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Competitive Optimal On-Line Leasing
R. El-Yaniv! R. Kaniel? and N. LiniaP

Abstract. Consider an on-line player who needs some equipment (e.g., a computer) for an initially unknown
number of periods. At the start of each period it is determined whether the player will need the equipment
during the current period and the player has two options: to pay a leasin@gfekrent the equipment for the
period, or to buy it for a larger amouift. The total cost incurred by the player is the sum of all leasing fees
and perhaps one purchase.

The above problem, called theasingproblem (in computer science folklore it is known as shkerental
problem), has received considerable attention in the economic literature. Using the competitive ratio as a
performance measure this paper is concerned with determining the optimal competitive on-line policy for the
leasing problem.

For the simplest version of the leasing problem (as described above) it is known and readily derived that
the optimal deterministic competitive performance is achieved by leasing for th& first times and then
buying, wherek = P/c. This strategy pays at most21/k times the optimal off-line cost.

When considering alternative financial transactions one must consider their net present value. Thus, ac-
counting for the interest rate is an essential feature of any reasonable financial model. In this paper we deter-
mine both deterministic and randomized optimal on-line leasing strategies while accounting for the interest
rate factor.

Itis shown here, for the leasing problem, that the interest rate factor reduces the uncertainty involved. We
find that the optimal deterministic competitive ratio is+1(1 + i)(1 — 1/k)(1 — k(i/1+1)), a decreasing
function of the interest (for all reasonable values of. For some applications, realistic values of interest rates
result in relatively low competitive ratios. By using randomization the on-line player can further boost up the
performance. In particular, against an oblivious adversary the on-line player can attain a strictly smaller compet-
itive ratio of 2— ((k/(k — 1)) — 2)/((k/(k — 1)) — 1) wherey =In(1— k(1 —1/(1+1)))/In(1/(1+1)).

Here again, this competitive ratio strictly decreases with

We also study the leasing problem against a distributional adversary called “Nature.” This adversary
chooses the probability distribution of the number of leasing periods and announces this distribution before the
on-line player chooses a strategy. Although at the outset this adversary appears to be weaker than the oblivious
adversary, it is shown that the optimal competitive ratio against Nature equals the optimal ratio against the
oblivious adversary.

Key Words. Leasing, Lease-or-buy problem, On-line algorithms, Competitive analysis, Equipment rental,
Ski rental.

1. Introduction. Inrecent yearsompetitive analysi@o be defined) has been gaining
recognition for being a complementary approach in the analysis of algorithmic decision
making under uncertainty. In this approach one assumes that events are generated by an
adversary and the performance of@mline strategy, in which the decision maker has

no knowledge of future events, is compared with that ofe@rvoyantstrategy that has
knowledge of the entire future and operates optimally.
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The success of most financial decisions depends on future events of which decision
makers have only partial and typically, very scarce knowledge. Despite that, financial
agents and institutions have to make periodical decision with irreversible consequences.
Thus the nature of most financial problems is inherently on-line.

In the traditional approach to the analysis of financial strategies, sometimes called
distributional or average casanalysis, one assumes that future events are distributed
according to some known or unknown probability distribution and tries to achieve good
average case performance with respect to these stochastic assumptions. This approach
can be criticized from both technical and conceptual perspectives. Technically, for many
real-life problems, an adequate stochastic model is extremely difficult or costly to devise.
Sometimes, even if an adequate stochastic model can be found it might be very hard
to characterize or compute the optimal strategy analytically. From a conceptual point
of view, a strategy that is good on average is not necessarily the best strategy. In many
occasions it may be more advantageous to secure some minimal profit (or maximal loss).

1.1. Competitive Analysis Consider a cost minimization problefhconsisting of a set

7 of inputs and a cost functio@. Associated with each inpute 7 is a set of feasible
outputsF(1). For each inpul and a feasible outpud € F(l), the cost associated
with | andO is C(l, O) € R*. LetALG be any algorithm foP. Denote byaLg[1] a
feasible output produced ly G given the inputl . The cost incurred byLG is denoted
ALG(l) = C(I, ALGg[1]). In general, in aron-line problem”P each inputl is a finite
sequencd = i,i,...,Iinh and a corresponding feasible output is a finite sequence
O =04, 0, ..., Oy. An On-line algorithmmust produce a feasible output in stages such
that at thejth stage the algorithm is presented with tith component of the inpug

and must produce thigh component of (a feasible) outpytbefore the rest of the input

is made known. Denote lyrTanoptimal off-line algorithm That is, for each inpuit,

OPT(l) = orQFiﬂ)C(l, 0).

An on-line algorithmaLG is c-competitive(or “attains a competitive ratio”) if there
exists a constant such that, for each input,

Q) ALG(l) <c-oPT(l) + a.

The algorithmALG is strictly c-competitive if it isc-competitive witha = 0. In this
paper we are only concerned with strict competitive ratios. The smaltesth thahLG

is c-competitive is calledhLG's competitive ratio Thus, ac-competitive algorithm is
guaranteed to incur a cost no larger tltatimes the smallest possible cost in hindsight
for each input sequence.

As canbe seeninthe above definition, the competitive ratio is aworst case performance
measure and therefore it is sometimes convenient to view an on-line problem as a two-
person (zero-sum) game betweenaaiversaryand the on-line player. In this game the
on-line player chooses an on-line algorithm and makes it known to the adversary. Then
the adversary chooses an input sequence. The payoff to the adversary is the performance
ratio, optimal off-line cost to on-line cost.

In general, as it is in two-person zero-sum games, randomization is required to ob-
tain optimal (expected) competitive performance (see, e.g., [10]). The extension of the
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competitive ratio measure to randomized on-line algorithms is straightfofwader

the assumption that the adversary that generates the input sequence is oblivious to the
random choices made by the on-line player. Sucblaivious adversargenerates the

input sequence in advance, given the probability distributions used by the chosen on-line
algorithm? Specifically, the definition of the randomized competitive ratio with respect

to anoblivious adversarys the same as (1) witk[ALG(])] replacingALG(l) where

E[-] is the expectation with respect to the random choices madedy

The use of the competitive ratio for the evaluation of on-line algorithms is called
competitive analysi® Competitive analysis was first used by computer scientists in the
70s in connection with approximation algorithms for NP-hard problems (see, e.g., [21],
[24], [25], and [40]) and was explicitly formulated in the 1980s in the seminal work of
Sleator and Tarjan [38] difst accessin@ndpagingalgorithms. Since then, competitive
analysis has been extensively used to analyze and design on-line algorithms for many
on-line optimization problems related to computer systems.

Competitive analysis appears to be particularly attractive with regard to financial
transactions. A major advantage of this approach over the traditional average-case mea-
sure is that the need to construct a probabilistic model is circumvented. This advantage
is exemplified in cases where one is unable to specify precisely the relevant underlying
distribution of a stochastic model; in such cases the distributional approach might be
of little use. Another important feature of the competitive ratio is that it is a relative
performance measure. In many situations, economic and financial agents would prefer
to compare their performancelativeto their peers rather than to maximize their utility
in some absolute sense. This type of relative utility function is coined in the finance
literature askeeping Up with the Jonesatility functions (see, for example, [1] or [20]).

Nevertheless, in cases where financial players do possess accurate probabilistic mod-
els for input sequences, it would be a waste to ignore this knowledge (which is precisely
what the pure competitive ratio does). Indeed, competitive algorithms are often criticized
of being overly risk-averse. Recently, the competitive analysis framework has been gen-
eralized by al-Binali [7] to include a flexiblésk managemennechanism. This means
that a forecast—in particular, a (partial) probabilistic input model—can be included in
an optimization that yields algorithms that perform well given that the forecast comes
true but still, even if the forecast fails, the loss remains bounded within a prespecified
tolerance.

1.2. The Leasing Problem In this paper we consider a fundamental economic on-line
decision problem called tHeasingor lease-or-buyroblem!? In this problem an on-line
player needs some equipment (e.g., a car, musical instrument) for an initially unknown
number operiodg(e.g., days, months). Atthe start of each period itis determined whether
or not the equipment will be needed for the current period and the player must choose
one of two choices: to lease the equipment for a leasing.fee to buy it for a larger

4 See [9] for a game theoretic formulation of the corresponding two-person zero-sum game.

5 Other kinds of adversaries areaafaptivetype (see [6]). In this paper we only consider oblivious adversaries.

6 The term “competitive ratio” was coined by Karlin et al. [29].

7 This problem is known in computer science folklore as the “ski-rental” problem. Its simplest variant was
first presented by Rudolph as an example of an on-line problem and competitive analysis [36].
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amountP. Once the player has purchased the equipment, he no longer has to pay leasing
fees. The total cost incurred by the player is the sum of all costs incurred (including all
leasing fees and perhaps one purchase). The player is interested in minimizing his total
cost. Whether the equipment is needed or not for a period is made komovime at the

start of the period.

1.3. Contextual Background and Our ResultsSeveral studies have looked at financial
and economic problems from the perspective of competitive analysis (and other related
approaches). In particular, the following problems have been considered: portfolio se-
lection [15], [23], [35], [13], [14], [16], [34], [22], [8], search and one-way trading [17],

[7], equipment replacement (including mortgage refinancing) [18], [5], stock speculation
and gambling (multi-armed bandit) [3], [4] and inventory management [30].

The literature of finance has devoted considerable attention to the analysis of asset
leasing contracts. Many of the studies were primarily concerned with the effects and
implications of the tax code on the lease versus buy decision (see, e.g., [11], [19], [26],
[33], [32], and [37]). For example, one rational for the existence of leasing contracts is
to reduce tax payments. If the lessor and the lessee face different effective marginal tax
rates, leasing can reduce the total tax bill. The existence of taxes also raises the issue of
what is the appropriate discount rate one should use when valuing a lease contract. The
papers [37], [33], [26] construct valuation formulas which adjust for téxes.

Although tax-related incentives to lease or buy play an important role in explaining the
existence of lease contracts and in valuing leases, there are other considerations. Smith
and Wakeman [39] analyze various determinants of corporate leasing policy. Some of
these determinants are: What is the expected period of use relative to the useful life of
the asset, comparative advantage in asset disposal, managerial compensation related is-
sues, and specialization in risk-bearing issues. They also demonstrate that the incentives
they identify can help explain some of the contractual clauses which are used in lease
contracts.

Our main concern in this paper is different from the issues addressed in the related
finance literature mentioned above. We are interested in determining how does one make
the lease-or-buy decision in an environment were the lessee is uncertain for how long
he will actually need the underlying asset. One paper that does account for uncertainty
with regard to the length of time that the asset is required for is that by McConnell and
Schallheim [31]. They use an option pricing framework to valperatingleases. The
standard operating lease can be cancelled by the lessee at any time. Thus, McConnell
and Schallheim view an operating lease fioperiods as a compound option. The last
lease payment purchases the use of the leased asset over the time remaining until the
contract expires. Any of the other lease payments can be viewed as a combination of

8 The lease contracts we consider can be viewed as a sequence of short-term leases (see [32] for the distinction
between short-term and long-term leases) or equivalently as a perpetual standard operating lease (see [31]).

9 These papers use adjusted present value methodolo@ie basic idea is that the decision maker should
discount the after-tax lease payments and depreciation tax shields at an adjusted discauntwiaiteh is
calculated from a conventional formula for weighted average cost of capital (for an explanation on the weighted
average cost of capital see, e.g., [12]).
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purchasing the use of the asset until the next lease payment is due and an option to pay
the next lease paymettt.

The simplest variant of the leasing problem we consider here has a very simple
known solution. It is known in computer science folklore (and can be easily shown) that
the optimal deterministic competitive ratio is21/k wherek = P/c. In Section 2
we “warm up” by giving a few definitions and presenting the analysis of this “folk
version.”

When considering alternative financial decisions an agent must consider their net
present valueThat is, accounting for the market interest rate is an essential feature of
any reasonable financial model. In this paper we introduce the nominal interest rate
in the market into the model. Although this is only one step toward a more realistic
solution of the problem, the introduction of this parameter considerably complicates the
analysis and also introduces some new issues that do not exist in the simple problem
with no interest rate. For example, in the leasing game with zero interest rate it does not
matter if the equipment is used by the lessee in contiguous or noncontiguous periods.
In contrast, the total cost incurred by the player may change drastically when gaps of
nonusage periods are inserted. Of course, in practice there may be contiguous periods
of usage that are separated by short or long breaks. One interesting feature that we
discover is that the introduction of an interest rate diminishes the uncertainty involved in
(financial) decision making. We determine both deterministic and randomized optimal
on-line leasing strategies while accounting for the interest rate factor. Both these ratios
are monotone decreasing with the interest rate.i LetO be the nominal interest rate
in the market. This means that the present discount value of one unit of money payable
in exactly one time period is the amount, which if invested at the rate of retwould
grow to exactly one unit of money at the end of the period. That is, the present discount
value is exactly 1(1 + i) units of money. Practical reasoning suggests (see Section 3)
that only values of that satisfyi/(1+1i) < 1/k make sense. For all such sensible
values ofi we prove in Section 3 that the optimal deterministic competitive ratio is
1+@+i)A—-1/k)@—k(i/1+1i)), which strictly improves with the interest rate.
This can be interpreted as a reduction of the uncertainty (as a function of the interest
rate). For example, consider the following instance of the “ski-rental” problem. Assume
a person who has, each year, an opportunity te tak day ski vacation. At some ski
resorts it is possible to rent the ski equipment for the entire 4 day vacation for about
$110. On the other hand, itis possible to buy reasonable quality ski equipment for $600.
This results ik = 5.45 and the optimal deterministic competitive ratio is 1.82. Now
assume an annual interest rate of 0.66%his results in a competitive ratio of about
1.57.

In Section 3.3 we show that by randomizing the on-line player can improve the
competitive ratio (against an oblivious adversary). Our analysis, in the case with no
interest rate against an oblivious adversary, can be viewed as a discrete version of a
result by Karlin et al. [28], in which they study tispin-blockproblem in a continuous
model. In particular, we show that the optimal randomized competitive ratio (against an

10 see [31] for a brief description of the various provisions that can be written into lease contracts.
11 At the time of writing the U.S. T-bill is at 6.62%.
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oblivious adversary) is strictly smaller than the deterministic one fératid is precisely

(k/(k—1pk -2 e—2 _

We then refine the analysis and determine the optimal randomized solution for the case
with interest rates. The optimal competitive ratio in this case is

k- -2 . In(1—k(1—1/(1+1)))
k/(k—1) —1 In(L/(1+1i)) ‘

As in the casé = 0, it is shown that randomization helps to improve the competitive
ratio and that the optimal competitive ratio strictly decreasesivighall feasible values

of i. For example, returning to the above ski-rental instance, with randomization (and
interest rate of 0.065) we can attain a competitive ratio of 1.37.

As mentioned above, when interest rates are introduced the total cost incurred by
the player may vary drastically if gaps of time periods with no leasing are introduced
in between leasing periods. This could potentially increase the competitive ratio. In
Section 4 we show that our results hold whether or not the the leasing periods are
contiguous.

In Section 5 we analyze the leasing problem against a distributional adversary called
“Nature”; this is an adversary that chooses the probability distribution that governs the
number of leasing periods and announces this distribution before the on-line player
chooses his strategy. Although at the outset this adversary appears to be weaker than the
oblivious adversary, it is shown that the competitive ratio against Nature is identical to
the ratio against the oblivious adversary.

2. The Folk Version—"the Ski-Rental Problem.” We make use of the following
notation. For any strategy for this problem, leiy (n) be thepresent valuef the total
cost spent byX if the equipment is used far periods (in this section, since interest
rates are not involved, for afl the present value is simply the total cost). loetr be
the optimal off-line strategy. We are interested in identifying the optimal on-line leasing
strategy and determining the best attainable competitive ratio for this problem; that is,
to determine the quantity mgmax, Vx (n)/VopTt(n).

As a“warm up,” we first consider the well-known “folk” variant of the leasing problem
called theski-rental problemThis variant is specified by the following parameters:

e A purchase priceP.
e A leasing pricec. It is convenient to assume thBt = kc for some integek > 1.
Note that fork = 1 the problem is trivial since the player buys on the first period.

The first observation is thatopt(n) = min{P, nc}. Consider the following deter-
ministic on-line strategy: rent up to— 1 times and then buy. Thusif < k — 1, then
always lease. Denote this on-line strategySy

It is not hard to see tha is (2 — 1/k)-competitive: Ifn < k — 1 the on-line and
off-line players incur the same cost. On the other hand,# k — 1, then the on-line
player paygk — 1)c+ P and the off-line player payB. ThereforeSattains a competitive
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ratio of

P kc k’

Further, it is not hard to show th&tis an optimal deterministic strategy. First, notice
that any deterministic leasing strategy is a threshold-type strategy, specified by one
positive integet such that the on-line player leades 1 times and then buys. L&(t)
be such a strategy with # k. Clearly, the best option for the adversary is to choose
n = t. Consider the two cases:

k—Dc+P (k—l)chkc_2 1

(i) t < k:thenS(t) attains a competitive ratio @ft — 1)c + P)/tc =1+ (k — 1)/t >
2.

(i) t > k: now S(t) attains a competitive ratiqt —1)c+P)/P > ((k—1)c+P)/P =
2—1/k.

REMARK 1. For an arbitraryk (not necessarily an integer) it can be shown that the
competitive ratio of the optimal on-line strategy is

k-1 k]
mln{l-f—w 1+ T}

This competitive ratio can be obtained by a strategy simil&(to.

3. Leasing in a Market with Interest Rate. As before, letP andc < P be the
purchase price and the per-period leasing price, respectively. In additionbdethe
nominal interest ratén the market. Without loss of generality we assume th& >
i/(L+1i). This is a reasonable assumption for any practical use because the purchase
price of the equipment must be less than the present discount value of the alternative
of always IeasingX:fio(c/(lJr i))) > P). Otherwise, the on-line player can attain a
competitive ratio of 1 by simply never purchasing the equipment.

Throughout this section we make the simplifying assumption that the player needs
the equipment throughouatcontiguous time periods. (Later, in Section 4, we prove that
this assumption can be taken without loss of generality.)

3.1. Optimal Off-Line Strategy Clearly, for anyn the optimal off-line decisions are
made according to one of the following two rules: (i) always lease; (i) réintes and
then buy, where &t < n— 1.

Setp =1/(1+1). Fori > 0 the present discount value ofentals is

n—

AN

>
|

AN
=

|

=
E]

_ i —
(1+|)J = ;ﬁ =15

M

The present value dfrentals followed by a purchase is

ot _ C Cc
f(t) = B (P 1_ﬂ)+1_ﬂ.
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Using the assumptionthatP > i /(1 + i) we obtain (as in the “folk” version) thatPT
will never purchase the equipment after leasing it for some time.

Let n* be the number of rentals whose total present vall is other wordsn* is
the root ofc((1 — 8")/(1 — B)) = P. That is

« P1-

C
Therefore,
., In@—k@—-pB)  InQ—k(i/1+10))
n= In B T T In@/a+iy

REMARK 2. By applying straightforward calculus it can be shown ttias a continuous
function ofi (i > 0) and that limL, o n* = k.

It follows that, for anyn, the optimal off-line costYopT(n), is given by
L= F
Vopt(n) =] 1-8"

P, n > n*.

n < n*,

3.2. Optimal On-Line Deterministic Strategy In what follows we make the simplifying
assumption that* is an integet?

THEOREM3.1. The optimal competitive ratio obtained wheri0 is

1 1 1 i
1+=-(1--)A-k@- =1+A+){1l-—=)(2-k——+).
+ﬂ< k)( 1-5) +(+I)< k>< 1+i)

This competitive ratio can be obtained by following on-line strategy S

e If n < n* —1,then always lease
e Otherwiselease rf — 1 periods and then buy

PrROOE For eacht > 1, let S(t) be the strategy that leases for the first 1 periods
and then buys. Thu§(t) pays
1— ‘Btfl
T3
Fix somet < n* and consider the strated(t). As in the case with zero interest rate,
it is clear that the optimal choice ofby the adversary again${t) would be exactlyt.
Forn =t, the cost ratio (on-line/off-line) is
c((1—-p"YH/A-p)+ Pt
c((1-8H/A-p)
_ BHP -0 +c—Pp
B c1-B8Y

c +P.ptL

R =

12 This assumption is made to facilitate a simpler presentation of the results which can be generalized to an
arbitraryn* (see Remark 3).
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Note that
Ing-g~*(P-0ld-p)
< 0.
c(l-pYH?
Therefore, the on-line player will take the maximum possible valiesfch that < n*.
Having assumed* to be an integet, = n* — 1 and using (2) we obtain

0
—Ri(t) =
P 1 (1)

BT 2(P—c)+c— Pgrt

Rl(l"l* -1 =

cd—pm Y
_ L k=D p)
=+ = g

1k-1DA-pA-kA-H)
B B—(1—-k(1-p)

1
/6( 1-5)

- 14+

Next we consider strategi&gt) witht > n*. There are two mutually exclusive cases.
If the choice ofn is such thah < t, then forn < n* the on-line and off-line costs are
equal and for any choice of with n* < n < t, the on-line strategy will always lease,
incurring a cost ot((1 — 8")/(1 — B)). oPT, on the other hand, will buy and pa.
Without loss of generality, assume thme&= t — 1. Thus, for this case the best attainable

cost ratio is

c 1— ﬂt_l

P 1-8°

In the second case, the adversary choosed. Without loss of generality assume that
n = t (both the on-line and the off-line players cease all activities bytthgeriod).
The off-line cost isP and the on-line cost is((1 — g~1)/(1 — B)) + PB'~1. Thus, the
best attainable ratio for this case is

c 1— ,Bt_l
P 1-8

Clearly,R; > Ry. Therefore, the adversary will choase- t, enforcing the the larger
ratio, Rz. Clearly,

R, =

+ gL

3 =

B tInB(B +c/P —1)
g—1

]

0
P 3(t)

which is always positive.
Therefore, for this case, the best attainable ratio is obtained by setting. Thus,

using (2) we obtain
cl—pm-t
P 1-8

1—p" 1/, 1\ ..
T ralme)

Rs(n*) +pM

Il
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YA
tp(i)s

1 1
1+E (1_E> (1 —k(1— B)).

Itis evident thatR; (n* — 1) > R3(n*). Hence the on-line player chooges n* (recall
thatn* is an integer) and the best attainable competitive ratio is

. 1 1
Rs(N*) = 1+E<1_E)(1_k(1_'8))

. 1 i
1+(1+')(1_R> (1—k1—+i>,

which is achieved by the optimal strate§y (i.e., if n < n* — 1, then always lease;
otherwise, lease* — 1 periods and then buy). O

REMARK 3. It can be shown that for an arbitrany the competitive ratio attained
is min{R3([n*7), Ry(Ln*])} in which case the competitive ratio can be obtained by a
strategy similar tc&*.

We now examine the optimal competitive ratio as a functionaofd ofk. Observe the
following two properties: (i) When > 0 the optimal competitive ratio is strictly decreas-
ing with i and strictly increasing witlg. (i) 1 < k < 1/(1 — 8) and it is easy to show
that the optimal competitive ratio increases in the inte¢tal/1/(1 — B)], decreases in
the interval [/1/(1 — B), 1/(1 — B)), and has a maximum &t= 1/./1 — B.

3.3. Optimal On-Line Randomized Leasing Strategin this section we show how
randomization can boost the performance. We consider a game against an oblivious
adversary (see Section 1.1). We first consider the icas@ and then generalize to any
(feasible)i > 0.

3.3.1. Randomization when i 0. Assumeé = 0, which corresponds to the “folk”
version of Section 2. As mentioned earlier, for everythe optimal off-line cost is
VopT1(n) = min{cn, P}. As before, for every > 1, let S(t) be the deterministic on-line
strategy that leases for the fitst- 1 periods and then buys.

Any randomized leasing strategy can be specified by a probability distribjpi¢n
over deterministic leasing strategi8g) as defined above. For eatliefine p; to be
the probability of using the strated¥(t). Let R = R(t, n, k) denote the cost ratio (on-
line/off-line) of the strategys(t) when the game consists nfperiods.

THEOREM3.2. The optimal randomized competitive ratio against an oblivious adver-
sary is
1 L+1/(k—1)k-2

1—(k=-D/k* 7 QA4+1/k-1)k-1
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This ratio is attained by the following randomized strategy

1

, j =1;
1+Kk(1+1/(k— 1)<t -1) J
o -1
P pl'(é) ) l<j=k;
(0} k<j.

The proof of Theorem 3.2 makes use of the following lemmas.

LEMMA 3.1. There exists an optimal on-line randomized leasing strategy having the
property that for every j> k, p; = 0.

PrOOF WEe first claim that the lemma holds under the assumption that there exists an
optimal on-line strategy whose probability distribution has finite support.

To prove this claim consider such an optimal on-line randomized straffegy{ p; },
and setM(P) = max{i | pi # 0}. The expected (optimal) competitive ratio is thus
Ri({pi}, n) = >, pr - R(t, n, k). Without loss of generality assume thdi(P) > k. It
is easy to see that:

(i) Without loss of generality the adversary considers anky M (P).
(i) Vj>n,R(j,n k) =R(n+1,n,Kk).
(i) Vh>n=>Kk,Vt <n, R(t, h,k) = R(t, n, k).
(iv) vn>k, R(n,n, k) > R(n—1,n— 1, k).

Consider the following probability distributiof® = { f}:

Pt vt < M(P) -2
Pt = 1 PmP)—1 + Pm(P)s t=MP) -1
0. t = M(P).

It follows thatM (P) = M(P) — 1.
We now check how the expected competitive ratio changes as we shift from the
strategy{ p;} to the strategy f;}:

Ri({p), M(P) = D B~ R(t, M(P), k)= f - R(t, M(P) — 1, k)
t t

M(P)-2
= Y p-R(t, M(P)=1, K+ Puce)-1-RM(P)—1, M(P)—1,K)

A
o]
Y
<
2
[
P
z
+
o]
<
K
Py
<
J
<
J
=
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M(P)
= Y p- Rt M(P).k) = Ry({pt}. M(P))
t=1
and, for alln < M(P),
Ri({pt}.,n) = ) B R(t,n K

t

M(P)—-2
= Y p-RENK+ Pue-1- RIM(P) — 1,1, k)
t=1
M(P)-1
= > pt-RtNK+ puer - RM(P) — 1,0, k)
t=1
M(P)—1
= Y p-RENK+ pue) - RIM(P), 0. k) = Ry({pt}. n).
t=1

Thus, the on-line strategy given b} is at least as good as the strategy giver [y.
Repeated applications of this argument prove the claim.

For the case in which the optimal strategy has infinite support (i.e., there are infinitely
many indicesj such thatp; # 0) we show that, for every 6 ¢ < 1, there exists a
probability distributionP (¢) with a finite support such that, for ail

Ri({pt}, n)
1—¢ °

Ri({p}. m) <

Let 0 < ¢ < 1 be given and leN(e) be an index such thgdt . Pt = ¢ < e.
Define o

A Et t < N(e),
0, N(e) <t.
Clearly, for alln, (1 — §)Ri({ft}, n) < Ru({pt}, n). O

Lemma 3.1 tells us that it is sufficient to consider strategies that give positive weights
only to the firstk periods. We may thus assume thak k and it follows that for any
such choice of the expected cost ratio is

t+k—n-1
R =1+ p———.

t<n n
DefineA® E(xy, %o, ..., %) YK %=1 Vi, x >0}
LEMMA 3.2. Let A be a kx k positive upper triangular matrix in which the upper

elements increase along colume., t’ <t < j <kimplies & < & ;). Let(p,A) be
an optimal solution for the linear program
min A
suchthat {P A=+ 1,
peA®.

Then p~A:)V_1).
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o < nt1ax| an |;
n

| =

§<—mnA—p-A|p-A <A}
I <~ maXj|p-A-1<p- A =ik
If | = —o0 then goto 2
else{
eemin{%,%};
P + &, j=1-1
pj—qyP—& i=h
o, otherwise
}
fp-A<i-1  END;
else{
P<p;
goto %
}
r<maxj|p-A =2ih

. 5 p1
g < miny—, —=1t;
Qo 2
pl_gv J:]-’
B l<j<r,
P < ' -<J_,
P + e, j=r+1
Pjs j>r+1

| N

Fig. 1. An algorithm that computes a probability distributipne A® for whichp- A < x - I

ProOF The idea of the proof is that if there exigts< k such thatp - A; < 4, then by
a small variation of the probability distributigmto p we can reduce the values pf A;
in columns, where - A; = A, while in other columns wherp - A; < A the value still
stays strictly smaller thakh — y.

By contradiction assume that there exipts: k for which p - A; < A. Consider the
algorithm of Figure 1. This algorithm computes a probability distribugioa A® for

whichp- A < A- 1. .
After executing the algorithm of Figure B- A < A - 1. This is established by
considering the following three observations:

(i) After each iteration of stage B- A< A - I,andﬁ- A<p-A=x
em<I|—-21p-An=p- An
em=|-1p-An=pP - An+&amm <P An+ (8/4)ax < A.
emM>1p-An=pP An+eaq_1m—aqm < A.
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(i) The algorithm terminates: from (i) it is clear that the number of times we execute
stage 1 is finite and stage 2 is either not executed at all or executed only once.

(iii) After an execution of stage - A < )L~_1>:
eM<r:p-An<p-An=2>x
eM>r+1Lp-An=<p-Antéeariim=<p-An+(§/4)a <i.

This completes the proof of the lemma. O

Lemma 3.2 entails the following corollary.

COROLLARY 3.1. There exists an optimal on-line randomized leasing strategy with the
property thaf for every j < k, the ratios Rj) are equal

By Corollary 3.1, in order to identify the optimal randomized strategy it remains to
solve the system of equatioq1l) = R(2) = --- = R(k) for the thep;’'s under the
constraintsp; > 0and); pi = 1.

The proof of the following lemma is easily obtained by substitution.

LEMMA 3.3. For every positive p the choice p= p;- (k/(k— 1)L, j =2,... kK,
solves the system(B = R(2) = --- = R(k) and, forall j, R(j) =1+ pi(k—1).

PrROOF OFTHEOREM3.2. Using Lemma 3.3 together with the constraint i@} is a
probability distribution we calculatp; which must be the solution of—lzrzz pi = pi:

1
1+k(@+1/(k=1)t—1)

pr =

Note that sinc&l+1/(k — 1))k~ is strictly increasing toware, p; is strictly decreasing.
By substituting this value fop; we calculate the optimal expected competitive ratio
which after rearrangement reduces to

1 A+1/(k—1Hk—2
(3) — =2 - . .
1—-(k—1/k Q+1/k-1)°—-1

Notice that the optimal deterministic ratio is always in the inter\%IZ[) and the

optimal randomized ratio is in%L 1.582). Further, it can be shown that the optimal
randomized competitive ratio is strictly smaller than the optimal deterministic one for
everyk.

3.3.2. Randomization Whens+ 0. Here we consider randomization whega positive
and state without a proof the following theorén.

13 The proof of Theorem 3.3 can be found in [27].
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deterministic —
randomized -----

0.002
0.004
0.006 i (interest rate)

10 2
30
40 50 g 0.008

0 70
80
k (= Pic) 90499 ~ 001

Fig. 2. The optimal on-line randomized competitive ratio is strictly smaller than the optimal deterministic
competitive ratio, for all feasible pairs &fandi.

THEOREM3.3. Leti > 0 be given and set'nto be the number of rentals whose total
present value is PThen the optimal competitive ratio against an oblivious adversary is

1 ,_ (k/(k=1)" —2

1—(k=D/™ 7 (k/(k—1)™ -1

This optimal competitive ratio can be obtained by the following randomized strategy

1 k-1 .
k—1 k" —(k—1’ J=1
P = k'™t o
pl'(m) ; l<j=<ny
0, n* < j.

We examine how the competitive ratio changes as a function of the intereisarate
of k. Clearly:

1. Since >0,it = | = n"1t = RJ.
2. Giventhat 1< k < 1/(1 — B) (as argued in Section 3) it is possible to show that the
competitive ratio increases in the interval 1/./1 — ], decreases in the interval

[1/4/1— B,1/(1— B)) and obtains a maximum &t= 1/./1 — B.

It can also be shown, that the optimal on-line randomized competitive ratio is strictly
smaller than the optimal deterministic competitive ratio, for all feasible paiksaoidi
(see Figure 2).

4. Noncontiguous Usage of Equipment. So far we have analyzed the leasing game
subject to the assumption that the player uses the equipment for a number of contiguous
periods and then never uses it again. Nevertheless, in practice there may be contiguous
periods of usage that are separated by short or long breaks.
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Of course, for the leasing game with zero interest rate this contiguous-usage assump-
tion is not required for the analysis as all costs are independent of time. On the other hand,
wheni > Qitis notclear at the outset whether or not the removal of this contiguous-usage
assumption will affect the optimal competitive ratio.

LetU = ug, uy, ..., Uy, where theu;’s are period indices); < Uz < --- < Uy,
such that the equipment is needed by the player during each pgridie callU a
usage sequenck each usage sequerde|U| = nis thus the number of usage periods
in the sequence. A usage sequebkés contiguousif ujy = uj +1,j =0,1,...,

n—1.

Assume that > 0. Clearly, since a contiguous usage sequence is a special case of a
usage sequence (that may contain gaps of nonusage period segments), the competitive
ratio in the noncontiguous usage case can only increase relative to contiguous usage. In
this section we prove that in fact it remains the same.

THEOREM4.1. Let P, ¢, and i be givenThen the competitive ratio in the contiguous
case equals the optimal competitive ratio in the noncontiguous case

Consider the following on-line deterministic strategy: lease the equipment for the
first n* — 1 usage periods and then buy the equipment omthgsage period. (For a
contiguous usage sequence the stra&gycoincides with the optimal on-line strategy
S*)

PrROOF OFTHEOREM4.1. We show tha&™ ensures a competitive ratio ofX1/8)(1—
1/k)(1—k(1—B)) (which is the same as the competitive ratio achieved in the contiguous
case).

Before getting into the details we outline the proof. Since the on-line player uses
strategyS™ we may assume, without loss of generality, it < n* (alonger sequence
can only raise the cost fapTwithout affecting the on-line cost). We show that for such
usage sequence®T leases the equipment throughout the entire sequence (in the case
whereU is contiguous witHU | = n*, opTeither leases throughout the entire sequence
or purchases the equipment on the first period; the price incurred is the same). Based
on the fact thabpPT leases the equipment throughout the whole sequence we conclude
that for any given noncontiguous sequence the adversary can increase the competitive
ratio obtained by eliminating all the gaps. Thus, the optimal strategy for the adversary
(againstS*) is to choose a contiguous sequeht&iith [U| = n*.

We now turn to a formal proof of the theorem. With respect to a usage sequence
U =u, ..., U, define the following strategies:

e BUY(t): lease the equipment until periogl, and buy it on periodi;.
e BUY(00): always lease.

In what follows we useC(-) to denote the cost incurred. We claim that given a usage
sequenc® such thatU| < n*, opTbehaves as follows:

1. If U is contiguous anglJ| = n*, thenorPT will lease always or buy the equipment
on the first period of the sequence. Notice that according to the definitiot &br
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such a sequence
C(BUY (c0)) = C(BUY (D).

That is, the cost of purchasing on the first usage period is the same as the cost of
leasing throughoud .

2. If [lU| < n*, opTalways leases.

3. If [lU| = n* is noncontiguous, theopT always leases.

To prove this claim notice that if & k < n < n*, then

C(BUY((kk)) > C(BUY(x))
¢
k n
CZIBUjfl_I_ P[3Uk+1*l Z CZﬂUjfl
j=1 j=1
¢
n
PﬂUKJrl*l Z c ﬂUjfl
¢
n
P>c ) pit
j=k+1
but
n n* )
(4) c Y pUiti<c)y pl=P
j=k+1 j=1
and equality holds in (4) if and only K = 0 and, for allj, u; = j; thatis, if and only if

U is contiguous witHU | = n*. This proves the claim.

For a given noncontiguous time usage sequeticéet U be obtained fromU by
eliminating the last (nonusage) gap. When the on-line player apgiiesfor every
noncontiguous time usage sequebcwith |U| < n*, R(U) > RU).

Assume, without loss of generality, that| = n*. (If |U| < n*, then both the on-line
player andopTalways lease, therefo(U) = R(U).)

Consider the last gap in the time usage sequéhtieat occurs betweem, andug 1,
and assume that this gap lakts 1 periods. The cost ratio achieved for the sequéhce
is

CY LBt 4 PRt
CZinzl pui-1
D S e ey o
CY Ly B+ e Y UL 4 cpn L

RU)
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B ng(:l ﬁui_l + C,BI In;;j-_l ﬁui—l—| + Pﬂllgun*—l—l
= " — .
eI B+ B L B gl Ut

Similarly, the cost ratio achieved for the sequeblcis

Xizt Bt 4 ol gt 4 P

RWU) = = =kt )
CYTI AU YTy B gt 1]

Define

i=k
def L
X E c§ UL
i=1

i=n*-1

M L e Z gu—,

i=k+1

To complete the proof it remains to show that

L X+ M + Pﬁun*—l—l X—I—,BlM + Pﬂlﬂu"*_l_l B
®) R = X+ M + ¢pur—1-! T X+ B'M + cp! gum—1-1 RU)
¢
ﬁun*—1—| (P _ C) ,Blﬁun*—l—l (P _ C)
1+ X+ M +Cﬂ””**1fl > 14 X—l—,BIM +C’3I/gun*flfl
¢
1 1

X+ M+ cpow 11~ X/B + M + B 11

Since 0< B8 < 1 andl > 0 we get that the left-hand side in (5) is strictly greater than
the right-hand side. O

5. Playing Against Nature. Consider the following adversary that can choose any

probability distributiont on integers and then must announce it to the on-line player.

The on-line player then chooses a strategy and an integgesampled according to.

The leasing game is then played foperiods without revealing to the on-line player

until the nth period. We call such an adversanyTURE. At the outset it appears that

NATURE is considerably weaker than the oblivious adversary and it could be concluded

that by weakening the adversary we can hope for a better competitive ratio.
Somewhat surprisingly (see Remark 4) we have

THEOREMb5.1. In a game againstiATURE the optimal competitive ratio is the same as
in playing against an oblivious adversary

ProOOF Consider the following two-person zero-sum game between the adversary and
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the on-line player:

e The set of pure strategies for the on-line playeNis- {0}, whereN is the natural
numbers and the pure strategiepresent$(t) (i.e., leasé — 1 periods and then buy
on thetth period).

e The set of pure strategies for the adversarfis- {0} where the pure strategy
represents a decision to terminate the game ontt@eriod.

e The on-line player pays to the adversary according to the payment niatsix=
R(t, n, n*), in particular, ifi = 0, thenA; , = R(t, n, k).

e A mixed strategyy for the on-line player is a probability distribution ovisr— {0}.

e A mixed strategyx for the adversary is a probability distribution ougr— {0}.

In the above gameATURE's objective is to ensure the value mariny y' Ax (which is
the competitive ratio that can obtained in a game agaimsirE).

In our analysis of the game against the oblivious adversary (Section 3.3) the optimal
on-line strategy was designed to guarantee for the on-line player the value

minmaxy' Ax.
y X
Since for all f, infy supg, f(x, y) > sup,infy (X, y), itis only required to show that

(6) mxaxmyin yTAX > myin m):':\xyT AX.

REMARK 4. Note that if the matrixA was finite we could easily complete the proof
by relying on the min-max theorem of game theory. However, in general the min-max
theorem does not apply to infinite matrices (see, e.g., [2]).

We now prove inequality (6). We also characterize the set of probability distributions
from whichNATURE can choose in order to secure the highest possible competitive ratio.
Here we consider only the case= 0 (no interest rate}! Denote thej th row of A by
Al. The payment matriA of the game is depicted in Figure 3.
From Theorem 3.2 we deduce that the value ofymiax, y™ Ax is

(k/(k — 1))k -2
T (k/(k—1)k—1

From Lemma 3.1 we conclude that the optimal on-line randomized strategy has the
property that, for allj > k, y; = 0, and from Lemma 3.3 we obtain that the optimal
on-line randomized strategy has the property that, for allk, y; # 0. Therefore, using

the fact thai is a probability distribution and the theorem of complementary slackness
of linear programming (see, e.g., [2]) it must be that prainy y™ Ax > « if and only

if the following set of restrictions is feasible:

° Zloil X = 1.

14 The proof of inequality (6) for the case> 0 is similar.
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1 X9 3 Zj Tk Tl Th42 Tgp+3
P| P p P P _
Y1 Y 5 3 e R_l 1 1 1
P 1 1 1
ve | 1| HE| % F Hr=1+1 l+g | L+g | 1+%
o || 1)1 R e BE=14E | LR | I4E | 4R
yi 1] 1| 1 (=1t P GodleAP g pugd | g gagd | iy 2
ye (1] 1] 1 | 1 (ol)edP g g kol | g g ol g ghal g g kel
Yepr || 1] 1 N 1 1 ktP = 2| 2 2
Yz || 1] 1 1. 1 1 1+F | 2+3 | 2+%
Yegs || 1] 1 ... 1 1 1+4 1 1+% | 242

Fig. 3. The payment matribAin a game again®ATURE (wheni = 0).

e Vj<k A .x=aq.
e Vj >k Al -x>a.

By solving the equalities we obtain that,

k—1\'"?
Vi<j=<k-1, x,-:j(—) X1 =

Kk

Substituting (1 — ((k — 1)/k)¥) for « we have,

Vi<j<k-1, xj:%-

Lo K—1\/
e\ 7k

(k—1)/k)it
1—((k—21)/k)*

-1

135
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LEMMA 5.1. Denote byy = Y7, % = 1 — Y0 %i. Then X, X1, - Xicem. - - -
are characterized hy

) Zfik X]' =Y. _
o V>0, < ((j+D/Ky — T2+ () —1)/K)Xew.

PrOOF Consider the following subset of restrictions:

Vi >k, Al x> a.

These restrictions translate into the following set of linear equations:

k 00
ij + ZZXJ > o,

j=1 j=k+1
Zx,- + <1+E>Xk+1 + <2+E>._Z X; > a,
j=1 j=k+2
k oo
1 2 2
ij + (1+E)Xk+l + <1+E>Xk+2 + (2+E>.Z X; > q,

m

K ! i m—1) &
dox + Z<1+E)Xk+‘ + (2+T> DX ze
=1 i i

i=1

Rearranging terms,

Mx
x
+
N
]
x
\%
8L

j=1 j=k+1

k 1 00

ij — X1 + <2+ E) Z X > a,
i=1 j=k+1

ij - <1+ E) Xk+1 — Xky2 + <2+ E) Z X > a,
j j=k+1

3
i

k . o0

m—1-—i m-1
IR 3 (R PR (FLE ) S
j=1 j

\

Il
AN

By subtracting from each inequality the equatidh- x = « (written asZ}‘zl Xj +
(1—-1/Kxx + 2—1/k) Zﬁk+l X; = o) and after straightforward manipulations we
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=
o
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3

0.002

0.001 |
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10 20 30 40 50 60 70 80 90 100
| (weight index}

Fig. 4. The magnitude of the weighig, 1 < j <k, for k = 100.

obtain
100
— X + 25 = 0
kj:k
1 2
—1+-)x - X - X > 0,
(1+ )% w2
-1 . m—1-—i m & 0
_i—o +? Xi+i + ?ZX]‘ > 0
= j=k
O

Clearly, there is a continuum of solutions of the inequalities in Lemma 5.1. Here we
present one solution in which all the inequalities hold as equalities. Consider the set
{Xierj = (K— 1)/k)j(y/k)},-zo. It can be verified (for example, by substitution) that
this set specifies a solution in which all inequalities hold as equalities. O

An illustration of the magnitude of the weights, 1 < j <k, for k = 100 is given
in Figure 4.

LEMMA 5.2. In a game againstiATURE, for all k > 2,
. 1
P[the game lasts at least k peridds e 1

S I (k=D/Kitt
j=1 j=1 k2 (1 - ((k - 1)/k)k)
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1 k=1 ok—1)\ 7t
B k2(1—<<k—1>/k>k>§1< K )

1 (k((k—l)/k)k—l<<k—1)/k—1>—<(k—1)/k>k+1)
k2(1—((k—1)/k)¥) ((k—1)/k—1)2

((k—1)/k)<?

1—((k—1)/kk

Since, foralk > 2, (k — 1)/k)* 1 > 1/e > ((k — 1)/k)¥, it follows that

k—1
1_M<1_ 1/e zl_i' m
1— ((k—1/kk 1-1/e e—1

Thus, there is an upper bound-£11/(e — 1)) for the probability that the game will
last less thark periods. An intuitive explanation of this fact is that if with very high
probability the game lasts less thliperiods, the on-line player will always lease and
will attain a competitive ratio close to 1. Therefore, if the adversary wants to enforce a
high competitive ratio it must threaten the on-line player with a potentially far horizon.

6. Concluding Remarks. We have employed competitive analysis to study the leasing
problem in a market with interest rates. Unlike most conventional approaches in finance
we do not require the decision maker to have any prior knowledge about how long he will
need the underlying asset for. Still however we show that by using a simple randomized
algorithm the on-line player can achieve fairly low competitive ratios.

As discussed in Section 1.1 the pure competitive analysis (and our analyses here)
blatantly ignore partial (probabilistic) knowledge that the on-line player may have. The
risk—reward framework of al-Binali [7] that generalizes pure competitive analysis fa-
cilitates analyses and strategies that can include such side information. Indeed, in [7]
al-Binali analyzes the folk variant of the leasing problem to exemplify the risk—reward
framework. It would be very interesting to generalize our results to include risk man-
agement.

The basic leasing game studied here provides a reasonable abstraction of the lease-
or-buy dilemma in a situation where the lease contract can be broken at any time with no
penalty. Nevertheless, this basic formulation also abstracts away some realistic options
that the lessee may have. For example, in practice after the equipment is bought it can
later be sold (typically for a smaller price). Furthermore, our simple model ignores price
uncertainty which is a considerable factor in any financial decision process. Our work
can be extended in various directions:

¢ Introduce price uncertainty. In our model it is assumed that both the rental cost and the
purchase cost are constants. The next step should be to account for price uncertainty,
an important factor in financial modeling.

e Extend the analysis to a wider set of lease contracts. As noted in [31] some of the
provisions that can be written into a lease are: (1) leases which grant the lessee the
right to purchase the leases asset at a fixed price at the maturity date of the contract;
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(2) leases that are noncancelable during the life of the contract (this type of lease
is called afinancial leasg (3) leases that specify a period over which the lease is
noncancelable followed by a period over which the lease can be canceled at any time.

o Refinement of the leasing problem by considering other economic factors such as
inflation, taxes, salvage cost, etc.
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