Then for each root:

(a) Compute § and determine the rigid transformation.

(b) Apply the tranformation to the curve.

{c) If a sufficient number of curve points lie at a distance of the surface
smaller than a preset threshold, store the 6 parameters of the rigid trans-
formation in a hash-table.

2. Repeat until at least one bucket of the hash-table contains a sufficient number

of stored transfomations.

By applying the estimated transformation to the curve we can easily eliminate
irrelevant transformations. However this last process requires the computation,
for each point of the curve, of the closest point on the surface. This can be done
by using octree-spline [8]. As soon as the initial guess is reasonably good, we can
improve the registration by using an iterative method (see [9] for instance). Un-
fortunately, to find the initial guess, we have to compute third order derivaiives
on the curve and on the surface and solve an algebraic equation of high degree.
This makes the method applicable to high quality data only. To address this last
point, we present now a more expensive but more robust approach.

3 Registration Using pair of Points

3.1 Geometrical Constraints

The geometric constraints between a pair of points (a,b) on the curve o and
its homologous pair of points (4, B) on the surface S require only first order
differential invariants on the curve and surface.

Since the tangent to a curve lying on a surface is in the tangent plane of the
surface and that the scalar product is invariant by a rigid transformation, the
constraints between the pairs (a, 5) et (A, B) can be written as:

{H ab ||=|[ AB || =d and {(D(ta)IAB) = (talab)
(D(ta)INa) = {(D(t)INg) =0 (D(tp)|AB) = (ty]ab)

D is the unknown displacement, (ta, ty,) are the tangents to the curve in (a, )

and (N 5 ,Npg) are the normals to the surface in (4, B) homologous points of
(a,b) by D. Writing (N 5 [Ng) = cos I" and expressing (D(ta), D(ty,)) in the
bases of the tangent planes of the surface in (4, B) 2 we have:

sin I' D(ta) =cosa Ny ANp +sinajcos 'Ng — Ng]
sin I' D(ty,) =cos N p ANp +sin flcos INg — N ]

(e, B) are the angles between (D(ta), D(t},)) and Ny ANg.

By writing AB in the two bases and by computing the scalar products
(D(ta)|AB) and (D(t},)|AB) we get two equations for the angles (o, 8) of
the form A cos @ + Bsinf = C*. As the scalar product is invariant we can write:
(D(ta)]D(tb)) = (taltb> = cos+y. Thus we have one more equation:

cos acos F — cos I'sinasin § = cosy (6)

"Then by solving the equations verified by o and 8 and keep the roots which
verify (6) we can find the rigid transformation which maps (a, ) on (A4, B).
3 when Np ANpg #0
* An equation of the form A cosf+ Bsin 8 = € has two roots if and only A%+ B? > CG?
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3.2 Specific Situations

When siny = 0 and sin I" # 0, (i.e. the tangent vectors in (a, b) are parallel). By
using (6) we prove that (e, ) must be equal to 0 or 7 and that (ta,t},, Na A
Np) are proportional vectors. This can be seen in the following equation:

<NAANB]AB>)2 (ablta)” = (ablty,)” (7)

sin [
Thus in this particular case we have two invariants on the pair of curve points
and on the pair of surface points : the intrinsic distance d and the quantity A.

M= (

3.3 Registration Algorithm
Using the above-mentioned constraints, the matching algorithm is as follows:
1. for each pair of curve points and for each pair of surface points being at the

same distance d:

(a) find o and B and keep them if they satisfy (6) with a given accuracy e.

(b) Compute for each solution (a ) the corresponding rigid transformation.

2. Then proceed the same way as in the first algorithm.
The main advantage of this algorithm with respect to the one based on the
computation of ¢ comes from the use of first order differential invariants (curve
tangents and surface normals), instead of the third order differential invariants.

However, this algorithm has a higher complexity: it is necessary to search for
pairs of curve and scene points being at a similar distance of each other. A brute
force algorithm leads to a combinatorial explosion, which is in O(r?p?)).

The complexity can be decreased by reducing the number of pairs of curve
points, i.e. selecting those being at a sufficiently large distance of each other. The
surface can be preprocessed beforehand: pairs of surface points can be ordered
by increasing distance d. Then, at recognition time, a given pair of curve points
is compared to surface pairs of similar distance with a O{log(n?)) algorithm.

A further reduction in the number of such pairs can be easily obtained when
dealing with planar and closed curves, by imposing parallel tangent vectors.
In this case, as showed above, it is easy to compute 2 intrinsic invariants at
each curve and scene point (d and A computed with respect to curve point of
same tangent vector). The number of pairs of curve points then reduces to O(p),
since for a given curve point there is a finite number of points on the curve with
parallel tangents. Applying both strategies can reduce the recognition complexity
to O(p log(n)) for planar curves, and O(p? log(n)) in the general case.

4 Experimental Results

4.1 Synthetic Examples

After the generation of synthetic volume images of a 3D object (Fig. 1), we
extracted the object surface for a given iso-intensity value [4 [4], and a curve in a
randomly selected 2D cross-section, for the same iso-intensity value. The surface
had about 7000 points while the curve had about 150 points.

Using the first approach, and using the proposed third order differential in-
variants, (5) yielded from 0 to 12 solutions for ¢. By computing the derivatives
analytically , the program returned for 90% of the curve points, the correct
with an accuracy better than 5 degrees. When the derivatives were computed
by local gaussian filtering this percentage was 76% of the curve points.

The second approach yielded a correct rigid transformation, for all our tri-
als. In fact, we got additional solutions, which are quite reasonable due to the
symmetries of the original object as can be seen in Fig. 1.
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Fig. 1. Registrations on synthetic examples.

4.2 Real Data

We used a volume image of a skull acquired by an X-ray CT-Scan (provided by
GE-MS), and we computed the iso-surface corresponding to the bone surface.
In another image of the same skull in a different position, we extracted a single
cross section and the iso-intensity contour corresponding again to the bone limit.
The algorithm using the second approach found the rigid transformation
which superimposes the curve on the surface. As we knew that the cross section
had been extracted grossly at the level of the orbits, we reduced the complexity
of the matching algorithm by selecting only about 10 cross-sections of the first
volume image of the skull, centered about the orbits and by taking the pairs of
curve points whose inter-distance was larger than 75% of the curve diameter.
An iterative registration algorithm can improve the found solution. Typically,
the initial solution is found with a tolerated distance of about 5 voxels between
the transformed curve and the surface, and this distance can be decreased to 0.5
voxel after a few tens of iterations of the iterative closest point algorithm.

5 Conclusion

In this paper we have presented the differential constraints which can be ex-
ploited to register rigidly a curve on a surface. These constraints apply by con-
sidering either homologous points, which requires the computation of third order
differential invariants and leads to a O(np) algorithm, or homologous pairs of
points between the curve and the surface, which brings about the computation
of first order differential invariants and leads to a brute force complexity of
O(n?p?) algorithm. This last complexity can be significantly reduced, typically
to O(p log(n)) by applying additional constraints, in particular when the curve
is planar and closed.

We presented results both with synthetic and real data, showing that only
the second algorithm is robust enough in the presence of noise. Anyhow, the con-
straints used in the first algorithm can be used efficiently during the verification
stage of the second algorithm, making the whole study useful in practice.
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Fig. 2. Top: left: surface from the first CT scan; left: one particular fit. Bottom: left:
curve from the second CT scan; right: the curve is superimposed on the interpolated
cross section image.
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