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Abstract. Non-rigid registration has traditionally used physical mod-
els like elasticity and 
uids. These models are very seldom valid mod-
els of the di�erence between the registered images. This paper presents
a non-rigid registration algorithm, which uses a model of bone growth
as a model of the change between time sequence images of the human
mandible. By being able to register the images, this paper at the same
time contributes to the validation of the growth model, which is based
on the currently available medical theories and knowledge.

This paper studies the process of bone growth in the human mandible. Based
on the available medical knowledge, a bone growth model is established, and
experiments are carried out to determine the validity of the model. These ex-
periments uses a unique data set containing three voxel images of the mandible
of a child, taken at di�erent times.

Being able to model the growth of the facial bones is both interesting for un-
derstanding the development of the cranio-facial complex, and for understanding
the e�ects of cranio-facial surgery on children. After children with growth de-
fects have undergone surgery to restore normal function and appearance, the
bones continue to grow. This growth often introduces new deformations and
new surgery has to be performed.

It is, therefore, important to understand the growth of the bones. It would be
useful for the surgeon to be able, not only to predict the instantaneous result of
the surgery, but also to predict the evolution of the face after surgery. Using such
knowledge, the surgeon could possibly anticipate this development and correct
for it in advance.

The process of modeling the growth can be seen as a registration problem,
and the discussion follows the notation and semantics of the general registration
methodology.

1 Non-rigid registration as a physical problem

Non-rigid registration is used to register images that are di�erent. As 'non-rigid'
indicates, more than just a simple superposition of the images is required to get



a complete correspondence, and some sort of deformation must be included in
the transformation, to map dissimilar images onto each other.

Optimally, the non-rigidness of the transformation allows a full correspon-
dence to be determined, and at the same time limit excessive deformations by
including some sort of regularization e�ect.

Most non-rigid registration methods are directly or indirectly based on elas-
tic (eg. [1, 12] or viscous-
uid models (eg. [9, 8]). Although many methods do
not use the terminology of these continuum models, they follow the same ideas
algorithmicly.

The use of elastic and viscous 
uid models for registration of images has often
been criticized, because they represent the application of a physical model, which
does not re
ect the actual physical development between the images.

A correct physical model, for registration of images of the brain of two indi-
viduals, would re
ect the actual biologic and genetic development of these brains.
Since a common genetic basis exists for these brains, it should, conceptually, be
possible to create a development model for the two brains down through history
to a common ancestor. Using this development model a correspondence could
be created.
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Fig. 1. Di�erent registration methods and their use of physically valid or invalid

models of the change between two images.

The di�erence between the traditional registration models and the idea of a
physically correct model of development, is illustrated in �gure 1. Rigid registra-
tion methods basicly register images to derivatives of themselves. The traditional
non-rigid registration methods attempt to model the di�erence between two im-



ages, using an arbitrary physical model, which does not re
ect the actual physical
process. The development methods, on the other hand, use the actual physical
process as the model of change.

One of the important advantages, of using a physically correct model, is the
ability to simulate what happens between the images. Where traditional non-
rigid methods only provide a correspondence between the images, the physically
valid models describe the actual development, which can then be simulated.
Naturally, these models have generally been viewed as impossible, although con-
ceptually interesting.

In this paper a physically valid development model, for non-rigid registration
of time sequence images of the human mandible is developed. With a model of
physical bone growth, images are registered by allowing the initial image to
grow to the second image. The initial and �nal images are used as boundary
conditions.

Fig. 2. Images of the mandible of a child at the age of 9, 21 months and 7 years.

A set of three images of the mandible of the same child at di�erent times,
is used to validate the growth model (see �gure 2). These images have been
acquired at the age of 9, 21 months and 7 years.

During this period both actual bone growth, and teeth growth and erup-
tion take place. But for simplicity, we ignore the teeth growth and consider the
mandible as one coherent piece of bone. The teeth and other internal structures
are only used for initial rigid registration of the images.

2 Bone growth

A general rule for bone growth, is that growth only takes place on the surface of
bones. The interior of bones is calci�ed and rigid, and do not change shape [10,
11]. Bone growth is consequently di�erent from normal biological growth, where
growth happens by cell division.

Bones grow by a complex process of deposition1 and resorption. Deposition
adds new material to the surface of the bone and resorption removes material

1 Sometimes called apposition.



from the surface of the bone. These processes only occur in a thin boundary
layer, in which cells called osteoblasts and osteoclasts are responsible for the
deposition and resorption of bone material respectively.

Deposition can take place both on the surface of normal bone, in which case
it is called surface deposition, in sutures where bones are connected by thin
bands of �brous material, and in the cartilages that join some bones. Examples
of sutures are found in the skull, where they accommodate the growth of the
brain, and examples of cartilages are found on the condyles of the mandible,
where they form the joint between the mandible and the skull.

Surface deposition is considerably slower than the other forms of growth, but
takes place on the entire surface. Cartilage and suture growth only take place in
isolated areas.

2.1 Growth of the mandible
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Fig. 3. Anatomic description of the mandible.

The general anatomy of the mandible is shown in �gure 3.
Up to the second half of the �rst year the mandible has cartilage in the mid-

line. But after this period the two halves are connected and the cartilage disap-
pears. The mandible is then a single bone, with cartilages on the two condyles
(the mandibular condylar cartilages).

Growth of the mandible takes place by growth in the condylar cartilages, and
by surface deposition and resorption on the remaining surface of the mandible.

That the mandible only grows by surface processes can seem surprising, con-
sidering the large size di�erence between the jaw of a child and an adult. But
implant studies by Bj�ork [3, 4] and Bj�ork and Skieller [6, 7] have shown this
model of the growth process to be valid at least for the corpus. The growth
pattern of the condyles is still under discussion.

2.2 Stable structures

Since the interior of the mandible does not grow, it should be expected that
stable structures could be detected here.



Fig. 4. Stable features in the mandible.

Indeed based on his implant studies, Bj�ork [5] suggested the inferior dental
nerve channel, the inner cortical surface of the symphysis, the lower margin of
the third molar tooth germ before it erupts, and the tip of the chin as stable
features of the mandible (see �gure 4).

There is general agreement on these features, although the third molar is
only stable during the period, in which it has not started developing roots. It
can, therefore, not be used in studies over many years.

3 Non-rigid registration of mandibles using bone growth

model

Using the information about the growth of the mandible, this section establishes
a mathematical model of the growth process, and a simulation algorithm, which
allows non-rigid registration of time sequence images of a developing jaw and,
thereby, simulation of its development.

The basic algorithm �rst rigidly registers the mandibles using the stable
structures suggested by Bj�ork [5]. When these structures have been overlaid, the
remaining di�erence between the images re
ects the growth that has taken place
between their acquisition.

A partial di�erential equation for the growth on the surface of the bone is set
up, using the estimated distance between corresponding features to determine
the growth velocity.

Finally, the growth process is simulated to register the images.

3.1 Rigid registration of stable structures

A combination of surface based rigid registration, based on the Iterated Closest
Point (ICP) algorithm by Besl and Kay [2], and manual correction, were applied
to register the mandibles. Using the ICP algorithm, the tip of the chin was �rst
registered and the result subsequently validated and corrected using the other
stable structures. Figure 5 shows the three mandibles after rigid registration.



Fig. 5. Overlayed mandibles after rigid registration.

From the overlapping mandibles it is possible to discern some of the changes
caused by the growth. The most dramatic growth takes place on the ramus,
which is the large structure at the end of the mandible, and the condyles, which
are the attached to the rami and serve as the connection to the rest of the skull.

3.2 Growth model

As we saw above, the deposition and resorption processes work in a thin bound-
ary layer on the surface of the mandibles. During the work of the osteoblast and
osteclast cells, the density of the bone increases or decreases in the boundary
layer until bone has either been completely deposited or resorped. The boundary
layer then moves, and the process restarts.

To model this, the bone density �(x; t) 2 [0; 1] is used as the primary variable.
Bone is de�ned as �(x; t) = 1 and air is de�ned as �(x; t) = 0. Thus, the de�nition
of the bone body becomes 
 = fxj�(x; t) = 1g. We de�ne the initial image as
the template image T (x) 2 [0; 1] and the desired end-state as the study image
S(x) 2 [0; 1]. The initial domain can therefore be written as 
 = fxj�(x; 0) =
T (x)g. The registration problem is formulated as changing the density map
using a model of growth, so that �(x; tend) = S(x) where tend is the time of full
registration.

The boundary of the domain is denoted ~� (see �gure 6.6), and consists of a
stable part ~� 0, where the template and study boundaries match, and unstable
parts ~� 1, and ~�

�1 where deposition and resortion take place respectively:

~� = ~� 0 + ~� 1 + ~�
�1

~� 0 = fx 2 ~� j T (x) = S(x)g
~� 1 = fx 2 ~� j T (x) < S(x) ^ �(x; t) 2 [0; 1[g

~�
�1 = fx 2 ~� j T (x) > S(x) ^ �(x; t) 2]0; 1]g (1)

For completeness we de�ne the boundary as having a thickness � > 0.
We now proceed to de�ne the partial di�erential equation (PDE) governing

the growth process. The general requirements for this PDE is that change in



density should happen only for x 2 ~� 1 + ~�
�1, and that the change in density

should re
ect the velocity of the actual growth. The PDE is de�ned as:

@�(x; t)

@t
=

8<
:
cvg(x; t) x 2 ~� 1

�cvg(x; t) x 2 ~�
�1

0 x 2 ~� 0 [ ~


(2)

where vg(x; t) is the growth velocity and c is a constant. The equation is concep-
tually simple, and states that the density should increase in areas of deposition,
and decrease in areas of resorption. The rate of change is proportional to the
growth velocity.
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Fig. 6. Left: The speed of growth must be depend on the distance to be �lled. Top right:
De�nition of growth domain. Lower right: Line process.

Determining the growth velocity Amajor problem, in developing the growth
registration algorithm, is the selection of an appropriate growth velocity. The ini-
tial suggestion is a constant.

Consider �gure 6. As this drawing illustrates, for the growth to look normal,
it is necessary that the growth velocity re
ects the distance, which needs to be
covered by the process. Otherwise, the growth would �rst �ll out the thin spaces,
and then gradually �ll out the wide spaces, thus falsely indicating that the thin
spaces only grow in the beginning of the process.

Instead of a constant, the actual remaining distance from the boundary of
the current bone body to the boundary of the study image S(x), could be used
as the velocity. But this does not work either since the velocity would decrease
as the gap was narrowed. The growth velocity must re
ect the initial distance
from the template image boundary to the study image boundary.



The suggested growth velocity is therefore determined using the following
algorithm:

1. Initially, determine a distance map dist(x) from the study image S(x) to
the template image T (x).

2. For each boundary voxel xb 2 ~� 1 + ~�
�1 in the currently evolved image:

(a) Perform a line search, perpendicular to the boundary starting from the
current bone body ~
, until a boundary voxel xs in the study image S(x)
is found (see �gure 6).

(b) Set the growth velocity vg(xb; t) to dist(xs).
3. Lowpass �lter the velocity �eld using a Gaussian kernel.

The last action has been introduced to smooth discontinuities in the velocity
�eld, and to remove spikes.

3.3 Implementation

The complete growth registration is implemented with the following iterative
algorithm:

1. Determine a distance map dist(x) from the study image S(x) to the template
image T (x),

2. Determine the correct boundary ~� = ~� 0 + ~� 1 + ~�
�1 of the bone body ~
.

3. For all voxels on the changing boundary ~� 1 + ~�
�1 determine the growth

velocity using the algorithm above,
4. Calculate @�=@t using equation 2,
5. Perform time integration of the density:

�(x; t) = �(x; t) +4
@�(x; t)

@t
(3)

where 4 is the time step.
6. Where the density �(x; t) > 1 or �(x; t) < 0, disperse the excess equally to

neighbouring boundary voxels.
7. If �(x; t) has changed, go to 2

The dispersion of excessive density in step 6 is necessary because of the �nal size
of the time step.

3.4 Results

A 2D example is used to illustrate the e�ect of the choice of non-constant growth
velocity. Figure 7 shows the template and study images and their di�erences. As
can be seen in the �gure, both deposition and resorption is necessary during the
growth process.

Figure 7 shows the growth pattern for growth with constant growth velocity
and distance dependent growth velocity. The image in the bottom right of both
�gures shows the development pattern. Dark values indicate early growth and



Fig. 7. Top: Initial image (left), image to grow to (middle), and the areas of di�erences
(right). Bottom: Development of growth with simple velocity model (left) and distance
dependent velocity model (right).

bright values late growth. It is easy to see how the growth, using the distance
dependent growth velocity, has a more uniform development, whereas the pattern
of the growth using constant velocity is more non-uniform.

The result of using the growth registration algorithm on the mandible images
is shown in �gure 8. This �gure shows that the development between the 3
original images is very smooth and looks quite realistic.

4 Conclusion

In this paper a model of bone growth in the human mandible has been developed.
The results provide documentation that the theories of bone growth, which the
model is based upon, may be correct. The documentation is not a de�nite proof,
since it only shows that the theory can explain the growth of the mandible.

An important result of modeling the growth, is the time images, such as
those in �gure 7, which are a by-product of the simulation. Together with corre-
sponding images of the density change in each iteration, they convey important
information about the structure of the growth. The clinical importance of these
images has yet to be investigated.

This paper has argued that modeling the growth process, is an image regis-
tration process. As such, using the growth model as the basic control mechanism,
represents a new form of medical image registration. All previous non-rigid reg-
istration algorithms have used physical models as regularization methods, and
have not modeled the actual physical development responsible for the di�erences
between the images.
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