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Abstract. We present here a particular case of the higher order match-
ing problem — the linear interpolation problem. The problem consists
in solving a collection of higher order matching equations of the shape
tMi... My = N, where z is the only unknown quantity. We prove re-
cursive equivalence of the higher order matching problem and the linear
interpolation problem. We also investigate decidability of a special case
of the fifth order linear interpolation problem. The restriction we con-
sider consists in that arguments of variables from the main abstraction in
terms M, ..., My cannot contain variables from the main abstraction.

1 Preface

The higher-order matching problem for simply typed \-calculus has been consid-
ered since 1976 ([Hue76]). There were proposed several partial solutions of the
problem (second order matching — [GHT78]; correct, but without a proof of com-
pleteness, algorithm — [Wol89]; third order matching — [Dow93]; fourth order
matching — [Pad96]).

In this paper, we present the linear interpolation problem. This problem is
Interesting since to construct a solution for such a problem we deal with a single
object, not a set of objects as in the case of the matching problem in general
formulation. Moreover, V. Padovani investigates a similar problem in his paper
[Pad96]. The Padovani’s problem consists in solving the pair of sets {P,0} of
interpolation equations. A solution of such a problem is a concretisation of un-
known quantities which satisfies each equation in the set @ and does not satisfy
any equation in the set ¥. Decidability of the problem implies decidability of the
matching problem as proven in [Pad96].

! This work has been partly supported by ESPRIT BRA 7232 GENTZEN, and KBN
8 T11C 034 10 grants.
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In the second part of the paper, we look into decidability of a special case of
the fifth order linear interpolation problem. The restriction we consider is that
arguments of variables from the main abstraction in terms M, ..., My cannot
contain occurrences of variables from the main abstraction.

This issue is interesting, since it gives constructors of proof-checkers and
proof-assistants possibility of solving some fifth order matching equations.

This paper is organised as follows — in Section 2 we present some basic def-
initions and define some useful notation, in Section 3 we prove recursive equiv-
alence of the higher-order matching problem and the interpolation problem, and
in Section 4 we prove our decidability result.

The present paper contains only a sketch of the proof. More details can be
found in the technical report [Sch96].

Acknowledgements. Thanks to prof. J. Tiuryn for encouragement to deal with
the higher-order matching problem and for discussions on the topic we had. I also
thank prof. P. Urzyczyn, Robert Maron, Grzegorz Grudzinski for many prolific
debates.

2 Basic definitions

2.1 Types and terms

We assume the reader is familiar with the notions of A-term, 8 and 7 reduction,
type systems. Corresponding definitions can be found in [Bar84] or [Bar92].

Additionally, we understand the simply typed A-calculus in the formulation,
where we have a type indexed set £ of unknown quantities symbols, and terms
may contain these symbols in unbound positions. The set of all simply-typed
M\-terms is denoted by A_,. The set of free variables in a term ¢ is denoted by
FV(t) and the set of constants by Const(t).

We assume, except when stated explicitly, all terms are in B-normal, 77-long
form. When necessary the normal form of a term ¢ is denoted by NF(t).

Moreover, we mean by a closed term a term defined as usual but we impose
one additional condition — the term canmnot contain unknown quantities. We
denote by CI(A) the restriction of the set A of terms to closed terms.

Terms are denoted by capital Latin letters (for instance A, D, M .. .) and by
small Latin letters starting from s (s,%,...). Types are denoted by small Greek
letters starting from o (o,7,...). We denote by Typ(t) the set of all types of
subterms of the term t. SubTyp(A) denotes the set of all the subtypes of types
from A. Notions of order, path, Bohm tree, occurrence, graft are taken from
[Dow93]. From now on, except when stated explicitly, we use the name “term”
to refer to the Bohm tree of the term in question.

2.2 The matching problem

Now we introduce the definition of the higher-order matching problem.
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Let M : 7 and N : 7 be closed A-terms where N : T does not contain any
unknown quantity. The equation M : & = N : «, where « is a base type, is
called higher-order matching equation.

Any type-respecting function p : £ — CHNF(AL)) is called a concretisation
of unknown quantities. For any A-term M the result of the concretisation f’f
its unknown quantities is a term p(M) in which every unknown quantity z is
substituted for by the term p(z).

Please note that in the definition of the result of concretisation, no variable
from concretisation gets bounded during the process of substitution.

The higher-order matching problem is a decision problem to ascertain whether
for a given higher-order matching equation M = N exists a concretisation of
unknown quantities p : £ — CI{NF(AL)) such that NF(p(M)} = N. Such a
concretisation is called a solution of the equation M = N. The matching problem
of the order n is a higher-order matching problem where instances may have
unknown quantities symbols of the order at most n.

Throughout the rest of the text, we use the term matching problem to denote
the higher-order matching problem

2.3 The linear interpolation problem

Now we introduce the problem that is equivalent to the matching problem as we
show later.

We say the matching equation M = N is an interpolation equation iff M =
zMy ... M, where ¢ € £ and for each i term M; is closed (in particular it has
no occurrence of an unknown quantity).

Conceptually, it is simpler to solve interpolation equations are much simpler
than arbitrary since we look for exactly one term.

The linear interpolation problem is a problem to decide whether there exists
for a finite set E of interpolation equations of the shape [¢My...M, = NJ,
where 2 appears in all equations and is the only unknown quantity in E, a
concretisation of unknown quantities p : {} — CI(NF(AL)) that is a solution
for each e € E. We call such a concretisation a solution of the interpolation set E.
As only one value is relevant in such a concretisation, we sometimes use the name
solution of an interpolation set in order to refer the one value. The maximumin F
of the number of occurrences in terms N is denoted MaxRes(E). The interpolation
problem of the order n is an interpolation problem where instances may have
unknown quantities symbols of the order at most 7.

In the next section, we show the relation between the Jjust formulated prob-
lems.

3 The matching problem and the interpolation problem

We start with the simpler reduction. We show that interpolation problems may
be solved using algorithm for the higher-order matching problem.
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Fact 3.1 Assume that there exists an algorithm A that solves the higher-order
matching problem. Then, there exists an algorithm B that solves the interpolation
problem.

Proof. Let B = {e.l, S em } be an instance of the interpolation problem that for
each i has e; = ['M] ... M} = N*]. If we have an algorithm A for the higher-
order matching problem we can solve such an instance by introducing a new con-
stant Z : 7 — ... —> Ty — «, where 7; is a type of term N in the interpolation
equation e;, and a is a type constant, and then applying the algorithm A to the fol-
lowing instance of the matching problem Z{z' M1 ... ML) .. ("M .. .M ) =
ZN...N™ It is straightforward that each solution of the instance gives a solu-
tion of the collection E and that each solution of E is a solution of the instance,
too.

It is worth mentioning that in this construction the order of the problem to
be solved does not change.
Now we show the reverse reduction.

Fact 3.2 Given an algorithm A that solves the interpolation problem, we can
construct an algorithm B that solves the higher-order matching problem.

Proof. Let M = N be a matching problem instance. We present an interpolation
problem instance which has a sofution iff the instance M = N has one.
The constructed set E of interpolation équations contains elements

Ay Y M =N
TAYL - Ym-L =7

where 7 is a fresh constant of a suitable type and M’ = M{y: /=y, .. Y/ Em]
Additionally, {z1,...,2m} = FV(M)NE and {y1,-- ., Ym} is a set of fresh local
variables of suitable types.
(=) Given a solution p : &€ = A, of the equation M = N such that p(z;) = t;
the solution p' : {x} — CI(NF(A)) of the constructed interpolation problem in-
stance is p'(2) = Ay. yt1 ...ty The proof that p' is a solution of the collection (1)
is straightforward but tedious.
(<) Let p’ be a solution of our instance of the interpolation problem and let
' (¢) = t. Assume further, £ is in normal form. The shape of the second equation
implies that NF(tAy: ...¥m.Z) = Z. Therefore t = Ay. Z ort = Ay. yu1 ... Um.
The first case is impossible, because the result of the first interpolation equation
cannot be Z (Z is fresh).

Now it is easy to see that p: & — A, such that

p(z;) = NF((Ay. wi)Ay1. . Ym. M)

is a solution of the instance M = N of the matching problem.

(1)

Remark. The order raises by two in the previous construction.
At the end we get as a consequence of Fact 3.1 and Fact 3.2

Theorem 1. The problem of linear interpolation s recursively equivalent to the
higher-order matching problem.
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4 Decidability of a fragment of the fifth order
interpolation problem

At the beginning, we introduce a definition that shall help us to present the
fragment of the interpolation problem we are dealing with.

Definition 1 We say a A-term Az ...z, .M is unsophisticated iff for each oc-
currence in M of a term of the form @; Ny ... Ny and foreach j € {1,...,k} none
of @, wherel € {1,...,m}, appears in N;.

Each variable, constant, or application is an unsophisticated term. The linear
interpolation problem with unsophisticated arguments is a linear interpolation
problem, where we impose additional restriction on the form of an instance — for
each e € E of the forme = [aM,...M, = N} where M; forie {1,...,n} is
an unsophisticated term.

A solution of a set E of such equations is called a solution of the interpolation
with unsophisticated arguments set E.

We restrict additionaily our attention to the instances of the fifth order.

We show further that if for a given set E, there exists any solution then there
exists one in some recursively dependent on F set of A-terms.

Our construction consists of two steps. In the first one, we restrict the set of
solutions in such a way that we know the set of types of their subterms and the
set of constants they are built up of. In the second one, we narrow the already
got class so that we know the depth of solutions.

Before we present next results, we introduce some notation. For an interpo-
lation equations set £ = {e1,...,e,} where e; = [zM! .. .M} = N] we put
MaxRes(E) = maxie(1, . n) [N'| and SumRes(E) = Y%, |Ni|.

4.1 Accessible terms

We define here a class of solutions the elements of what intuitively do not have
unnecessary subtrees in their Béhm trees. The idea of the notions is taken form
[Dow93].

Let e = [¢M;... M, = N]is an Interpolation equation, ¢ its solution, and v
an occurrence in the term ¢. We say the occurrence v n the term t is accessible
wrt. equation e iff the term NF((t[Z — y])M; ... M), where Z is a fresh constant
of a suitable type, has an occurrence of the constant 7.

The set of all accessible wrt. equation e occurrences is denoted by Acc(t,e).

Intuitively, an accessible subterm cannot be lost during the reduction of the
term tMy ... M,.

We say that an occurrence v is accessible wrt. the set E of equations iff it is
accessible wrt. at least one of e € E. If 7 1s not accessible we say it is inaccessible.
We denote the set of all occurrences accessible wrt. the set E of equations by
Acc(t, E).

A path v is accessible iff the occurrence that corresponds to its end is acces-
sible. If such a path is not accessible we call it inaccessible.
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The solution t of a set E is accessible iff each occurrence v in the solution
either is accessible or is an occurrence of a constant Z of a suitable type.

We fix a simple types indexed set P of fresh constants. Additionally, we
assume each P, has exactly one element. On next pages, we are considering the
lambda, calculus extended by the set. The set we call the set of fillings and each
its element a filling.

We say the solution t of the set E of equations has a good filling iff each
inaccessible occurrence in ¢ is an occurrence of a filling.

Remark. Obviously, solutions with a good filling are accessible.

Theorem 2. If there exisls a solution of a set E of interpolation equations then
there exists a solution of the set which has a good filling.

Proof. Let E be a set of interpolation equations and ? its solution. We construct
the term ¢ that has a good filling.

Let ~ be an inaccessible wrt. the set B occurrence in . We graft the filling Z of
a suitable type at . The resulting term ¢’ is a solution. Using this argumentation,
we eliminate one by one inaccessible occurrences of non-trivial terms. At last,
we get a solution that has a good filling.

Fact 4.1 The set of constanls occurring in the solution with a good filling is
contained in the set C = |J;_, Const(N') UP.

Proof. We have two possibilities — an occurrence 7y of a constant D is accessible
wrt. some equation e;, an occurrence ¥ of D is inaccessible. In the first case, we
show by the induction on the sum of the length of all the reductions from the
term t[Z — y]M} ... M} to its normal form that occurrences of the constant Z
correspond to suitable occurrences of the symbol D. As 7 is an accessible path,
NF(t[Z — 4]M} ... M},) contains an occurrence of Z, so NF(tMj ...M}) contains
D and then D is a constant in N°.

In the second case, we get by the definition of an accessible solution that
DeP.

Fact 4.2 For each interpolation set E, there exists a closed on subtypes, finite
and recursively dependent on E set of types T such that for each accessible
solution t of E the set of types of symbols occurring in t is included in T .

Proof. The set of typesis T = o, SubTyp(Typ(N')) U SubTyp({c}) This set
is finite, recursively dependent on F and closed on subtypes. We show our fact
by the induction wrt. depth of occurrence of v that the type of each symbol v
occurring in ¢ is in 7. When the depth is zero the symbol v cannot occur. When
the depth is greater than zero — the symbol v is either a variable or a constant.
If it is a variable then it must be declared in an argument of active variable. If
it is a constant it must occur in one of N :,

Remark. The above reasoning concerns arbitrary interpolation problem.

1n the following sections, we achieve the third needed property — boundeduness
of the length of a path in a solution. We make the assumption that if we have a
solution in hand then the solution is accessible.
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4.2 Active and passive symbols

Here we introduce the notion of active and passive symbols and show a bound
on the number of occurrences of the latter ones. The next section is concerned
with active symbols.

Definition 2 Let t = Ax.t’ be a A-term. We define the set Act(t) of the active
occurrences — each occurrence of ®; from x is in Act(t); for each subterm
2ty ... tg such that z is in Act(t), ift; = Ay. t] then each occurrence of y; from
y it} belongs to Act(t). We say an occurrence v in a lerm t is passive, when it
does not belong to Act(t). The set of all passive occurrences is denoted by Pas(t).
If an occurrence of a symbol z is in Act(t) then we say the symbol is active else
we say the symbol is passive.

Fact 4.3 For each interpolation equations set E and its accessible solution t, if
an occurrence ¥ € Pas(t) is an occurrence of a symbol v then for any equation
e = [¢My1... My = N]€ E during normalisation of tMy ... My the variable v
s not substituted for.

Proof. Simple induction on the depth of an occurrence of passive variable on the
path ~.

Fact 4.4 For each interpolation equations set E, its accessible solution t, and
equation e € E of the form e = [zM,... My, = N], there exists one-to-one
map fe : Pas(t) N Acc(t, e) — Occur(N).

Proof. Let v € Pas(t)NAcc(t, e) be a path. As v € Pas(t) during normalisation of
tM; ... Mg, the occurring at y symbol v is not substituted for. As v € Acc(t,e),
there exists nonempty set A, of occurrences in NF(tM; ...My) that appeared
due to y. Let us put f.(y) so that f.(y) € A,. Each such function is one-to-one.

Corollary 4.5 For any interpolation equation set E with an accessible solution
t, we have |Pas(t) N Acc(t, E)| < SumRes(E).

Proof. Let E= {e1,...,en} where ¢; = [aM? .. .M} = N']. We have
[Pas(t) N Acc(t, E)| < S0, |Pas(t) N Acc(t, &)
By Fact 4.4, we get that the last number is less or equal
e W (Pas(t) N Acc(t, )] < 3, N < SumBes(F)
This completes the proof.

Now we show a bound on the number of occurrences of active variables. First,

for the so called variables from the main abstraction then for the variables from
side abstractions.

4.3 Variables from the main abstraction

Now we show that if there exists a solution of a set F then there exists a solution

t such that paths in ¢ have the number of occurrences of variables from the main

abstraction bounded.
We begin with the definition of variables Jrom the main abstraction.
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Deﬁnition 3 Lett = Ay.t' be a solution of a set E. Variables from 'y are called
variables from the main abstraction. The rest of active variables are called vari-
ables from side abstractions.

We prove a fact that will help us to understand what happens for deep paths.

Fact 4.6 Let E= {eq,...,en} be a set of equations with unsophisticated argu-
ments and t its solution. Additionally, let e; = [zM}...M} = N'] for each
i. Then for each i there exists p such that if for a certain path v in t, which
is accessible wrt. one of e;, the variable y; from the main abstraction has on vy
more than MaxRes(E) occurrences then

— the term M} has the form Az.2,C;...C; where none of z; in z occurs in C)
forle{l,...,r},

— for each occurrence & of the variable y;, where the term at & has the form
¥ D1 ... Dy, the next occurrence on v is an occurrence of Dy.

Proof. The term M/ has the form Az.vC} ...C, where v is a constant or a local
variable. The only local variables that can occur here (as M is closed) are vari-
ables from z so the only bad case is the case when v is a constant. However, v
cannot be a constant. Indeed, if v is a constant then observation of the normal-
isation of tM7J ... M] leads to the conclusion that NF(tM ... M) (= N7) has
more than MaxRes(E) occurrences (which is impossible). The last claim is true
since the term M is substituted on y; and none of accessible occurrences of y;
(there are more than MaxRes(E) such occurrences) can disappear.

Definition 4 For a given E and t in the situation from the previous fact, the
number p from the previous fact is denoted by Dir(y;).

We introduce the notion of a compact wrt. variables from the main abstraction
solution. For such solutions we can give a bound on the number of occurrences

of variables from the main abstraction.

Definition 5 Let E be a set of interpolation equations. We say that an acces-
sible solution t is compact wrt. variables from the main abstraction iff for each
variable y the variable can occur at most MaxRes(E) times on any path in t.

Theorem 3. If the set E of interpolation equations with unsophisticated argu-
ments has an accessible solution t then there ewists a compact wrt. variables from
the main abstraction solution t.

Moreover, we can assume the set of symbols occurri
the set of symbols occurring in t.

ng in t is contained in

Proof. Given t, we construct 7. Induction on the sum of lengths of paths v
such that there exists a variable y from the main abstraction with more than
MaxRes(E) occurrences on 7. If the sum is equal to zero then we put t = t.
Obviously, such i meets our requirements. If the sum is greater than zero then

we construct an accessible solution t' which is a copy of t except one path that
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has cut off one occurrence of some variable from the main abstraction. This im-
plies the sum of lengths of described above 7’s is lower for ' so the induction
hypothesis applied to the new solution gives desired .

Now we construct ¢'. First we introduce some notation. Let E = {e1,...,en}
and for each i eqation e; = [zM?...M} = N']. Let y be a variable from the
main abstraction, v be a path that is MaxRes(E) + 1st occurrence of y and let §
be a MaxRes(E)th occurrence of y on ¢. The term at « has the form yD; ... Dy,
and the term at  has the form yDf ... Dy, . Moreover, Dy, oy = Az1...2.. D".
At last, we can put

t = t[NF(DDir(y)Zl .. .Zr) — ’)’]
The term ¢’ is a copy of ¢ except for one path that has cut off one occurrence
of the variable y from the main abstraction. In order to prove #’ is an accessible
solution it is enough to prove that NF(tM} ... ML) = Niforeachie {1,...,n)}
and that ¢’ is accessible.

If v is inaccessible wrt. e; € E in ¢’ then conclusion is obvious.If 7 is accessible
wrt. e; € E then by Fact 4.6 reductions in the term at v may look as follows

yDi...Dx —p M;Di...Dx =5 DpiryCr...Cr =% Dy [Ci/vr ... Cofvr] (2)

where M; = )\z.zDir(y)C’l ...C, and DDir(y) = dvp.. .’UT.D]')ir(y). As MJ’ is
unsophisticated, terms Cj,...C, are substituted for corresponding variables in
D;)ir(y) (see the term at the occurrence §). So the given by the rules

1. substitute arguments M, .. ., M}

2. do reduction (2)

3. do for ¢ a reduction analogous to (2)

reduction strategy for tM} ... M i leads to the same result as the given by the
rules

1. substitute arguments M?,..., M}

2.do analogous to (2) reduction for §
strategy for ¢/M7 ... M{. This is enough to get NF(t/M} ... Mi) = Ni,

We get accessibility since paths in ¢’ have they counterparts in t.

Remark. The proof for variables from the main abstraction involves only the
assumption about unsophisticated arguments.

Now we modify our solution so that we can estimate the number of variables
from side abstractions.

4.4 Variables from side abstractions

We show that we can assume the number of variables from side abstractions is
dependent on the number of occurrences of variables from the main abstraction.

Definition 6 We say that o compact wrt. variables from the main abstraction
solution t is compact wrt. variables from side abstractions iff on each accessible
path vy of the solution and for each variable y from side abstraction declared in
the term Ax.Ay.Az.D variable Y occurs on vy in D at most MaxRes(E) times.
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We can prove the constructibility of such solutions now.

Theorem 4. If the set E of fifth order interpolation equations has a compact
wrt. variables from the main abstraction solution t then there exists a compact
wrt. variables from side abstractions solution {.

Moreover, we can assume the set of symbols occurring in t is contained in
the set of symbols contained in 1.

Proof. Induction on the number of occurrences of variables y from the side ab-
stractions that are declared on a certain path v in a subterm of the form

Ax. Ay z.D (3)

such that y on v and in D occurs more than MaxRes(E) times.
— If there are no such occurrences then the term ¢ is compact wrt. variables from
the side abstraction.
— If there exists such y then let us take MaxRes(E) 4 1st occurrence 6 of y in
D and on 5. The term at § has the form yD; ... Dn, and at most one of D; for
i € {1,...,m} is accessible. The last claim follows from the fact that, as there are
more than MaxRes(E) occurrences of y, the only term that may be substituted
for the variable in the reduction of the left hand side of the equation wrt. which
~ is accessible is a second order term that reduces to Az .. .2m .2, otherwise the
normal form would have more than MaxRes(E) occurrences.

Of course, one of D; is accessible (otherwise d is inaccessible). Now we can put
' = t[Dy — 8] where Dy is the only accessible term. One can see t' is a term
such that if it is a solution then we can apply the induction hypothesis to it.

Now we show that #' is a solution. If § is not accessible wrt. e; € E then ¢
does not affect the normal form and ¢ is a solution of such an equation, too.
If § is accessible wrt. ¢; € E then we reduce left-hand side according to the
strategy consisting in following exactly one residuum of a term D and holding
all the reductions inside the term D. By accessibility of Dy, there exists among
terminal terms of such strategies at least one term t" for which, after replacing one
of copies of Dy, by a suitable constant and further normalising, we get occurrences
of the constant in the resulting normal form.

In ¢/, we have a term substituted for y. The normal form of the term may have
one of the two shapes

A2y .. zmvPr Py (4)

where v is a symbol that is not substituted for (if something was substituted then
" would not be a terminal term of one of our strategies), or

)\Zl e Bm Rl (5)

The case (4) cannot happen, because then on the path 4, it would occur more
then MaxRes(E) occurrences of v and the occurrences could not disappear during
the reduction due to accessibility of 4. So the only possibility is (5). Moreover,
accessibility of Dy implies that Az1 . ..2Zm.2k. Because this reasoning applies al-
ways to the situation when we use Dy, we get the same result by replacing the
term at 8 by Di. This completes the proof.
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Remark. The assumption that the equations are of the fifth order was used only
in the proof of Theorem 4.

To formulate and prove next facts, we have to introduce some notation. We let
Actmain(t, ) denote the set of occurrences of variables from the main abstraction
on the path v and let Actgqe(t,7) denote the set of occurrences of variables from
side abstractions on the path .

Let v be a path and § an occurrence on it. Moreover, let § be an occurrence
of a variable z from the main abstraction. Let the term grafted on § has the
form xty...f; and let the next occurrence on v be an occurrence of a term t;
of the form ¢; = Ay.t;. In such a situation we let Decl(t,y,d) denote the set of
occurrences of variables that are declared in y and let Decl(t,, d,y1), where y
is one of variables from y, denote the set of occurrences of the variable y; in ¢;.

A last, we let VarDec(t, d) denote the set of variables contained in the list I,
where [ is the first component of the last label (I, v) on 4. Intuitively, it is the
set of variables declared at the beginning of the subterm of ¢ that occurs at the
end of 4.

The maximal number of arguments in types of subterms of the term t is
denoted by MaxSub(t).

Corollary 4.7 Let E be an arbitrary set of interpolation equations and ¢ its
solution that is compact wrt. variables from side abstractions. If the number of
occurrences on an accessible path v of variables from the main abstraction is
bounded by K then the number of occurrences of variables from side abstractions
on the path is bounded by K MaxSub(t)MaxRes(E).

Proof. We estimate the number of occurrences of variables from side abstractions
|ACtSide (ta 7)' - I UéeActma;n(t,A/) Ded(t’ it 5)[ <
. ZéeA.c!:min(t,'y) EyEVarDec(t,(S) |Ded(t’ 7,6, y)l
According to the definition of a compact wrt. variables from side abstractions
solution, for each variable from side abstractions the number of its occurrences
on an accessible path is not greater than |N7|, where j is the number of the
equation wrt. which 7y is accessible. This implies estimation
ZéeActma;n (t,y) ZyEVarDec(t,(?) |DeCl(t’ RE 5: Y)I <
. S ZéEActmin(t,'y) ZerarDec(t,é) INJ!
Further, we get easily

‘ ZéEACtmainﬁt,'y) ZyEVarDec(t,J) INI| < K MaxSub(t)MaxRes(E)
and this is our result.

Now we are ready to draw final conclusions of the section.

Corollary 4.8 Let F be a set of interpolation equations with unsophisticated
arguments. There exist recursively dependent on E — a simple types indezed set
of constants C such that for each type the set of constants of the type is finite,
a finite set of types T, a number ¢ — such that if there erists a solution of E
then there exists a solution of E such that all the types of subterms belong to T,
all the constants are from C, and the length of paths is less or equal g.
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Proof. Let E = {e1,...,en} be a set of interpolation equations with unsophisti-
cated arguments of the form e; = [zM?... M} = N*] and let ¢ be a solution of
E. We construct — C = [J;_; Const(N') UP, 7 as in Fact 4.2,
g = k MaxRes(E) + k (MaxRes(E))?MaxSub(t) + SumRes(E) + 1

(MaxSub(t) is by Fact 4.2 recursively dependent on E.)

Combining Fact 2, Theorem 3 and Theorem 4 we get a solution # that meets
our requirements. This last is assured by Fact 4.1, Fact 4.2 and Corollary 4.7,
Corollary 4.5.

4.5 Decidability
Now we are ready to draw the conclusion of the decidability.

Theorem 5. The fifth order interpolation problem with unsophisticated argu-
ments 1s decidable.

Proof. We get the algorithm usinb the algorithm in Fact 4.8 generating on the
results of the latter the set of A\-terms built of the data in the results and then
extensively searching the space of terms. The algorithm stops, because the pro-
cedures used stop. The correctness of the algorithm is obvious as when we end
successfully we have a solution in hand. When the algorithm stops saying that
the solution does not exist it means that there is no solution since existence of a
solution would contradict the Corollary 4.8. This completes the proof.

Remark. The algorithm constructs a solution that may contain fillings which
were absent from the original problem. Since the fillings are used to replace other
terms, each used filling has at least one corresponding term. When necessary we
can replace a filling by such a term.
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