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Asymptotic tensor rank of graph tensors:
beyond matrix multiplication

Matthias Christandl!, Péter Vrana’ and Jeroen Zuiddam?®

Abstract

We present an upper bound on the exponent of the asymptotic
behaviour of the tensor rank of a family of tensors defined by the
complete graph on k vertices. For k > 4, we show that the exponent
per edge is at most 0.77, outperforming the best known upper bound
on the exponent per edge for matrix multiplication (k = 3), which
is approximately 0.79. We raise the question whether for some k
the exponent per edge can be below 2/3, i.e. can outperform matrix
multiplication even if the matrix multiplication exponent equals 2. In
order to obtain our results, we generalise to higher order tensors a
result by Strassen on the asymptotic subrank of tight tensors and a
result by Coppersmith and Winograd on the asymptotic rank of matrix
multiplication. Our results have applications in entanglement theory
and communication complexity.

1. Introduction

A famous open problem in algebraic complexity theory is the problem of
determining the tensor rank of large tensor powers of the 2 x 2 matrix
multiplication tensor. Let Vi,..., Vi be finite-dimensional complex vector
spaces and let ¢ € V] ® -+ ® Vj, be a k-tensor. The tensor rank R(¢) of ¢ is
the smallest number 7 such that ¢ can be written as a sum of r simple tensors
MR- Quy €VI® - @Vi. We define the Nth tensor power ¢®V as the
k-tensor obtained by taking the tensor product of N copies of ¢ and grouping
such that ¢ € (V1®N) R ® (Vk®N). For any n, let by,...,b, denote the
standard basis of C". The 2 x 2 matrix multiplication tensor is the 3-tensor

D (i, @ biy) @ (biy @ biy) ® (biy D byy) € (C* @ C*)F,
i€{0,1}3
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This paper is motivated by the study of the tensor rank of powers of tensors
that are generalizations of the matrix multiplication tensor. Consider a graph
with two vertices connected by a single edge. We define the corresponding
2-tensor as
T(o—) =) b®b € C°eC%.
1€{0,1}

Let G be any graph. Then we define T(G) to be the |V|-tensor obtained
by taking the tensor product of the tensors corresponding to the edges
of G, grouping corresponding vertices together (the full definition is in
Theorem 1.1.1). For example, for the complete graph on four vertices Ky we
have

() =1 D er(2) o) et eT(N) 2 ()
= Z(bh@bu@bis) ® (bi2®bi4®biﬁ) & (bi3®bi5®bi6) & (b¢1®bi2®bi3)
i€{0,1}6

living in (C¥)®%. We can ignore the dependence of this tensor on the order
of the edges, since tensor rank is invariant under this choice. Let K}, be the
complete graph on k vertices. The 2 x 2 matrix multiplication tensor is the
tensor T(K(3).

The main result of this paper is an upper bound on the tensor rank of
large tensor powers of T(K}): for any k > 4 and large N,

R(T(Kk)®N) < 90.772943(5) N+o(N) (1)

We say that the exponent w(T(K})) is at most 0.772943 (g) and we say that
the exponent per edge T(T(K})) is at most 0.772943. This improves, for k > 4,
the bound 7(T(K})) < 0.790955 that can be derived from the well-known
upper bound of Le Gall [LG14] on the exponent of matrix multiplication
w = w(T(K3)). Note that 7(T(K3)) = w/3.

By a “covering argument” we can show that 7(T(K}%)) is nonincreasing
when k increases (Theorem 1.1.25). On the other hand, a standard “flat-
tening argument” (see Theorem 1.1.19) yields the lower bound 7(T(K})) >
2k/(k—1) if k is even and 7(T(K})) > 3(k + 1)/k if k is odd. As a
consequence, if the exponent of matrix multiplication w equals 2, then
7(T(K4)) = 7(T(K3)) = 2. We raise the following question: is there a
k > 5 such that 7(T(K%)) < %? More open questions are discussed in
Section 1.3.

Our method to prove (1) is a generalization of a method of Strassen, and
Coppersmith and Winograd for obtaining upper bounds on the exponent
of the matrix multiplication tensor. To use the generalized Coppersmith—
Winograd method we have to get a handle on the monomial subrank of tensor
powers of yet another type of combinatorially defined tensors. The definition
of rank given above is equivalent to saying that the rank R(¢) of a tensor



¢ € VI ®--®V; is the smallest number r for which there exist linear maps
A :C" =WV, ..., A : C" — Vj such that ¢ = (4; ® - @ Ag) T, (k), where
T, (k) = Y_I_, (b;)®* is the rank-r unit k-tensor. The subrank Q(¢) of ¢ is
the largest number s for which there exist linear maps A4; : V4 — C*%, ...,
Ay : Vi = C?® such that Ts(k) = (A1 ® - - ® Ag)¢. In fact, we need a slightly
restricted notion. A monomial matrix is a matrix such that any row or
column has at most one nonzero entry. Let ¢ € V1 ® --- ® Vi be a tensor in a
fixed basis. The monomial subrank Qy(¢) is the largest number s for which
there exist monomial matrices Ay, ..., Ag such that Ts(k) = (A1 ®- - ® Ag) .
We are interested in lower bounding Qy;(¢®") for large N. In particular,
inhthe course of proving (1) we face the problem of computing QM(D%\;))
where

D(2,2): b1 b1 ®bys®by+ by ®bo®by R by + b1 ® by ® by ® by
+ by ®Rb; R®b @by + by ® b1 ® by ® by + by @by ® b1 ® by

is the weight-(2,2) Dicke tensor.

Our second result solves this problem. Namely, we prove a general
asymptotic lower bound on the monomial subrank of tensor powers of so-
called tight tensors (Theorem 1.2.4). These are tensors ¢ € V; ® - -+ ®@ Vj, for
which there is a choice of bases Bi,..., B for Vi,...,V, respectively and
injective maps oy : By = Z, ..., a : By — Z such that

V(b1,...,br) € suppg(é) ai1(br) + -+ ag(b) = 0.

For example, applied to the tensor D( 9), which is a tight tensor, our result

N
D)

optimal. We say that the monomial suberponent qm(D(22)) equals 1. This
solves a conjecture posed in [VC15] for the special case D(s ).

In quantum information theoretical terms, the tensor T(K}) encodes a k-
partite quantum state in which each two systems share an Einstein—Podolski—
Rosen (EPR) pair. The tensor T2(k) encodes the k-partite Greenberger—
Horne—Zeilinger (GHZ) state. If the rank of T(K}) is 7, then [logy | copies
of the state Ty(k) are needed to generate T(K}) by stochastic local oper-
ations and classical communication (SLOCC). See [DVCO00] for a discus-
sion of SLOCC. Asymptotically, we can generate N copies of T(K}) using
w(T(Ky))N + o(N) copies of T(k).

In the next subsection we discuss preliminary definitions and known
results. After that we state our results and discuss open questions.

yields the monomial subrank Q( ) =2V —o(N) which is asymptotically

1.1. Preliminaries

Let Uy,...,U, and Vq,..., V. be complex finite-dimensional vector spaces.
For any number n € N, define the set [n] :={1,2,...,n}. All our graphs will



be simple graphs, that is, they are unweighted, undirected, containing no
self-loops or multiple edges.

We first define the two families of tensors that play an important role
in this paper, namely the tensors T(G) with G a graph and the tensors D)
with A a partition. We start with T(G).

Definition 1.1.1. Let G = (V, E) be a graph and let n be a natural number.
Let by,...,b, be the standard basis of C". We define the |V |-tensor T, (G)

) > ®(@n)

[n]E veV eEE

where the sum is over all tuples ¢ indexed by E with entries in [n]. Equivalently,
one can define T, (G) as a tensor product over edges of G, as follows, letting
subscripts denote the position of tensor legs,

@3 1@ ..

eckE icn

Here, the element 1 should be regarded as an element of C and the large tensor
product inputs and outputs |V|-tensors by the natural regrouping. We will
denote T2(G) by T(G). The definition naturally generalizes to hypergraphs,
see [VC17].

Note that the tensor T,,(G) behaves as follows under the tensor Kronecker
product: T\, (G) @ Tin(G) = Tom(G).

We can ignore the fact that the tensor in the above definition depends
on the choice of order of the edges and vertices of the graph G, since tensor
rank and subrank do not depend on this order.

Let K} be the complete graph on k vertices and let Cj, be the cycle graph
on k vertices.

Example 1.1.2. We give some examples of tensors of type T, (G). Let n € N.
For any j1, j2, j3 € [n], we define b, j, == bj, ®bj, and bj, j,j, = bj, @ bj, @ bj,.
Then

Tn(KQ) = Zbll & bil eC"oC"
i€n)?
Tn(K3) - Z bilig @ bigig & bi3i1 € (CTL2® Cn2® (Cn2
i€n)?
TL3
T(K1) = ) birisis © bigisis © igiais © birisis € (C)**
i€n]®
T(C5) = > biriy @ bigiy @ bigiy @ bigiy @ bigi, € (C")°

i€[n)®



In algebraic complexity theory, the tensor T, (C3) is called the n x n matrix
multiplication tensor, since it encodes the bilinear map that multiplies two
n X n matrices. It is usually denoted by (n,n,n). For k > 3, T,,(Cy) is the
iterated matrix multiplication tensor; it encodes the multilinear map that
multiplies k& matrices of size n x n. Note that C3 = K3, so any results on
T, (K)) or T, (Cy) are generalizations of results on the matrix multiplication
tensor.

We now introduce the second family of tensors, D).

Definition 1.1.3 (Dicke tensor [Dic54, SGDMO03, VC17]). Let k be a positive
integer and let A\ = (A1,...,A\,) Fn k be a partition of k£ of length at
most n. Let by,...,b, be the standard basis of C". Define the weight-\ Dicke
tensor D) as
DA = Zbil R ® bik c (Cn)®k
i€[n]*:
type(i)=X

where type(i) = A means that i is a permutation of the tuple

A1 A2 An

Example 1.1.4. We give some examples of tensors of type D).
D1y = b1®@b; @by + b1 ®ba @by + by ® by @ by,

Di111)y=01®b2®b3+ 01 ®@b3 @02+ b2 @ b1 @b
+ by ® b3 ®by + b3 ®b; ® by + b3 ® by ® by.

In quantum information theory, the tensor D, ;) encodes a quantum state
known as the W-state, and D, _1 1) encodes a generalized W-state on k
systems.

We now wish to define the exponent and (monomial) subexponent of
a tensor, which should be thought of as our complexity measures for ten-
sors. First we define (monomial) restriction, degeneration and asymptotic
conversion rate.

Let p e U1 ®--- QUi and ¥ € V1 ® - - - ® V. be k-tensors.

Definition 1.1.5. We say ¢ restricts to 1, written ¢ > 1), if there exist linear
maps A; : U; — V; such that ¥ = (A; ® - - - ® Ag)¢p. We say ¢ is isomorphic
to 1 if both ¢ > ¢ and ¢ < . We will often tacitly treat isomorphic tensors
as being equal. We say ¢ degenerates to 1, written ¢ > 1), if 1 is in the orbit
closure G¢ in the Zariski topology, where G = GL(U;) x - -+ x GL(Uy).

A matrix is a monomial matrix if on any of its rows or columns there
is at most one nonzero entry. Fix bases for Uy,..., U and Vi,...,Vi. We



say that there is a monomial restriction from ¢ to 1, written ¢ >y 9, if
there exist monomial matrices A1, ..., A such that ¢y = (41 ® --- @ Ag)¢o
in the chosen basis. We say that there is a monomial degeneration from ¢
to ¢, written ¢ D>y 1, if ¢ is in the orbit closure M¢ in the Zariski topology,
where M is the subgroup of GG consisting of k-tuples of monomial matrices.

Monomial degeneration has a nice combinatorial description for which we
refer to Theorem 6.1 in [Str&87]. It is clear from the definition that ¢ >y ¢
implies ¢ >\ 1p. We refer to [Str87] for other basic properties of >y and >y

Definition 1.1.6. Define the asymptotic conversion rate from ¢ to ¢ as

w(@,4) = Tim minfm € N | g7 > 4}, @

and the asymptotic monomial conversion rate from ¢ to ¢ as

1
wm(¢,¥) = lim —min{m € N | ¢ >y @™}, (3)
n—oo N
The minimum of the empty set is considered to be cc.

Proposition 1.1.7. The limit in Equation (2) exists and equals the supre-
mum sup,, + min{m € N | ¢®™ > ¢®"}. The limit in Equation (3) exists
and equals the supremum sup,, = min{m € N | ¢¥™ > ®"}.

Proof. See Lemma 1.1 in [Str88]. O

Theorem 1.1.8. Restriction and degeneration are asymptotically equivalent,
in the sense that

w(6,) = Tim min{m € N| 657 & y©").

Proof. See |Str87|. A proof can also be found in [VC15]. O

Remark 1.1.9. We do not know whether in (3) one may equivalently re-
place >\ by >0, We therefore defined wyy using the more powerful D>yy.

Strassen introduced the asymptotic study of restriction in the context
of the algebraic complexity of bilinear maps [Str88, Str91]. In quantum
information theory, if ¢ and 1 are pure quantum states, then ¢ > 1 means
precisely that 1 can be obtained from ¢ by means of stochastic local operations
and classical communication (SLOCC). We refer to [VC15] and [VC17] for
general properties of w(¢, ).

Restriction and asymptotic conversion rate can be used to compare any
two k-tensors. In this context, the following tensor will serve as an absolute
reference tensor.



Definition 1.1.10 (GHZ tensor or unit tensor). Let k,r € N, and let
b1,...,b, be the standard basis of C". Define T, (k) as the k-tensor
To(k) =) bi®@-®b; € (C)®"
i€(r]

We will denote T, (k) by T, when the order k is understood and we will
denote To(k) by just T(k) or T. In quantum information theory, the tensor
T, (k) encodes the Greenberger—-Horne—Zeilinger (GHZ) quantum state of
rank r on k systems. In algebraic complexity theory, for k = 3 this tensor is
called the rank-r unit tensor and is denoted by (r). Note that T, (k) equals
the hypergraph tensor T, (H) where H is the hypergraph on k vertices with a
single hyperedge containing all vertices. We refer to [VC17] for the definition
of hypergraph tensor.

Definition 1.1.11. The rank of ¢, denoted R(%)), is the smallest number r
such that ¢ < T,.. Equivalently, it is the smallest number r such that ¢ can
be written as a sum of r simple tensors v1 ® - Qv € V1 ® --- ® Vi. The
border rank of 1, denoted R(v)) is the smallest number r such that ¢ < T,.

Definition 1.1.12. The subrank of ¢, denoted Q(¢), is the largest number s
such that Ty < ¢. The monomial subrank of ¢, denoted Qy;(¢), is the largest
number s such that Ty <y ¢. In the same way, one defines the border
subrank Q(¢) and the monomial border subrank Q, (¢) using < and <y
respectively.

Definition 1.1.13. The exponent of 1) is defined as the asymptotic conversion
rate from T to ¢ and is denoted by w(v)),

W) = w(T, ).

Definition 1.1.14. The subexponent of ¢ is defined as the inverse of the
asymptotic conversion rate from 1 to T, and is denoted by q(¢),

q(¢) == w(e, T)~".

Definition 1.1.15. Let ¢ € U; ® --- ® Ui, be a k-tensor in a fixed basis.
The monomial subexponent of ¢ is defined as the inverse of the asymptotic
monomial conversion rate from ¢ to T, and is denoted by qum(¢),

am(e) = wm(e, T)~ .

The parameters w, q and qy have the following two useful descriptions
in terms of R, Q and Q, .

Proposition 1.1.16. Let ¢ and v be k-tensors. Then,
w(t) = lim Llog R(y®"),
Q(6) = Tim L log Q(6™™),
— i 1 Xm
qu(¢) = lim ology Q) (¢5™).

7



Proof. To prove the first equality, we have

1
w(T,®) = lim — min{m € N | T®™ > %"}

n—oo M
1
— T; - n
= lim —flog, R(v™")]

= lim llog2 R(y®™).

n—oo n

To prove the second equality, we have

w(¢,T) = lim % min{m € N | ¢®™ > T®"}
= lim max{n € N| & > T 1y
[logs Q(¢%™)| "' m
Tim_(logy Q™)) ~'m
=q(¢)~".

lim
m—0o0

The statement for qy; follows from a similar proof. O

Proposition 1.1.17. Let ¢ and ¥ be k-tensors. Then,

w() = inf{f € R | R(p*N) < 2N+,
a(9) = sup{f € R | Q(¢7") > 27NV},
ami(¢) = sup{B € R | Q;(¢®V) > 27NN},
Proof. If R(y®N) < 26N+o(N) then w(tp) < limy_y00 8 + o(N)/N = B, by
Theorem 1.1.16. Conversely, suppose that w(1) < 8. Then R(y®V) <

O(2°N), by Theorem 1.1.16, so R(y®V) < 28N+o(N) The statement for q
and gy follows similarly from Theorem 1.1.16. O

For tensors of type T(G) we have the following characterization of w, q
and qu.

Proposition 1.1.18. Let G be a graph. Then,

w(T(G)) = inf{B8 € R | R(Tx(G)) = O(n”)},
A(T(G)) = sup{B € R | Q(Tn(G)) = Q(n")},
qu(T(G)) = sup{B € R | Q,,(Tn(@)) = Q(n")}.

Proof. Suppose that R(T,(G)) = O(n®). Then,

R(T2(G)*Y) = R(Tv (G)) = 0(2"7).



so w(T(G)) < B by Theorem 1.1.16. Here we used To(G)®N = Tyn (G). On
the other hand, suppose that w(T(G)) < 8. Then,

R(Tyn (G)) = R(T2(G)*Y) = 0(2°Y)
by Theorem 1.1.16, so
R(T,(G)) < R(Tyn (G)) = 0(2°Y) = O(n”)

where N = [logyn].
The proofs for q and qy follow similarly from Theorem 1.1.16. O

Note that w(T,(G)) = w(T(G))logy .

Definition 1.1.19. Let ¢ € U1 ® - - - ® Uy, be a k-tensor. A flattening of ¢ is
a 2-tensor (a matrix) obtained by any grouping of the tensor legs Uy, ..., Uy
into two groups.

Flattenings are useful for obtaining bounds on tensor rank and related
notions.

Proposition 1.1.20. Let ¢ be a k-tensor and let Ay be any flattening of ¢.
Then R(Ag) < R(¢) and Q(¢) < Q(Ag). On the asymptotic level, we have
the inequalities q(¢) < q(Ag) = logy Q(Ag) = logy R(Ay) = w(4y) < w(9).

Proof. A flattening of a simple k-tensor is a simple 2-tensor (a rank-1 matrix),
and hence for an arbitrary k-tensor ¢ we have R(Ay) < R(¢). Similarly,
Q(9) < Q(Ay).

For matrices, rank is multiplicative under tensor product and coincides
with subrank. Therefore, for any n € N,

Q(A™") < Q(AZ") = Q(Ag)" = R(4y)" = R(AZ") < R(¢™").

Taking the nth root, taking the logarithm log, and letting n go to infinity,
gives

q(¢) < q(Ap) = logy Q(Ag) =logy R(Ay) = w(Ag) < w(9),
by Theorem 1.1.16, finishing the proof. 0

Example 1.1.21. A cut of a graph G = (V, E) is a partition of V into
two disjoint nonempty sets. A max-cut is a cut with maximal number of
edges crossing these two sets. A min-cut is a cut with minimal number of
edges crossing these two sets. For any graph G, let f(G) denote the size
of a max-cut of G, and ¢g(G) the size of a min-cut. Flattening along the
appropriate cuts yields

Q(T(G)) < 299 < 2/(@) < R(T(Q))



and thus
A(T(G)) < 9(G) < f(G) < w(T(G)). (4)

While for a 2-tensor ¢, we have Q(¢) = R(¢) and q(¢) = w(¢), the above
observation gives us many examples of higher-order tensors for which this is
not the case. For example, let ¢ = T(C}). Then g(Cy) = 2 and f(Cy) = k—1.

Let us discuss the exponent in more detail.

Definition 1.1.22. Define the real number w := w(T(C3)). This number is
called the exponent of matriz multiplication.

In algebraic complexity theory, the number w is a measure for the asymp-
totic complexity of multiplying two n x n matrices, and has been receiving
much attention since the discovery of Strassen’s matrix multiplication algo-
rithm [Str69]. See also the standard reference for algebraic complexity theory
[BCS97]. The following bounds on w are the state of the art. The upper
bound is by Le Gall [LG14] and the lower bound is by a standard flattening
argument (Theorem 1.1.21).

Theorem 1.1.23. 2 < w < 2.3728639.

Computing w(T(G)) will be a hard task in general, since it includes
computing the matrix multiplication exponent w. One may however try to
prove bounds on w(T(G)) in terms of the matrix multiplication exponent w or
the dual exponent . The number « is defined as sup{y € R | w(1,1,7) = 2},
where w(1,1,7) is defined as inf{8 € R | R({n,n, |n?]) = O(n®)} and for
ni,ng,n3 € N the tensor (ni,n2,ng) is the rectangular matrix multiplication
tensor

(n1,m,m3) =Y (biy @ biy) ® (biy © big) @ (biy © byy)
1€[n1]x[n2] x[n3]

€ (C" ®C™) ® (C™ @ C™) ® (C™ @ C™).

The state of the art bounds on a are 0.3029805 < o < 1 [LG12]. In [CZ18]
we used a technique called tensor surgery to obtain such a result for cycle
graphs Cj. Namely, let k € N>;. Then

w(T(Ck)) =k when k is even, (5)

k—1
E—1<w(T(Cy)) < —5 W when k is odd. (6)

Also, in terms of the dual exponent «, for odd k,

1—

In particular, if w = 2 (equivalently aw = 1), then w(T(Cy)) = k — 1 when k
is odd. We will see a similar type of result for complete graphs in the next

10



subsection, see (9). We note that tensor surgery seems to work well for sparse
graphs like cycle graphs, and not so well for dense graphs like the complete
graph. However, one could use the complete graph tensors as starting tensors
in a tensor surgery procedure.

Definition 1.1.24. For any graph G = (V, E), we define the ezponent per
edge
T(T(G)) = w(T(G))/|E|.

The letter 7 is borrowed from the Schonhage asymptotic sum inequality, also
known as the 7-theorem.

For complete graphs, the exponent per edge has the following monotonicity
property.
Proposition 1.1.25. Let k > ¢ > 2 be integers. Then 7(T(Ky)) < 7(T(Ky)).
Proof. Let 7y = 7(T(K,)). Label the vertices of Kj by 1,...,k. Then, for

any subgraph G in K} isomorphic to Ky we have, with subscripts denoting
tensor leg positions,

(T@viey ® (18 & Dpgryiay) " < TGN +o)

and so

® ((T(G))V(G) ® (1 Q- 1)[k]\v(G))®N < T®((§)TZN+O(N))(IZ)’

GQKk
G=K,

the tensor product taken over all subgraphs G in K} isomorphic to Ky. The

left-hand side is isomorphic to T (K k)®N(lz:§). Therefore, we have the upper
oy —1
bound w(T(Kx)) < () (1) (;73) 7 = (3) 7, s0 7(T(Kx)) < 7. O

Having discussed the exponent, we now wish to focus on the (monomial)
subexponent, and primarily on an important result about the (monomial)
subexponent of so-called tight 3-tensors.

Definition 1.1.26. Let ¢ be an element of V] ® --- ® V.. Let By, ..., Bg be
bases for Vi,..., V) respectively. Write ¢ in terms of these bases,

d=> ¢br,....bp)b1 @ - @b with ¢(by,...,b) € C.
biEBi
Then the support of ¢ with respect to B = (By,..., By) is defined as the set
of k-tuples

suppp ¢ = {(b1,...,br) € B1 X -+ X By | #(b1, ..., bx) # 0}.

When the basis is clear from the context we will simply write supp ¢. It is
often convenient to identify each B; = {b1,bo,..., b Bi‘} with its index set
{1,2,...,|Bs|} by bj — j so that suppg ¢ becomes a set of tuples of natural
numbers. (Sometimes the index set starts at 0 instead of 1.)

11



Definition 1.1.27. Let Bjy,..., By be bases for Vi,..., Vi respectively and
let g : By = Z, ..., a) : By — Z be injective maps such that

ar(by) + -+ ag(by) =0 for each tuple (by,...,b;) € supp ¢.

Then we say ¢ is tight with respect to o = a1 X - -+ X «ay,. We say ¢ is tight if
it is tight with respect to @ = a1 X - -+ X a, for some «; : B; — Z.

The following lemma is easy to prove.

Lemma 1.1.28. Tensor products of tight tensors are tight in the tensor
product basis. Therefore, any graph tensor T(G) is tight in the standard basis.

Example 1.1.29. T(Ck) = 3¢ (biy ® biy) @ (bi, @ biy) @ -+ @ (biy, ® by )
is tight for any k£ by Theorem 1.1.28. Explicitly, let

o1 by, @by, i — 2(2'2 — 1),

a9 - biQ ® bz'3 — 2(22 — 1) — 4(13 — 1),

ay - bzk X bi1 — Qk_l(il — 1) —11.
These maps are injective and «aq(bj;, ® bi,) + -+ + ag(b;, ® bj;) = 0 for
any i € [2]".

Example 1.1.30. For any partition A -4 k, the Dicke tensor D) is a tight
tensor. Namely, let s = Z;l:l Aj -7, and let

a1 i b — 1,
o i b 1,

ap b — i —s.
Then o (b1) + -+ - + ag(by) = 0 for any (b1, ...,b;) € supp Dj.

For tight 3-tensors, Strassen proved the following theorem. For a discrete
probability distribution P = (p1,...,pn), let H(P) be the Shannon entropy
of P, which is defined by H(P) := — Y " | pilog, p;. Recall that if P is a
probability distribution on a set X consisting of k-tuples (x1,...,z), then
the marginal distribution P; on the ith component X; = {z; | v € X} is
defined by P;(y) = 3 cx. 4=y £(2)-

Theorem 1.1.31 ([Str91]). Let ¢ be a 3-tensor which is tight in some basis B.
Then

am(¢) = a(¢) = pnax min{H (P), H(P), H(Ps)}, (7)

where Py consists of the probability distributions P on suppg ¢, and P; is
the marginal distribution of P on the ith component of suppg ¢.
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Interestingly, Theorem 1.1.31 says that if ¢ is a tight tensor in basis B, then
the subexponent q(¢) is a function of suppp ¢, that is, q(¢) is independent of
the coefficients of ¢ in basis B. This is not in general the case for higher-order
tight tensors as we will see in Theorem 1.1.38.

Example 1.1.32. From Theorem 1.1.30 we know that D(q j 1) is tight. Let P
be the uniform distribution on the support of D(y ;). Then each marginal P;
is uniform on {by, b2, b3}. Therefore by Theorem 1.1.31, we have q(D(y1,1)) >
am(D,1,1)) > logy 3. On the other hand, q(D(;,1,1)) < logy 3, because the
tensor Dy 1 1) has a flattening of rank 3.

Example 1.1.33. From Theorem 1.1.28 and Theorem 1.1.29 we know that
¢ = T(C3) is tight. Let P be the uniform distribution on

supp ¢ = {((bi ® b;), (bj ® bk), (bx © b)) | 4,5, k € [2]}.

Then the marginals P; are uniform on {b; ® b; | i,j € [2]}, and hence the
Shannon entropy of each marginal is H(FP;) = logy4 = 2. Therefore, by
Theorem 1.1.31, q(T(C3)) > 2. On the other hand, q(T(C3)) < 2, because
the tensor T(C3) has a flattening of rank 4.

There are two extensions of Theorem 1.1.31 to certain higher-order tensors,
namely to W-state tensors (Theorem 1.1.34) and to (hyper)graphs with a
certain connectedness property (Theorem 1.1.37), which includes cycle tensors.
We begin with the extension to W-state tensors, obtained by generalising
a construction of Coppersmith and Winograd and generalising Strassen’s
support functionals. Define the binary entropy function h(p) as —plogs(p) —
(1 —p)logy(1 — p) with h(0) = h(1) = 0.

Theorem 1.1.34 (Vrana—Christandl [VC15]). Let k > 2. Then the subexpo-
nent of Dy 1y satisfies q(D(1 1)) = am(D(1,k-1)) = h(1/k).

(The original proof contained a small mistake for which we provide a fix in
Section 3.5.) It is conjectured in [VC15| that in general q(Dy) = qu(Dy) =
H(M\/k), see also Theorem 1.3.3.

Remark 1.1.35. In [FK14] the Coppersmith—-Winograd construction for
k = 3 was used to prove lower bounds on the query complexity of testing
triangle-freeness of Boolean functions. This construction was later extended
to cover odd-cycle-freeness [HX15], thus independently proving part of the
statement of Theorem 1.1.34.

Example 1.1.36. Let ¢ € (C2)®3 be nonzero. Then one of the following
statements holds.

1. = T and q(¢) = 1.
2. 9= D;5 and q(¢) = h(1/3).

13



3. o= T(O—o 0), T(o/a\o), T(o 0—0) or T(o o o) and q(¢) = 0.

Indeed, it is well-known that any element ¢ € (C2)®3 is equivalent to precisely
one of the six tensors listed above, see [DVC00] where 2 is called “equivalence
under SLOCC”. In the terminology of the reference, the first tensor is in the
GHZ-class, the second tensor is in the W-class and the remaining classes
are called A-BC, AB-C, AC-B and A-B-C. In the first case, by definition
a(¢) = w(T,T)"! = 1. In the second case, q(¢) = q(D12) = h(1/3) by
Theorem 1.1.34. In the third case, every representative corresponds to a
graph with min-cut of size 0, so q(¢) < g(¢) = 0 (see Theorem 1.1.21).

Recall that we defined g(G) to be the size of a minimum cut of G in
Theorem 1.1.21. The following theorem is a special case of the result proved
in [VC17].

Theorem 1.1.37 (Vrana—Christandl [VC17]). Let G be a graph. Then

am(T(G)) = a(T(G)) = 9(G).
In particular, if k > 3, then the subexponent of T(Cy) satisfies q(T(Cy)) = 2.
Example 1.1.38. Strassen’s Theorem 1.1.31 does not generalize to k > 4 by
simply replacing the right-hand side of (7) by maxp min{H (Py),...,H(Py)}
as the following example shows. Let ¢ be the 4-tensor
(z) = T(o—o o—o)
= (bo@bo + b1®b1) & (b0®bo + b1®b1)
= by ®bo®@bo @by + by @by @b1 @b1
+ b1 ®b1RbyRby + b1 ®b1 b1 Rb.
This tensor is tight. Take for example
ap b — 1, ag b — 1,
Q9 @ b — —1, ay b — —1.
Let P be the uniform distribution on supp ¢. Its marginals P; are uniform
on {bg,b1} so H(P;) = 1. However, q(¢) = 0, since ¢ by construction has a
flattening of rank 1.

This example also shows that q(¢) cannot simply be a function of the
support of ¢, since, for 0 < p < 1, the tensor

P(bo @by @by @by + by @b @b ®@b1) + b1 @b @by @by + b1 @b1 @b @by
has no flattenings of rank at most 1, and hence q(¢) is strictly positive (see
Lemma 4 in [VC15]).

Remark 1.1.39. Theorem 1.1.38 suggests that to generalize Theorem 1.1.31
to k-tensors ¢ one either has to find a stronger condition when k > 4 to
guarantee that q(¢) = maxp min{H(P,),..., H(Py)}, or find a different lower
(and possibly upper) bound on the subexponent q(¢). Our Theorem 1.2.4 is
a result of the second type.
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1.2. Our results

This paper is motivated by the following problem on complete graph tensors.
Recall that we defined the exponent per edge for the complete graph tensor

as 7(T(Ky)) = w(T(Kx))/(5)
Problem 1.2.1. For k > 4, what is the value of 7(T(K}))?

First of all, it is not hard to prove the following bounds on 7(T(K})).
For the complete graph K}, the maximum cut size f(Kj) is k%/4 for even k
and (k —1)(k+ 1)/4 for odd k (maximum cut is defined in Theorem 1.1.21).
Then, flattening T(K}) along a max-cut yields a matrix of rank 2/ (Kx) and
therefore (Theorem 1.1.20)

f(Ky)  J1/2+1/(2k) for odd k
&) \1/241/(2(k—1)) for even k.

On the other hand, 7(T(K3)) = w/3 and thus by Theorem 1.1.25 we have
T(T(Ky)) < w/3 for all k& > 3. Plugging in the Le Gall upper bound
w < 2.3728639 (Theorem 1.1.23), yields the “triangle covering” upper bound

T(T(Ky)) > (8)

7(T(Ky)) < 0.790955. (9)

Our aim is to improve on this upper bound.
Our main result is an upper bound on the exponent per edge of T(Kj)
that is independent of w.

q+2 )

Theorem 1.2.2. Letk > 2. Foranyq > 1, 7(T(Ky)) < log, (W .
/ 2. k-2

Our second result is a lower bound on the monomial subexponent qy(¢)
of any tight tensor ¢.

Definition 1.2.3. Let ¢ be a k-tensor, B a basis, ® the corresponding
support as in Theorem 1.1.26. Suppose ¢ is tight with respect to «. For
R C ® x @, define r,(R) to be the rank of the matrix with rows

{a(z) —aly) | (z,y) € R}

We will denote 74 (R) by r(R) when the actual « is clear or not important.
For any 7 € {1,...,k}, define

Ri={(z,y) € 2 x D |z; =y}

Theorem 1.2.4. Let ¢ be a k-tensor, B a basis, ® the corresponding support.
Suppose ¢ is tight with respect to o. Then,

MaXQe2s (p,,...py).R H(Q) - H<P)
o) > o (H(P) - (- D X )

where
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o Py consists of all probability distributions P on ®; and Py, ..., P, are
the marginal distributions of P on the k components respectively;

o Xy consists of all subsets R C ® x ® that are not contained in the
diagonal set Ag = {(z,x) | v € ®}, and such that R C R; for some
ie{l,....k}.

® 24 (p,,..p),R consists of all probability distributions Q@ on R whose
marginals on the 2k components of R satisfy Q; = Qry; = P for
ie{l,...,k}.

(The symbols &, %, 2 are script versions of the letters P, R and Q.)

The lower bound in Theorem 1.2.4 extends the lower bound in Theo-
rem 1.1.31. We will prove this in Section 3.5.

We will use Theorem 1.2.4 to compute the (monomial) subexponent of
the weight-(2,2) Dicke tensor D5 9). We give the proof in Section 3.5.

Corollary 1.2.5. qu(D(2,2)) = d(D(22)) = 1.

Theorem 1.1.25, Theorem 1.2.2 with £ = 4 and Theorem 1.2.5 together
directly imply the following upper bound on the exponent per edge of the
complete graph tensor T(K}) for any k > 4.

2
Corollary 1.2.6. For k > 4, 7(T(K})) < ming>o logq(%> = log;(9/2)

which is approximately 0.772943.

Note that 0.772943 is strictly smaller than the triangle cover upper bound
0.790955 from (9).

In the following table we summarize, for small k: the flattening lower
bound on w(T(K})); the upper bound from Theorem 1.2.6 on w(T(K}%)) (and
Le Gall’s upper bound for k& = 3); the trivial upper bound on w(T(K})) given
by the number of edges; and the resulting bounds on 7(T(K})).

B w(T(K) (5) T(T(K))
lower upper lower upper

3 2 2.37287 3 0.666666 0.790955
4 4 4.63766 6 0.666666 0.772943
5 6 7.72943 10 0.6 0.772943
6 9 11.5942 15 0.6 0.772943
712 16.2319 21 0.571428 0.772943
8 16 21.6425 28 0.571428 0.772943
9 20 27.8260 36 0.555555  0.772943
10 25 34.7825 45 0.555555  0.772943
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1.3. Questions

We discuss three open questions related to our results. Our first question is
about complete graph tensors. From (8) we know that

(k—1)(k +1)
4(2)

holds for all odd k. The lower bound goes to % when k goes to infinity. On the
other hand, if w = 2, then 7(T(K})) < 2 holds for all k > 3 (Theorem 1.1.25),
and in particular 7(T(K3)) = 7(T(Ky)) = 2. We thus ask the following
question.

T(T(Kp41)) > 7(T(Ky)) >

Question 1.3.1. Is there a k > 5 such that 7(T(K})) < 27

Our second question is a more precise version of the above question for
general graph tensors.

Question 1.3.2. Is it true that for every graph G, we have w(T(G)) = f(G)?

The answer is known to be yes only for bipartite graphs. (This follows
directly from the lower bound in (4).) If the answer to Theorem 1.3.2 is
yes, then the answer to Theorem 1.3.1 is yes. For G = (4, this question
specializes to the long-standing open question whether the exponent of
matrix multiplication w equals 2. It might therefore be interesting to ask
Theorem 1.3.2 with the additional assumption that w = 2. The answer is then
known to be yes for all odd cycles (see (6)), the bipartite graphs, the complete
graph K, and graphs that are composed of these in a certain (natural) way;
namely by taking the disjoint union and then identifying pairs of nonadjacent
vertices of choice.

Our third question is about the (monomial) subexponent of Dicke tensors.
In [VC17] the upper bound q(D)) < H(A/k) was proven for any A F k, and
the following problem was posed.

Question 1.3.3. Is it true that for every partition A - k,
am(Dx) = a(Dx) = H(A/k)? (11)

For k = 3 this question was affirmatively answered in [Str91] (see Theo-
rem 1.1.31 above), and for A = (k — 1,1) and any k > 3 this question was
affirmatively answered in [VC17] (see Theorem 1.1.34 above). Theorem 1.2.4
extends both results and covers more cases, including A = (2, 2), see Theo-
rem 1.2.5. We also numerically confirmed (11) for A = (¢,¢) and 2 < ¢ < 1000
using Theorem 1.2.4. We conjecture that Theorem 1.2.4 is strong enough to
prove the lower bound qy (D)) > H(A/k) for any A - k.
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1.4. Outline

The rest of this paper is organized as follows. In Section 2 we will prove
Theorem 1.2.2 on the exponent of T(K}). In Section 3 we will prove Theo-
rem 1.2.4 on the monomial subexponent of tight tensors and we will compute
the monomial subexponent of the weight-(2,2) Dicke tensor.

2. Upper bound on the exponent of the complete graph tensor

The main structure of the proof of Theorem 1.2.2 is a generalization of
a construction of Strassen [Str86] which was improved by Coppersmith
and Winograd [CW87|, which involves finding a “cheap” starting tensor,
generalizing Schonhage’s asymptotic sum inequality [Sch81] and choosing a
good block decomposition.

2.1. Preliminaries

We start by discussing border rank in more detail, then we introduce the gen-
eralized asymptotic sum inequality and finally we review block decompositions
of tensors.

Let € V1 ® --- ® Vi, be a tensor.

Definition 2.1.1. Let Ry, (¢) be the smallest number r such that there are
matrices Aj(e) : C" — Vp, ..., Ag(e) : C" — Vj with entries in C[e], such
that (A1(e) ® - ® A(e)) T, = "¢ + O(e"*1). Here, O("*1) denotes any
expression of the form Zle eMtip; with ¢; € Vi ® -+ ® V, for some .

Theorem 2.1.2 (|[BCS97, Theorem 20.24]). R(¢) = miny, Ry, (¢).
It is well-known that rank and border rank are related as follows.

Proposition 2.1.3. Letk,h € N. Let ¢j, = (hszl) Forallmq,...,m; €N
and all tensors ¢ € C™ @ ---@C™  we have R(¢) < ¢, Ry (¢). Note that for

fized k, the number cj, is upper bounded by a polynomial in h; ¢, < (h+1)F1.

Proof. Let ¢ be a tensor in C"™ ® - --® C™ with Rj,(¢) = r. Then there are
vectors v} € (Cle])™ such that

T
v @ @uf ="+ 0.
i=1
Without loss of generality the highest power of ¢ in each vg is h. Decomposing

h

every v] into e-homogeneous components v] =y .7 _,e%v!(a;), and collecting
=

powers of € gives

Z Z g1t tak vil(a1) R --® Uf(ak) =chg + O(5h+1)-

i=1 qe[h]t
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Taking only the summands such that a; + --- 4 a = h gives a rank decom-
position of ¢. There are (h?gf;l)r such summands. Therefore, the statement

of the proposition holds for ¢, = (h;gf;l) which is at most (h+1)¥~1. O

As a consequence of Theorem 2.1.3 we can upper bound the exponent of
a tensor by the border rank of that tensor. (The following proposition also
follows from the more general Theorem 1.1.8.)

Proposition 2.1.4. Let i be a tensor. Then

w(v) <logy R(¥).

Proof. Suppose R(¢)) =r. Let h € N such that Ry (¢) = r (Theorem 2.1.2).
Then for all s € N, Rys(¢®%) < r*. Therefore, R(¢¥®%) < cpsr® (Theo-
rem 2.1.3). Thus the exponent w(1)) is at most 1 log, r* + 1 logy s, which
converges to log, r when s goes to infinity. O

Let G = (V, E) be a graph and let f : E — N be a function that assigns
to every edge a natural number. We define a “nonuniform” version of T(G)
as follows. Define T¢(G) by

TG =) Y i@ 0b)e@(1® @ L.
ceBic[f(e)]

Here, the large tensor product inputs and outputs |V|-tensors. In algebraic
complexity theory, the tensor T((C3) with f(1) = n1, f(2) = no, f(3) =n3
is denoted by (n1,m92,n3). This tensor corresponds to the bilinear map that
multiplies an n; X nme matrix with an ny X nz matrix. We view the set
{f :+ E — N} as a group under pointwise multiplication, so that we can write

T4(G) ® Ty(G) = Ty, (). (12)

Equation (12) generalises the self-reducibility property of matrix multiplica-
tion tensors: (mq,ma, m3) ® (my, ma, ms) = (miny, mong, mang).

Recall that an automorphism of a graph G = (V, E) is a permutation o
of V such that for all u,v € V' the pair (u,v) is in F if and only if 0 - (u,v) =
(o(u),o(v)) is in E. The automorphisms form a group I' under composition.
The group I' thus acts on V and on E. We say G is edge-transitive if the
action of I' on F is transitive, meaning that for any two edges ej,es € E
there is a permutation ¢ € I' such that o - e; = es.

Example 2.1.5. The automorphism group of the cycle graph C} is the
dihedral group with 2n elements. The automorphism group of the complete
graph Kj, is the symmetric group Si. Both graphs are edge-transitive.
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Theorem 2.1.6 (Generalized asymptotic sum inequality). Let G = (V, E)
be an edge-transitive graph. Suppose r > p. Suppose ¢1,...,¢, are tensors
from {T¢(G) | f: E = N; [[.cp f(e) > 2} such that

R(p1 @@ ¢p) <

Define 7 by >0\ (I1.ep file))” =r. Then 7(T(G)) < 7.
In particular, if ¢1,...,¢0p € {T¢(G) | f: E = N; [[.cp f(e) = q} for
some integer q > 2, then we have 7(T(G)) < log,(R(¢1 @ --- @ ¢p)/p).

Our proof of Theorem 2.1.6 follows the structure of the proof for the cycle
graph case in [BCZ17] which builds upon the exposition in [BI413].

Proposition 2.1.7. Let G = (V, E) be an edge-transitive graph. Let f : E —
N be a function and N = [[,cp f(e). Assume that N > 2. Then,

7(T(G)) < logy R(T¢(G)).

Proof. Let I" be the automorphism group of G. For any edge e € E define the
stabilizer subgroup I'c := {o € ' | 0 - e = e}. Since G is edge-transitive all
subgroups I', are conjugates and thus have the same cardinality, say C. This
implies that, for any ej,ea € E, the set {o € I' | 0-e1 = ez} has cardinality C.
By the orbit-stabilizer theorem the number C satisfies |I'| = C|E|. The
group I' acts naturally on T¢(G) by permuting tensor legs. The tensor
product of all elements o - Tf(G) for o € I' equals T yc(G). We thus have,
using Theorem 2.1.4,

w(r(6) = ZGe)
_ IT|log, R(Ty(@)
- Clogy N
logy R(Ty(G))
log, N

= |E|

finishing the proof. In the above we used w(T,(G)) = w(T(G)) logy r. O

We need the following upper bound on the rank of the a-fold direct sum
of the sth tensor power of a tensor.

Lemma 2.1.8. Let a,b € N>1. Let ¢ be a tensor such that R(¢®*) < b.
Then for all s € N, R((¢®*)%*) < [b/a]*a.

Proof. We prove the lemma by induction over s. The base case s = 1 follows
from the assumption. For the induction step, we have

(¢®(s+1))@a _ ¢®s ® ¢@a < ¢®s Q@ Ty = (d)@s)@b’
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and thus, by the induction hypothesis,

R((¢%0)%0) <

b b1 _ rbys+1
(ﬂsa[ﬂ = [ﬂs a,
proving the lemma. O

Theorem 2.1.8 can equivalently be phrased as follows. Let ¢ be a tensor
such that p®T, < Ty. Then for all s € N we have ¢®*®T, < (T[b/a])®s®Ta.

Formulated in the language of Strassen’s semiring of k-tensors, Theo-
rem 2.1.8 says: a- ¢ < b=Vsa-¢* < [b/a]® - a.

Theorem 2.1.7 generalizes to the following inequality relating upper bounds
on the exponent of a direct power T (G)®* to upper bounds on the exponent

of T(G).

Proposition 2.1.9. Let G = (V, E) be an edge-transitive graph. Let f :
E — N be a function and N = [[ .y f(e). Assume that N > 2. Then,
7(T(G)) < logy[R(T((G)®*)/a], for any a > 1.

Proof. Let b= R((T(G))®*). Then by Theorem 2.1.8 we have the inequality
R((Ty+(G))®*) < [b/a]®a, where f* denotes taking the pointwise sth power.
Therefore, by Theorem 2.1.7,

7(T(G)) < logys R(Ty+(G))
< logys R((Ty:(G))®7)
< logys[b/al’a

_ S log, [31 + logy(a)
slogy(IV) 7

which goes to logy [b/a| when s goes to infinity. O

Proof of Theorem 2.1.6. Suppose r = R(D?_; T,(G)). This implies that
there is an h € N such that Ry (?_, Ty,(G)) = r. Taking the sth power
gives Rps (DY_, T,(G))®*) < r*. We expand the tensor power to get

S

R (BT (@55 T,(0) ) <,

P

where the first direct sum is over all p-tuples o = (01, ...,0,) of nonnegative
integers with sum s (this is by the multinomial theorem). We can also write
this inequality as

Ris( D (T o () ) <77

g
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By Theorem 2.1.3 there exists a number c¢p,s which is at most a polynomial
in h and s such that

s

R(D (T (6)70)) < rr. (13)

o

Define 7 by 3% | ([T.ep fie))” =r. Then

2. (Z) (H 11 fi(e)‘”)T =7’ (14)

o ecE ie[p]

by the multinomial theorem again. In this sum, consider the maximum

summand and fix o to be the corresponding ¢ for the remainder of the proof.
Define f : E — N by f(e) =], fi(e)”". Let a := (3) and let b := cper®.

Equation (13) implies R(T;(G)®*) < b which by Theorem 2.1.9 implies

b
7(T(G)) < logy [R(T£(G)®)/a] < logy| -], (15)
where N =[], f(e). There are (s;le) < (s+1)P~1 p-tuples o with sum s, so
there are that many summands in (14). We thus lower bound the maximum
summand by the average of the summands as follows,

jNg—— " 16
> > .
B CD I CEa 1o

Manipulating (16) gives

b s
|'7" < ChsT +1 < NT(S + 1)p*12chs
a a

which we plug into (15) to get

< Tlogy N + (p — 1) logy(s + 1) + logy(2¢ps)
- logy N ’
<74 (p—1)logy(s+1) + IOgQ(QChs)’

logy N

7(T(G))

which goes to 7 when s goes to infinity, because (16) implies

S S

r r
> >
T (s+1)pla T (s+1)plps

T

and therefore logy NV is at least s(logyr —logy p) — (p — 1) logy(s + 1), and
we assumed 7 > p. O

We are now ready to discuss the final ingredient for the proof of Theo-
rem 1.2.2, which is a generalization of block decompositions of matrices to
block decompositions of tensors.
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Definition 2.1.10 (Set partition and tensor partition). Let A be a finite
set. We define a partition of A as a collection A = {A7} of disjoint subsets
of A whose union is A. Let Bji,..., By be finite sets, and let By, ..., Bg be
partitions of each set respectively. Then we say B = By X - -+ X By, is a product
partition of By X -+ X By.

Let ¢ € V1 ®--- ® Vj be a tensor and By, ..., By orthogonal bases for
Vi, ..., Vi respectively. Let B be a product partition of By X --- X By. Let
I € B. Then we define ¢; as the orthogonal projection of ¢ onto the linear
space spanned by I. These smaller tensors ¢; with I € B we think of as
making up the inner structure of ¢ with respect to B. We define the outer
structure of ¢ with respect to B to be the tensor ¢p with entries indexed by
I € B such that ¢ has a 1 at position I if ¢ is not the zero tensor, and a 0
otherwise.

Definition 2.1.11. Let B be a product partition of By X - -+ x By and let C
be a product partition of Cy x - -+ x C. Define the product partition B ® C
of (By x C1) x -+ x (Bg x C) by

BoC={IxJ|IcB,JecC},
where I @ J = {((b1,¢1),...,(bx,cx)) |bE I,c € J}.

The following proposition follows directly from the definition.

Proposition 2.1.12. Let ¢ c U1 ®--- QU and p € V1 ® --- @ V.. Let B;
be a basis of U; and let C; be basis of V;. Let B be a product partition of
By x -+ X By, and let C be a product partition of Cy x --- x Cg. Then,

(¢ @Y)Bac = ¢B @ e,

and (¢ @) 1gg = ¢pr @y for all I € B, J € C.

2.2. Proof of Theorem 1.2.2

We define a modification of the “Coppersmith-Winograd tensor”, which is a
higher-dimensional version of the weight-(2, k — 2) Dicke tensor.

Definition 2.2.1. Let k, g > 2 be integers. Let bg, b1, ..., by be the standard
basis of CIt!. Let CW’; be the k-tensor

CWF =) b, ®-- ®b;, € (CITH=*

where the sum goes over all ¢ that contain exactly two identical non-zero
entries. One can also think of this tensor as a sum of tensors Ty(e) with e
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going over the edges of the complete graph Kj, that is, using subscripts to
denote the position of tensor legs,

CWp =Y Z ® (b @by @+ @ bo) e € (CTTHPF. (17)
EEEKk

Note that in (17) the sums runs over ¢ from 1 to gq.

The CW’;—tensor should be thought of as a cheap tensor, in the following
border rank sense.

Lemma 2.2.2. The border rank of CW’; s at most q + 2.
Proof. We have

q

3 e (bo + €2 b)) (b0+g32b) (1 — qe)b&*

i=1
= 55CW§ + O(€9).

Therefore, E(CW’;) <q+2. O
Theorem 1.2.2 (Repeated). Let k£ > 2. For any ¢ > 1,

q+2 )

T(T(Kx)) < logq<m

Proof of Theorem 1.2.2. Define a product partition B = By x -+ - x By of
the standard basis of (C#1)®* by B, = {{bo}, {b1,...,b4}} for all j. Then
the outer structure (CWZ) B equals

(CWHE=> (b1 ®b1)e @ (bg @ bo & -+ @ bo) e
SGE(Kk)

which is the Dicke tensor D(;_5 2). (We implicitly reorder (k—2,2) to (2, k—2)
when k& < 3.) The inner structure of CW’; with respect to BB consists of tensors

q
ST (b @bi)e® (bo @by @ @byl With e € B(Ky).
=1

By Theorem 1.1.17, we have the following monomial degeneration on the
outer structure level:

T®(am(Dk—2,2))5-0(5)) ((CWk)®S)B®s (18)

Since the degeneration in (18) is monomial, each nonzero entry in the lowest-
degree part of the tensor on the left-hand side corresponds to an inner
structure tensor of (CW]; )®* with respect to B®*. Each such inner structure
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tensor is a product of s inner structure tensors of CW]; with respect to B
(Theorem 2.1.12). Therefore,

$1 BB Py I (CWH)®s

with p = 20M(Pk-22)570() and ¢; € {T;(Ky) | [Ioep f(€) = ¢°}. Then, by
Theorem 2.2.2 we have

R(¢1 @+ & ¢p) <R((CWH®®) < (¢ +2)°

We apply the “in particular” case of the generalized asymptotic sum inequality
Theorem 2.1.6 with r defined as (¢ + 2)° to the graph G = K}, to obtain

(¢+2)°
D(1—2,2))s—0(s)
q+2

08¢ 9am (D (—2,2))—o(1)’

T(T(Kg)) < log ;s o

Letting s go to infinity yields the required inequality. O

Summary. We wish to give a short summary of the generalized Coppersmith—
Winograd method as employed above, for k = 4. Let K4y = (E,V) be the
tetrahedron. We aim to get a good upper bound on the tensor rank of a
tensor power of the goal tensor:

goal tensor = T(E)
= QW ® (bo © bo)v\fe}-

eckE ie[2]

To this end, we pick the following starting tensor, for which we have a good
border rank upper bound (Theorem 2.2.2):

starting tensor = T, (I Z) + Ty (:/:) +Tq (:—:>
T (°_°) +T, (O\O) +1,(C )
_ Z Z Je ® (bo ® bo) v\ fe}-

ecE iclq]
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We now choose a product partition of the standard basis for the space
that the starting tensor lives in. This partitions the starting tensors into
blocks (like we can partition matrices into blocks). The partition we use is
{{bo}, {b1,...,bs}}**. The partitioned tensor has, besides the zero block,
the following blocks:

inner structure = {Tq(I Z),B(%),Tq(:_Z),
(0T (ON) 1 D)

= {Z(bi@)bi)e@(bo@bo)v\{e} ‘ EEE}.
i€[q]
The following outer structure tensor tells us how the nonzero blocks are

positioned, in block coordinates:

outer structure = Dy )

= ) (b1 ®b1)e ® (bo ® o)y (e}
ecE
We can degenerate Dg;) to Zie[p} b; ® b; ® b; ® b; for p = 2am(D(2,2))s—0(s)
by a monomial degeneration (Theorem 1.1.15). This implies that we can
degenerate the sth power of the starting tensor to a direct sum of nonuniform
goal tensors, but such that for each nonuniform goal tensor the product of
the edge weights equals ¢° (by Theorem 2.1.12):

T () @ T (X)) @+

We then apply the generalized asymptotic sum inequality Theorem 2.1.6,
whose construction consists of the following two steps. We first restrict a
power of the above tensor to a direct power of a single nonuniform goal tensor

T (m)@a.

Second, another tensor power and symmetrization procedure gives a power

of the goal tensor:
@N
(i)

3. Lower bound on the monomial subexponent of tight tensors

We first discuss some results on k-average-free sets, linear combinations of
independent uniformly random variables and types of sequences, that we
will use in the proof of Theorem 1.2.4. Then we describe a basic procedure
to restrict any tensor to a tensor of the form T, with a monomial restric-
tion. Then, we give the proof for Theorem 1.2.4. Next we discuss some
computational aspects of Theorem 1.2.4. Finally, we give some applications.
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3.1. Preliminaries

We begin with a result on k-average-free sets which is essentially due to Salem
and Spencer [SS42]. For a self-contained proof, see [VC15, Lemma 10].

Definition 3.1.1. A subset A C N is k-average-free if aq,...,a,y € A and
aj + -+ ap = ky implies a; = --- = a = y. For N € N, let v (N) be the
maximum size of a k-average-free set in [N] = {1,2,...,N}.

Proposition 3.1.2. For any fized k, we have vi,(N) = N'=°(1) g5 N — oc.

The following statement about linear combinations of independent uni-
formly random variables is standard.

Proposition 3.1.3. Let M be a prime. Let uq,...,u, be independent uni-
formly distributed random variables in Z/MZ. Let by,..., by, be (Z/MZ)-
linear combinations of ui,...,u,. Then the vector b = (by,...,by) is uni-
formly randomly distributed on the range of b in (Z/MZ)™.

Proof. Suppose b; = Zj cijuj. So b= Cu where u = (uq,...,u,) and C is
the matrix with entries C;; = ¢;;. For any y in the image of C, the cardinality
of the preimage C~!(y) is exactly the cardinality of the kernel of C. Indeed,
if Cz =y, then C~1(y) = 2 + ker(C). Since u is uniform, we conclude that b
is uniform on the image of C. O

The method of types classifies sequences of symbols according to the
relative proportion of occurrences of each symbol. We have used this method
before in the proof of the generalized asymptotic sum inequality. In the proof
of Theorem 1.2.4 it will play a more important role.

Definition 3.1.4. Let N € N and let X be a finite “alphabet” set. The
type P, of a sequence x = (x1,2,...,2x5) € X" is the relative proportion
of occurrences of each symbol of X. Type is sometimes called empirical
distribution. The possible types for sequences z € X are called the N-types
on X. If P is an N-type on X, then the set of sequences z € X" of type P
is called the type class of P and is denoted by TIJ:,V .

Example 3.1.5. For X = {0, 1} the type of the sequence x = (1,0, 0) is given
by P;(0) =2/3 and P,(1) = 1/3. The possible 3-types are given by P(0) = 0,
P(0)=1/3, P(0) =2/3, P(0) =1 (with P(1) =1 — P(0)). The type class
of the 3-type given by P(0) =2/3is T3 = {(1,0,0), (0,1,0),(0,0,1)}.

Proposition 3.1.6. Let N € N and let X be a finite set. The number of
N-type classes on X 1is the binomial coefficient (N‘J;('fi‘fl) =20N) Let P be
an N-type on X. The number of sequences in the type class of P = (p1,pa,...)

is the multinomial coefficient

(V)
NplaNPQ)"' ’

9N H(P)—o(N) oNH(P)

which is lower bounded by and upper bounded by

27



Proof. The first statement can be proved with the famous stars and bars
argument: count the number of ways to arrange N stars and | X| — 1 bars in
a row. For a proof of the second statement see [CT12, Theorem 12.1.3]. O

3.2. Restriction procedure

We describe a procedure for finding a monomial restriction (see Theorem 1.1.5
for the definition of monomial restriction) from any tensor ¥ to T, for
some r. Despite its simplicity, this algorithm lies at the heart of the proof of
Theorem 1.2.4. Typically, we will apply the algorithm to a tensor v of the
form ¢®¥ since we care about the monomial subexponent.

In a graph, a connected component is a maximal connected subgraph.
Each vertex of a graph belongs to exactly one connected component.

Lemma 3.2.1. Let G be a graph with n vertices and m edges. Then G has
at least n — m connected components.

Proof. A graph without edges has n connected components. For every edge
that we add to the graph, we lose at most one connected component. ]

Proposition 3.2.2. Let ¢ be a tensor in Vi ®---® Vi and let By, ..., By be
bases for Vi,...,Vi. Let W be the corresponding support of . Let C be the
set {{a,a’} C VU |a#d'; Jia; = aj}. Then  >m Tig)—|-

Proof. Let G be the graph with vertex set U and edge set C. Let £(¥) C ¥
be a subset of the vertex set that contains exactly one vertex per connected
component of G. Then |E(V)| > |¥| — |C| by Theorem 3.2.1. Moreover,
because the vertices in £(W) are non-adjacent, there is a monomial restriction
Y >y Tiw—c)- O

We illustrate the procedure in Theorem 3.2.2 with a concrete example
where 1 is of the form ¢®2.

Example 3.2.3. Let Dy = D(yxy be the k-tensor Zaesk 001 Rby®---Rby
living in (C¥)®*, where the symmetric group Sy, acts by permuting tensor legs.
In the standard basis, and identifying b; with ¢, the tensor Dj has support

o = {(0(1),0(2),...,0(k)) | o € Sk} C [k]*.

Consider the Nth power D}?N € (CF)®F Let d2N C ([k]™)* be its support
in the tensor product basis. We write every element in ®®V as a k-tuple
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—+

(I1,...,1I}) of column N-vectors I;, so that for k =3 and N = 2 we ge

o = {([81, (1], [31), (181, (3], [31), ([81, (8], (8], (191, T3], [31),
(Le],Tel, [21), (L8], (1] [3)), (181, 131, [2)), ([81, (3], [1]),
(2] 181, (D) (190, 131, [a D), (L8], (31, [2]), ([21, 131, [6]),
(o], 180, 130), (Lo], 181, [31), (L2, 161, [2)), (111, (3], [8]),
(2] 180, (D) (L2, 18] [3D), (Le] (21, [8]), (Lo ], [3],[%]),
(L1080, 180), (L1, (3] [80), (L2, 181,18 ), ([2], (21, [6]),
((8], 190, (2], (131, 18], 130, (131,181, [2]), ([31, 18], [6])
(EIRE IR RCEIN SR IR AR REIREIRET)!
(2], Lol [20), (RR1,12) [61), (121, Lo ] T8 )), (131, (2], 16 D) 3+

Order ®%? as it is written above, and do the procedure as described in
Theorem 3.2.2. This yields for example a tensor with support

(6], 10, 13]), (21, 181, (D)}

This tensor is isomorphic to Ty. We thus have D%?Ll) >nm To. Therefore,
am(Di,1,1)) =M loge(2)/2 = 0.5. In fact, it is not hard to see that there
is a restriction D(y 11y >m T2, so qu(D(1,1,1)) > logy(2) = 1. The final
answer is given by Strassen’s Theorem 1.1.31: qu(D(1,1,1)) = a(D(1,1,1)) =
H(3,1,1) =logy(3) which is approximately 1.58496.

3.3. Proof of Theorem 1.2.4

We are now ready for the proof of Theorem 1.2.4. In the rest of this section
we will use the following notation.

Notation 3.3.1. Let ¢ be a k-tensor, B a basis, ® the corresponding support.
Suppose ¢ is tight with respect to a.

e Py consists of all probability distributions P on ®; and P = (P, ..., Py)
are the marginal distributions of P on the & components respectively;

e %4 consists of all subsets R C ® x ® that are not contained in the
diagonal set Ag = {(z,2) | x € ®}, and such that R C R; for some
ie{l,...,k}, where R; :=={(z,y) € D x ® | z; = y;}.

e 24 p g consists of all probability distributions @ on R whose marginals
on the 2k components of R satisfy Q; = Qg4+ = P; for i € {1,... k}.

Recall that for R C & x ®, we defined r(R) = r(R) to be the rank of the
matrix with rows {a(z) — a(y) | (z,y) € R} over Q.
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Theorem 1.2.4 (Repeated). The monomial subexponent of ¢ is at least,

MaxQec 9y p p H _ H(P

Proof of Theorem 1.2.4. Identify ® with a(®) C Z*. Let P = (py,po,...)
be a probability distribution on ® with rational probabilities p;. Fix a small
number € > 0 and let N be an integer such that every Np; is an integer (so
P is an N-type). Let P = (P,..., Pg) be the marginal distributions of P on
the k components of ® C Z*. Let ®®Y be the support of @V in the tensor
product basis. Each element in ® corresponds to k integers, so each element
in ®®N corresponds to k vectors I, I, ..., I, € ZV. (See Theorem 3.2.3.)

Let 1) be the restriction of ¢®V obtained by keeping only those elements
(I1,...,I) in the support for which the type of I; is P; for each ¢ € [k]. These
include the elements of type P. By Theorem 3.1.6, the number of elements
remaining can be bounded as

N
@@Nm TNX"'XTN Z TN — < ) 22]\/[{(P)—0(]\/')7
5N 1 (1) == () v
where TIJDV denotes the type class of length N strings of k-tuples of integers
with type P, and TI]D\Z,[ denotes the type class of length NV strings of integers
with type P;. After the restrictions, the new support is

U= %N N (TH x - x TF), |¥| > 2NHE)—e(V),

Let M be a prime between [2*V | and 2|2*" | for some y > 0 chosen later
(this M exists for any g and N by Bertrand’s Postulate [AZ14]). Let B C N
be a (k — 1)-average-free set with

M
max(B) < m and |B| > ]\41_‘5 (19)

with ¢ as chosen above (such a B exists when N is large enough by Theo-
rem 3.1.2). Let vy,...,vn,u1,...,ux—1 be independent uniformly random
variables in Z/MZ, and compute a hash as follows:

N
bi(I;) = u; + Z(Ii)jvj for1<i<k-1,
j=1

N
b (1)) == A i 1 (Ul + ot ug—1 — Z(Ik)jvj)’
=1

with operations understood in Z/MZ (in particular k — 1 is invertible if N
and hence M is large enough). By construction of by, ..., by and since ¢ is
tight,

bl(Il) + bg([g) + -+ bkfl(fkfl) = (k — 1)bk([k) (20)
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holds for every element (11, ..., Ij) in the support ¥. Using restrictions again,
we keep only those elements such that b;(I;) € B modulo M for every i € [k].
Call the remaining tensor ¢’ and its support ¥’. Since max(B) < k—]‘_Jl, the
equality in (20) then holds in Z for the representatives {0,1,...,M — 1}
of Z/MZ. By the (k — 1)-average-free property of B this implies by (I1) =
ba(Iz) = - -+ = by (I). Summarizing, we restricted 1 to ¢ with a monomial
restriction in such a way that for every (Iy,...,I;) € ¥ = supp ¢’ we have
bi(I1) = ba(l2) = -+ = bi(I).
We apply Theorem 3.2.2 to W/, This yields a monomial restriction

Y >m Tx oy (21)

where X = |W/| and Y = |C'| for C' == {(I,I') € 2 | I £ I'; 3 I; = I}.
(The elements of C’" are ordered pairs. Equation (21) also holds if we take
unordered pairs, but ordered pairs will be more convenient later.) We will
now find a lower bound on E[X — Y] (which will also be a lower bound on
the largest possible value of X — YY) where the expectation is taken over the
independent uniform choice of the u;’s and v;’s in Z/M7Z. We claim to have
the following bounds on E[X] and E[Y]:

e E[X] = |B||w|M— (k-1 (Claim 1)

e E[Y] < |B| max max 2VHQ+o)pr=(k=l4r(R)) (Claim 2)
ReZe Q€20 p.1
where in the second bound Z¢ and Z¢ p g are as in the statement of the
theorem. Intuitively, we want to choose p small such that E[X] has a large
exponent, but we want to choose p large such that E[Y] has a smaller exponent
than the exponent of E[X]. To make this precise, we put the claimed bounds
together with

o |B| > M=

o |U| > oNH(P)—o(N)

o M > ouN—o(N)
and use linearity of expectation, to obtain
E[X — Y] =E[X] - E[Y]

> \B|(]‘I/]M_(k_1) — max max 2NH(Q)+°(N)M—(k—1+T(R)))
B ReZo Q€20 PR

> N1-eoNH(P)=o(N) p r—(k=1)

. (1 ~ max max 9NH(@Q—H(P)+o(N) M%R))
ReZg QGQ@’p,R

> oN(H(P)—(k—2+e)u)—o(N)

. (1 _ max  max 2N(H(Q)7H(P)*T(R)u)+O(N)).
ReZg Qe,@@,p,R
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We want to choose p small such that the first factor has a large exponent,
but we want to choose u large such that the second factor is bounded away
from 0. We thus set

— max maXQGQQpJQ H(Q) - H(P) + 0(1)
B R (R) ‘

After substituting u, we get that

1 1
WM(d): T) B NWM(¢®N7 T)

1
> N logy E[X — Y]

am(e) =

> H(P) ~ (k= 2+) max MAXQE 2u p 1 H:(Q}g)— H(P) +o(1)

—o(1).

We note again that here we used the probabilistic method: the largest value
of X —Y is at least E[X — Y. Finally, we let N — oo and ¢ — 0, and take
the supremum over P with rational entries. By continuity, the latter can be
replaced by a maximum over arbitrary real-valued probability distributions
P on @, finishing the main argument of the proof. It remains to prove the
two claims.

Claim 1. We will prove the claim

E[X] = |@||B|M~ ¢+,

Recall that in the main argument we defined ¥ = &V N (TIJJ\II X e X Tf;}fc )
and ¥ = {([1,....Iy) € ¥ | b;(L;) € Bforallie[k]}. Recall that for
every (I,...,I) € ¥ we have by(I1) = by(l2) = - - = bi(I)). The random
variable X is the size of ¥/ and can be computed as follows:

E[X] =Y Prlbi(I1) € BA---Abp(Ii) € B] - 1
Iev

= Z ZPr[bl(Il) = bZ(IQ) == bk(Ik) = b]

Ie¥ beB

=" Prfby(h) = ba(Iy) = -+ = bp_1(Ip—1) = b]

IeV¥ beB

-3 5wt

[€V beB
= [W||B|M D,

using that the random variables by (I1), ba(I2), ..., bp_1(Ix—1) are independent
uniform in Z/MZ because of the presence of w; in the definition of b;.
Claim 2. We will prove the claim

E[Y] < |B| max max 2NH(@+oWN)py=(k=14r(R))
ReZs Q€29 P R
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The number Y is the size of C' = {(I,I") € V2 | [ # I’; 3i I; = I}, whose
expectation can be written in terms of C == {(I,I') € V2 | [ #I'; Ji [; = I]}
as

EY]= Y Pr[Vibi(l;) € BAb(I]) € B]

(I,I'eC
= > > Prfbi(f) = = be(Ii)
(WECEEE — by (1) = = bi(1}) = 1), (22)

Fix a pair ((1,...,1y), (I],...,I})) € C. The random variables b;(/;) and
b;(I}) are linear combinations of independent uniform random variables, and
therefore (b1(I1),...,bx(I%),b1(17), ..., bg(I})) is uniform on the image sub-
space in (Z/MZ)?* (see Theorem 3.1.3). This subspace contains (b, b, ... ,b)
for any b € Z/MZ, since ug =ug = -+ =up =b, v =---=vy =01is a
possible assignment. The probability of the event (b,b,...,b) is thus equal
to the reciprocal of the cardinality of the image subspace. This cardinality

equals M to the power the rank of the (N + k — 1) x 2k coefficient matrix

1 1
1 0 -~ 0 2 1 0 - 0 e
0 1 0 = 0 1 0 =
: . . : : (23)
1 1
0 0 --- 1 2 0 0 - 1 o
hohoe L =y GG T il

over Z/MZ, with Iy,..., Iy, I, ..., I} thought of as column vectors. With
column and row operations this matrix can be transformed into

0 0o - 0 0 10 -- 00
0 0o .- 0 0 01 0 0
0 0o - 0 0 00 10

L—T, -1, -+ Ly —1I,_, Ix=1I, 0 0 --- 0 0

Here we used that Zle I] is the zero vector. It follows that the rank of the

matrix in (23) is k — 1 plus the rank of the N x k matrix
AUJy:OrJ{b—g - h—%)
Letting rps (I, I") denote the rank of A(I,I’), equation (22) thus becomes

E[Y] = Z ZM*(FIHM(LI’))
(

I,I'YeC beB

= |B| Z N k=14 (1)) (24)
(I,I"ecC
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Again fix a pair ((I1,...,1Ix), (I],...,I;)) € C. Recall that C C ¥ x
U C &9V x ®®N_ Therefore, each row in A(I,I') is of the form z — y
for some (x,y) € ® x ®. Namely, the ith row of A(I,I") equals z — y for
z=((I)i,-..,Ix);) and y = ((I1)s, ..., (I},)i). We map every (I,I') € C to
the sequence of pairs corresponding to the rows in A(I,I"),
C— (& x )N

The image of this map consists of sequences S € (® x ®)" such that

e thereis an R € %

e there is an N-type Q € Z¢ p g with supp(Q) = R
N

[ J S E TQ .

This map is injective. In words, S is the sequence of pairs (x, y) corresponding
to the rows in the matrix A(I,I"), and R is the (unique) set of pairs occurring
in S, and @ is the (unique) empirical distribution of the elements of R
in S. Note that the rank of A(I,I") only depends on the set R. For any
R C ® x ® we thus define r3;(R) to be the rank of the matrix with rows
{z —y| (z,y) € R} over the field Z/MZ and we write (24) as

EYI<(B > Y Y mtru@®)

ReZs Qs p,r: SeTH

supp(Q)=R N
Q@ is N-type
The number of N-types Q on R is at most (NIJIF%‘E; 1), while the size of

the type class Tév is at most 2VH(Q) for any Q € 2¢p.r (Theorem 3.1.6).
Therefore,

N +|R| -1
EY]<|B| ) < ;;_'1 ) max 2NVH(@) pp—(k=l4rar(R) —(95)
ReZo Q€29 P R

Recall that we defined r(R) as the rank of the matrix with rows z — y
for (z,y) € R, over Q. The value of rj/(R) may be less than r(R), but only
for finitely many primes M. Since there are only finitely many possibilities
for choosing R, there is an Ny such that for N > Ny and for all R we have
ra(R) = r(R). In the following we assume that N (and thus M) is already
large enough for this to hold. In (25), we replace r3/(R) by r(R) and upper
bound the sum over R by 2/®* (a constant) times the largest summand, to
obtain

ElY] < \BIZ‘(W max N+ R -1 max 2VH(@Q) py—(k=1+r(R))
ReZp |R[—1 Q€25 p R

Now use that the binomial coefficient is polynomial in N. This completes
the proof. O
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3.4. Computational aspects

We use Theorem 3.3.1. Before discussing applications of Theorem 1.2.4, let
us focus on how to compute the bound

H —H(P
n(6) 2 g (HP) (5 2) g PO DI ).

of Theorem 1.2.4.

Choice of Q. Given P and R, computing maxge 9, p  H(Q) is a convex
optimization problem (and thus easy) since it amounts to maximizing a
concave function over a convex set for each i € [k].

Choice of R. The set Z¢ may be large, but we can greatly reduce its
size as explained in the following two lemmas.

Lemma 3.4.1. If R,R' € #¢ and R C R’ and r(R) = r(R’), then

maxQe2qs p.r H(Q) MmaxQe2q¢ p g H(Q)
r(R) - r(R)

Proof. We leave the proof to the reader. O

Recall that a subset R C ® x ® is an equivalence relation if for all
z,y,z € ® we have (z,z) € R; (z,y) € R = (y,z) € R; and (x,y) €
RA(y,z2) € R= (z,2) € R. If & = 1J;®; is a set partition of ®, then
R={(x,y) € x® | Ji:2z € P, ANy € ®;} is an equivalence relation.
The set partition into singletons yields the equality equivalence relation
Ap = {(z,x) | x € P}.

Lemma 3.4.2. Let R € %g. Then there is an R’ € e which is an
equivalence relation and such that R C R’ and r(R) = r(R'). Therefore,
Theorem 1.2.4 still holds if Zg is replaced by the set

H3 N {equivalence relations}.

Proof. We can extend R to an equivalence relation without increasing its
rank. Namely, let Ag = {(v,2) | 2 € ®}, RT = {(y,7) | (z,y) € R} and
RoR={(z,2)| (z,9),(y,2) € R}. Then r(RUAg) =7(R), r(RURT) =
r(R) and r(RU (Ro R)) = r(R). As mentioned above, if R C R’ with
r(R) = r(R'), then only R’ needs to be considered. Therefore, replacing
Hp by Zo N {equivalence relations} will not change the optimal value of the
maximization over Zg. O

We state one more simple fact.

Lemma 3.4.3. r(R;) < k — 2.
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Proof. The support ® is tight with respect to «, so for every z € ® we have
Z?:l aj(x;) = 0. So any w € Spang{a(z) — a(y) | (z,y) € R;} satisfies
the equations w; = 0 and Z§=1 wj = 0 and hence the span has rank at
most k — 2. O

Choice of «. Finally, we discuss the choice of the map o = (v, ..., ay).
If @« and B are such maps then ¢ is also tight for v = (71,...,v) with
v = a; + CpB; for any integer C, except that +; may fail to be injective for
finitely many C. For a given R € %Zg, ro(R) is the rank of some matrix X
and 7g(R) is the rank of some other matrix Y, while 7, (R) is the rank of
X 4+ CY. But the latter is at least max{r,(R),rg(R)} except for at most
finitely many values of C. Taking into account every R still excludes only
finitely many values of C, hence there is at least one good C. So in theory
one can proceed by finding a new k-tuple of injective maps with at least one
r(R) higher than what one already has and then improve by finding suitable
linear combination. There are finitely many relations and the ranks are never
larger than k& — 2, therefore only finitely many improvements are possible.

3.5. Applications of Theorem 1.2.4

We finish this section by giving some example applications of Theorem 1.2.4,
one of which is the result on the weight-(2,2) Dicke tensor that we use in
combination with Theorem 1.2.2 to upper bound the exponent of the complete
graph tensor. We use Theorem 3.3.1.

First, as a sanity check, we derive from Theorem 1.2.4 the lower-bound
part of Strassen’s Theorem 1.1.31 on the monomial subexponent of tight
3-tensors.

Lemma 3.5.1. Fiz marginal distributions P = (Py,..., Py) on the k compo-
nents of ® and let P € Py be an element that has maximal entropy among
all elements of ® with marginals Py, ..., P,. Let R € Z% such that R C R;
and let QQ € 2o p r. Then,

H(Q) <2H(P) — H(P;).

Proof. Let i = {1,....4,...,k} and let k +7 = {k + 1,...,/€/—i—\i,...,2k},
where a hat denotes an omitted index. In this proof, if K C [2k] is a set
of indices, then for any @) € Zsp r we will write Qx for the marginal
distribution of @ on these indices. Let (*) denote the assumption that among
all distributions in &g with marginals P, ..., Py the distribution P is the
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one with maximal entropy. Let Q € Z¢ p r. Then,

H(Q) = H(Qi) + H(Qzugrpay) | Qi) (entropy chain rule)
< H(Qi) + H(Q5 | Qi) + H(Qpqqx) | Qi) (strong sub-additivity)

< H(Q ) H(Qzpy) — H(Q:)
H(Qugmuiiy) — H(Q:) (entropy chain rule)

< H(Q ) H(Qu) — H(Qi)

H(Qp1p)) — H(Qi) (since R C R;)
< 2H(P) — H(P), (by (x))
which proves the lemma. ]

Corollary 3.5.2 (Strassen [Str91]). Let ¢ be a tight 3-tensor. Then

qm(¢) > max min{H(Py), H(P2), H(Ps)}.

PcPy

Proof. Let P € Pg. Then by Theorem 1.2.4

maXQGQq)’PYR H(Q) - H(P)
Wil$) 2 H(P) = max ro(R) |

(26)

Let Pi,..., Py be the marginals of P. We may assume that P has maximal
entropy among all elements of Z¢ with marginals P, ..., Py, since 2o p g
depends on P only through its marginals. Let R € Z3. Then r(R) > 1
(since R € Ag) and r(R) < k —2 =1 (Theorem 3.4.3). Therefore, r(R) = 1.
Combine this fact with (26) and Theorem 3.5.1 to obtain

aum(¢) = H(P) —max(2H(P) — H(F;) — H(P)) = min H (F),

i
which proves the corollary. O

Second, we derive from Theorem 1.2.4 the lower-bound part of Theo-
rem 1.1.34 on the subexponent of the W-state tensors Wy, = Dy y_1).

Corollary 3.5.3 (Vrana—Christandl [VC15]). Let k > 3. Then
am(Wy) = a(Wy) = h(k™1),
where h(p) denotes the binary entropy function.

Proof. For the proof of the upper bound q(W}) < h(k™—!) we refer to the
proof of Theorem 11 in [VC15]. We will here give a proof for the lower bound
am (W) > h(k™1), fixing a small gap in the proof of [VC15]. Let ® be supp Wy
which we identify with the set {(1,0,...,0),(0,1,...,0),...,(0,0,...,1)}.
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Let P be the uniform probability distribution on ®. Then the marginals of P
are P;(1) =1 — P;(0) = +. By Theorem 1.2.4,

maXQEQ@pRH(Q)_IOng
W) > log, k — (kK — 2 — .
am(Wi) > logy k — ( )éré%?; r(R)

(27)

We may assume that Zg consists of equivalence relations R C R; by
Theorem 3.4.2 and the symmetry of ®. An equivalence relation on @ is just a
set partition of ® and we say that the type of such a set partition is the integer
partition consisting of the sizes of the parts occurring in the set partition. Up
to permuting the elements of ®, an equivalence relation on ® is characterized
by its type. Let A = (A1, A2,..., Agn)) - & be an integer partition with £(\)
parts. Let Ry € Z¢ be any equivalence relation of type A. Since Ry C Rq, we
have Ayy) = 1. Tt is not difficult to see that 7(Ry) = k — £(\) (with a chosen
as in Theorem 1.1.30); indeed if C1, ..., Cyyy are the equivalence classes of
R in nonincreasing order, then r(C;) = A\; —1 and r(R)) = Zf(:/\l) r(C;) since
¢ = Wj. Therefore,

o\
r(Ry) =Y (Ai—1)=k—{(\). (28)

i=1
A probability distribution @ on R) can be identified with a block-diagonal
matrix with \; x A; blocks, and the condition on the marginals means that
the row and column sums are % Using permutation symmetry and concavity
of the entropy and permutation symmetry of Z¢ p r, one can see that
maxQe 24 p x H(Q) is attained when @ is constant in each block. In this case

H(Q) = Z 2 (ﬁ logz(/\ik)) — 2logy k — H(%) (29)
Combine (27), (28) and (29) to get

logy k — H(%)

> — (k-
am(Wg) > logy k — (k — 2) max — — 78y,

If k£ and ¢ = £()\) are fixed, then the minimum of H(%) is attained at
the partition A = (k — ¢ + 1, 15*1), because the other distributions can be
expressed as a convex combinations of its permutations. Therefore we need
to look for the maximum of

logy k — H(E=ELYZ0Y (kg4 1) logy (k — £+ 1)

k— ¢ k(k — 0)

Taking the derivative with respect to £, we get

d(k—C+Dlogy(k—(+1) _W(l+k-0— (k=0 _
de k(k — 0) = k(k—02m2  —
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using In(1 + x) < z. Therefore, the optimum is at £ = 2 and this gives
am(Wy) > logy k — (logy k — h(3)) = h(k™1),
which proves the corollary. O

Finally, we compute the (monomial) subexponent of the weight-(2,2)
Dicke tensor.

Corollary 3.5.4 (Weight-(2,2) Dicke tensor). Let D9y be the weight-(2,2)
Dicke tensor,

Da0y = bo ®bo ®b1 @by + by @by @by ®b1+ by ® b1 ®br @by
+ b1 ®byR®byR®b1 4+ b1 ® by ® b1 ®by+ b1 ® b1 ® by R by.

Then QM(D(2,2)) = q(D(2,2)) =1.

Proof. Let P be the uniform probability distribution on the support ® of D3 o)
which we identify with {(1,1,0,0), (1,0,1,0),...}. Then H(P) = log, 6. Note
that the marginals P; are uniform distributions on {0,1}. Let R C %g. By
the permutation symmetry of D(39), we may assume that

RCRi= {(1,1,0,0),(1,0,1,0),(1,0,0,1)}2
u{(0,0,1,1),(0,1,0,1),(0,1,1,0)}>.

By Theorem 3.4.2, we may assume that R is an equivalence relation. Define
the set
S ={(1,1,0,0),(1,0,1,0),(1,0,0,1)}.

If (x,y) € R, then R C R == RU{((1,1,1,1) —z,(1,1,1,1) —y)} € %o
and r(R) = r(R’), and hence we may assume that if (z,y) € R then also
((1,1,1,1)—=2,(1,1,1,1) —y) € R (Theorem 3.4.1). We thus restrict ourselves
to the equivalence relations R C R; of the following three types. In type (3)
all three elements of S are equivalent. There is only one such equivalence
relation, namely the whole set R, which has size 18. In type (2,1), two
elements of S are mutually equivalent and inequivalent to the third element
(which is equivalent to itself). Then the size of R is 10. In type (1,1, 1), all
elements of S are inequivalent. However, this means that R is contained in
the diagonal Ag = {(x,z) | + € ®}. Such an R is not feasible. So we are left
with the two types (3) and (2, 1). For type (3) we have r(R) = 2 while for type
(2,1) we have r(R) = 1. In both cases, the uniform probability distribution @
on R has marginals Py, Ps, Ps, Py, Py, P>, P3, Py, namely uniform distributions
on {0,1}. Therefore, this @ is the optimal @ and H(Q) = log, |R|. Letting
R(3) and R(5 1) be any equivalence relations of type (3) and (2, 1) respectively,
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we obtain

am(D(2,2)) > min{ H(P) — M%W(logz |Res)| — H(P)),

H(P) - ﬁ(bgz Ryl — H(P))}

= min{log, 6 — 2(log, 18 — log, 6),
logy 6 — 2(log, 10 — log, 6)}
= min{1,log, 33} =1

On the other hand, D(3 9) has a flattening of rank 2, so also the upper bound
d(D(2,2)) < 1 holds. O
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