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THE FAN THEOREM, ITS STRONG NEGATION, AND THE
DETERMINACY OF GAMES

WIM VELDMAN

ABSTRACT. In the context of a weak formal theory called Basic Intuitionistic
Mathematics BIM, we study Brouwer’s Fan Theorem and a strong negation of
the Fan Theorem, Kleene’s Alternative (to the Fan Theorem). We prove that
the Fan Theorem is equivalent to contrapositions of a number of intuitionis-
tically accepted axioms of countable choice and that Kleene’s Alternative is
equivalent to strong negations of these statements. We discuss finite and in-
finite games and introduce a constructively useful notion of determinacy. We
prove that the Fan Theorem is equivalent to the Intuitionistic Determinacy
Theorem. This theorem says that every subset of Cantor space is, in our con-
structively meaningful sense, determinate. Kleene’s Alternative is equivalent
to a strong negation of a special case of this theorem. We also consider a
uniform intermediate value theorem and a compactness theorem for classical
propositional logic. The Fan Theorem is equivalent to each of these theorems
and Kleene’s Alternative is equivalent to strong negations of them. We end
with a note on ‘stronger’ Fan Theorems. The paper is a sequel to [43].

1. INTRODUCTION

1.1. Intuitionistic reverse mathematics. L.E.J. Brouwer did not present his
intuitionistic mathematics as a formal axiomatic theory. He did not like formalism
and formalization and anxiously maintained the distinction between a mathematical
proof and the linguistic expression that should help us to recover the proof but may
fail to do so. The challenge to develop formal theories coming close to Brouwer’s
intentions was taken up by A. Heyting, G. Gentzen, S.C. Kleene, G. Kreisel,

J. Myhill, A.S. Troelstra, and others.

Given a preferably weak formal basic theory I' and a formal proof in I' of a
statement T from some extra assumption A, one may ask: is there also a formal
proof in I" of this extra assumption A from the statement T'7 The study of such
questions, as far as they belong to the field of classical analysis or second-order
arithmetic, is called reverse mathematics, see [26]. The weak basic theory there is
RCA,.

1.2. The basic theory BIM. Our subject is intuitionistic reverse mathematics.

The weak basic theory we use is the two-sorted first-order intuitionistic the-
ory BIM (Basic Intuitionistic Mathematics), introduced in [43]. The domain of
discourse of BIM consists of two kinds of objects: natural numbers and infinite
sequences of natural numbers. The axioms express some basic assumptions like
the (full) principle of induction on the set w of the natural numbers, and the fact
that the set w* of the infinite sequences of natural numbers is closed under the
recursion-theoretic operations.

The reason that we use a basic theory different in spirit from the basic theory
used in classical reverse mathematics is that, in intuitionistic analysis, one prefers
the notion of an infinite sequence of natural numbers as a primitive notion above
the notion of a subset of the set of the natural numbers, see [43], Section 5].
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For the intuitionistic mathematician, the set w® of all infinite sequences of nat-
ural numbers is not, as one sometimes says when explaining the notion of ‘set’ that
lies at the basis of classical set theory, the result of taking together the earlier con-
structed and completed items that are to be the ‘elements’ of the set. The set w* is
a realm of possibilities: it is a framework for constructing, in the future, in all kinds
of possibly as yet unforeseen ways, the objects that will be called the elements of
the set. There are several kinds of infinite sequences v = ((0), (1), .. .) of natural
numbers. Sometimes, « is the result of executing a program, a finitely formulated
algorithm. It is also possible that « is the result of a more or less free step-by-step
construction that is not governed by a rule formulated at the start.

1.3. Two interpretations. The axioms of BIM hold for their intended interpre-
tation, the interpretation given to them by the intuitionistic mathematician. The
axioms of BIM also become true for her if she assumes that the elements of w* are
just the Turing-computable functions from w to w. Turing-computable functions
may be represented by the natural number coding their program, and BIM may
be seen to be a conservative extension of first-order intuitionistic arithmetic HA,
Heyting arithmetic.

The model given by the computable functions thus is the second interpretation of
BIM. Our study of this model is a contribution to intuitionistic recursive analysis.

In the weak context given by BIM one may study the further assumptions of the
intuitionistic mathematician. They fall into three groups:

(1) Axioms of Countable Choice,
(2) Brouwer’s Continuity Principle and the Axioms of Continuous Choice, and
(3) Brouwer’s Thesis on bars in Baire space w* and the Fan Theorem.

The intuitionistic mathematican is prepared to argue the plausibility of these as-
sumptions for her intended interpretation.

She defends the Axioms of Countable Choice, for instance, by explaining that
the functions promised by the axioms may be constructed step by step.

She has no argument for the truth of the further assumptions under the second
interpretation, where every function is assumed to be given by an algorithm. It is
not clear to her if the Axioms of Countable Choice then are true.

Brouwer’s Continuity Principle and its extensions, the Axioms of Continuous
Choice, certainly fail in the second interpretation.

The Thesis on bars in w* was introduced by Brouwer for the sake of the Fan
Theorem. The Fan Theorem itself, dating from 1924, see [5], might be called the
Thesis on Bars in Cantor space C, see [39], [40], and [43] Subsection 2.3].

In 1950, see [I1], Kleene saw that, in our second interpretation, also the Fan
Theorem, and, a fortiori, the Thesis on bars in w®, do not hold. Actually, a
positively formulated strong negation of the Fan Theorem becomes true. In [43],
we called this statement Kleene’s Alternative (to the Fan Theorem,).

1.4. Strong negations. The (strict) Fan Theorem, FT, see[2.2.4] is the statement:
Va|Bare(Dy) — In[Bare(Dan)]]s

and Kleene’s Alternative (to the Fan Theorem), KA, see2.2.8 is the statement
Ja[Barc(Dy) A Vn[-Bare(Dan)]]-

We want to call KA the strong negation —!FT of FT. In general, if we decide to

call a statement B the strong negation of a statement A, B will be a statement

more positive than the negation of A that constructively implies the negation of

A. We do not require that the statement B is completely positive in the sense that
2



the corresponding formula does not contain — and —f1. We do not introduce strong
negation as a syntactical operation on formulas. It is important to realize that,
once we have understood that statement A is equivalent to statement B, it may
be the case that statements C, D, which have been chosen to be called the strong
negations of A, B, respectively, fail to be equivalent.

If we have decided to call the formula (denoted by) B the strong negation of
the formula (denoted by) A, we will write B = —lA, but note that this notation
belongs to the meta-language of BIM. —! is neither a connective belonging to the
language of BIM nor a syntactical operation on formulas.

We shall prove a number of results of the form:

In BIM, A is equivalent to B and —!B is equivalent to —!A.

When we do so, we try to explain that the conclusions A — B and -!B — —lA
have a common ground and that also the conclusions B — A and —!A — —!B have
a common ground.

1.5. Contrapositions or reversals. We may compare Weak Kénig’s Lemma,
WKL, see[2.2.12

Va[Vn[-Bare(Dan)] = Iy € CVnla(Fn) = 0]].
with the (strict) Fan Theorem, FT:
Va[Bare(Dy) — In[Bare(Dgn)]]-

We like to say that WKL is a reversal or contraposition of FT and also that FT
is a reversal or contraposition of WKL.

We like to write: WKL = FT and FT = WKL,

In general, if we call a statement B the contraposition or reversal Z of a state-
ment A, both A and B will be largely positively formulated statements and the
classical mathematician would think A and B are equivalent, but, constructively,
A and B will have quite different meanings.

This is clear from the above example as FT is intuitionistically true (under our
first interpretation) and WKL is false (in both interpretations).

It may happen also that both A and B are intuitionistically true (at least under
the first interpretation), although they make different sense. An important example
of this phenomenon is given by II{-AC, o, see 7, and X{-AC, o, see 4] and
Lemma 5.3

Note that Kleene’s Alternative (to the Fan Theorem), KA, might be called the
strong negation ~'WKL of WKL as well as the strong negation —=!FT of FT.

We do not claim that, given a statement A, there always is a unique candidate
for being called the contraposition of A. We do not introduce contraposition as a
syntactical operation on formulas and use the term only in certain specific cases. It
is important to realize that, once we have understood that statement A is equivalent
to statement B, it may be the case that statements C, D, which one would like to
call contrapositions of A, B, respectively, fail to be equivalent.

1.6. Non-intuitionistic assumptions. The reader may wonder why we pay at-
tention to statements that fail in both our models, like Weak Konig’s Lemma,
WKL, and Bishop’s Omniscience Principles, LPO, see 2Z2.15 and LLPO, see
2214 Doing so, however, we come to understand that certain other statements,
being equivalent, in BIM, to one of them, also do not make sense in either one of
our two interpretations.

1See7 for instance, the sentences [Z.3] and and Subsection
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1.7. Our aim. As in [42] and [43], it is our aim, in this paper, to find statements
that are, in BIM, equivalent to either FT or —!FT = KA.

1.8. The contents of the paper. Apart from this introduction, the paper con-
tains Sections 2-13.

Section 2 is divided into two Subsections. In Subsection 2.1 we introduce the
formal system BIM. Subsection 2.2 lists a number of assumptions one might study
in the context of BIM.

In Section 3 we prove that, in BIM, the X9-Separation Principle X9-Sep is
equivalent to WKL.

In Section 4 we formulate some special cases of the First Aziom of Choice AC,, .,
among them IT-AC,, 2, the IIY-Aziom of Countable Binary Choice.

In Section 5 we introduce X9-AC,, 5, a contraposition of II9-AC,, 5, and we
prove: in BIM, £9-AC,, » is equivalent to FT, and a strong negation of £9-AC,, »
is equivalent to —!/FT = KA.

Section 5 thus shows that a contraposition of H?—ACMQ fails in our second
interpretation. This gives us no conclusion about the validity of II{-AC,, 2 itself
in our second interpretation.

In Section 6 we formulate some special cases of the Second Axiom Scheme of
Countable Choice AC,, ,~, among them ITY-AC,, ¢, the II-Aziom of Countable
Compact Choice.

In Section 7 we introduce X9-AC,, ¢, a contraposition of II{-AC,, ¢, and we
prove: in BIM, X-AC, ¢ is equivalent to FT, and a strong negation of X¢-AC,, ¢
is equivalent to =!FT.

In Section 8 we introduce X9-ACs ¢, a contraposition of a statement provable
in BIM, to wit, the IT- “aziom” of Twofold Compact Choice.

We prove: in BIM + II9-AC, 5, £9-ACsy ¢ is equivalent to FT. There is no
companion result for =!FT.

In Section 9 we consider finite and infinite games. We explain in what sense we
want to call such games I-determinate or I1-determinate. We see that 2?—A0w72
can be read as the statement that certain 2-move games are I-determinate. We
prove: in BIM, FT is equivalent to the statement that every subset of Cantor space
C is (weakly) I-determinate, and —!FT is equivalent to the statement that there
exists an open subset of C that positively fails to be I-determinate.

In Section 10 we consider a Uniform Contrapositive Intermediate Value Theorem
EjIVT and we prove: in BIM, FT is equivalent to ijIVT and —!FT is equivalent
to a strong negation of UIVT.

In Section 11 we see that, if one formulates the compactness theorem for classical
propositional logic carefully and contrapositively, one obtains a statement that, in
BIM, is equivalent to FT. —!FT is equivalent to a strong negation of this statement.

In Section 12 we ask the reader’s attention for the Approrimate-Fan Theorem
AppFT, astatement stronger than FT. We did so already in [43 Subsection 10.2],
see also [44]. AppFT is studied further in [44].

Section 13 contains a list of defined notions. This Section may be used as a
reference by the reader of the preceding Sections.

I thank the referees of earlier versions of this paper. Their thorough comments
and criticisms were very useful and led to numerous improvements. The last referee
deserves special mention. He wrote three very detailed reports and found many
points where I expressed myself wrongly or confusingly.

I also thank U. Kohlenbach for providing some references and for making me
repair a mistaken observation in Section
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2. THE FORMAL SYSTEM BIM

1. The basic axioms. BIM, introduced in [43] Section 6], has two kinds of
variables, numerical variables m,n,p, ..., whose intended range is the set w of the
natural numbers, and function variables «, 3,7, ..., whose intended range is the set
w* of all infinite sequences of natural numbers. There is a numerical constant 0.
There are five unary function constants: Id, a name for the identity function, 0, a
name for the zero function, S, a name for the successor function, and K, L, names
for the projection functions. There is one binary function symbol J, a name for the
pairing function on w. From these symbols numerical terms are formed in the usual
way. The basic terms are the numerical variables and the numerical constant and
other terms are obtained from earlier constructed terms by the use of a function
symbol. The function constants Id, 0, S, K and L and the function variables are
the only function terms.

BIM has two equality symbols, =¢ and =;. The first symbol may be placed
between numerical terms and the second one between function terms. When confu-
sion seems improbable we simply write = and not =g or =;. The usual axioms for
equality are part of BIM. A basic formula is an equality between numerical terms
or an equality between function terms. A basic formula in the strict semse is an
equality between numerical terms. We obtain the formulas of the theory from the
basic formulas by using the connectives, the numerical quantifiers and the function
quantifiers.

The logic of the theory is intuitionistic logic.

Our first axiom is

Axiom 1 (Axiom of Extensionality).
YaVBla =1 B < Vn[a(n) =¢ B(n)]]

The Axiom of Extensionality guarantees that every formula will be provably
equivalent to a formula built up by means of connectives and quantifiers from basic
formulas in the strict sense.

The second axiom is the axiom on the unary function constants Id, 0, S, K, L,
and the binary function constant J.

Axiom 2.
Vn[Id(n) =n] A
Vn[-(S(n) = 0)] A VmVn[S(m)
vn[0(n) = 0] A
vmvn[K (J(m,n)) =m A L(J(m,n)) =n A J(K(n),L(n)) = n

S(n) = m=mn]A

Thanks to the presence of the pairing function we may treat binary, ternary and
other non-unary operations on w as unary functions. “a(m,n,p)”, for instance, will
be an abbreviation of “a(J(J(m,n),p))”.

We also introduce the following notation: for each n, n’ := K(n) and n” := L(n),
and, for all m, n, (m,n) := J(m,n). The last part of Axiom [2now reads as follows:
vmvn[(m,n) =m A (m,n)" =n A (n/,n") =n].

The next axiom] asks for the closure of the set w* under composition, pairing,
primitive recursion and unbounded search.

Axiom 3.
Vavs3yvnly(n) = a(B(n))] A
VavBIynly(n) = (a(n), B(n))] A

2A referee made us see that this Axiom 3, as formulated in [43], is a little bit too weak.
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Yo f3yVmVn[y(m,0) = a(m) A 'y(m, S(n)) = ﬂ(m, n,'y(m,n))] A
ValVnmla(n,m) = 0] — IyVn[a(n, y(n)) = 0]]
We also need the Aziom Scheme of Induction:

Axiom 4.
(P(0) AVn[P(n) — P(S(n))]) — Vn[P(n)]

Instances of this axiom scheme are obtained by substituting a formula
¢ = d(mo, m1,...,mp_1,Q0,01,...,q-1,n) for P and taking the universal closure
of the resulting formula. The reader should understand the further axiom schemes
we are to mention in this paper in the same way.

The axioms 1-4, together with the usual axioms for equality, define the system
BIM.

Note BIM has the full induction scheme whereas RCA( has only 9-induction,
see [20, Definition I1.1.5], a fact that is indicated by the suffix o. We did not study
the possibility of restricting induction likewise and we do not answer the question
if our results might have been obtained in a system that probably should be called
BIMg.

We form a conservative extension of BIM by adding constants for all primitive
recursive functions and relations and making their defining equations into axioms.
Primitive recursive relations are present via their characteristic functions. ‘z < ¥,
for instance, will be short for: ‘y<(x,y) # 0’. Somewhat loosely, we also denote
this conservative extension of BIM by the acronym BIM although one might decide
to use the acronym BIM™, see [30].

BIM may be compared to the system H introduced in [9] and to the system
EL occurring in [29] and to the system IRA, proposed by J.R. Moschovakis and
G. Vafeiadou, see [22]. A precise proof of the fact that BIM and these systems are
essentially equivalent may be found in [30].

2.2. Possible further assumptions.

2.2.1. First Aziom Scheme of Countable Choice, AC,, (= ACy):
vn3am[R(n,m)] — IyWn[R(n,~v(n))].

The intuitionistic mathematician accepts AC,, . If Vndm[R(n,m)], she builds
the promised ~y step by step, first choosing v(0) such that R(0,v(0)), then choosing
(1) such that R(1,7(1)), and so on. In her view, there is no need to give a finite
description or algorithm that determines the infinitely many values of + at one
stroke.

2.2.2. Second Axiom Scheme of Countable Choice, AC,, ,» = ACq 1:
Vn3y[R(n,7)] = 3Vn[R(n, 7))

The intuitionistic mathematician accepts AC, w. If Yn3Iy[R(n,~)], she first
starts a project for building v!° with the property R(0,7!°) and determines v/°(0),
she then starts a project for building «/* with the property R(1,~v'!) and determines
7(0), and also, continuing the project started earlier, v/°(1), she then starts a
project for building /2 with the property R(2,v'?) and determines ~/2(0) and
also, continuing the projects started earlier, y'*(1) and v!°(2), .. ..

2.2.3. The Fan Theorem as an Axiom Scheme, FAN:
VB[(Fan(B) A Barr,(B)) — Ja[Da € B A Barg,(D,)]].

3For the notation ~!™ see Subsection [[3.41



2.2.4. The (strict) Fan Theorem, FT:
Va[Barc(Dy) — Im[Barc(Dgm)]], or, equivalently,
VB[Expl fan(B) — Ya[Bar r, (Do) — Im[Bar r,(Dam)]]] or, equivalently,
VB[Expl fan(B) — Va|Barr,(Da) — ImVy € FgIn < m[yn € D,]].

Theorem 2.1. BIM - FT
Va[(Thinbare(Da) A Do C Bin) — 3n¥m > n[m ¢ D,]].

Proof. The proof is left to the reader. (I

2.2.5. The strengthened (strict) Fan Theorem, FT™ :
VB[Fan(B) — Va[Barr,(Ds) — Im[Bar x,(Dam)]]] or, equivalently,
VB[Fan(B) — Ya[Bar r,(Dy) — ImV¥y € Fgan < m[yn € D,]]].

Theorem 2.2. BIM-FT"
VB[Fan(B) — Va[(Thinbarz,(Ds) A Vs € Do[B(s) = 0]) — InVm > n[m ¢ D,]]].

Proof. The proof is left to the reader. (I

Note: BIM + FAN - FT™.

In this paper, we restrict attention to FT. For the equivalence of the three
formulations of F'T, see [43] Section 2.3, Theorem 9.6(ii) and Theorem 7.7(v)], and
also [28] and [29, vol. I, Chapter 4, Section 7.5[4.

In 3 we introduce Weak-H?-Awa, a special case of AC,, .

BIM+ Weak-T19-AC,, , - FT — FT™, see Theorem

2.2.6. Brouwer’s Thesis: Bar Induction as an Axiom Scheme, BARIND:
(Bary«(B) A Vs[s€ B—s€C] A Vs[Vn[sx(n) € Cl+»s€C]) = () eC.

Brouwer derived FAN from BARIND, see [43] Subsections 2.2 and 2.3]. We
repeat the proof, in order to prepare the reader for Theorem 2.4

Theorem 2.3. BIM + BARIND +~ FAN.

Proof. Let B be given such that Fan(8) and B({)) = 0 Assume Barg,(B).

Define B’ := BU {s | S(s) # 0}.

We claim: Bary«(B’). We prove this claim as follows. Let v be given. Define
v* such that, for each n, if 3(¥(n + 1)) = 0, then v*(n) = v(n), and, if not, then
v*(n) = ,up[ﬁ(ﬁn * (p)) = 0]. Note: v* € F and find n such that v*n € B. Either
Fn =v*n and yn € B or yn # v*n and B(yn) # 0. In both cases, yn € B'.

We thus see: Vy3n[yn € B'], i.e. Bary.(B').

Let C be the set of all s such that
either: 3(s) # 0 or: B(s) = 0 and Ja[D, € B A Barz,ns(Da)).

For every s, if (s) = 0 and s € B, define a := 0s * (1) and note: {s} = D, C B
and Barr,ns(Da). Conclude: B C C.

Now let s be given such that Vm/[s % (m) € C].
Find n such that Vm > n[B(s * (m)) # 0]. Find b in w” such that
Ym < n[B(s* (m)) =0 — (Db(m) C B A Barr,nse(m) (Db(m)))] and
vm < n[B(s * (m)) # 0 — b(m) = ()].
Find a such that p := length(a) = maxm<n length(b(m)) and
Vvt < pla(t) # 0 <> Im < n[(b(m))(t)
Note: D, C B and Barz,ns(Da), and conclude: seC.

4At the latter two places, no attention is given to the role of Weak—H(l)—ACw’w, see
5If B({)) # 0, then Fps =0 and there is nothing to prove.
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We thus see: Vs[Vm[s* (m) € C] — s € C].
Obviously: VsVm[s € C' — s (m) € C].
Using BARIND, we conclude: () € C,i.e. 3a[D, C B A Barz,(Da)]. O

2.2.7. Church’s Thesis, CT:
IrIYVaTeVnIz[z = pi[r(e,n,i) # 0] A P(z) = a(n)].

Kleene has shown that CT is true in the model of BIM given by the computable
functions. He provided Kdlmar-elementary functions 7,1 satisfying the above con-
ditions.

Note that our formulation of CT is cautious and somewhat weaker than the
usual one. We do not require that the set {(e,n,z) | 7(e,n, z) # 0} coincides with
Kleene’s set T', but only ask that the set behaves appropriately. A similar ‘abstract’
approach to Church’s Thesis has been advocated by F. Richman, see [24] and [3]
Chapter 3, Section 1].

2.2.8. Kleene’s Alternative (to the Fan Theorem), —IFT:
Ja[Barc(Dy) AN Ym[—=Bare(Dam)]]-
The following result is due to Kleene.
Theorem 2.4. BIM + CT F —!FT.

Proof. Let 7,1 be as in CT. Define « such that, for all m, for all ¢ in Bin,,,
alc) =0 Ve <mVz < m[z = pi[r(e,e,i) # 0] = cle) =1 —(2)].

Let v in C be given. Find e such that, for all n, v(n) = ¢ (ui[r(e,n,i) # 0]).
Define z = pi[r(e,e,i) # 0]. Note: y(e) = 9(z). Define m := max(e,z) + 1 and
note: a(ym) # 0. Conclude: Barc(Dy).

Let m be given. Find c in Bin,, such that
Ve < mVz < m[z = pi[r(e,e,i) # 0] = c(e) =1 —1(z)]. Note: Vn < m[a(én) = 0].
Define v := ¢*0 and note: ¥n[c*0n > m] and conclude: —3k[¥k < m A a(Fk) # 0]
and: —Bare(Dam,). O

The above proof may be found in [29, vol. I, Chapter 4, Subsection 7.6]. In [43]
Section 3] one finds two proofs.
We do not know the answer to the question if BIM + —!FT  CT.

2.2.9. Brouwer’s (unrestricted) Continuity Principle as an Aziom Scheme, BCP:
Vadn[aRn] — Yadm3InVB[am C S — BRn).

Brouwer used this principle for the first time in 1918, see [4, Section 1, page 13].
The intuitionistic mathematician believes the axiom to be plausible.

She argues as follows.

If Vadn[aRn], I must be able, given any «, to find effectively an n as promised,
also if the values of a are disclosed one by one and nothing is told about a law
governing the development of a as a whole. 1 will decide upon n at some point of
time and, at that point of time, only finitely many values of «, say
a(0),a(1),...,a(m—1), will be known to me. The number n will satisfy any infinite
sequence that is a continuation of a(0),a(1),...,a(m —1).

The Continuity Principle is revolutionary and changes one’s mathematical per-
spective, see [35].

The classical mathematician may ask for a consistency proof for BCP. Kleene
proved, using realizability methods, that his formal system FIM for intuitionistic
analysis, actually an extension of BIM + FT + BCP, is (simply) consistent, see
[12] Chapter II, Subsection 9.2]. Kleene’s consistency proof should convince both
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the classical mathematician and the constructive mathematician, should the latter
accept BARIND but be plagued by doubts concerning BCP.

It is not difficult to see that BIM + CT 4+ BCP is inconsistent, as it implies
Ya3dmVpB[fm = am — B = al, see [29, vol. I, Chapter 4, Theorem 6.7].

The next two axioms strengthen BCP. Kleene’s consistency proof extends to
these stronger forms of the Continuity Principle.

2.2.10. The First Aziom Scheme of Continuous Choice, AC w (= AC1):
Vadn[aRn] = J¢ : w* = wVa[aRe(a)].

2.2.11. The Second Aziom Scheme of Continuous Choice, AC v (= ACq1):
Va3plaRp] = Jo : w¥ — w*ValaRp|a].

2.2.12. Weak Konig’s Lemma, WKL:

Va[vn3a € Bin,Ym < n[a(an) = 0] — Iy € C¥n[a(Fn) = 0]],
or, equivalently, Ya[Vn[-Barc(Dap)] — Iy € CVnla(Fn) = 0]].
WKL, as a classical theorem, dates from 1927, see [13]. It is a contraposition

of FT and, from a classical point of view, the two are equivalent. The following
result is due to U. Kohlenbach, see [14] and also [10].

Theorem 2.5. BIM+ WKL — FT.

Proof. Assume WKL.

Let a be given such that Bare(D,,). We intend to prove: 3n[Barc(Dap)].

Define a* such that Vs € Bin[a*(s) = 0 <> Vt C s[a(t) = 0]].

Define a** such that, for all n, for all s in Bin,, a**(s) = 0 if and only if
either o*(s) =0 or =3t € Biny[a*(t) = 0].

Clearly, for each n, there exists s in Bin, such that a**(s) = 0.

Applying WKL, find 7 in C such that Vn[a**(Fn) = 0].

Find n such that a(7Fn) # 0.

Conclude: =3t € Bin,[a*(t) = 0] and: V6 € C3j < nf[a(dj) # 0] and:
Im[Barc(Dam)]-

We thus see: Va[Bare (Do) — Im[Bare(Dam)]], i.e. FT. O

2.2.13. Weak Konig’s Lemma with a uniqueness condition, WKL!:
Va[(Vm[-~Barc(Dam)] A Vy € CY6 € Cly L § — Im[a(ym) # 0 V a(ém) # 0]]) —
FVnla(n) = 0.

The next two theorems, apart from being of interest in themselves, are useful for
the discussion in Subsubsection BTl

Theorem 2.6. BIMF WKL! — FT.

Proof. [ Assume WKL!.

Let a be given such that Bare(Dy). We intend to prove: Im[Bare(Dam,)]-

If a(0) = a(()) # 0, then Dz; = {()} and Bar¢(Dgz1), and we are done.

We now assume «(()) = 0, that is: () ¢ D,.

Define o* such that Vs € Bin[a*(s) = 0« Vt C s[a(t) = 0]].

Define a* such that o**(()) = 0 and, for all n > 0, for all s in Bin,,,
a**(s) = 0 if and only if either a*(s) = 0 and Vt € Biny[a*(t) =0 = § <jey t] or
-3t € Biny[a*(t) = 0] and 3t € Biny,_1[a™ () =0 A s=1*(0)].

Using induction, one proves that, for each n, there is exactly one s in Bin,, such
that o**(s) = 0.

6The equivalence of FT and WKL! is a result due to J. Berger and H. Ishihara, see [2].
Another proof has been given by H. Schwichtenberg, see [25].
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Let v, 6 in C be given such that v L 6.
Find n such that Jn L én and note: o**(Fn) #0 V a**(dn) # 0.

We thus see: Vy € CV6 € C[y L § — Infa™*(Fn) #0 V a**(dn) # 0]].
Applying WKL!, find 7 in C such that Vn[a**(7n) = 0].

Find n such that a(7Fn) # 0.

Conclude: =3t € Bin,[a*(t) = 0] and: Vé € C3j < nf[a(dj) # 0] and
Im[Barc(Dam)]-

We thus see: Va[Bare(Dy) — Im[Bare(Dam)]], i.e. FT. O

Theorem 2.7. BIMFFT — WKL!.

Proof. Assume FT. Let a be given such that Vn[-Bare(Dgy)]] and
Yy € CV6 € Cly L & — Infa(in) #0 V a(din) # 0]].
We intend to prove: 3y € CVn[a(yn) = 0].
Define a* such that Vs € Bin[a*(s) = 0« Vt C s[a(t) = 0]].
Let s in Bin be given.
Note: Vv € CVd € CIk[a(s * (0) *Fk) # 0 V afs * (1) * 6k) # 0].
Applying FT, find m such that
Yy € CVY6 € CTk < mla(s * (0) xFk) #0 V afs * (1) * 5k) # 0].
Conclude: Ve € Bin,,Vd € Bing,[a*(s*(0) x¢) #0 V a*(s* (1) xd) # 0].
Conclude: Ve € Bing[a*(s % (0) x ¢) # 0] V Vd € Bing,[a*(s* (1) xd) # 0].
This last step is justified by the fact that BIM proves the following schemd:
Vn[Vk < nVl < n[A(k) V B(l)] = (Vk < n[A(k)] V VI < n[B()])].
Now define ¢ such that, for every s in Bin,
¢(s) = pk[Ve € Binga*(s % (0) x ¢) # 0] V Vd € Binga*(s = (1) x d) # 0].
Then define § in C such that, for every s in Bin,
Ve € Binggy[a*(s x (1 —d(s)) * c) # 0].
Finally, define v such that ¥n[y(n) = §(Fn)].
One may prove by induction, using Vn[-Barc(Dap)]:
for each n, Ym > n3s € Binp,[n C s A a*(s) =0].
Conclude: Vn[a*(n) = 0] and Vn|a(Fn) = 0].
We thus see: for each a, if Vn[-Bare(Dgy)] and
Yy €CYS € Cly L6 — 3nfa(Fn) #0 V a(dn) # 0]], then Iy € C¥nla(Fn) = 0],
i.e. WKL ([

2.2.14. The Lesser Limited Principle of Omniscience, LLPO: §
VYadi < 2¥p[2p + i # unf[a(n) # 0]].
Theorem 2.8. BIM - BCP — -LLPO.

Proof. Assume LLPO.

Using BCP, find m,i such that i < 2 and Ya[0m C a — Vp[2p+i # unf[a(n) # 0]]]
Define a := 0(2m + i) * (1) ¥ 0 and note: Om C « and 2m + i = pnf[a(n) # 0]
Contradiction.

Theorem 2.9. BIM+ WKL — LLPO.

Proof. Assume WKL. Let « be given. Define 8 such that, for every s, 8(s) =0
if and only if 3¢3i < 2[s =ig A Vp[2p+i <n — 2p+i # un[a(n) # 0]]]. Note:
Vm3i < 2¥q < m|[B(iq) = 0]. Using WKL, find + such that Vn[3(Fn) = 0]. Define
i :=(0) and conclude: v =i and Vp[2p + i # un[a(n) # 0]]. O

"This follows from our Lemma [0.1]
8un[P(n)] =k < (P(k) A ¥n < k[~P(n)]). Therefore:
pnfa(n) # 0] £k < (a(k) =0 v i < k[a(i) #0]).
10



Using a weak axiom of countable choice, one may also prove LLPO — WKL,
see Theorem

2.2.15. The Limited Principle of Omniscience, LPO:
Va[Inla(n) # 0] V Vnla(n) = 0]].

LPO and LLPO were introduced by E. Bishop, see [3, Chapter 1, Section 1].
The following result is not difficult and well-known, see [20), Section 2.6] and [1]
Theorem 3.1].

Theorem 2.10. BIM + LPO — LLPO.

Proof. Let a be given. Apply LPO and distinguish two cases.

Case (1). Infa(n) # 0]. Find g, k such that k < 2 and 2qg + k = un[a(n) # 0].
Conclude: Vp[2p+ 1 — k # pnfa(n) # 0]].

Case (2). Vnla(n) = 0]. Then Vk < 2Vp[2p + k # punf[a(n) # 0]]. O

The following Lemma shows that, in BIM + BCP, not every closed subset of w*
is a spread, see also [45] Theorem 2.10 (vi)].

Lemma 2.11. BIM F V33¢[Spr(v) A Fs = F,] — LPO.

Proof. Let a be given.

Define § such that 5(0) = 0 and VnVs[B({n) xs) = 0 <> a(n) # 0].

Assume we find «y such that Spr(y) and Fg = F,.

If v(0) = 0, then In[a(n) # 0] and, if v(0) # 0, then Vn[a(n) = 0]. O

2.2.16. Markov’s principle, MP:
Ya[-—3n[a(n) # 0] — Infa(n) #£ 0]].

For some discussion of this principle, see [29] Volume I, Chapter 4, Section 5]. In
this paper, the principle figures only in Subsection 1211

We would like to make a philosophical observation. For a constructive math-
ematician, the assumptions LPO, WKL, LLPO and MP make no sense, as he
does not know a situation in which these assumptions are true. Theorem (2.9
WKL — LLPO concludes something which is never true from something which is
never true. Nevertheless, the proof of Theorem makes sense. It shows us how
to find, given any «, a suitable 8 such that if § has the WKL-property, then « has
the LLPO-property. This part of the argument does not use the assumption that
every 3 has the WKL-property. Theorems[2.5]and 2.10 deserve a similar comment.

The reader may find more information on the axioms of intuitionistic analysis in

51, (6], 18], 12, [9], [29] and [46].

3. THE XY-SEPARATION PRINCIPLE

3.1. In classical reverse mathematics, weak Konig’s Lemma is equivalent to a
principle called ¥9-separation, see [26, Lemma IV.4.4].

We call X C w enumerable or 39 if and only if 3a[X = E,].

The following statement, formulated in the intuitionistic language of BIM, comes
close to the just-mentioned classical principle.

39-separation principle, X9-Sep:
Va[=3nVi < 2[(n,i) € Es] — IVn[(n,7(n)) ¢ Ea]].
The next Theorem seems to confirm the just-mentioned classical result.

Theorem 3.1. BIM - WKL <« 3Y-Sep.
11



Proof. (i) Assume WKL. We prove: X{-Sep.

Let a be given such that -3InVi < 2[(n,i) € E,].

Define 3 such that VnVa € Bin,[8(a) = 0 > Ym < n[(m,a(m)) ¢ Ezy]].

Let n be given. Note: Vm < ndi < 2[(m,i) ¢ Eg,] and find @ in Bin, such that
Vm < n[(m, a(m)) ¢ Fan).

Conclude: V5 < m[B(aj) = 0].

We thus see: Vn3a € Bin,¥m < n[f(an) = 0].

Using WKL, find v in C such that ¥n[5(7n) = 0].

Conclude: Vn¥m < n[(m,y(m)) ¢ E=y] and: Vn[(n,v(n)) ¢ Eal.

We thus see: Va[-3nVi < 2[(n,i) € E,] = F7Vn[(n,v(n)) ¢ E,], i.e. £9-Sep.

(i) Assume X9-Sep. We prove: WKL.
Let a be given such that Vm[-Barc(Dgm)]-
Define 3 such that, for both i < 2, for all n, for all s,
if s € Bin and Barcnss(iy(Dan) and —Barcns(1—i)(Dan), then B(n, s) = (s,i) +1,
and, if not, then B(n,s) = 0.
Note: Ej is the set of all s * (i) such that s € Bin and ¢ < 2 and
Eln[BaTCﬁs*<i) (Dan) A ﬁBaTCﬁs*(l—i} (Danﬂ
Note: for all s in Bin, for all i < 2,
if s % (i) € Eg, then Vn[Barcas. i) (Dan) = Barcasi(i—iy(Dan)]-
Note: ~3sVi < 2[(s,1) € Eg].
Using X9-Sep, find 7 in C such that Vs[(s,y(s)) ¢ Eg].
Define § in C by: Vn[d(n) = v(én))].
Suppose we find n such that a(dn) # 0.
Define ¢ := dn + 1 and note: 6n € Dg,, that is: Bara 3, (Daq).
We prove, using backwards induction: Vj < n[Bareqz,(Dag)]-
Our starting point is: Bargqg,, (Dag)-
Now suppose j + 1 < n and Bargq5,,1)(Daq). Note: 0(5 4+ 1) =67 % (v(07)).
Also: (04,7(07)) ¢ Es and, therefore: Bare 5.1~y (Pag) and: Bargqs,(Dag).
This completes the proof of the induction step.
After n steps we reach the conclusion: Bare(Dayg).
This contradicts the assumption: Ym[-Barc(Dgm)].
Conclude: Vn[a(dn) = 0].
We thus see: Va[Vn[-Bare(Dan)] — 36 € CVn[a(én) = 0]], i.e. WKL. O

Theorem B.1] shows that 39-Sep, like WKL, is not constructive, see Theorem
29 It is not true in intuitionistic analysis and it also fails in the model of BIM
given by the recursive functions.

4. AC, ., SOME SPECIAL CASES

The following restricted version of AC,, ,, is provable in BIM as it is a consequence
of Axiom [3] see Section

4.1.  Minimal Aziom of Countable Choice, A?-ACLLW:
VaVnImla(n,m) = 0] — 3yVn[a(n,y(n)) = 0]].
4.2.  Aziom Scheme of Countable Unique Choice, AC,, ! = ACq !
vn3'm[R(n,m)] = FyVn[R(n,y(n))].

where ‘Vn3!m[R(n,m)]” abbreviates ‘Ynam[R(n,m) A Vp[R(n,p) — m = p]]".
AC, ! is not a theorem of BIM, see Subsection [£.8 and [30].
12



4.3. X9-First Aziom of Countable Choice, 9-AC,, ,:
ValVn3m|(n,m) € E,] = IVn[(n,v(n)) € E4]].
Theorem 4.1. BIM E?-AC%M.

Proof. Assume Vn3im|[(n,m) € E,]. Then YnIm3Ip[a(p) = (n,m)+1]. Find § such
that Vn[d(n) = pqla(qd’) = (n,q¢") + 1]]. Define « such that Vn[y(n) = §"(n)] and
note: Vn[(n,y(n)) € Ey]. O

We call X C w co-enumerable or I1Y if and only if there exists a such that
X =w)\ E,.
4.4. TIV-First Aziom of Countable Choice, H?-ACLLW:

Va[Vnam[(n,m) ¢ Es] — 37Vn[(n,v(n)) ¢ E,]].

IY-AC, ,, is unprovable in BIM, see Subsection 8 In [43, Section 6], we
introduced the following special case of this axiom.
4.5.  Weak I1V-First Aziom of Countable Choice, Weak-TI19-AC,, ,:

Va[Vman¥p > nla(m,p) # 0] = IVmVp = y(m)[a(m, p) # 0]].

Weak-TI19-AC,, , follows from AC,, ,!= ACy!.

Weak-II3-AC,, , is a special case of the axiom scheme AC{, introduced in [22,

Subsection 3.1]. We suspect that, in BIM, Weak-IT{-AC,,,, does not imply II9-
AC, ., but we have no proof.

Theorem 4.2. (i) BIM+ Weak-ITY-AC,, , + VB[Fan(B) — Explfan(B))].
(ii) BIM+ Weak-TI9-AC,,, - FT — FT*.

Proof. The proof is left to the reader. O

One may also study statements one obtains from AC,, ,, by limiting the number
of alternatives one has at each choice.

4.6.  Aziom Scheme of Countable Binary Choice, AC,, »:
Vnam < 2[R(n,m)] — 3y € CVn[R(n,v(n))].
Here is a restricted version of AC,, 2:
4.7. TIY-Aziom of Countable Binary Choice, II9-AC,, o:
VaVnIm < 2[(n,m) ¢ Ea] — 3y € CVn[(n,v(n)) ¢ Ea]].

A result related to the following Theorem has been proven by U. Kohlenbach,
see [I5] Theorem 3]. A similar result is mentioned in [T, Subsection 2.2].

Theorem 4.3. BIM F (IT9-AC,,, A LLPO) +» WKL.

Proof. (i) Assume, in BIM, II9-AC, » and LLPO. It suffices to prove: X{-Sep,
as, according to Theorem B.1] BIM + 20-Sep +» WKL.

Let « be given such that Vn—Vm < 2[(n,m) € E,]. Let n be given.
Define § such that VqVi < 2[8(2q + i) # 0 <> ¢ = pp[a(p) = (n,i) + 1]].
Apply LLPO and find 7 < 2 such that V¢[2q + i # pm[B(m) # 0]].
Assume (n,i) € E,. Then (n,1—1) ¢ E, and —3pla(p) = (n,1 — i) + 1] an
Vq[B8(2¢ + 1 — i) = 0]. Find ¢ := ppla(p) = (n,i) + 1]. Note 3(2¢ + i) # 0 and
Vm < 2q +i[B(m) = 0], so 2q + i = pm[B(m) # 0]. Contradiction.
Therefore, (n,i) ¢ E,.

Conclude: VYn3i < 2[(n,i) ¢ E,).

Apply II9-AC,, > and find ~ in C such that Vn[(n,y(n)) ¢ E.].

13
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Conclude: ValVn[-Vm < 2[(n,m) € E,] — Iy € CVn[(n,v(n))) ¢ E.]], ie.
»9-Sep.

(ii) Note that =(P A Q) +» -=(=P V —Q) is a valid scheme of intuitionistic
logic, and, therefore:
BIM - 29-Sep < (VYa[Vn-—3m < 2[(n,m) ¢ E,] — 3y € CVn[(n,y(n)) ¢ E,]]).
Conclude: BIM - 29-Sep — I19-AC,, ».
The conclusion BIM - WKL — LLPO has been drawn in Theorem (]

From a constructive point of view, 39-Sep, or equivalently, WKL, is an axiom
of countable choice that is formulated too strongly.

4.8. AC, 3! and H?-ACw,g are unprovable in BIM.

Note that the theory BIM+ CT may be translated into intuitionistic arithmetic HA,
by interpreting functions from w to w as indices of total computable functions. The
negative translation due to Godel and Gentzen, see [29) vol. I, Ch. 3, Subsection
3.4], shows that first order classical (Peano) arithmetic PA, the theory that results
from HA by adding the axiom scheme X V =X, is consistent. It follows that also
the theory BIM 4 CT remains consistent upon adding the axiom scheme X V —-X.

4.8.1. Note that the theory BIM+ CT 4+ X V=X 4 AC,, ! is inconsistent. The
argument is as follows.

Let 7,1 be as in CT. Define H := {n | 3z[r(n,n, z) # 0]}.

Using classical logic, conclude: Vn3li < 2[i =0 <> n € H|.

Using AC,, 2!, find « such that ¥n[a(n) # 0 <> n € HJ.

Define § such that, for each n, if a(n) # 0, then 5(n) = ¢ (uz[r(n,n, z) # 0]) + 1.
Using CT, find ng such that Vn[3(n) = ¢ (uz[r(ng, n, z) # 0])].

Note: a(ng) # 0 and: (ng) = B(ng) + 1. Contradiction.

Conclude: If HA is consistent, then AC,, »! is not derivable in BIM.

4.8.2. Theorem[£3limplies: BIM + —=!FT + LLPO + H?—ACw,g is not consistent,
as ~!FT contradicts WKL.
Conclude: BIM + —!FT + LLPO F —II{-AC,, 5.

On the other hand, BIM + —!FT + LLPO is consistent, as it is a subsystem of
BIM+ CT + XV -—X. It follows that H?—AC%Q is not derivable in BIM + —!FT +
LLPO and, a fortiori, not derivable in BIM. The stronger axiom IT9-AC,, ,, and
the even stronger axiom II{-AC, ., to be introduced in Section 6, also are not
derivable in BIM.

From Theorem (3], we also conclude BIM + —!FT + H?—ACMQ F -LLPO.

In the context of HA, Church’s Thesis is sometimes introduced as an axiom
scheme, CTy, see [29] vol. I, Ch. 4, Sect. 3]:

VnIm[nAm] — eVn3Iz[T ((e,n, 2)) A Vi < z[-T({e,n,))] A nA(U(z))]E

It is not difficult to see that BIM + CT + AC,, ., and also BIM + CT + AC,, .«
translate into HA+4 CTy. There is no straightforward model for HA+4 CTg but, using
realizability, one may show that, if HA is consistent, then so is HA 4+ CTy, see [29]
vol. I, Ch. 4, Sect. 4].

It follows that, if HA is consistent, then BIM + —!FT + IT9-AC,, » is consistent.

4.9.  Aziom Scheme of Countable Finite Choice, AC,, «.:

VBIVm3n < B(m)[R(n,m)] = IyVn[y(n) < B(n) A nRy(n)]].

9T is Kleene’s T-predicate and U his result-extracting function.
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4.10. II)-Aziom of Countable Finite Choice, I19-AC,, <
Va[vnam < a'(n)[(n,m) & E,n] = 39Wn[y(n) < a'®(n) A (n,y(n)) ¢ E,n]).
We conjecture that II9-AC,, -, is not provable in BIM + IT-AC,, 2, but we
have no proof of this conjecture. There might be many statements intermediate in
strength like II9-AC,, 3, the IT%-Axiom of Countable Ternary Choice.
5. CONTRAPOSITIONS OF SOME SPECIAL CASES OF AC,

The following statement is a contraposition of AC,, ,:

5.1.  First Aziom Scheme of Reverse Countable Choice, AC,, ,:
Vy3n[R(n,v(n))] = InVm[R(n, m)].
A special case is:

5.2.  Minimal Aziom of Reverse Countable Choice, AY-AC,, , :
VaVy3n[(n,y(n)) € Da] — InvVm[(n,m) € Dy]].
The following result may be found in [32], Section 2].

Theorem 5.1. BIM + AY-AC,, , - LPO.

Proof. Let 8 be given.

Assuming AY-AC,, ,,, we prove: In[3(n) # 0] V Vn[B(n) = 0].

To this end, define « such that Van[a(n m) =0+« (Bn=0n A Bm # 0m)].

For every v, either: B(v(0)) = 0(v(0)) and, therefore, a(0,7(0)) # 0, that is
(0,7(0)) € D, or: B(7(0)) # 0(v(0)), and, therefore, a(v(0),y(v(0))) # 0, that
is: (1(0),7(7(0))) € Do

Conclude: Vy3n[(n,v(n)) € Da).

. o

Applying A)-AC,, ., find n such that Vm[(n,m) € D,].

Either: Bn # 0n and 3j[3(j) # 0], or: Bn = On. In the latter case, for each m,
Bm = 0m and Vj[3(j) = 0]. O

5.3. Aziom Scheme of Reverse Countable Binary Choice, AC,, 2 :
Vv € CIn[R(n,y(n))] = InVi < 2[R(i,m)].

%
In [32] Section 4], AC,, 2 has been shown to be a consequence of FT + AC,, .
We introduce a restricted version:
AY-Aziom of Reverse Countable Binary Choice, A ACw 9

Va[Vy € C3n[(n,y(n)) € Do) — InVi < 2[(n,i) € Dy]].

Theorem 5.2. BIMF AY-AC,, 5.

Proof. Let « be given such that Vv € CEln[(n, ’y(n)) € D,]. Define v in C such that
Vn[(n,0) € Do 4+ y(n) = 1]. Find n such that (n,v(n)) € Dy. Note: y(n) =1 and
Vi < 2[(n,1) € D). O

We now introduce a less restricted version:
<__—
5.4. X9-Aziom of Reverse Countable Binary Choice, £9-AC,, o:
ValVy € CIn[(n,y(n)) € E,] — 3nvi < 2[(n,i) € Ey]].

We define a formula that we want to call its strong negation:
15



%
55. —I(X29-AC,,.):

Ja[vy € CIn[(n,v(n)) € Eu] A =3nVi < 2[(n,i) € E,]].

Note: BIM proves:
Va[-3nVi < 2[(n,i) € Ey] <> Vn¥pVqla(p) = (n,0) + 1 — a(q) # (n,1) + 1]].

Lemma 5.3. BIM proves the following:
(i) FT — 29-AC, ., and —|(£9-AC, 5) — —IFT.
(i) £0-AC, o — FT and ~IFT — —I(X0-AC,, ).
Proof. (i) We prove, in BIM: for each «, there exists 8 such that
(1) Vy € C3n[(n,v(n)) € E4] — Bare(Dg)] and
(2) Im[Barc(Dsg,,)] — 3nVi < 2[(n,i) € Eq].

The two promised conclusions then follow easily.
Let a be given. Define g such that

VmVa € Bing[8(a) # 0 <> In < m[(n,a(n)) € Eam)].

(1) Assume: Vv € C3n[(n,v(n)) € E,]. Let 7 in C be given.
Find n, p such that (n,'y(n)) € Egp and n < p. Note: B(7p) # 0.
We thus see: Vy € CIp[B(Fp) # 0], i.e. Bare(Dg).
(2) Let m be given such that Barc(D3,,).
Note: Va € Bing,[m < a] and: Va € Bin,3In < m[B(an) # 0].
Assume Vn < m3i < 2[(n,1) ¢ Eam]-
Define a in Bin,, such that ¥n < m[(n,0) ¢ Egm < a(n) = 0].
Then Vn < m[(n,a(n)) ¢ Ezy] and Vn < m[B(an) = 0]. Contradiction.
Conclude: In < mVi < 2[(n,i) € Egm C E4].

(ii)@ We prove, in BIM: for each «, there exists 5 such that
(1) Barc(Dq) — Yy € C3n[(n,v(n)) € Eg] and

(2) InVi < 2[(n,i) € Eg] — Im[Barc(Dam)]-
The two promised conclusions then follow easily.

Let a be given. Define 8 such that, for all n, for every s in Bin, for all i < 2,
if either: (a) Barc(Dgan), or: (b) Barcasiy(Dan) and not Bareas.i—iy(Dan),
then B(n, s« (1)) = (s,i)+1, and, (c) if both (a) and (b) fail, then S(n, s (i)) = 0.
Furthermore, for all n, for all s, if s ¢ Bin \ {()}, then 5(n,s) = 0.

Note: Ej is the set of all pairs (s,4) such that s € Bin and ¢ < 2 and either
In[Barc(Dgan)] or In[Barcasy(Dan) A —Bareasii—iy (Dan)]-

Note that, for all s in Bin, if Vi < 2[(s, i) € Eg|, then In[Barc(Dan)].

(1) Assume Bare (D). We shall prove: Yy € C3n[(n,y(n)) € Eg].

Let v in C be given. Define § in C such that Vn[d(n) = v(6n)]. Find n such that
a(dn) # 0. Define ¢ := 0n + 1 and note: on € Dg,.

We claim: for all j < n, either 3i < n[(8i,7(di)) € Eg), or Bare5,;(Dzq). We
prove this claim by backwards induction, starting from j = n. Note: Bar,5, (Dagq)-
N.ow assuTnej <nand Bareqg;41)(Dag), that is: Baregi). 57 (Pap)-

Find out if also Barg5.;y.(1-5(j)) (Paq)- ~ B
If so, then Barcﬁg(j)(Daq), and, if not, then 3(q,0(j + 1)) = (64,6(4)) + 1, and

(65,6(5)) = (64,7(5(j)) € Es.

10The reader should compare this proof to the proof of Theorem BIIii).
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We may conclude: either 35 < n[(6j,6(j)) € Es], or Barc(Dzq).
Note that, if Bare¢(Dgq), then Vs € BinVi < 2[8(g, s * (1)) = (s,4) + 1] and:
Vs € Bin[(s,v(s)) € Eg].

We thus see: Vy € C3s|(s,7(s)) € Eg].

(2) Now assume: InVi < 2[(n,i) € Eg]. Conclude, using the observation we

made just after the definition of 8: In[Barc(Day)]. O
S dm

Theorem 5.4. BIM proves: FT > £9-AC,, » and: —!FT « —!|(ZY-AC, ).

Proof. Use Lemma [5.3 O

5.6. Aziom Scheme of Reverse Countable Finite Choice, AC,, «.:
VB[Vy3n[y(n) < B(n) — R(n,v(n))] — 3ImVn < B(m)[R(n, m)]].

AC,, <, may be concluded from FT + AC,. ., by a slight extension of the
argument given in [32, Section 4].
The following is a restricted version:
$-AC, <
Va[vyIn[y(n) < a'®(n) = (n,7v(n)) € Eun] — InVi < a'(n)[(n,i) € Eqn]].
We introduce a strong negation of this restricted version:
(—
=I(Z9-AC,, <u,):
JaVyIn[y(n) < o%(n) — (n,v(n)) € E,n] A —3nVi < a%(n)[(n,i) € E, ).
Note: BIM proves:
Ya[-3nVi < a'%(n)[(n,i) € E,] +
Vvt € we' M3 < al0(n)[a(t)) # (n,i) + 1]].
Lemma 5.5. BIM proves:
(i) £9-AC,, <, = EV-AC,, 2 and ~1(£9-AC, 2) — ~!(XJ-AC,, <)
(i) FT — X%-AC,, <, and =!(XJ-AC, <,) — ~!FT.
Proof. (i) We prove, in BIM: for each «, there exists 8 such that
(1) Vv € C3n[(n,7(n)) € Ea] = Yy3n[y(n) < B'%(n) = (n,v(n)) € Egn] and

(2) InVi < B1(n)[(n,4) € Egin] — InVi < 2[(n, i) € E,].
The two promised conclusions then follow easily.
Let a be given. Define § such that 3/ =1 and 8! = .

(1) Assume Vy € C3n[(n,v(n)) € Ea,]. Let v be given. Define v* such that
Vn[y*(n) = min(1,7(n))]. Note: v* € C and find n such that (n,v*(n)) € Eq. If

v*(n) # y(n), then v(n) > 1 = B1%(n), and if v*(n) = y(n), then (n,v(n)) € E,.
Conclude: Vy3n[y(n) < 1°(n) — (n,v(n)) € Egn].

(2) Let n be given such that Vi < 81%(n)[(n,i) € Egn].
Clearly, then, Vi < 2[(n,7) € E,].

(ii}1 We prove, in BIM: for each «, there exists § such that
(1) Vy3n[y(n) < a'%(n) = (n,v(n)) € E,n] — Bare(Dg) and
(2) 3m[Barc(Dg,,)] — InvVm < a(n)[(n,m) € Eyn).
The two promised conclusions then follow easily.

HThe argument extends the argument for Lemma [E.3)i).
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First, define Cods : w — Bin such that
Cody({)) = () and VsVn[Coda(s * (n)) = Coda(s) x On * (1)].
Note: Vt € Bin3sJi[t = Coda(s) * 0i].

Now, let a be given. Define 8 such that, for all s, 1, ﬁ(Codg(s)*Qi) # (0 if and only
if 3n < length(s)[s(n) > a'®(n) vV (n,s(n)) € Bz Tlength(s)

Vv a0 (length(s)) < .

(1) Assume: Vy3n[y(n) < a'%(n) = (n,7(n)) € Eqnl.

Assume 6 € C. Define «, by induction, such that, for each n,
if 3i < al%(n)[Cody(Fn * (i)) C 4], then Codg( (n+1)) C 4, and,
if not, then y(n) = 0.

Note: Vn[y(n) < a'%(n)].

Find n, p such that (n,y(n)) € E i, Define ¢ := max(n, p).

Note: 3(Coda(¥(q + 1))) # 0 and distinguish two cases.

Case (a). ¢ = C’odg( (g+ 1)) C 6 and B(c) # 0.

Case (b). ImVi < ol ( )[Coda (Fm * (i) L §].

Find mg := umVi < a'!%(m)[Coda(Fm * (i)) L §] and note:

d := Coda(ymo) x 0(a!(mg) + 1) C 6 and B(d) # 0.

In both cases Ip[B(dp) # 0].

We thus see: V& € CIp[B(6p) # 0], i.e. Barc(Dg).

(2) Let m be given such that Barc(D5,,)-
Suppose: Vi <m3j < o'°(i)[(i,5) ¢ P, ]]-

Find s such that length(s) = m and Vi < m[s(i) < A (i, s(i) ¢ B, 1
Note: Codz(s) > m and ¥Vt C Codz(s)[5(t) = 0], so ﬂBarc( Bm)-

Contradiction.

Conclude: 3i < mVj < al®(i)[(i, ) € Ez,, € Eqnl. O

Theorem 5.6. BIM proves: FT < £0-AC,, o, and =!FT « —!(X¢-AC,, <,).

Proof. These statements follow from Lemma and Theorem (.41 O

5.7. No Double Negation Shift.

Assume —!FT. Using —!(£9-AC,, »), find o such that Vv € C3n[(n,v(n)) € E,]
and: =InVm < 2[(n,m) € E,].

Then, for each n, =Vm < 2[(n,m) € E,] and: =Vm < 2[~=((n,m) € E,)] and:
—=3m < 2[(n,m) ¢ E,].

We thus see: Vn——3Im < 2[(n,m) ¢ E,].

Also: =3y € CVn[(n,y(n)) ¢ Ea].

Using ITY-AC,, 2, we conclude: =VnIm < 2[(n,m) ¢ E,].

We thus see that if we assume both ~!FT and IT{-AC,, » we can find IT{-subsets
P={n|(n,0)¢ E,} and Q ={n| (n,1) ¢ E,} of w such that
Vn[-—(P(n) Vv Q(n))] and =Vn[P(n) Vv Q(n)].

S. Kuroda’s scheme of Double Negation Shift

Vn[-—T(n)] — —-—Vn[T (n)]

(see [18| page 45] and [8, page 105]) thus is refuted.
In [29, vol. I, Chapter 4, Proposition 3.4, Corollary 1], the same conclusion is
obtained in HA from CTy.
6. AC, ., SOME SPECIAL CASES
6.1. X9-Second Aziom of Countable Choice, £9-AC,, -
YalVn3vy[y € Goin] — IWVWn[yI™ € Guin]].

Theorem 6.1. BIMF X{-AC,, ..
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Proof. Assume Yn3y[y € G,in]. Then VnIs[a!™(s) # 0].
Find ¢ such that Vn[§(n) = us[a!™(s) # 0]]. Find v such that Vn[y!™ = §(n) * 0].
Note: Vn[y!™ € G,in]. O

6.2. TIIY9-Second Aziom of Countable Choice, TI{-AC,, .-
Valvnd[y & Gam] = FVa[y™ ¢ Garn]l.
Theorem 6.2. BIM H?-ACw,ww — H?-ACw,w.
Proof. Let « be given such that Vn3am[(n,m) ¢ E,]. Define 8 such that
VYnVa[B™(a) # 0+ 3ImIbIp < afa(p) = (n,m) +1 A a = (m) xb]].
Note: VnVml[(n,m) € Eq < Vy[(m) xv € Ggin]].
Conclude: Vn3yly ¢ Ggin]. Using II9-AC,, ., find 7 such that Vn[y'™ ¢ Ggia].
Define § such that Vn[d(n) = v'"(0)] and note: Vn[(n,d(n)) ¢ Ea]. O
One may conclude that IT9-AC,, .« is unprovable in BIM, see Subsection 8]

Not every IT{ subset of w*“ is a spread, see Lemma .11l For spreads, which are
a special kind of TI{ sets, countable choice is easier:

Theorem 6.3. BIM = Vo[ (Vn[Spr(a'™)] A VnIy[y ¢ Gain]) — FWn[y!™ ¢ Gin]].
Proof. Let a be given such that Vn[Spr(a!™)] and YnIvy[y € Gain].

Define 5 such that, for each n, for each m, y'"(m) = pk[a!™ ((y/"m)* (k)) =0]. O
6.3. Axiom Scheme of Countable Compact Choice, AC,, ¢:
Vn3y € C[R(n,v)] — Iy € CVn[R(n,~'™))].
Here is a restricted version of AC,, ¢:
6.4. TI9-Aziom of Countable Compact Choice, II{-AC,, c:
Va[Vn3y € Cly & Gain] — Iy € CVn[y!™ ¢ Goin]
Theorem 6.4. BIM FI19-AC,, ¢ — II{-AC,, 5.
Proof. The proof is almost the same as the proof of Theorem and is left to the
reader. O

We may conclude: TI9-AC,, ¢ is unprovable in BIM, see Subsection
The treatment of real numbers in BIM is sketched in Subsection [3.7

6.5. H?—Acw7[071]:
ValVn3s € [0,1][6 ¢ Hom] — 36 € [0,1]“Vn[6 ¢ Hon]].
Theorem 6.5. BIM - I1{-AC, ¢ +» H?-ACM[OJ].

Proof. First assume IT9-AC,, c.

Using Lemma [I[33 find o : C — [0, 1] and 9 : w* — w® such that
(1) V6 € [0,1]3y € C[d =r o|v] and
(2) YaVy € Cly € Gyja <> 0|y € Hal.

Let « be given such that Vn3d € [0,1][§ ¢ Hyin]. Then VYn3y € Cloly & Hain]
and Vn3y € Cly ¢ Gy(ain)). Find v in C such that Vn[y!™ & Gy am)].
Conclude: Vn[o|y!™ ¢ Hyin] and 36Vn[8!™ ¢ Hoin].

Now assume II9-AC,, o 1)-

Using Lemma [[34 find 7 : C — [0,1] and x : w* — w* such that
(1) Vv € CV0 € Cly # 6 — 7|y #r 7/|d], and
(2) YaVy € C[y € G < 7|y € Hy|o) and
(3) Vavs € [0,1]“Fy € CVn[6!" #r 7|(7") = 6™ € Hyj(aim))-
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Let a be given such that Vn3y € Cly & Goin].

Conclude: ¥n3y € C[7]y ¢ H,j(aim)] and: VnId € [0 1][5 & Hyj(aim)]-
Using I19-AC,, (9,1, find § in [0,1]“ such that Vn[ ¢ HX|(ar")]
Using (3), find 7 in C such that ¥Yn[0!"™ #x T|( ") = 0" € Hyj(atm))-
Conclude: ¥n[§!" = 7|(y!™)]], and, using (2): Vn[y! ¢ Gainl.
Clearly, 3y € CYn[y™ ¢ G, in].

7. CONTRAPOSITIONS OF SOME SPECIAL CASES OF AC,,

D —
The axiom AJ-AC, ,. implies A%-AC,, ,, and therefore LPO. Let us consider
an Aziom Scheme of Reverse Countable Compact Choice:

7.1. AC,c: Vy € CIn[R(n,y'™)] — InVy € C[R(n,7)].

In [32] it is shown that AC,, ¢ is a consequence of the First Axiom of Continuous
Choice AC_w , and FAN.

We now require the relation R to be X{ and obtain the X9-Aziom of Reverse
Countable Compact Choice:

%
7.2. XE9-AC,c: Va[vy € CIn[y!™ € Gyin] — In[C C Guin]).
We also introduce a strong negation:

7.3. —l(2-AC, ¢): Jalvy € CIn[yI™ € Gyin] A —In[C C Gl

We introduce a ‘real’ version:

74. B9-AC, o): YalVs € [0,1]“3n[6!" € Hain] = In[[0,1] € Hern]]-

and a strong negation:

%
7.5. —NE-AC, jo,1)): JalVé € [0,1]“In[6"™ € Hom] A =In[[0,1] € Hom]].
The treatment of real numbers in BIM is sketched in Subsection 3.7

Lemma 7.1. BIM pmves

(i) FT — £0-AC,, ¢ and —1(£9-AC,¢) — ~IFT.

(i) 0 m — 59-AC, o) and ~1(S9-AC, 1o.1)) — ~(£9-AC,, ¢)
(iii) £0 Xc—ou—m AC, and ~I(29-AC,, ) — ~I(29-AC,, 1))

Proof. (i We prove, in BIM: for each «, there exists 3 such that
Vy € C3n[y'™ € Gain] — Bare(Dg) and Im[Barc(D3,,)] — 3n[C C Gain].

The two promised statements then follow easily.

Let a be given. Define S such that, for every s,

B(s) # 0 <> (s € Bin A 3n < length(s)3p < length(s'™)[a!™ (s1"p) # 0]).

Assume: Yy € C3InIpla(y!mp) # 0.

Clearly Vv € C3n[B(7n) # 0], i.e. Barc(Dg).

Let m be given such that Bare (ng). Suppose there is no n < m such that
Bare(D—,,)- For each n < m, there exists u in Bin such that length(u) = m and
u does not meet Dyn. Let s be an element of Bin such that length(s) = m and, for
each n < m, s™ does not meet D,i». Note: s does not meet Dg. Contradiction.

Thus we see there must exist n < m such that every s in Bin,, meets Dgin.
Conclude: In[C C Gyin].

12The argument may be compared to the arguments for Lemma [5.3(i) and for Lemma [EHii).
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(ii)21 We prove, in BIM: for each «, there exists 8 such that
V6 € [0,1)“In[6" € Hyn] — Yy € CIn[y!™ € Ggin] and
In[C C Ggin] = In[0,1] C Hern].
Using Lemma [I3.3] find o : C — [0,1] and ¢ : w* — w® such that
Vo € [0,1]3y € Clo|y =r ¢] and YaVy € C[y € Gyja < 0]y € Hal.
Let a be given. Define 3 such that, for every n, 8! = 1|(al™).
Assume V6 € [0,1]“3n[6!™ € Hyin]. Then ¥y € CInfo|(y!") € Hoin] and
Vy € CIn[y'™ € Gyaim)] and: Vy € CIn[y!™ € Ggiu].
Let n be given such that such that C C Ggin = gw(arn).
Note: Vy € Clo|y € Hyin] and, therefore: [0,1] C Hyin.
(iii) We prove, in BIM: for each «, there exists 3 such that
Vv € CIn[(n,v(n)) € Eu] — V6 € [0,1]“In[0"" € Hpin] and
In[0,1] € Hpin] — InVi < 2[(n,i) € E,).
Let a be given. Define 8 such that ¥nVs € S[BI"(s) # 0 «>
<sl(a(i) =(n,0)+1 A " <glg) V (afi) =(n,1)+1 A 0g <g §)]].
Note Vn[((n,0) € Eq <+ [0,1) C Hgm]) A ((n,1) € Eq > (0,1] € Hgim)].
Assume: Vy € C3n[(n,v(n)) € E,], and § € [0,1]*.
Define ¢ such that Vnle(n) = pm[0g <@ (5"(m))/ \Y (5"(m))” <g lg]-
Define 7 in C such that ¥n[y(n) = 0 < (5”(5(71)))” <g lg]-
Note: Vnl[y(n) =1 — 0g <g 6"].
Find n such that (n,7(n)) € E, and conclude:
either: y(n) =0 and 6! <g 1g and [0,1) C Hgin, so 61" € Hyin,
or: v(n) =1 and Og <g §'™ and (0,1] C Hpgin, so, again, sln e Hain.
Conclude: V4 € [0,1]“3n[0!" € Hzin).
Let n be given such that [0,1] € Hgin. Conclude: Vi < 2[(n,i) € Eq]. O

3

<.

Theorem 7.2. (i) BIMFFT «+ £%-AC,, ¢ + E?-ACM[OJ].
PR G
(ii) BIMF =lFT « —!(X9-AC,,¢) ¢ ~{(X7-AC,, j0,1])-
Proof. These statements follow from Lemmas [Z.]] and O

8. ON THE CONTRAPOSITION OF TwWOFOLD COMPACT CHOICE

<—
We introduce a limited version of E?—ACW,C:

8.1. XE9-ACyc: Va[vy € CFi < 2[yI" € Goi] — Fi < 2[C C Goi]]-
This statement should be called the X9-Axiom of Reverse Twofold Compact
Choice. It is a contraposition of a special case of the following scheme:
Vi < 23y € C[R(i,)] — Iy € CVi < 2[R(i,~')).
and the latter scheme is provable in BIM.
For each «, we define the following statement, called LLPO%:
VelVp(2p = pmle(m) # 0] — Barc(Day)] V
Vpl2p + 1 = pml(m) # 0] — Bare (D))l
Lemma 8.1. (i) BIMF LLPO « Va[LLPO®].
(ii) BIM + X9-ACs ¢ + Va[Bare(D,) — LLPO?].
(iii) BIM + IIY-AC,, » - Va[Bar¢(D,) — LLPO®] — FT.
(iv) BIMFFT — £9-ACsc.

13The argument may be compared to the argument for the first half of Theorem
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Proof. (i) Assume LLPO and let a, e be given.
FEither Vp[2p # unle(n) # 0]] and, therefore, Ve[Vp[2p = pmle(m) # 0] — Barc(Dagp)],
or Vp[2p + 1 # unle(n) # 0]] and: Ve[Vp[2p + 1 = pmle(m) # 0] — Barc(Dap)].
We thus see: LLPO®.
For the converse, note: LLPO <> LLPOY.

(ii) Let « be given such that Bare(D,).
Using ¥{-AC5 ¢, we now prove: LLPO®.
Let € be given. Define 7 such that, for each p,

(1) if 0(2p +2) C e, then '°(p) = n'*(p) = a(p), and,
(2) if 2p = pmle(m) # 0], then Ym > p[n'°(m) =0 A n''(m) = a(m)], and
(3) if 2p + 1 = pmle(m) # 0], then Vm > p[n't(m) = 0

Note: if n!° # a, then /' = a.

Let 7 in C be given. Find n such that a(1%n) #
Either: 5/°(y10n) = a(y1%1) # 0,
or: 1% # o and 7' = & and Im[n" (y1'm) = a(y'm) # 0].

We thus see: Vy € C[y/° € G0 V 4t € G,n].

o .

Use 3§-AC; ¢ and find ¢ < 2 such that C C G, .

Assume: C C G, i, i.e. Bare(Dyi). Assume: 2p 4 i = pmle(m) # 0].
Note: ¥m > p[n!?(m) = 0]. Conclude: Barc(Dﬁp) and: Bare(Dap).
We thus see: Vp[2p + i = um[e(m) # 0] = Bare(Dap)].
Conclude: 3i < 2Vp[2p + ¢ = um[e(m) # 0] — Bar¢(Dayp)], i.e. LLPO®.

(iii) Assume Va[Bar¢(D,) — LLPOY].
Using IT9-AC,, 2, we now prove: FT.
Let a be given such that Bare(D,,) and, therefore, LLPO®.
Assume: s € Bin. Define € such that, Vi < 2Vn[e(2n+i) # 0 <> Barcnss iy (Dan))-
Using LLPO?, find ¢ < 2 such that Vp[2p + i = pm[e(m) # 0] = Barc¢(Dap)].
Assume we find n such that Barcns.(;y(Dan). Then £(2n +14) # 0.
Find p := pjle(y) # 0]. Find ¢ < n such that p = 2¢q or p = 2¢ + 1.
Bither p = 2q + i and Barc(Dgg), or p=2q+1 —i and Barcng.—i) (Dag)-
In both cases: Barengi(1—iy(Dan)-
We thus see: Vn[Barcns« (i) (Dan) — Barcase(1—iy(Dan)]-
Conclude: Vs € Bin3i < 2Vn[Barcnss(iy(Dan) — Barcassi—iy (Dan)]-

Now use H?—ACMQ and find « in C such that

Vs € BinVn[Barcnss(v(s)) (Dan) = Barcnssi—(s)) (Dan)]-

Observe that, for each s in Bin, for all n, if Barcnge(y(s))(Dan), then also
Bareasi(1—~(s))(Dan), and, therefore, Barcns(Dan)-

Define § in C such that, for each n, §(n) = v(6n). Find p such that a(dp) # 0 and
define n := dp+ 1. Note: Barcmgp(Dan). One may prove, by backwards induction:
for each j < p, Barg5;(Dgn). For assume j + 1 < n and Bargqg ;1) (Dan). As

e

0(j+1) = 6% (v(0j)), one may conclude: Barcqs ) (Dan). After n steps we obtain

the conclusion: Barc(Dgy).
Conclude: Ya[Bare(Dy) — In[Barc(Dan)]], i-e. FT.

<—
(iv) Assume FT. Use Theorem [7.2] and conclude: 39-AC,, ¢ and its corollary:
%
30 ACsc. 0
%
Theorem 8.2. BIM + ITY-AC,, » - X¢-ACy ¢ <> FT.

Proof. Use Lemma [R1] O
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8.1.1. Mark Bickford called my attention to the fact that X9-ACs ¢ occurs in [21]
§2] and is called there the separation principle SP.

After having proven FT — X{-ACy ¢, see our Lemma BII(iv), the author of [21]
gives a proof of FT — WKL!. She does so as follows.

Assume FT.

Let « be given such that Vn[-Bare(Dgy)] and

Vy € C[y10 L 4 — Ji < 23nfa(ylin) # 0]).

We intend to prove: 3y € CVn[a(yn) = 0].

Define a* such that Vs € Bin[a*(s) = 0 <> Vt C s[a(t) = 0]].

Using induction, we prove:

(x): Vn3ls € Bin,¥m > n3t € Binyp[s Tt A a*(t) =0]).

If n =0, then s = () satisfies the requirements.

Let n be given and let s be the unique element of Bin, such that

Vm > n3t € Biny[sCt A o*(t) =0].

Observe: Vv € C3i < 23n[a(s * (i) * y'n) # 0.

Using 39-ACs ¢, find j < 2 such that ¥y € CIn[a(s*

Using FT, find m such that Vy € C3n < m[a(s * (j)

Define p :=n 4+ 1 + m and note:

Vg > pVt € Bing[s * (j) C t — a*(t) # 0] and:

s* (1 — j) is the unique element u of Bin,11 such that

Vg>n+13t € BingluCt A a*(t) =0].

This completes our proof of (x).

Using (%) and I19-AC,, !, find § such that

Vnld(n) € Bin, A VYm > n3t € Bin,[0(n) Tt Aa*(t) =0]].

Note: Vn[§(n) C d(n+1) A o*(d(n)) = 0]].

Define 7 such that Vn[d(n) C ~] and note: v € C and Vn[a(7n) = 0].
The author of [21] quotes the result WKL! — FT, see our Theorem 2.6

%
She does not prove FT, or equivalently, WKL!, from X{-AC; ¢ and I19-AC,, ,,!.
Our proof of Theorem 2.7] shows that no choice is needed for a proof of
FT —» WKL

{3)*7n) # 0].
*7yn) # 0].

We introduce a ‘real’ version of £9-ACs c:
(_.—
8.2. Eg_ACQ,[O,l]:
Valvs € [0,1]23i < 2[6" € Hori] — Fi < 2[[0,1] € Hoi])-
Theorem 8.3. BIM - 2{-ACy ¢ E?-ACZ[OJ].

Proof. Using Lemma [I33 find ¢ : C — [0,1] and % : w¥ — w* such that
Vo € [0,1]3v[6 =r oly] and YaVy € C[y € Gy|o < 0|y € Hal-

First assume: X9-ACyc.

Let a be given such that V§ € [0,1)23i < 2[6"" € H,i:]. Define 3 such that,
for both ¢ < 2, ﬂ ' = 9|(a!?). Then Yy € CFi < 2[o|y!"" € Hyi] and, therefore:
Vv € C3i < 2[y!" € Ggr:]. Find i < 2 such that C C Ggri. Conclude: [0,1] C H,rs

e_—§

We nay conclude: El—ACQV[OJ].

%
Now assume: EQ—ACQ,[O,H.

Let a be given such that
Using Lemma [I34] find 7: C — [0,1] and x : w* — w* such that
(1) Vv € CV0 € Cly # 6 — 7|y #r 7/|d], and
(2) Va¥y € C[y € Ga > 7|y € Hyjo] and
(3) V6 €10,1]3y € C[6 #r 7|y — Va[d € Hyjal]-
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Let a be given such that Vy € C3i < 2[y!" € G,1i].
Let § in [0,1]? be given.
Find v in C such that Vi < 2[0!" #xr 7|(y/" L e Hyj(atiy)-
Find i < 2 such that y/* € G,
Conclude: 7|(v!%) € H,|q1i. Find s,n such that (x|a!?)(s) # 0 and (7|(y'*))(n) Cs
s.
Using Lemma [[3.2) find p such that either: 6'%(p) Cgs s, and, therefore: §* €
Hyl (o) _ .
or: 8" (p) #s (7](7""))(n), and, therefore, again: 6" € H,j(as).-
We thus see: V6 € [0,1]?3i < 2[61" € H,(011))-
(_.—&
Applying 29-ACs (o1}, find i < 2 such that [0, 1] CH
Conclude: Vv € C[T|y € Hy|(al)] and: C C Gy

(__—
We may conclude: E?-ACQ,C. O

x|(alt):

%
Corollary 8.4. BIM +II?-AC, > - FT < X0-AC, [ ;.
Proof. Use Theorems and B3] O

8.3. Some logical consequences.
In this Subsection, we want to formulate the result of Theorem in model-
theoretic terms and draw an even sharper conclusion.
For every ¢, we define a proposition Prs, as follows: Prs := 3n[d(n) # 0].
Tarski’s truth definition makes sense intuitionistically as well as classically.
For every structure 20 = (A4, ...), for every sentence ¢ in the elementary language
of the structure 2, we write:
Ak
if the sentence ¢ is true in the structure 2.
More generally, for every structure 2 = (4, ...), for every formula
© = (X0, X1, - . ., Xn—1) in the elementary language of the structure 2,
for all ag,a1,...,a,—1 in A, we write:

2A ': 50[0’07&15 .. '7an71]

if the formula ¢ is true in the structure 2, provided we interpret the individual
variables Xg, X1, ...,Xn—1 by ag, a1, ...,an—_1, respectively.

Theorem 8.5. The following statements are equivalent in BIM:
(i) Ya[(C,Gqto, Pron) E WX[P(x) V Al = (WX[P(x)] V A).
(i) Ya[(C,Gar0,Gat) E YX[P(X) V Q(x)] — (VX[P(X)] vV X[Q(X)]).
Proof. (i) = (ii). Let « be given such that (C,Gyt0,Gu1) | WX[P(x) V Q(X)].
Note: (C,garo,gan) ': VX[ ( ) \% Ely[Q( )]]
Define 3 such that 8% = al® and Vn[3'(n) # 0 < (a!'(n) # 0 A n € Bin)].
Note: (C,Ggio, Prgin) = ¥x[P(x) V A}, and thus, accordmg to (i):
(C,Ggr0, Prain) = Vx[P(x)] V A, and, therefore: (C,Gq10,Gy11) F VX[P(x)] V IX[Q(x)].
(ii) = (i). Let « be given such that (C,Gyto, Pryi) |: Wx[P(x) Vv Al.
Define 3 such that 81 = !® and Vn[B! (n) # 0 > (3i < n[a''(i) # 0] A n € Bin)].
Note that, for each v in C, v € Ggn if and only if Pryn.
Therefore, (C,Gg10,Ggin) |:Vx[ (x) V Q(x)] and, according to (ii)
(C,Ggro gﬁn) E Wx[P(x)] V 3X[Q(X)], and thus: (C,Gqt0, Pron) EWX[P(X)] VA, O

For each «, we define the following statement:
LPO® : Ve[Vp[0(2p + 2) L € — Barc(Dap)] V Infe(n) # 0]].

Lemma 8.6. (i) BIM - LPO — Ya[LPO"].
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(ii) BIM k- Ya[LPO® — LLPO].

Proof. (i) Given any ¢, by LPO,
either € = 0, and, therefore Vp[0(2p + 2) L e = Bare(Dgp)], or Inle(n) # 0].
(ii) Let « be given such that LPO“. We have to prove, for all ¢, either
Vp[2p = pumle(m) # 0] = Barc(Dap)] or Vp[2p+1 = pmle(m) # 0] — Bare(Dap)].
Let € be given. Use LPO® and distinguish two cases.
Case (1). Vp[0(2p +2) L e — Barc(Dzp)].
Then Vp[2p = pumle(m) # 0] — Bare(Dayp)], and also
Vp[2p + 1 = uple(m) # 0] = Bare(Dap)].
Case (2). Inje(n) # 0]. Define m := pnle(n) # 0].
Find g such that m = 2q or m = 2¢ + 1.
If m = 2q + 1, then Vp[2p = umle(m) # 0] — Bare(Dap)]-
If m = 2q, then Vp[2p + 1 = umle(m) # 0] — Barc(Dap)].
Conclude: LLPO®. (|

Theorem 8.7. The following statements are equivalent in BIM + IIY-AC,, -

[ 10, Gan) = VX9Y[P(x) V Q(y)] = (W[P(x)] vV Vy[Q(y)])]-
a{( ,Gato, Py )):vx[ (x) VA] = (W[P(x)] v A)].

Proof. (1) = (ii). Note that, in BIM + I19-AC, 5, FT implies 3%-ACy c:
Va[vy € CFi < 2[y!" € Gu1i] — Ji < 2[C C Goi4]], see Theorem B2
(i) = (iii). Let a be given such that (C,Guto, Pron) = WX[P(x) V Al, i.e.
Vy € CIndi < 2[al (*yn)#() vV all(n) #0)].
Define 3 such that 31° 0 and VnVs € Bin,[B(s) = all(n)].
Note (C,Gg10,Gg1) = VxVy[ (x) V Q(y)] and conclude using (i),
(€, Gpi0,Ggn) = VX[P(] vV WY[Q(y)] and (C, Garo, Pran) = Vx[P(x)] V A
(iii) = (iv). Assume (iii).
Let a be given such that Bare(D,). We have to prove: LPO®.
Let € be given.
Define 7 in C such that n!! = ¢, and, for each p, if 0(2p+2) C ¢, then 7'%(p) = a(p),
and, if 0(2p+2) L €, then /%(p) = 0. Note: if n!° # «, then In[e(n) = 't (n) # 0].
Let 7 in C be given. Find n such that a(7n) # 0.
Either: 7°(yn) = a(yn) # 0 or: 7!® # a and Im[n| 1(m) # 0).
We thus see: Yy € C[(3n[n'°(Fn) # 0]) v 3m[n't(m) # 0])].
Use (iii) and conclude: Vv € CIn[n!°(Fn) = 1] v Imn'(m) # 0].

Assume: Vv € C3n[n'%(yn) # 0], that is: Barc(D,0). Let p be given such that
0(2p+2) L e. Note Vm > p[n'°(m) = 0]. Conclude: Barc(DWp) and: Barc(Dgp)-
We thus see: Vp[ﬁ(Qp +2) L e — Barc(Dgp)].

Assume: 3n[n't(n) # 0], Then, of course: Inle(n) # 0].

We thus see: Ve[0(2p +2) L ¢ — Bare(Dgp)| V Inle(n) # 0]], i.e. LPO.

(iv) = (i). Use Lemma [B0](ii) and Theorem [R2Xiii). O

The sentences mentioned in Theorems and R are true in every structure
({0,1,...,n}, P,Q, A) where n is a natural number, P, are arbitrary subsets of
{0,1,...,n} and A is an arbitrary proposition, that is, these sentences hold in every
finite structure. They sometimes fail to be true in countable structures, as appears
from the next two theorems.

Theorem 8.8. The following statements are equivalent in BIM.

(i) LLPO.
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(if) Va[(w, Daro, Dan) = YxYy[P(x) V Q(y)] = (Vx[P(x)] v Vy[Q(y)])-

Proof. (i) = (ii). Let « be given.
Define 3 such that VpVi < 2[3(2p +i) = 0 < ali(p) # 0].
Assume: (w, Dgyro, Dyin) = WXWY[P(x) V Q(y)]. Conclude: VpVg[B(2p) = 0 V
B(2g+ 1) =0]. Apply LLPO and distinguish two cases.

Case (1). Vp[2p+1 # pm[B(m) # 0]]. Assume we find p such that S(2p+1) # 0.
Determine ¢ such that ¢ < p and 5(2¢q) # 0. Contradiction.

Conclude: Vp[B(2p + 1) = 0] and: D n = w.

Case (2). ¥p[2p # um[ﬁ( ) ;é 0]]. Then, for similar reasons: D,to = w.

In both cases: (w, D, 1) E WX[P(x)] V Wy[Q(y)].

(ii) = (i). Let a be given. Deﬁne (3 such that, for each p, for both i < 2, 3" (p) =
0 if and only if @(2p + i) = 0(2p + i) and «(2p + i) # 0. Note: (w,Dgio, Dgn) =
Vx¥y[P(x) V Q(y)]. Conclude: (w,Dgro, Dgin) = ¥x[P(x)] V Yy[Q(y)].

Either: (w, Dgro, D) f= Vx[P(x)] and: Vp[a(2p) = 0(2p) — «(2p) = 0],
or: (w,Dgio, Dgn) = Vy[Q(y)] and: Vp[a(2p+1) =0(2p+ 1) = a(2p+ 1) = 0].
We thus see: LLPO. g

Theorem 8.9. The following statements are equivalent in BIM.
(i) LPO.

(ii) Val(w, Daro, Dair) = WX[P(x) V Q(x)] = (W[P(x)] v 3x[Q(x)])-
(iii) Va[(w, Dyro, Pron) = Vx[P(x) V A] — (Yx[P(x )]\/A)

Proof. (i) = (ii). Let a be given such that (w, Dgo 1) E W[P(x) VQ(x)], i
Vn[al®(n) 7é 0 Vv alt(n) #0]. Using LPO, distingmsh two cases.
FEither Vn[ 9(n) # 0] and ( Do, Dyin) |: Vx[ ( )]

or 3n[a®(n) = 0] and Infal (n) £ 0] and («, Do, Dors) = Q0]
(ii) = (i). Let « be given. Define 3 such that Vn[ O(n) = 0 < a(n) # 0] and
81 = a. Note: vn[81%(n) £ 0 V Bi(n) £ 0], i
(w, Dgro, Dgin) = Vx[P(x) V Q(x)]. Use (ii) and distinguish two cases.
Either (w, Dgio, Dgin) = Vx[P(x)] and ¥n[a(n) = 0],
r (w, Dgio, Dgi) = IX[Q(x)] and Infa(n) # 0].
We thus see: LPO.
(i) = (iii). Let a be given such that (w, Dyto, Pron) E YX[P(x) V A], i
Vn[a!l®(n) #0 Vv 3m[alt(m) # 0]] Using LPO, distinguish two cases.
Fither Vn[ 19(n) # 0] and (w, Dyto, Proin) ):Vx[ (x)],
or In[a!(n) = 0] and Im[a'(m) # 0] and (w, Do, Pron) = A.
(iii) = (i). Let a be given. Define /5 such that Vn[ﬂ(n) =0+« a(n) #0].
Note: Vn[B(n) #0 V a(n) # 0], that is, (w, Dg, Pra) = ¥x[P(x) V Al.
Use (iil) and distinguish two cases.
FEither (w, Dg, Pro) | VX[P(x)] and Vn[B(n) # 0] and VYn[a(n) = 0],
r (w, Dg, Pry) = A and 3nja(n) # 0.
We thus see: LPO. d

8.4. A note. According to Theorem B.7(iii), BIM + IT19-AC,, » proves that FT is
equivalent to:

For all o, if ¥y € CIn[a!®(Fn) # 0V all(n) £ 0],

then either ¥y € CInla!®(Fn) # 0] or In[alt(n) # 0].

One might ask if BIM+II?-AC,, 2 proves that —!FT is equivalent to the following

statement:

There exists a such that ¥y € C3In[a!®(Fn) # 0V alt(n) # 0] and

-y € CIn[a'®(Fn) # 0] and o' =0,
ie.
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(x): There exists o such that
Vv € CIn[a(yn) # 0] and =V~ € CIn[a(Fn) # 0].
The formula (x) is an outright contradiction!

9. THE DETERMINACY OF FINITE AND INFINITE GAMES

We consider games of perfect information for players I, II. First finite games,
then games with finitely many moves where the players may choose out of infinitely
many alternatives, and then games of infinite length. In the last Subsection we
prove: in BIM, FT is an equivalent of the Intuitionistic Determinacy Theorem:
every subset of (w x 2)% is weakly determinate.

9.1. Finite games.
9.1.1. Finite Choice and a contraposition of Finite Choice.
Lemma 9.1. BIM proves the following scheme:
Ym[¥n < m[A(n) vV B] = (Vn < m[A(n)] V B)]
Proof. The proof is straightforward, by induction. O

Lemma 9.2. BIM proves the following schemes:
(i) Vk[Vn < k3Im[R(n,m)] — 3s¥n < k[R(n, s(n))]].
(i) VEVI[Vs: k — 13n < k[R(n, s(n))] = 3n < k¥m < [[R(n,m)]].

Proof. (i) The proof is by induction on k and left to the reader.

(ii) The proof is by induction on k and uses Lemma Note that there is
nothing to prove if £ = 0. Now assume the statement holds for a certain k.
Assume Vs : (k4 1) — 13n < k + 1[R(n, s(n))]. Note:

Vj <1Vs:k —I[3n < k[R(n,s(n))] vV R(k,j)],
and, therefore, by Lemma [0.1t
Vj <UR(k,j) V Vs:k—13n <k[R(n,s(n))]].
Using the induction hypothesis, we conclude:
Vi <I[R(k,7)] V In < k¥m <I[R(n,m)],
that is: In < k + 1Vm < l[R(n, m)]. O

9.1.2. Finite games. We want to study finite and infinite games for players I and
IT of perfect information. We first consider finite games: there are finitely many
moves, and for each move there are only finitely many alternatives.

Assume X C w. Let n,l be given such that [ > 0.
Players I and II play the I-game for X in Seq(n,l) and the IT-game for X in
Seq(n, 1) in the same way, as follows. First, player I chooses ig < I, then player IT
chooses i1 < I, and they continue until a finite sequence (ig,41,...,i,—1) of length
n has been formed. Player I wins the play (io,i1,...,in—1) in the I-game for X if
and only if (ig,i1,...,in—1) € X. Player II wins the play {(ig,i1,...,in-1) in the
II-game for X if and only if (ig,i1,...,i,—1) € X.

We define ¢ such that, for all n, for all [ > 0,

p(n,l) = pavi < n¥e € Seq(i,l)[c < al.
Every number coding a position in Seq(n, 1) that is not a final position is smaller
than ¢(n,1).
We define 4 such that, for all n, for all [ > 0,

p(n,l) := pavs € Seq(p(n,1),1)[s < a].
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When studying games in Seq(n,l) it suffices to consider strategies s, ¢ for player
I, II, respectively, such that s,t < 1p(n,1).
The reader should consult Subsubsection for some of the notations we are
going to use, like ‘€;” and ‘€y;’.
We define: X C w is I-determinate in Seq(n,l), Det{qeq(nﬁl)(X),
if and only if Vt < ¢(n,l)3clc €11t A ¢ € X] — TsVe € Seq(n,l)[c €1 s = ¢ € X],
and: X C w is II-determinate in Seq(n,l), Detéiq(nﬂl)(X),
if and only if Vs < 4p(n,l)3clc €7 s A ¢ € X]| — TtVe € Seq(n,l)[c €11t — ¢ € X].

Theorem 9.3 (Determinacy of finite games). Let X C w be given.
For every | > 0, for every n, Dﬂféeq(n,z)(X) and Det{gleq(nyl)(X).

Proof. Let X C w and [ > 0 be given.

For every u, we define: X, :={ccw|uxce X}.

We intend to prove a statement seemingly stronger than the statement of the
theorem:

(%): for every n, for every u, Det{geq(n’l)(Xu) and Det{gleq(n,l)(Xu).

The proof is by induction on n. If n = 0, then, for every u, the statements:
Xy, is I-determinate in Seq(0,1) and: X,, is II-determinate in Seq(0,1) both assert:
if () € Xu, then () € Xy, and thus are obviously true.

Now assume the statement (x) has been established for a certain n. We prove
that (x) is also true for n 4 1.

Let u be given.

First, assume: V¢ < ¥(n+1,0)3c[c €17 t A ¢ € X, or, equivalently [

Vit <p(n+1,0)3k < 3clcer tF A (k) xc € X,].

Note: Vk < IVc[(k) * c € Xy ¢ ¢ € Xyu(ry)-

Conclude: Vt : 1 — 1p(n,1)3k < 13c[c €1 t(k) N c € Xyuiryl-

Use Lemma [0.2(ii) and find k£ < [ such that Vs < 4 (n,l)3c[c €1 s A ¢ € Xyum)]-

Use the induction hypothesis and find ¢ < 4 (n, 1) such that

Ve € Seq(n,l)[cerrt = c € Xyl

Define s < 1p(n + 1,1) such that s({)) = k and s'* = ¢.

Note: Ve € Seq(n+ 1,1)[c €1 s = ¢ € X,].

We thus see that X, is I-determinate.

Next, agssume: Vs < @p(n + 1,1)3clc €1 s A ¢ € X,], or, equivalently:
Vs < ap(n+1,0)3clc €17 s A (s(()) *c € X,).

Note: Vk < IVt < p(n,1)Is < P(n+ 1,0)[s(()) =k A sk =1].

We thus see: Vk < IVt < @p(n,l)3clc €1t N (k) xc € X,].

Note: Yk < IVc[(k) * c € Xy ¢ ¢ € Xyu(ryl-

Conclude: Yk < IVt < ap(n,l)3Iclc et N c€ Xyl

Use the induction hypothesis and conclude:

Vk <135 < v(n,l)Ve € Seq(n,l)[c €1 s — s € Xyuiiy]-

Use Lemma 0.2)(i) and find ¢ < ¢(n + 1,1) such that

Vk < IVc € Seq(n,l)[c €1 t™* = ¢ € Xyupy)-

Note: Ve € Seq(n+ 1,1)[c €11t — c € X,].

We thus see that X, is I/-determinate. O

9.1.3. Comparison with the classical theorem. Note that, in classical mathematics,
the I-determinacy of finite games is stated as follows:
For every X C w, for every [ > 0, for every n,
either: 3t < (n,l)Ve € Seq(n,l)[c €1t — ¢ ¢ X],
or: 3s < YP(n,l)Ve € Seq(n,l)[c €1 s = c € X],

14For the notation t!k . see Subsection [3.41
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that is: either player II has a strategy ensuring that the result of the game will
not be in X, or player I has a strategy ensuring that it does.

Taken constructively, this statement fails to be true already in the case n = 0,
because it then implies: for every subset X of {( )}, either () ¢ X or () € X, and
therefore, for any proposition P, =P V P, the principle of the excluded third.

9.2. Infinitely many alternatives.

9.2.1. Infinitely many alternatives for player I1.

Let X C 2 X w be given. Players I and II play the I-game for X in 2 X w in the
following way. First, player I chooses ¢ < 2, then player I1 chooses n and the play
is finished. Player I wins the play (i,n) if and only if (i,n) € X.

We define: X is I-determinate in 2 x w, Deth (X)), if and only if

Vide € 2 xwlc €t A c€ X| — Js < 2Vn[(s,n) € X].
Theorem 9.4. BIM |- Va[Det}, (D,)] <+ LLPO.

Proof. This Theorem is a reformulation of Theorem [R.8
In order to see this, make two observations:

(i) Note that, for each «, there exists 8 such that

Det}y,(Da) <+ (w, Dgio, Dgin) = x9y[P(x) V Q(y)] = (W[P(x)] v ¥y[Q(y
Given «, define 3 such that, for each n, 81°(n) = a((0,n)) and B (n) = af

(ii) Note that, for each a, there exists 3 such that

((«w, Dato, Da1n) = ¥x¥y[P(x) V Q(y)] = (W[P(x)] V ¥y[Q(Y)])) ¢ Detjy,(Dp)-
Given a, define 3 such that, for each n, 8((0,n)) = a®(n) and B((1,n)) = at(n). O

9.2.2. Infinitely many alternatives for player I.

Let X C w x 2 be given. Players I and II play the I-game for X in w x 2 in the
following way. First, player I chooses a natural number n, then player I chooses
a number ¢ from {0,1}. Player I wins the play (n,?) if and only if (n,i) € X.

Note that a strategy for player I in such a two-move-game coincides with his first
move and thus is a natural number. A strategy for player I, on the other hand, is
an infinite sequence 7 in C that expresses player II’s intention to play 7({n)) once
player I has brought them to the position (n).

We define: X C w x 2 is I-determinate in w x 2, Detl ,(X), if and only if:

VrelCdecewx2cent A ce X]— 3AsVi < 2[(s,i) € X].
Theorem 9.5. BIM i Va[Detl  ,(D,)].

Proof. Let a be given. Assume: V7 € C3In[(n,7({n))) € D,]. Find 7 in C such
that Vn[T((n)) = 1 > (n,0) € Dy]. Find n such that (n,7({(n))) € D,. Note:
T((n)) =1 and Vi < 2[(n,i) € Dy]. O

We define: X C w x w is II-determinate in w x w, Det’l (X)), if and only if:
Ym3an[(m,n) € X]| — IrVm[(m,7((m))) € X].

Theorem 9.6. BIM I Va[Detll (E,)].

Proof. Let « be given such that Vm3n[(m,n) € E,], that is

VYm3n3pla(p) = (m,n) +1]. Find v such that Vm[a(y' (m)) = (m,~"(m)) + 1].

Define 7 such that Vm[7({m)) = 4" (m)]. O

We define: X C 2 x w is I1-determinate in 2 x w, Deti! (X)), if and only if:
Vm < 23n[(m,n) € X| — FtVm < 2[(m,t({(m))) € X].

Note: BIM proves the scheme Det! (X).
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9.2.3. Longer games. We also consider games in which players I, IT make more than
one move. Which of those games are determinate from the viewpoint of Player 7
Because of Theorem [0.4] we restrict ourselves to games in which player I has, for
each one of his moves, countably many alternatives, whereas player I1 always has
to choose one of two possibilities.

For every n, for every X C (w x 2)", we define:

X is I-determinate in (w x 2)", Det(,x2)»(X), if and only if

VreCaclcerr T N ce X]— 3IsVee (wx2)cer s —ce X].

This definition extends in the obvious way to subsets X of (w x 2)" X w.

9.3. Infinitely many moves. We also want to consider games of infinite length.
We imagine players I, I to build together an infinite sequence v in w*, as follows.
First, player I chooses v(0), then player II chooses (1), then player I chooses
~(2), and so on.
We define a number of notions of determinacy.
X C (w x 2)¥ is I-determinate in (w x 2)“, Det{ww)w (X), if and only if
VreCyyent AN vyeEX] = IoVy e (wx2)ye€ro—veX].
X C (w x 2)¥ is finitely I-determinate in (w x 2)¥, *Det(IwXQ)w (X) if and only if
VreCIy|yenT AN yEX] = IsVy e (wx2)¥yers—veX]
X C C is I-determinate in C, Detl(X), if and only if
VrelCIylyent ANyeX]—>ToelCVyellyero—yeX].
X C C is finitely I-determinate in C, *Deté (X), if and only if
VreCIyyent ANyeX]—Ise BinVyelClyers— v e X].
X C Cis II-determinate in C, DetF' (X), if and only if
VoeCIyyero AN yeX]|—>3IrelVyellyenT—veX].
X C C is finitely I1-determinate in C, *Detl! (X), if and only if
VoeCayyero N vyeX]—TteBinvyelClyent— e Xl

We are going to study the following statements:

¥9-Det! ,: Ya[Det!(E,)).
A?_DEtL{)XQXw: VO‘[D@t({;xzxw(Da)]-
AY-Det{,gym: Va[Det{,y 0m(Da)].
E?-Det{wxmwi Va[DetwaQ)w (Ga)l-
S0 Dty al- Dl (G0
0-Detl: VaDett(Ga)).
»0- *Deté: Va[*Deté(ga)].
0-Detl: ValDetl! (G,)].
¥9- * Detl!: Va[* Detl! (G,)].
Each of the above formulas X has the form: Va[P(«) — Q(«)]. For each of

these nine formulas X, we define the statement —! X, the strong negation of X, as
follows:

=X = =l(Va[P(a) = Q(a)]) :==Fa[P(a) A —Q(a)].
Note that these strong negations contain the negation symbol —, a possibility we
mentioned in Subsection [[4]
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Note that the symbol —! is used as a metamathematical notation, not as part of
the language of BIM. One should also not consider —! as the name of a syntactical
operation on formulas.

9.4. Simulating a game in (w X 2)¥ by a game in C. From the point of view
of player I, a game in (w x 2)* may be simulated by a game in Cantor space C.
Where player I would play n in (w x 2)*, he will play n times 0 and one time 1 in
C. So he plays the finite sequence On * (1). Every time he plays 0, he makes what
we call a postponing move. Player I] has to react, in C, to these postponing moves
of player I, but these reactions do not matter. As soon as player I plays 1 and
completes On * (1), player I gives, in the play in C, the answer he would give to
player I’s move n in (w x 2)¥. The reader should keep this in mind when reading
the following definitions.
Define Hal fbin := (w x 2)<% U ((w x 2)<¥ x w) = J,{7n | v € (w x 2)“}.
Define mp;y such that
1. mpin((}) = (), and, i
2. for each ¢, if length(c) is even, then, for each n, Tpin (cx(n)) = Tpin(c)*02n* (1),
and, for both i < 2, wpin(c * (n,1)) = Tpin(c * () * ().
The function 7rp;,, associates to every position in Hal fbin a position in Bin.
Note that, for each ¢, length(mpin(c)) > length(c).
Define ppin in w® such that
L pein(()) = (), and,
2. for each d in Bin, if length(d) is even, then
Ppvin(d *(0)) = ppin(d * (0,0)) = pbin(d * (0,1)) = pin(d), and
3. for each d in Bin, if length(d) is even, then ppin(d * (1)) = ppin(d) * (n), and,
for both i < 2, ppin(d* (1,7)) = prin(d) * (n,), where n satisfies:
either: 2n = length(d) and Vi < n[d(2i) = 0], or:
for some k > 0, length(d) = 2k+2n and d(2k—2) = 1 and Vi < n[d(2k+2i) = 0].
The function pp;, associates to every position in Bin a position in Hal fbin.
Note that, for every ¢ in Hal fbin, ppin © Tein(c) = c.
Note that, for each ¢ in Hal fbin, length(c) is even if and only if length (mn-n(c))
is even.

Lemma 9.7. The following is provable in BIM.
For each «, there exists B such that

VreCIlye (wx2)¥yemnT ANy€eGy] = VrelCIdeClderr™ A 6 €Gg)and

JoVs €Cld €10 — € Gg] = FoVy € (w x 2)*[y €1 0 — v € G,] and
AsVo €Cléd €1 s =6 € Gg] = AsVy € (w x 2)*[y €1 s = v € Ga.

Proof. Let a be given. Define 8 := a0 ppin.

Assume Vr € CIy € (w x 2)¥[y €11 7 A v € Gal.

Let 7 be given as a strategy for player I1 in C.

We want to prove: 36 € C[d €11 7 A 6 € Gg).

To this end, we define 71 as a strategy for player IT in (w x 2)*. We define 7' on
all positions in Hal fbin of odd length, by induction on the length of the position.
It suffices to define 71 on positions ¢ satisfying the condition: ¢ €77 71.

We shall take care that, for each ¢ in Hal fbin, if ¢ €77 71, then there exists d in
Bin such that ppin(d) = cand d €17 7.

We first define 71 on positions of length 1.

Let n be given. We have to define 77((n)).

Find d in Bin such that length(d) = 2n+ 1 and d €77 7 and d(2n) = 1 and
Vi < n[d(2i) = 0]. Define 77((n)) := 7(d).
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Note: ppin(d) = (n) and ppin (d * (1(d))) = (n,77((n))).

Now assume k > 0. Let ¢ in (w x 2)* be given such that ¢ €77 7.

Let n be given. We have to define 71(c * (n)).

First find d in Bin such that d €77 7 and ppin(d) = ¢. Find I := length(d). Find
e in Bin such that d C e and length(e) =1+ 2n+1and e €77 7 and e(l +2n) =1
and Vi < nfe(l + 2i) = 0]. Note: ppin(e) = c* (n). Define 7 (c x (n)) := 7(e).

Note: puin(€) = ¢ * (n) and ppin (€ * (7(€))) = c* (t7(c)).

This completes the definition of 1.

Now find v in (w x 2)% such that v €;7 71 A v € G,.

Note: Vnad € Bin[d €11 7 A ppin(d) =7n].

Note: Vd € BinVe € Binl[(d €117 N e €11 7) — (d C e ppin(d) C pbm(e))].

Using this fact, construct ¢ in C such that § €77 7 and VnIm[Fn = ppirn (6m)].

Find n such that 7n € D,.

Find m such that 7n = ppin (6m).

Note: Fn = ppin(6m) € D, and: ém € Gs and: 6 € G3.

We thus see: Vr € CI§ € C[d €11 7 A 6 € Ggl.

Now assume 3oV € C[0 €7 0 — § € Gg].

Find o such that V6 € C[0 €7 0 — 6 € Gg].

We define o* as a strategy for player I in (w x 2)* such that, for each ¢ in
Halfbin, if ¢ €1 o*, then either pin(c) €1 0 or Je C cle € D,].

We first define o*(( )).

Define § in C such that § €7 ¢ and Vi[§(2i+1) = 0]. Find m such that 3(dm) # 0
and distinguish two cases.

Case (a). In[2n < m A §(2n) = 1]. Define: ng := pn[d(2n) = 1] and
o*({)) := ng. Note (ng) €7 0* and Tpin((no)) = 0(2n0) * (1) = 6(2ne + 1) €1 0.

Case (b). Vn[2n < m — 6(2n) = 0]. Conclude: ppin(dm) = () and B(()) # 0
and also a(( )) # 0. Define: o*(()) := 0. Note: (0) €7 o* and Je = (0)[e € D,].

Now assume k > 0. Let ¢ in (w x 2)* be given such that ¢ €; o*. We have to
define o*(c).

We distinguish two cases.

Case 1. Je T cle € D,]. We then define o*(c) := 0. Note: Je T c* (0)[e € Dy].

Case 2. =3e C c[e € D,]. Then mpin(c) €1 0.

Note: length (m,,-n(c)) is even and find [ such that 2] := length(ﬂbm(c)).

Define ¢ in C such that § €7 o and mwpin(c) C § and Vi[2i+1 > 21 — §(2i+1) = 0].
Find m such that B(0m) # 0 and distinguish two cases.

Case (2a). In2l <2n < m A 6(2n) =1].

Define: ng := pn[2l < 2n <m A 6(2n) =1] and o*(c) :==ng — L.

Note ¢ * (ng — 1) €7 o* and Tpin(c * (ng — 1)) = mpin(c) * 0(2ng — 20) * (1) =
0(2no+1) €1 0.

Case (2b). ¥Yn[2n < m — §(2n) = 0]. Conclude: ppin(6m) = ¢ and B(6m) # 0
and a(c) = B(6m) # 0. Define: o*({)) := 0. Note: c*(0) €7 ¢* and Je C c*(0)[e €
D,].

This completes the definition of o*.

Now assume v € (w x 2)* and v €7 ¢*. Find § € C such that Vn[mpin (1) C ).
Find € in C such that such that € €; ¢ and, for each n, if on €; o, then Zn = én.
Find m such that Em € Dg and distinguish two cases.

Case (x). dém = &m. Conclude: dm € Dg and Pbin(6m) € Dy and v € G,.

Case (). 6m # &m. Then ém ¢ o and Tpin(Fm) ¢1 0 and Je = Fmle € Dy).
Conclude: v € G,.

We thus see: Vy € (w x 2)¥[y €7 6* — v € Ga]-
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Assume 3sV§ € C[§ €7 s — € Gg].

Find s such that V6 € C[0 €7 s — § € Gg]. Consider p := length(s). Find ¢
such that, for all ¢ in Hal fbin, if ¢ > q, then mpin(c) > p. Define s* such that
length(s*) = g, inductively. For each ¢ < ¢ in |J,(w x 2)¥ such that ¢ €; s*, s*(c)
is defined just as, in the previous paragraph, where we were given o € C, 0*(c) was
defined, for each ¢ in (J(w x 2)¥ such that ¢ €7 o*.

One then may prove: Vy € (w x 2)¥[y € 8* = v € G,]. O

Lemma 9.8. One may prove the following statements in BIM.
TR { e
(i) X9-Detl o — B9-AC,, 2 and =!(B9-AC,, 2) — ~I(29-Detl»).

(i) AY-Detl oy, — B9-Detl, o and =1(29-Detl ;) — —1(AY-Detl ,..,)-
(ii) Vm[Al-Det{,oym] — AY-Detl, o, and

ﬂ!(A?—Detiwxw) — Em[—'!(A?—Det{wm)m)].
(iv) Vm[E?-Detfww)w — A?-Detfww)m A
SI(A-Det{,aym) — —1(Z9-Det{,,y)0)].
(v) 29-Detl — Eg—Det{wm)w and —d(Z?—DetwaQ)w) — —I(X9-Detl), and
29-*Detl — 29- *Det(IwXQ)w and —!(29- *Det(IwXQ)w) — =I(Z9- * Detl).
(vi) Z9-Detl! — 29-Detl and =/(29-Detl) — =1(29-Detl!), and
29-*Detl! — 29 Detl and —1(29-* Detl) — —!(29-* Detl!).
(vii) FT — X9-*Detl! and =!(X9-* Detl') — —IFT.
Proof. (i) We prove: given any «, one may construct 8 such that
Vv € CIn[(n,y(n)) € Es] — V7 € C3n[(n,7(n)) € Eg] and
In[(n,0) € Eg A (n,1) € Eg] = 3n[(n,0) € E4 A (n,1) € E,].
The two promised conclusions then follow easily.
Given «, define g such that VnVi < 2[a(p) = (n,i) + 1 + B(p) = (n,i) + 1] and
Vp[-InTi < 2[a(p) = (n,i) + 1] — B(p) = 0].
Clearly, 3 satisfies the requirements.

(ii) We prove: given any «, one may construct S such that
V7 € Can[(n,y(n)) € Ey] — V7 € CInIp[(n, 7(n),p) € Dg] and

InVi < 23p[(n,i,p) € Dg] — InVi < 2[(n,i) € E,].
The two promised conclusions then follow easily.

Given «, define 8 such that VnVi < 2Vp[3((n,i,p)) # 0 < a(p) = (n,i) + 1].
Note: VnVi < 2[(n,i) € E, <> Ip[(n,i,p) € Dgl].

Clearly, 3 satisfies the requirements.

(iii) Note: AY-Det{,,, 92 — AJ-Detl, 5., and

—I(AY-Det! ) = ~I(A-Det,,,0)2).

WX2Xw

(iv) Let m be given. We prove: given any « one may construct § such that
VreC3ce (wx2)™[cerr 7A€ Dy] = V1 €CIy € (wx2)*[y €11 7 Ay € Gg and

doVy € (wx2)?y€ro—v€Ggl = 3AsVe € (wx2)"[cers—ce Dy

The two promised conclusions then follow easily.

Given a, define 3 such that Vs[8(s) # 0 > (s € (w x 2)™ A a(s) # 0)].

Observe that, if V7 € C3c € (w X 2)™[c €11 T A c € Dy], then
VreCIyeCly et A B(F(2m)) #0], that is: V7 € CIy € Cly €11 7 A v € Gg).

Let ¢ in C be given such that Vy € (w x 2)¥[y €1 ¢ — In[B(Fn) # 0]].
Conclude: Vy € (w x 2)“[y €7 0 — a(8(2m)) # 0].
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Find N such that Ve € |J,, <o, w"[c €1 ¥ — ¢ < N| and define s := GN.
Conclude: Ve € (w x 2)™[c €7 s — ¢ € Dg].
We thus see that [ satisfies the requirements.

(v) For each a, one may construct 3 such that
VreCIye (wx2)*yernT ANy€eGy] =VrelCIdeClderr™ A 6 €Gg)and

JoVd €Cld €1 0 = § € Gg] — ToVy € (w x 2)¥[y €1 0 — v € G,] and
AsVo € Cléd €1 s = 6 € Gg] = AsVy € (wx 2)*[y €1 s = v € Ga.
The proof has been given in Lemma
The promised conclusions follow easily.

(vi) We prove: given any «, one may construct S such that
Vo € C3c€ Bin[c€ro A a(c) #0] = Vr € C3d € Binld €rr 7 A B(d) # 0] and

3r € CY§ € C[6 €11 T — In[B(6n) # 0]] — o € CY6 € C[6 €1 o — 3nfa(dn) # 0]]
and VS € C[6 €77 t — In[B(dn) # 0]] — 3tV € C[§ €1 t — Tn[a(dn) # 0]].
The promised conclusions then follow easily.
Given a, define g such that 8(0) = 0 and Ve € Bin[3((0)xc) = S((1)*c) = a(c)].
Assume: Vo € C3c € Bin[c €7 0 A a(c) #0].
Let 7 in C be given.
Define o such that Ve € Binfo(c) = 7((0) * ¢)].
Find ¢ in Bin such that ¢ €7 o and a(c) # 0.
Define d := (0) % ¢ and note d €77 7 and 5(d) # 0.
We thus see: Vr € C3d € Binld €57 7 A B(d) # 0].
Let 7 in C be given such that Vd € C[6 €77 7 — 3n[B(dn) # 0]].
Define o such that Ve € BinVi < 2[o((i) * ¢) = 7(c)].
Note: V6 € C[§ €1 0 — (0) xd €77 7], so V§ € C[0 €1 ¢ — In[B((0) = on) # 0]]
and: V& € C[0 €7 o — Infa(én) #£ 0]].
Let t be given such that ¥§ € C[0 €77 t — In[B(dn) # 0]]. Define s such that,
Ve € Bin[(0) x ¢ < length(t) — s(c) = t({0) = ¢)].
Conclude, as above: V6 € C[§ €1 s — In[a(dn) # 0]].
We thus see that [ satisfies the requirements.

(vii) We prove: for each «, there exists 8 such that
Vy eC3s[sery A as) # 0] — Bare(Dg) and

dm[Barc(Dg,,)] — 3cV6 € C[6 €11 ¢ — Inja(n) # 0]].

The two promised conclusions then follow easily.

Given «, define 3 such that Ve € Bin[3(c) #0 <> 3s < ¢[s €1 ¢ A afs) # 0]].

Assume Vy € C3s[s €1 v A a(s) #0].

Clearly, Vv € Can[B(7n) # 0], that is: Barc(Dg).

Let m be given such that Barc(Dg,,).

Define X := {s € Biny, | In < m[a(Sn) # 0]}. Note: Vb3Is[s €1 b A s € X].
According to Theorem @3], Det};, (X).

Find ¢ such that Vs € Biny,[s €11 ¢ — s € X].

Conclude: V8§ € C[§ €77 ¢ — dm € X] and: V5 € C[§ €77 ¢ — Infa(én) # 0]].

We thus see that [ satisfies the requirements. (I

%

Theorem 9.9. (i) BIMF X9-AC,, » ¢ X9-Detl o, <+ AV-Det! 5., <
Vm[A?—Det{wm)m] “ Zg—Det{wm)w <« 39- *Det(lwxg)w < X0-Detl <
29-*Det} <+ 9-Detl! <> £9-*Detl! < FT.
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(ii) BIM F =!(X9-AC,,2) <> ~(29-Detl ,) < =!(A-Det! .. ) <
Im[-N(AL-Det{,ya)m)] ¢ HEQ-Det(yxaye) > THES-*Det{,ya)0)
—I(29-Detl) > ~1(X9- *Detl) <» —1(X9-Detl!) <+ —1(29- *Detl!) <+ —IFT.

Proof. Use Lemmas and O

9.5. The Intuitionistic Determinacy Theorem. Recall that X C (w x 2)¥ is
I-determinate in (w x 2)¢ if and only if

VreCyyen T AN vyeEX] = JoVy e (wx2)y€ro—veX].
We now define: X C (w x 2)% is weakly I-determinate in (w x 2)* if and only if
Vo :C— (wx2)YV7 € Clo|T €11 T A |t € X] — ToVy € (wx2)“[y €1 0 = v € X]].

A (continuous) function ¢ : C — (w x 2)% such that V7 € C[p|T €77 7] will be called
an anti-strategy for player I in (w X 2)“.

Note that the Second Axiom of Continuous Choice, AC v « = ACj 1, implies,
for every subset X C (w x 2)“: if V7 € CIy € (w x 2)¥[y €11 T A 7 € X], then
Jp:C— (wx2)*V7 eClo|T €117 N @|T € X].

AC v o thus implies: if X C (wx 2)“ is weakly I-determinate in (w x 2)*, then
X is I-determinate in (w x 2)%.

Earlier versions of the next Theorem may be found in [31] Chapter 16] and [41].

Theorem 9.10 (Intuitionistic Determinacy Theorem). The following statements
are equivalent in BIM:
(i) FT.
(ii) For every anti-strategy o for player I in (w x 2)“ there exists a strategy o for
player I in (w x 2)¥ such that Vy € (w x 2)¥[y €1 0 — 31 € C[y = p|7]].

Proof. (i) = (ii). Let ¢ : C — (w x 2)¥ satisfy: V7 € Cp|T €11 T].

We intend to develop a strategy o for player I in (w x 2)“ such that Player T,
whenever he uses o and develops, together with player IT, v in (w x 2)¢, will be
able to construct, simultaneously, a strategy 7 for player I7 in (w x 2)“ such that
v = ¢|7. The infinite sequence v must be the answer given by the anti-strategy
o to player II’s strategy 7. So, while playing ~, player I conjectures a strategy T
that player I1 may be assumed to follow during this very play.

Let ¢, t be given such that ¢ € J, (w x 2)¥ and t € Bin. We define: with respect
to the given anti-strategy o, t is, at the position ¢, a safe (partial) conjecture by
player I about the strategy followed by player 11, notation: Safe(c,t), if and only
i

VpeCue Bin[tCu A “ul p A cC plul.

Notd': Safe(c,t) <> VpeCIreClt T A T=p A cC @|7].

If Safe(c,t), then player I, at the position ¢, may extend every strategy p of
player IT ‘above ¢’, that is, on positions d in (w x 2)<¥ x w such that ¢ C d, to a
strategy 7 of player IT on the whole of (w X 2)<% x w such that ¢t C 7 and ¢ C ¢|T.

We now prove the following important observation:

Ve € U(w x 2)kVt € Bin[Safe(c,t) V —Safe(c,t)].
k

Let ¢ in {J,(w x 2)* and ¢ in Bin be given.

Define 3 such that Vu[B(u) # 0 <> (u € Bin A (cC plu V ¢ L ¢u))].
Note: Bare(Dg), and: Yu[u € Dg — Vi < 2[u * (i) € Dg]].

Using F'T, find n > length(t) such that Bin,, C Dg.

15For the notation cu, see Subsection [[3.41
16For the notation ¢r, see Subsection [[3.41
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Note: Yu € Biny[length(°u) < length(u) < n| and
Safe(c,t) <> Vr € Bin,Ju € Bing[t Cu A “ulr A ¢ C plul.
We thus see that one may prove: Safe(c,t) V —Safe(c,t).

Going one step further, we want to define o such that
Ve e U(w x 2)"Vt € Binlo(c,t) # 0 « Safe(c,t)].
k
To this end, we first define ¢ such that,
for all ¢ in ([, (w x 2)k, for all ¢ in Bin,
P(e,t) == un[n > length(t) A Yu € Binp[c C plu V ¢ L olu]],
and then define o such that, for all ¢ in J, (w x 2)¥, for all ¢ in Bin,
o(c,t) # 04> Vr € BingepnJu € Bingey[t Tu A “ulr A cC plu].
We also define y such that, for all ¢ in J, (w x 2)¥, for all ¢ in Bin,
if o(¢,t) =0, then
x(c,t) = prlr € Bingey A —3u € Bingepn[t Tu A “‘uTr AcC plu]l.
Note that, if o(c,t) = 0, then
VpeCllx(e,t) Cp——-FueBin[t Cu A “‘ul p A cC plull.
Let n, ¢, t be given such that ¢ € (w x 2)™ and ¢ in Bin and Safe(c,t).
We prove:

VpeCade | J(wx2)¥d e p A Fi <2[Safe(cxd,t (i))]].
k>0

Let p in C be given. Find u in Bin such that t Cu A “u T p A ¢ C plu.

Find i < 2 such that ¢ * (i) C w.

Find p such that, for all d in J, (w x 2)¥ x w,

if d < length(u), then length(d) < 2p.

Define D:={d € (wx2)? |d € p AN IT €Clexd T p|T]}.

It follows from FT that E := {@|7(2n + 2p) | 7 € C} is a finitd] subset of w.
Note that, for all d in (w x 2)?, d € D if and only if 3b € E[c+d = b] and conclude:

also D is a finite subset of w.
Assume Vd € D[—Safe(c*d,t  (i))].
Define p* in C such that “u T p* and Vd € D[d €7 p*] and
Vd € D[x(cx*d,tx (i) T %(p*)].
Find 7 in C such that v C 7 and °7 = p* and consider ¢|7.
Note: ¢ C p|u T ¢|7.
Find d in D such that ¢*d C ¢|7.
Note: *d1r = 4(p*) and x(c*d,t* (i)) T 4(p*).
Conclude: =3v € Bin[t* (i) Tv A @ C 4(p*) A c*xd C o]
On the other hand, ¢t * (i) C u C 7 and Im[c* d C o[Tm)].
Note that °7 = p* and, therefore, “*¥7m C 4(p*).
Conclude: Im[t = (i) CTm A “Fm T 4(p*) A cxd C p|Tm].
Contradiction.
We thus see: —Vd € D[-Safe(c * d,t * (i))].
As D is finite, conclude: 3d € D[Safe(c * d,t  (i))].

We thus see: Vp € C3d € ;o o(w x 2)*[d €11 p A Safe(cxd,t = (i))].

Using X9- Det{wm)m an equivalent of FT, see Theorem [0.9(i), find o such that

Vo[6 €1 o — Fk[Safe(c* 5(2k + 2),t * (i))]].
Note that the set {§ € (w x 2)¥ | § €7 o} is an explicit fan.

7D C w is finite if and only if there exists a such that D = Dy = {n < length(a) | a(n) # 0},

see Subsection [[3.2]
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Using FT, find m such that V§[6 €; 0 — 3k < m[Safe(c * 6(2k + 2),t * (i))]].
Find p such that V[§ €; o — 6(2m + 2) < p] and define s := Fp.
Note: for all d in (w x 2)<%,if d > length(s) and d € s, then

Inj0 < 2n < length(d) A Safe(c*d(2n),t * (i))].

Note that, for all s, the set of all d in (w x 2)<“ such that d > length(s) and
Vn[2n < length(d) — d(2n) < length(s)] and d € s is a finite subset of w.

Define « such that for all ¢ in (w x 2)<%, for all ¢ in Bin, for all s,
ale,t,s) # 0 if and only if, for all d in (w x 2)<¥,
if d > length(s) and Vn[2n < length(d) — d(2n) < length(s)] and d €1 s, then
In[0 < 2n < length(d) A i < 2[Safe(c*d(2n),t * (i))]].

We have proven: Ve € (w x 2)<“Vt € Bin[Safe(c,t) — Is[a(c,t,s) # 0]].

Define 1 such that
Ve € (w x 2)S9Vt € Bin[Safe(c,t) — n(c,t) = ps[a(c,t, s) #

0]
Define X such that A({)) = (), and, for all ¢ in (w x 2)<¥, for all (p,) i
there exists j < 2 such that Safe(cx (p, i), A(c) * (j)), then A(cx (p,i)) =
where jo is the least such j, and, if not, then A(c* (p,i)) = A(c).

Note: Ve € (w x 2)<%[Safe(c, \(c))].

Note: Ve € (w X 2)<*Vd € (w x 2)<“[c C d — A(c) C A\(d)].

Define o as a strategy for player I in (w x 2)“ as follows.

Let ¢ in (w x 2)<“ be given.

Find ng := pn[Safe(¢(2n), A(c))].

Find d such that ¢ = ¢(2ng) * d.

Define o(c) := (n(c(2no), A(c)))(d).

Let v be an element of (w x 2)* such that v €5 o.

We claim: Vn3m > n[A(7(2m)) C A(F(2m + 2))].

We prove this claim as follows.

Let n be given. Find ng := pk[Safe(7(2k), A(¥(2n))].

Define ¢ :=%(2ng) and ¢ := A(c).

Consider s := n(c, t).

Find § such that § €7 s and VE[§(2k + 1) = v(2no + 2k + 1)].

Find ko := pk[3i < 2[Safe(c* 6(2k + 2),t * (i))].

Note: ¢ * 6(2ko +2) C .

Note: A(c) = A(F(2n)) = A(F(2no + 2ko)) T A(F(2no + 2ko + 2)).

Defining m := ng + ko, we see: m > n and A(5(2m)) © A(7(2m + 2)).

This ends the proof of our claim.

Find 7 in C such that Vn[A(7(2n)) C 7).
Note: Vn3¢ € C[Tn = ¢ A 7(2n) C ¢|¢]. Conclude: p|r =7
We thus see: Vy € (w x 2)¥[y €7 ¢ — 37 € Clp|T =7]].
(ii) = (i). Assume (ii). We prove: X9-Det’ ..
Using Theorem [2.9(i), we then may conclude FT.
Let « be given such that V7 € C3n[(n,7((n))) € E,], i.e.
vr € CanTpla(p) = {m, m((n))) + 1], Le. ¥r € Cplalp’) = (", 7((p")) +1].
Define ¢ : C — w such that V7 € Cly(7) = ppla(p’) = ", 7({p"))) + 1].
Define ¢ : C — (w x 2)* such that V7 € Clp|T = (¥ (1), 7({¢)" (7)))) * 0.
Find o such that Vy € (w x 2)¥[y €7 0 — 37 € Cly = ¢|7]], and, therefore,
Vy € (wx 2)¥y €r 0 — Aqlal(q) =72+ 1]] and Vy € (w x 2)¥[y €1 0 — 72 € E,].
Define n := o({)) and note: Vi < 2[(n,i) €1 o] and, therefore: Vi < 2[(n,i) € E,].
We thus see: Va[Vr € CIn[(n,7((n))) € E,] — InVi < 2[(n,i) € E,]], i.e
39-Det!

wXx2:

]
w X2, if

Ae)* (o),

s i.
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Corollary 9.11. BIM + FT proves the following scheme:
Every X C (w X 2)¥ is weakly I-determinate.

The theorem and its corollary may be generalized. One may replace (w x 2)“ by
any spread F satisfying the condition: 3(Va € FVnla(2n + 1) < ((n)].

Let ¢ : C — (w x 2)* be an anti-strategy for player I in (w x 2)*. We define: ¢
fails to translate into a strategy for player I if and only if

—JoVy € (wx 2)¥[y €7 0 = I € Cly = ¢|7]].

—IFT implies the existence of an anti-strategy for player I in (w x 2)* that fails to
translate into a strategy for player I in (w x 2)¢: using —!FT and Theorem [3.9(ii),
find « such that V7 € CIn[(n,7({(n))) € E,] and =3InVi < 2[(n,i) € E,]. As in the
proof of Theorem B.I0(ii) = (i), find an anti-strategy ¢ for player I in (w x 2)¢
such that V7 € C[(¢|7)2 € E,]. Assume o is a strategy for player I in (w x 2)* such
that Vy € (w x 2)¥[y €1 0 — 37 € C[y = ¢|7]]. Consider n := o({)) and conclude:
Vi < 2[(n,) € E4]. Contradiction.

We did not find an argument proving —!FT from the assumption of the existence
of an anti-strategy for player I in (w x 2)¢ that fails to translate into a strategy for
player [ in (w x 2)“.

10. THE (UNIFORM) INTERMEDIATE VALUE THEOREM

10.1. The Intermediate Value Theorem, vy
For all ¢ in RO,
if Iy € [0,1P[ 9 R (V) <R 0r < ¢ R(YM)], then Iy € 0,1][p R (v) == Ox].
IVT fails constructively. The next two theorems are similar to [3, Chapter 3,
Theorem 2.4] and [27, Theorem 6(iv) and (iii)].

Theorem 10.1. BIM+IVT — LLPO.

Proof. Assume IVT. Let 8 be given.

Define 6 in R such that, for each n,
if On C B3, then 6(n) = (— 217” > ), and, if On 1 B and po := up[B(p) # 0],
then 6(”) = ((_1)1)0 2P(}+1 - 2n1+3a(_1)p 2p0+1 + 2n+d) Note:

n

Find ¢ in R such that ¢ *(0r) =g (—1)r, and ¢ *(3) =r @R(%) = 0 and
©R(1g) =g 1x and ¢ is linear on [0, %], on [3, 3] and on [%, 1].
Note: QD‘R(OR) SR 073 SR QD‘R(1R>.
Using IVT, find « in [0, 1] such that ¢ ®(y) =r Or.
Either v >» % or v <r %
If v >x %, then —(6 >x 0) and: Vp[2p # pun[B(n) # 0]], and,
if v <w %, then (6 <g 0) and: Vp[2p + 1 # pun[B(n) # 0]].

We thus see: VB[Vp[2p # un[B(n) # 0]] V Vp[2p +1 # un[B(n) # 0], ie.
LLPO. (I

Theorem 10.2. BIM +I1{-AC,, > - LLPO — IVT.

Proof. Let ¢ in R and v in [0,1]? be given such that

e R(y19) <z 0r <r ®(yM"). Define 8 such that, for all n,

B(2n) £0 6 119(n) <5 411 (n) and: B2n +1) £ 0 & v (n) < 1)
By LLPO,

either: ¥p[2p + 1 # pun[B(n) # 0]] and Yn[y'°(n) <g y"(n ] and 7 10 <7g Al
or: Vp[2p # pn[B(n) # 0] and Yn[y (n) <s 1°(n)] and 4! <z 4'°

18For some notation used in this Section, see Subsection [[3.91
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or: Or <gr (p (

Assume 70 < 4!, Using LLPO hke we used it just now, conclude:
for all n, for all m < 2”, ezther @ ( w0 4R o R ) <z Og,

O+r g% 7! )
Using H?—ACw,g, ﬁnd 6 such that 60( ) = 0 and 60(1) # 0 and
VnvVm < 2" [B"(m) = 0 — ¢ R (Em ") <z 0g], and

vnvm < 2"[3"(m) # 0 — Or <R90 R(% =Ry
Now define ¢ such that §(0) = 0 and
Vn[B" T (26(n) + 1) # 0 — 6(n + 1) = 26(n)], and
vn[B" T (26(n) +1) =0 = d(n+1) = 25(n) 1].
Note: Vn[d(n) < 2" A "(6(n)) =0 A B"(6(n) 4+ 1) # 0] and
e () <r Or <r w‘R(“’%)].
Define ¢ such that, for each n, e(n) = (%, 5(3#) and define p such that, for

each n, p(n) = doubles(e(n)). Note: p € [0,1].

Assume ¢ ®(p) >z Ox.

Find n,p such that p € E, and p(n) Cs p’ and (p”)’ >q Og.

Note p'(n) < 5(") <g p’(n) and @‘R(%) <g Og. Contradiction.
Conclude: ¢ (p) <r O%.

For a similar reason, 0g < ¢ *(p) and, therefore, o ®(p) = O%.

The case v/T >% v!0 is treated similarly. O
Corollary 10.3. BIM +II9-AC, > - IVT « LLPO <+ WKL.

Proof. Use Theorems [£.3] I0.1] and O

10.2. A contraposition of the Intermediate Value Theorem, iVT:
For each o in RIOU, if Yy € [0,1][¢ R (v) #r Or], then
either ¥y € [0,1][¢ R (7) > O] or vy € [0,1][¢ ®(y) <= Ox].

Theorem 10.4. BIM - iVT.
Proof. Assume ¢ € RIY and ¥y € [0,1][¢ R(y) #x Or].

Assume: ¢ *(0r) <r Og.

Suppose: v € [0,1] and ¢ () >z Ox.

We will find a contradiction by the method of successive bisection.

Find ¢ in Q such that ¢ ®(qr) >x Og. Define § as follows, by induction.
We define 6(0) := (0, q). Now, let n, s be given such that §(n) =

Note: ¢’ ((m) ) # Og. Find (r,t) in E, such that ' <g 3(s' +¢ ") <g r”
and either: Og <g t’ or: t" <g 0g. If Og <@ ¢, define 6(n + 1) = (¢, #), and,
if t" <q Og, define d(n + 1) = (£, 5").

Note: for each n, d(n + 1) Eg 6(n), and ¢ = ((6'(n))r) <r Or <z ¢ ™((6"(n))r).

Note: 6§ € [0,1] and ¢ *(8) #r Or. Determine (r,s) in F, and n in w such that

d(n) Cs r and either s” <g 0 or 0 <g ¢, that is, either w(R((é”(n))R) <r Og or
Or <r ¢ ™((6'(n))r). Contradiction. Clearly, then, =(¢®(v) >x Or).

From —=(¢®(y) >z Or) and ¢ (y) #r Or, we conclude: p*(v) <g Ox.

We thus see: if ¢ ®(0g) <r O, then ¥y € [0, 1][¢p (y) <r Or].

In the same way, one proves: if ¢ *(0g) > O, then Vv € [0,1][¢ ®(v) >r Or].
We thus see: either Vv € [0,1][p R (y) >» 0] or ¥y € [0,1][¢p *(v) <r 0z]. O

10.3. FT is unprovable in BIM+IVT. As we observed in Subsection .8 BIM +

CT+ X V—X is consistent. According to Theorem [T0.4] BIM + iVT, and, therefore:

BIM+ X V-X FIVT. Assume BIM+IVT — FT. Then BIM + X V-X - FT.
As we know from Theorem 2.4, BIM + CT + —!FT, and, therefore,
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BIM+CT F =FT. Conclude: BIM+IVT ¥ FT, and also, in view of Theorem [2.5]
BIM +IVT ¥ WKL.

Note that, in view of Corollary 0.3 this gives another proof of BIM ¥ II9-AC,, o,
a fact established in Subsection

One may even conclude: BIM + IVT ¥ I1-AC,, ».

One may ask if BIM+LLPO F IVT, i.e. if the proof of Theorem [[0.2] can be given
without recourse to H?-AC%Q, but we do not know the answer to this question.

10.4. The Uniform Intermediate Value Theorem, UIVT:

For each ¢ such that Yn[o" € RIO1],
if Y3y € [0,1]%[ (¢") *(1°) <r O <r (¥")R()].
then 3y € [0,1]°Vn[(¢™) (") =r Or].

In [26, Exercise IV.2.12, page 137], the reader is asked to prove that, in the
classical system RCAg, UIVT is an equivalent of WKL. As RCAq F IVT, RCA,
proves the equivalence of UIVT and:

10.5. Uzero:
For all ¢ such that Yn[e™ € RO,
if ¥n3y € [0,1][ (¢") *(7) =r O], then 3y € [0, 1]*¥n[(¢") *(1") == Or].

We want to study Uzero in BIM. We need the following Lemma.

Lemma 10.5. BIM proves:
(1) F 0 = wVp e RO, = {y€[0,1]| 9™ (v) #r Or}], and
(ii) 37w — wValrla € ROU A Hy = {y € [0,1]] (T]) R (y) #r Or}].
Proof. Define 9 : w* — w* such that, for each ¢, for each s,
(¥le)(s) # 0+ Tp € Egs[s Cs ' A (0g <@ ()" V (¢")" <q 0g)].
Note: Vo € ROy € [0,1][eR(y) #r 0r < 7 € Hoplo)-
Now define p such that, for each s in S, p* € R and,
if not (—1)g <q &' <g 8" <q (2)q, then, for all v in [0,1], (p*) *(7) =g Og, and,
if (—1)g <@ ¢’ <g " <@ (2)g, then, for all v in [0, 1],
(1) if vy <r (s')r or (¢ ) <®r 7, then p*(y) = Og, and,
(2) if (s')r <r v <r (s")r, then p*(y) =g inf(y —xr (s')r, (s")r == 7)-
(Note that p® codes the restriction to [0, 1] of the ‘tent’ function from R tot R
that is zero outside of [¢',5"], hnear on both [¢, 2 +s '] and [#,s”] and takes
! s +s 1"

the values O, =5=,0% at ', , 8", respectlvely.
Note that, for all s in S, for all 'y in [0,1], (p*)R(v) <r (%)R )
Define 7 : w* — w* such that, for all a, 7|a € RI%Y and, for each v in [0, 1],
(Tla) R () =R Xy arsy20(55)7 = (0°) R().
Note: Vv € [0,1][y € Ha <> (7]a) R(y) #r Or], and:
Yy € [0,1][y ¢ Ha ¢ (]0) R(y) =r Or]. O

Theorem 10.6. BIM - II1?-AC,, o 1] <+ Uzero.

Proof. First, assume II{-AC,, [0 1].

Let ¢ be given such that Vn[p" € RIOU A 3y € [0,1][(¢™) R ( ) = OR]]
Using Lemma [[05(i), find « such that, Vn[Hen = {v € [0,1] | (¢™) ®(v) #r Or}].
Conclude: Vn3y € [0,1][y ¢ Hqn] and, by II$-AC,, p.1): Iy € [0,1]“Vn[y" §E Han)
and: 3y € [0, 1]“¥n[(¢™) *(y") = Or].

Conclude: Uzero.

Secondly, assume Uzero.
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Let « be given such that Yn3y € [0,1][y & Han]. Using Lemma [T0.5(ii), find ¢
such that Vn[e" € RIOU] and Vn[Han = {y € [0,1] | (¢™)R(7) #r 0r}].
Conclude: Yn3y € [0,1][(¢™) *(y) =r Or], and Iy € [0, 1]Vn[(¢") * (") =r Or],
and 3y € [0, 1]‘*’Vn['y ¢ Han].

Conclude: IT-AC,, [0,1]- O

10.6. A uniform contrapositive Intermediate Value Theorem UIVT :
For each ¢ such that Vn[tp € RO if vy € [0,11%TIn[(¢™) R(v™) #r Or],
then 3n[vy € [0,1][(¢") ™ (7) >= 0=] V ¥y € [0,1][(¢") R (7) <z Or]].

As BIM + iVT, BIM proves the equivalence of ijIVT and:

10.7. Ejzero:

For all ¢ such that Vn[p" € RG],

if ¥ € [0, 11°3nl(¢™) R (v") #r Orl, then In¥y € [0, 1][(¢") *(7) #r Ox).

We define a strong negation of this statement. This strong negation itself contains
a negation sign, a possibility mentioned in Subsection [[.4

10.8. ﬂlijzero:

There exists ¢ such that Vn[p" € RIOU] and Vy € [0,1]“3n[(¢™) R(y") #r 0]
and ~3n¥y € [0, 1][(¢") *(v) #r Or].
Lemma 10.7. One may prove in BIM:
(i) =9-AC, (0,1 — Uzero and ~1Uzero — ﬁ!E?—m.
(ii) Uzero — X9-AC,, o.1) and —!3-AC,, (1] — —1Uzero

Proof. (i) We prove, in BIM: for all ¢ such that Vn[p" € RI%U], there exists 5 such
that

Yy € [0,1]%3n[(¢™) R(v") #r Or] = Vv € [0,1]“3In[y" € Hgn] and

In[[0,1] € Hgn] = Invy € [0, 1][(") ®(7) #r Or].
The two promised conclusions then follow easily.

Let ¢ be given such that Vn[p" € RI®U]. Using Lemma [0.5(i) find 3 such that
Vn[Hgn ={v € [0,1] | (¢") ™ (7) #r Or}].

Assume Vv € [0,1]3n[(¢") *(v") #= Or]].

Conclude: Vv € [0,1]*3n[y™ € Hgan].

Now let n be given such that [0,1] C Hgn. Clearly, Vv € [0,1][(¢") *(7) #r Or].

(ii) We prove, in BIM: for each a, there exists ¢ such that Vn[p" € RI%U] and

Yy € 0,1]%3n[y" € Han] = Vv € [0,1]3n[(¢™) R (¥") #r Or] and

vy € 0, 1][(¢™) R (7) #r Or]) = In[[0,1] € Han).

The two promised conclusions then follow easily.

Let a be given. Using Lemma [T05(ii), find ¢ such that
Vnlgh € RIU A Hon = {1 € 0,1] | (9")R(7) #r Or}]

Assume: Vv € [0,1]3n[y™ € Hqn]. Conclude: Vv € [0, 1]‘”371[( )R (™) #% 0R].
Now assume: InVy € [0, 1][(¢™) ®(v) #r 0r]. Conclude: 3n[[0,1] € Hon]. O

Theorem 10.8. BIM proves Uzero <> UIVT < FT and
—lUzero <> ~IUIVT « —IFT.

Proof. Use Lemma [[0.7 and Theorem [7.2] O
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11. THE COMPACTNESS OF CLASSICAL PROPOSITIONAL LOGIC

In this Section, we prove that FT is equivalent to a contraposition of a restricted
version of the compactness theorem for classical propositional logic. We prove also
the corresponding result for —!FT.

We introduce the symbols =, A and \/ as natural numbers: — := 1, A = 2
and \/ := 3. We define (the characteristic function of) Form C w, as follows, by
recursion: for each n, n € Form if and only if

n=0V (n=- A n" € Form)V

(n' = /\ vn = \/) A Vi < length(n")[n" (i) € Form]).
We define T := (A, ()) and L:= (\/,()).
Assume v € C. We define 7 in C such that, for every n in Form,
(i) if n ¢ Form, then &(n) =0, and,
ii) if n € Form and n’ = 0, then (n) = ( , and,
)=

(i)
i ( ) and,

(iii) if n € Form and n' = —, then J(n
(iv) if n € Form and n/ = /\ then 4(n) = m{’y( "(i))|i < length(n")}, and
(v) if n € Form and n’ =/, then 'y(n) = max{¥(n"(i))|i < length(n")}.

Note: 0 = (). We define min(f)) = 1 and ma ((Z)) 0.

Note: (T) =%((A,0)) =1 and 7( ) =3((V,0)) = 0.

For all m,n in Form, we define: m = n if and only if Vy € C[¥(m) = 4(n)].
Assume ¢ € Bin. We define ¢ in Bin such that length(c) = length(¢), as follows.
First, define v = ¢ * 0. Then define, for all m < length(c), é(m) := F(m).

X C w is realizable, Real(X), if and only if 3y € CVn € X[J(n) = 1], and

positively unrealizable, Unreal(X), if and only if Vy € CIn € X[F(n) = 0].

We define a mapping Fm from Bin to Form, as follows. Assume a € Bin. Find

s such that length(s) = length(a), and, for all ¢ < length(a), if a(i) = 0, then

s(1) = (—,(0,1)), and, if a(i) = 1, then s( ) = (0,4). Define F'm(a) = (A, s).

Lemma 11.1.

(i) Va € BinVy € C[y(Fm(a)) =1« a T 9].
(ii) There exists B such that
Vm € Form¥p[B(m,p)) >p A B((m,p)) € Form A B((m,p)) = m].
(iii) £ For all « in C, there exists ¢ in [w]¥ such that
VYm[d(m) € Form A Vv € C[7(6(m)) = 1 Vn < m[a(Fn) = 0]]].

Proof. (i) We prove, by induction:
for each n, Va € Bin,Vy € C[7(Fm(a)) =1+ a T 7).

First, note Fm(()) =T and: ¥y € C[3(T) = 1] and ¥y € C[{) T ~].

Then, let a,n be given such that a € Bin,, and Vy € C[y(Fm(a)) =1 > a C 1].
Note that for each « in C, for each i < 2,

(Fm(ax*(i))) =14 (3(Fm(a)) =1 A y(n) =1) <> ax (i) C 7.

(i) The proof is an exercise in calculating codes of formulas. Given m in Form
and p, one might first find ¢ := max(m,p) and then s in w9™! such that s(0) = m
and Vj < gq[s(j) = T] and then define 3((m,p)) := (A, s).

(iii) Let o be given. We define the promised « by induction.

If a(()) =0, define §(0) := T, and, if a({)) # 0, define §(0) :=

Note that §(0) satisfies the requirements.

Let m be given such that (m) has been defined and satisfies the requirements.

Find ¢ such that {t(¢) | i < length(t)} = {a € Binmy1 | Vn < m+ 1[a(an) = 0]}.
Then find s such that length(s) = length(t) and Vi < length(s)[s(i) = Fm (t(i))].

D] = {¢ | Yn[¢(n) < ((n+ 1)]}, see Subsection I3
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Note that, for each v in C, 7((V,s)) =1 +

Ja € Binp1[vn < mla(@n) = 0] A (Fm(a)) = 1] +

Ja € Binp41[Vn < mla(@n) =0] A a T 4] <> ¥n < ma(Fn) = 0].
Define 6(m + 1) = 8((\/, s),8(m)), where 8 is the function we found in (ii).
Note that §(m + 1) satisfies the requirements. O

Lemma 11.2. The following statements are provable in BIM.
(i) FT — Va|Unreal(Ey) — In[Unreal(Egy)])-

(ii) Ja[Unreal(E,) N Vn|Real(Egy)]] — —IFT.

(iii) WKL — Va[Vn[Real(Eg,)] — Real(Ey)]].

(iv) Va|Unreal(Dy) — In|Unreal(Dgy)]] — FT.

(v) 2!'FT — 3a[Unreal(Dy) A Vn|Real(Day)]].

(vi) Va|Vn[Real(Dan)] — Real(D,)]] = WKL.

Proof. (i), (ii) and (iii). We argue in BIM.

Let a be given. Define 8 such that, for all m, for all ¢ in Bin,,,

B(c) #0 <> In < m[n € Egy A &(n) = 0]]. We shall prove:
Unreal(Eq) — Barc(Dg) and
Im[Barc(Dsg,,)] — 3n[Unreal(Egy,)).

Assume: Unreal(E,). Let v in C be given. Find n,p such that n € Eg, and
4(n) = 0. Define m := max{n, p} + 1 and note: S(Fm) # 0. Conclude: Bar¢(Dg).

Let m be given such that Barc(Dg,,). For all ¢ in Biny,, In < m[B(en) # 0],
and, therefore: In < length(c)[n € Ezm A &(n) = 0]. Conclude: Unreal(Egyn,) and
In[Unreal(Ean)]-

Note: if Unreal(E,), then Barc(Dg), and by FT, there exist m such that
Bare(Dg,,) and n such that Unreal(Egy). This establishes (i).

Note: if Unreal(Ea) A Vn|Real(Egy], then Barc(Dg) and Vm[-Bar(D5,,)],
i.e. =!IFT. This establishes (ii).

Note: if Vn[Real(Egy,)], then Vm[-Bar(Dsg,,)], and, by WKL, there exists y
such that Vn[3(Fn) = 0]. Conclude: VmV¥n < m[n € Ezy, — Y(n) = 1], ie. vy
realizes E, and Real(E,). This establishes (iii).

(iv), (v) and (vi). We argue in BIM.

Let « be given. Using Lemma [IT1[iii), find ¢ in [w]* such that
vm[§(m) € Form A Yy € C[7(6(m)) = 1] <> Vn < m[a(yn) = 0]]].

Note: ¢ is strictly increasing and, therefore,

Ym[3In[m = §(n)] <> In < m[m = §(n)]].
Define § such that Ym/[5(m) # 0 <> In[m = d(n)]]. We shall prove:
Bare(Do) — Unreal(Dg) and
In[Unreal(Dsg,, )] — 3Im[Barc(Dam)]-

Assume: Bare(Do). Given any v € C, find m such that a(ym) # 0 and,
therefore, 7(8(m)) = 0 and: 3n € Dg[¥(n) # 1]. Conclude: Unreal(Dg).

Let n be given such that Unreal(Dg,). Let mg be the largest m such that
§(m) < n. Note: =3y € C[§(6(mo)) = 1], and, therefore,

Va € Binmy+13n < mola(an) # 0]. Find k such that Va € Bing,+1]la < k] and
conclude: Bare(Dgr) and Im[Barc(Dam,)]-

Note: if Barc(Dqo) and Unreal(Dg) — 3n[Unreal(Dg,,)], then 3m[Bare(Dapm)].
This establishes (iv).
Note: if Barc(Do) and —3n[Barc(Dagn], then Unreal(Dg) and Vn[Real(Dg,,)].
This establishes (v).
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Note: if Vn[-Barc(Day] and Vn[Real(Dg,, )] — Real(Dg), then there exists v in
C realizing Dg, so Vm[y(d(m)) = 1] and VmVn < m[a(yn) = 0], i.e. Vn[a(n) = 0].
This establishes (vi). O

Theorem 11.3. (i) BIMF FT < Va[Unreal(Ey) — 3n[Unreal(Egy)]] <>
VYa[Unreal(Dgy) — In[Unreal(Day)]]-
(ii) BIM F =!FT « 3a[Unreal(Ey) A Vn|Real(Eay)]] <
Ja[Unreal(Dy) A Vn[Real(Dgy)]].
(iii) BIM - WKL « Va[Vn|Real(FE&y)] — Real(Ey)] +
Va[Vn[Real(Dan)] — Real(D,)].

Proof. Use Lemma [IT.2]and: Va3B[D, = Eg]. O

Theorem [IT3i) also is a consequence of [I9] Theorem 6.5].

V.N. Krivtsov has shown, among other things, that FT is an equivalent of an
intuitionistic (generalized) completeness theorem for intuitionistic first-order pred-
icate logic, see [I7].

12. STRONGER ‘FAN THEOREMS’?

In this Section, we indicate what, on our opinion, should be the subject of the
next chapter in intuitionistic reverse mathematics. The Fan Theorem may be seen
as a replacement, for tne intuitionistic mathematician, of that enviable tool of the
classical mathematician: (Weak) Konig’s Lemma. We hope to make clear that the
greater subtlety of the language of the intuitionistic mathematician allows for many
other possible replacements.

12.1. Notions of finiteness. Let o be given.
We consider the set Dy, := {n | a(n) # 0}, the subset of w decided by a.
We define: Dy, is finite if and only if InVm > n[a(m) = 0].
We define: D, is bounded-in-number if and only if
InVt € (Ww]"T13i < n+ Lao t(i) = 0).
We define: D, is almost-finite if and only if V¢ € [w]*3nfa o {(n) = 0].
We define: D, is not-not-finite if and only if =—3In¥m > nla(m) = 0].
We define: D, is not-infinitd®] if and only if =Vn3m > nla(m) # 0].
Note that D,, is infinite if and only if 3¢ € [w]“Vn[a o {(n) # 0], and that
D,, is not-infinite if and only if =3¢ € [w]“Vn[a o ((n) # 0].
Decidable subsets of w that are bounded-in-number are introduced and discussed
in [33].
Almost-finite decidable subsets of w were introduced in [33] and [34], and are
also studied in [38].

Lemma 12.1. (i) BIMFVa[Dy, is finite — Dy, is bounded-in-number].
(ii) BIM F VYa[Dy, is bounded-in-number — Dy, is finite] — LPO.

(iii) BIM F Va[D,, is bounded-in-number — D, is almost- finite].

(iv) BIM F Va[D,, is almost-finite — D, is bounded-in-number] — LPO.
(v) BIMFVa[D, is almost-finite — D, is not-infinite].

(vi) BIM + BARIND?] - Va[Dy, is almost-finite — D, is not-not-finite].

Proof. (i) Let a,n be given such that Vm > n[a(m) = 0].
Note: Vt € [w]"*1[t(n) > n] and conclude: Vt € [w]" [ ot(n) = 0].
(ii) Let a be given. Define a* such that Vn[a*(n) # 0 <> n = um[a(m) # 0]].
204 referee suggested to consider this notion too.

21560 228l We do not know if the use of this priniple here is unavoidable.
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Note: Vt € [w]*Ti < 2[a* o t(i) = 0], s0 Dy is bounded-in-number.
Assuming that D~ is finite, find n such that Vm > n[a*(m) = 0].
FEither 3m < n[a*(m) # 0] or Vm[a*(m) = 0], and, therefore,
either Imfa(m) # 0] or Ym[a(m) = 0].
We thus see how, starting from the assumption:
Va[Dy is bounded-in-number — D, is finite], one obtains the conclusion:
Va[Fm[a(m) # 0] V ¥m[a(m) = 0]], i.e. LPO.
(iii) Let a, n be given such that V¢ € [w]"™13i < n + 1ja o t(i) = 0].
Conclude: V¢ € [w]¥TJi < n+ 1[ao (i) =0].
(iv) Let a be given. Define a* such that
Ynla*(n) # 0 < pumfa(m) # 0] <n < 2-um[a(m) # 0]].
Observe: for all k, if k = p[a(m) # 0], then Vnlk <n < 2-k + a*(n) # 0] and
3t € [w]kVi < k[a* o t(i) # 0] and Vt € [w]*13i < k + 1[a* o t(i) = 0]
Let ¢ in [w]¥ be given.
We want to prove; In[a* o {(n) = 0] and and distinguish two cases.
Case (a). a* o ((0) = 0. Then we are done.
Case (b). a*o((0) # 0. Then Im[a(m) # 0]. Define k := pm[a(m) # 0] and note:
VYm > 2 - k[a*(m) = 0], and, in particular, o* o (2 k) = 0.
We thus see: V¢ € [w]¥Infa* o {(n) = 0], i.e. D4+ is almost-finite.
Assuming that D, is bounded-in-number, find n such that
Vt € [w]" 13 < n+ 1a* o t(i) = 0].
Conclude: for all k, if k = um[a(m) # 0], then k < n + 1.
Fither 3k < n+ 1{a # 0] or Vk < n + 1{a(k) = 0], and, therefore,
either 3k[a(k) # 0] or Vk[a(k) = 0].
We thus see how, starting from the assumption:
Va[Dy, is almost-finite — D, is bounded-in-number|, one obtains the conclusion:
Va[Fkla(k) # 0] V VE[a(k) = 0]], i.e. LPO.
(v) Let a be given such that V¢ € [w]*3n[a o ((n) = 0].
Define B := ], {s € w™ | s ¢ [w]™ V Fi < naos(i) =0]}.
We prove: Baryw(B).
Let v be given. Define v* such that v*(0) = v(0), and, for each n, if ¥(n+2) € [w]<¥,
then v*(n+1) = v(n+1), and, if not, then v*(n+1) = v*(n) + 1. Note: v* € [w]¥
and find n such that v*n € B. Either yn = v*n or yn ¢ [w]".
In both cases; 7n € B.
Define C:=J, {s € w" | s ¢ [w]" V Fi <n[aos(i) =0] V D, is not-not- finite|}.
Note: B C C.

Let s,n be given such that s € w™ and VYm/[s * (m) € C].
We intend to prove: s € C.

We may assume: s € [w]” A =3 < nfaos(i) = 0], and distinguish two cases.
Case(a). Im[s x (m) € [w]"™' A a(m) # 0]. Finding such m, we consider s * (m)
and conclude: s (m) € C' and, therefore: D, is not-not-finite.

Case (b). =3Im[s* (m) € [w]"™ A a(m) # 0], and, therefore,
Vm[s * (m) € [w]"*™ — a(m) = 0]. Conclude: D, is finite.
Defining P := Im[s * (m) € [w]"*1 A a(m) # 0], we thus see:
(P v =P) — D, is not-not-finite.
By intuitionistic logi, we conclude: D, is not-not-finite and: s € C.

We thus see: Vs[Vm[s* (m) € C] — s € C].

Obviously: Vs¥m[s € C' — s* (m) € C].

Using BARIND, we conclude: () € C, and: D, is not-not-finite.

22—\—\(PV—\P) is provable, and from A — B one may conclude =B — —A and also ~—A — ——B.
Furthermore, ———C' is equivalent to =C and ————C' is equivalent to —=—C.
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We thus see:
BIM + BARIND + Va[D, is almost-finite — D,, is not-not- finite]. O

Lemma 12.2. BIM + MPE proves
YalD, is not-infinite <> D, is not-not-finite <> D, is almost-finite].

Proof. First, let « be given such that D,, is not-finite. Then —=3In¥m > n[a(m) = 0].
Conclude Yn——3Im > n[a(m) # 0].
Using MP, conclude: Yn3m > n[a(m) # 0], i.e. D, is infinite.

We thus see, using MP: for all «, if D, is not-finite, then D, is infinite, and
may conclude: for all «, if D, is not- infinite, then D, is not-not-finite.

Secondly, let o be given such that ——(D,, is almost-finite), i.e.
—=V(¢ € [w]*In[a o ((n) = 0]. Conclude: V¢ € [w]“——In[a o ((n) = 0], and, by
MP, V(¢ € [w]“In[a o ((n) = 0], i.e. D, is almost-finite.

We thus see: for all a, if =—(D,, is almost-finite), then D, is almost-finite.

As we also know, from Lemma 2.1} for all o, if D,, is finite, then D, is almost-
finite, we conclude: for all «, if D, is not-not-finite, then D, is almost-finite.

Finally, it is clear that, for all o, if D, is almost-finite, then D,, is not-infinite. [

We now extend the notion ‘almost-finite’ from decidable subsets of w to enumer-
able subsets of w.

Let a be given. We consider the set
E, :={n| Ima(m) = n + 1]}, the subset of w enumerated by o. We define:
E, is almost-finite if and only if V¢ € [w]“ImIn[m <n A ao(m) = ao(n).

The first item of the next Lemma show that this definition is consistent with the
definition given earlier for decidable subsets of w.

The second item shows that the definition is a good definition indeed as it does
not depend on the enumeration « of E,,.

The fifth item shows that an almost-finite union of almost-finite enumerable
subsets of w is almost-finite and enumerable.

Lemma 12.3. BIM proves the following.
(i) YaVB[Da = E5 —
(V¢ € [w]*Infa o ((n) = 0] > V¢ € [w]“ImIn[m <n A B(m) = B(n)]).
(i) YVaVB[(Ea = Es A V(¢ € [w]*Im3n[m <n A ao((m)=ao((n)]) —
V¢ € [w]*ImInim <n A Bol(m)=pFol(n).
(iii) Va[Vi < 2[E,: is almost-finite] — |J, o Eqi is almost-finite].
(iv) Yavn[Vi < n[E,: is almost-finite] — | J,.,, Eai is almost-finite].
(v) Va[(Vn[Eqan is almost-finite] A V¢ € [w]¥In[at™ = 0]) —
U,, Ean is almost-finite].
Proof. (i) The proof is left to the reader.

(ii) The proof is left to the reader.

(iii) Let a be given such that F,o, F,1 are almost- finite. Define o* such that,
for each n, a*(2n) = a®(n) and a*(2n + 1) = a'(n). Note: Eyx = Eq0 U Egr.

Let ¢ in [w] be given. Define QED := ImIn[m <n A a* o {(m) = a* o {(n)].

We prove: Vk3l > k[Fp[¢(l) =2p+ 1] V QED].

Let k be given. Define ¢* such that, for each 4, if Vj < i3p[¢(k+1+j) = 2p|, then
¢*(#) = C(k+1+1), and, if not, then ¢*(i) = 2-((k+1+44). Note: ViIp[C* (i) = 2p).
Define ¢** such that Vi[¢*(i) = 2-¢**(i)] and note: Vi[a* o(*(i) = a0 (**(i)]. Find
m,n such that m < n and a® o (**(m) = a° o (**(n) and note:

23For Markov’s Principle MP, see Subsubsection 2.2.T0
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either (*(m) =((k+1+m) and ¢*(n) ={(k+ 1+ n) and: QED

or 35 <n3p[¢(k+1+j)=2p+1].
Using Theorem .3 find § such that Vk[6(k) > k A (Ip[Cod(k) = 2p+1] V QED)].
Define ¢' such that ¢7(0) = 6(0) and, for each k, (T(k + 1) = §(¢T(k)).

Note: for each k, if Ip[¢t(k) = 2p], then QED.

Define ¢* such that, for each i, if ¥j < i3p[¢T(j) = 2p + 1], then ¢*(i) = ¢T(3),
and, if not, then ¢™*(i) = 2-¢f(4) + 1. Note: Vi3p[¢t™ (i) = 2p+ 1]. Define ¢T** such
that Vi[¢T* (i) = 2 ¢T*(i) + 1] and note: Vi[a* o ¢(T*(i) = a' o (™**(i)]. Find m,n
such that m < n and a! o (7**(m) = a' o ("**(n) and note:
either ¢t*(m) = ¢t(m) and ¢"*(n) = ¢f(n) and: QED
or 353p[¢T(j) = 2p] and QED, so in any case QED.

We thus see: V(¢ € [w]*ImIn[m <n A a* o(m) = a*o((n), ie.

Ey+« = E,o U E,1 is almost-finite.

(iv) Use (iii) and induction.

(v) Let « be given such that, for all n, E,» is almost-finite, and
V¢ € [w]“3n[at™ = 0]. We are going to prove: |, Eqn is almost-finite.

Define o* such that, for all n,m, a*(n,m) = a"(m) and note: Eq« = J,, Eanr.
Let ¢ in [w]¥ be given. Define QED := Im3In[m <n A o* o((m) = a* o ((n)].
We first prove: YAVn3l[l >k A (QED v (¢(1))" > n)].
Let k,n be given.
If (C(k+ 1))/ > n, there is nothing to prove, so we assume (¢(k + 1))/ <n.
Define ¢* such that ¢*(0) = ((k+1) and, for all 4, if Vj < i+1[(((k+1+j))/ < n],
then ¢*(i +1) = ((k + 2 + 1), and, if not, then (*(i + 1) = up[p > ¢*(1) A p' =n].
Note: Vi[((*(i))/ < n.
Using (iii), find p, ¢ such that p < ¢ and o* o {*(p) = a* o (*(¢) and note:
either (*(p) = C(k+1+p) and (*(¢) =((k+ 14 ¢q) and QED,
or 35 < q[(¢(k+1 +j))/ > n).
We thus see: VkVn3l[l > k A (QED V (C(l))/ > n)l.

Using Theorem (3] find ¢ such that
Vivn[s(k,n) > k A (QED vV (Cod(k,n))" >n)].
Now define 7 such that 1(0) = §(0,0), and, for each n, n(n + 1) = §(n(n), n).
Note: n € [w]“ and Vn[(¢ o n(n))/ >n V QED].
Find p in [w]* such that Vn[(({ ono p(n+ 1))/ > ((Cono p(n))/ vV QED].
Find p such that a(COUOP(p)) =0.
Conclude: either QED, or
0 5 Cono p((p,0)) = a* o o0 p({p, 1)) = 0, and again: QED.
We thus see: V¢ € [w]¥ImInm <n A a* o((m) = a*o((n)], ie.
Eo =,, Ean is almost-finite.

12.2. Fans, approximate fans and almost-fans.

Let 8 be given. We define: F3 := {« | Vn[B(an) = 0]}.

We define: 8 is a spread-law, Spr(8), if and only if
Vs[B(s) =0« In[B(s x (n)) = 0]].

If B is a spread-law, then F3 is a spread.

We define: § is a fan-law, Fan(B), if and only if
Spr(B) and VsInVm[B(s x (m)) =0 — m < n].

If B is a fan-law, then F3 is a fan.

a7



We define: (8 is an explicit fan-law if and only if
Fan(f) and 3yWVsVm|[B(s x (m)) =0 = m < v(s)].

If B is an explicit fan-law, then Fg is an explicit fan.

One may prove in BIM, see Lemma 3.1

Ezxplfan(8) <> (Spr(B) A 3yVnVs € [w]"[B(s) =0 — s < y(n)]).

We define: 8 is an approzimate-fan-law, Appfan(B), if and only if
Spr(B) and Vn3kvt € [w]*13i < k+ 1[t(i) ¢ w™ Vv B(t(i)) #0].

If B is an approximate-fan-law, then F3 is an approzimate fan.

We define: § is an almost-fan-law, Alm fan(B), if and only if
Spr(B) and VsV¢ € [w]“Im[B(s * (((m))) # 0].

If B is an almost-fan-law, then Fg is an almost-fan.

12.3.  The Almost-fan Theorem as a Scheme, ALMFAN:
VB[(Almfan(8) A Barz,(B)) —
Ja[E. € B N E, is almost-finite A Barz,(Eq)]].

The following theorem may be compared to Theorem

Theorem 12.4. BIM + BARIND + AC,, ,. - ALMFAN.

Proof. Let B be given such that Almfan(8) and B({)) = 02 Assume Barg,(B).
Define B’ := BU {s | f(s) # 0}.
We claim: Bargw(B’). In the proof of Theorem we have seen how to prove
this claim.
Let C be the set of all s such that either: 8(s) # 0 or:
B(s) =0 and Ja[E, C B A E, is almost-finite N Barr,ns(Eq)].
One easily sees: B C C: for every s, if 8(s) =0 and s € B, define « such that
Vn[a(n) = s + 1] and note: {s} = E, C B and E, is finite and Barz,ns(Ea).
Now let s be given such that Vm[s * (m) € C]. Using AC, 4, find o such
that, for all m, if B(s % (m)) = 0, then E,m C B and E,m is almost-finite and
Barr,asi(m)(Eam), and, if B(s * (m)) # 0, then o™ = 0 and Eym = (.
Note: Almfan(B) and, therefore, V¢ € [w]*Im[at(™ = 0].
Use Lemma [I2.3(iv) and conclude: J,,, Eom is almost-finite.
Also: Barr,ns(U,, Ean). Conclude: s € C.
We thus see: Vs[Vml[s x (m) € C] — s € C].
Obviously: Vs¥m[s € C' — s* (m) € C].
Using BARIND, we conclude: () € C, i.e.
Ja[E. € B AN E, is almost- finite N Barz,(Ey)]. O

12.4.  The Almost-fan Theorem, AlmFT:
VB[Alm fan(B) — Va[(Thinbarz,(Da) A Vs € Do[B(s) = 0]) —
V¢ € [w]*In[¢(n) ¢ Dal],
i.e.: every decidable subet of w that is a thin bar in some almost-fan is almost-finite.
Theorem 12.5. BIM + ALMFAN F AlImFT.

Proof. Let 8, be given such that Appfan(3) and Thinbarr,(Ds) and

Vs € Do[B(s) = 0]. Applying Theorem [[2.4] find v such that E, C D, and
Barg,(E,) and E, is almost-finite. As Vs € DoVt € Dy[s Tt — s = t], conclude:
E, = D, and, by Lemma [I2.11i), V¢ € [w]“3In[((n) ¢ D). O

The Almost-fan Theorem occurs in [36] and [37].

24We do not know id the use of the Axiom AC,, v is avoidable.
251f B(()) # 0, then Fg = 0 and there is nothing to prove.
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12.5.  The Approzimate-fan Theorem, AppFT:
VBVa[(Appfan(B) A Thinbarz,(Da) A Vs € Do[B(s) =0]) —
V¢ € [w]“In[¢(n) ¢ Dall,

i.e.: every decidable subet of w that is a thin bar in some approximate fan is almost-
finite.

Theorem 12.6. BIM + AImFT F AppFT.

Proof. Obvious, as every approximate fan is an almost-fan. (I
I do not know if BIM proves AppFT — AImFT.

Theorem 12.7. BIM + AppFT - FT.

Proof. Assume AppFT. We want to prove FT and use Theorem 211
Let « be given such that Thinbare(Dy,).
Using AppFT, conclude: D, is almost-finite.
Define ¢ in [w]* such that, for each n,
if =y € C3i < n[¢() C 7], then {(n) = uplp € Do A Vi < nlp # ((i)]]-
Find p such that {(p) ¢ D,.
Conclude: ¥n > ((p)[n ¢ Dq).
We thus see: Va[Thinbarc(Dy) — ImVn > mn ¢ D,]].
Using Theorem 2.1] we conclude: FT. O

BIM does not prove FT — AppFT, see [44, Corollary 10.6].
In BIM, AppFT has a number of important equivalents, see [44]. One of them
is the following principle of Open Induction:

OI([0,1]) : Ya[¥s € [0,1][[0,8) C Ha — 6 € Ha] — [0,1] € Hal.

The relation between FT and AppFT in BIM may be compared to the relation
between WKL and KL in RCAy.

In the classical context of RCAg, one studies two extensions of WKL,

Bounded Konig’s Lemma BKL, that (for a classical reader) would coincide with
(a contraposition of) the second formulation of FT [ZZ4 and Konig’s Lemma KL,
that, similarly, would coincide with FT

BKL is, in RCAg, equivalent to WKL, see [26] Lemma IV.1.4], just as, in BIM,
the first and second formulation of FT are equivalent.

KL, on the other hand, is definitely stronger than WKL, as RCAy + KL is
equivalent to ACAy.

As we observed before, see Theorem[4.2] BIM+ Weak-T19-AC,, , + FT « FT P9

From a constructive point of view, the axiom Weak-I19-AC,, ,, is weak indeed, as
the antecedent is read constructively. Also note: BIM+AC,, ! - Weak-H?-Awa.

In a classical context, the réle of a countable axiom of choice is very different
from the réle of such an axiom in a constructive context, see [, Appendix 1].

It seems to us that FTT is still too close to FT for being a good candidate
for playing, in the intuitionistic context, a role like the réle played by KL in the
classical context.

Note that our ‘axiom’ AppFT is a possibly better candidate, as, for a classical
reader, AppFT is still indistinguishable from KL.

Some authors have called our F'T the Weak Fan Theorem WFT, see for instance
[19], but we decided not to follow them.

260ne may learn from [16, Theorem 9.20] that, using countable choice, in fact only Weak-
H?—ACW,W, one may constructively derive KL from WKL. On the problem of treating non-
constructive assumptions in a constructive context, see the end of Section
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There is a constructive version of Weak Weak Konig’s Lemma WWKL, see [26]
Definition X.1.7], that is called WWPFT, see [23].

13. NOTATION AND CONVENTIONS

In this Section we explain how, in BIM, some useful notation is introduced and
some elementary results are proven.

13.1. Finite and infinite sequences of natural numbers.

BIM contains a constant p denoting the function enumerating the prime numbers:
p(0)=2,p(1)=3,...

We code finite sequences of natural numbers by natural numbers:

() := 0 and, for each k > 0, for all mg, m1,...mg_1,

(moy...,mp—1) =plk—1)- Hp(i)"” -1
i<k

length(0) := 0 and,

for each s > 0, length(s) := 1 + the largest k such that p(k) divides s+ 1.

If ¢ < length(s) — 1, then s(¢) := the largest m such that p(i)™ divides s+ 1, and,
if i = length(s) — 1, then s(i) := the largest m such that p(i)™ "1 divides s+ 1, and,
if ¢ > length(s) then s(i) := 0.

Note: if length(s) = k, then s = (s(0), s(1),...,s(k — 1)).

Also note: Vs[s > length(s)].

a * b is the number s satisfying: length(s) = length(a) + length(b) and,
for each n, if n < length(a), then s(n) = a(n) and,
if length(a) < n < length(s), then s(n) = b(n — length(a)).

a * o is the element 8 of w® satisfying: for each n, if n < length(a),
then 3(n) = a(n), and, if length(a) < n, then B(n) = a(n — length(a)).

For n <length(a), a(n) := (a(0),...,a(n — 1)).
If confusion seems unlikely, we sometimes write: “an” and not: “a(n)”.

aC b+ In < length(b)fa=0bn],and: aC b+ (T b A a#b).

§ <pex t > Vm < length(s)[sm =tm — s(m) < t(m)].

alb+<—(aCbV bLCa).

a(n) :=an:= («(0),...a(n —1)).

aC o<+ In[an = al.

alavalae (el ).

a# B+ al B+ Infaln) # B(N).
For each p, p is the element of w* satisfying Vn[p(n) = p|.

Vavn[o/ (n) = (a(n))l A o (n) = (a(n))"].

We extend the language of BIM by introducing € and terms denoting subsets of
w. This is not a real extension of the language of BIM. Formulas in which the new
symbols occur are abbreviations of formulas in which they do not occur.

Given a formula ¢ = ¢(n) we may introduce a ‘set term’T,. The basic formula
‘t € X’ is an abbreviation of ‘p(t)’.

Here is a first example.

Bin :={a | ¥n < length(a)la(n) =0 V a(n) = 1]}.

‘a € Bin’ is an abbreviation of ‘Vn < length(a)[a(n) =0 V a(n) =17

Bing, := {s € Bin | length(s) = m)}.

w™ :={s | length(s) = m}.

Given terms A, B denoting subsets of w,
‘A C B’ is an abbreviation of ‘Vn[n € A — n € B]'.

We also introduce terms denoting subsets of w®, for instance:
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C:={y[Vnly(n) =0Vry(n)=1]}.

‘ac € C’ is ean abbreviation of ‘Vn < length(a){a(n) =0 V a(n) = 1]

W] == {C [ Vn[¢(n) < C(n+ 1]}

Given terms X', ) denoting subsets of w®,
‘X C ) abbreviates Vaja € X — a € )]

Given a term X denoting a subset of w*, we introduce, for all s,
XNs:={aeX|sC a}.

Given a term X denoting a subset of w*, and a term B denoting a subset of w,
we let ‘Barx(B)’ be an abbreviation of ‘Va € X3n[an € B]'.

Note that Barxy(B) is a formula scheme, that becomes a formula if one substi-
tutes formulas defining X', B, respectively.

From now on, we will express ourselves more informally, as in the following
example:

For each X C w*, for each B C w,
Thinbar x (B) <> (Barx(B) A Vs € BVt € B[sCt — s =1]).

Note that we are not extending the language of BIM by second-order variables.

13.2. Decidable and enumerable subsets of w.
Dy :={i| a(i) # 0}. D, is the subset of w decided by .
The expression ‘i € D,,’ is an abbreviation of ‘«(i) # 0.
X C wis decidable or AY if and only if 3a[X = D,].
D, = {i|i < length(a) | a(z) # 0}.
X Cw is finite if and only if Ja[X = D,].
Note: for each o, Do, = |J Dan.-
new
Ey :={n| 3pla(p) =n+1]}. E, is the subset of w enumerated by c.
X Cwis enumerable or XY if and only if Ja[X = E,].
E, :={n|3p < length(a)la(p) = n + 1]}.
Note: for each o, Eq = |J Fan-

new
X C w is co-enumerable or TIY if and only if
F0lX = w\ Ea = {n | Ypla(p) £ n + 1]},
Given any «, define 8 such that
Vn[a(n) = B(n) =0 V (a(n) #0 A B(n) =n+1)], and note: Dy = Ep.
We thus see: BIM - Va3g[D, = Eg].

13.3. Open and closed subsets of w*, spreads and fans.
Gp == {7 | In[B(n) # 0]}.
G Cw* is open or XY if and only if I3[G = Gg].
Fpi=w\Gg ={y | Vn[B(n) = 0]}.
F Cw* is closed or IIY if and only if 38[F = Fs).
Spr(B) <> Vs[B(s) = 0 «» In[B(s = (n)) = 0]].
X Cw¥ is a spread if and only if 38[Spr(8) N X = Fgl.
In intuitionistic mathematics, not every closed subset of w“ is a spread, see
Lemma 2111
Fan(B) <> (Spr(B) A VsInvm[B(s * (m)) =0 — m < n]) and
Ezxplfan(B) <> (Spr(B) A 3Vs¥m[B(s * (m)) =0 — m < ~(s)]).
X Cw* is a fan if and only if IF[Fan(B) N X = Fg).
X C w¥ is an ezplicit fan if and only if IF[Explfan(8) N X = Fgl.

Lemma 13.1. One may prove in BIM:
VB[Explfan(B) <+ (Spr(B) A 3yVnVs € w"[B(s) = 0 — s < y(n)])].
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Proof. Let 8 be given such that Explfan(p).
Find 7 such that VsVm[B(s x (m)) =0 — m < v(s)].
Define § such that 6(0) =0 = (), and, for each n,
§(n+1) =max({s* (m) | B({s*(m)) =0 A s<d(n) A m<~y(s)}).
One proves by induction: ¥nVs € w™[5(s) =0 — s < §(n)].
Conversely, let 3, be given such that ¥nVs € w™[3(s) =0 — s < y(n)].
Define 4 such that, for each n, for each s in w™ such that 8(s) = 0,
§(s) = max({m | B(s* (m)) =0 A s*(m) <~y(n+1)}).
Note: VsVm[B(s * (m)) =0 — m < §(s)] and conclude: Explfan(B). O

13.4. Subsequences.
Ynvm[a!™(m) == a({(n) * m)].
a!™ is called the n-th subsequence of the infinite sequence .
length(s'™) := pp < s[(n) * p > length(s)] and
Vm < length(s!'™)[s!"(m) = s({n) * m)].
Note: YavVmVn[(am)™ C a!"].

VYm[®a(m) := ala x m)].
Note: Vn[™a = al].

length(®s) := pp < s[a *p > length(s)] and Vm < length(%s)[*s(m) = s(a x m)].
Note: YaVmVa[®(@m) C “q].

13.5. Partial continuous functions from w® to w and from w* to w“.
Fung(p) < Va € E,Vb € Egla’ TV — o’ =10"].
Domy(yp) :={a | Yada € E,ld’' T al}.
Assume: Fung(p) and o € Domg(p).
Then ¢(a) := the number ¢ such that In(an,c) € E,).

For every X C w¥, for every ¢, ¢ : X — w <> (Fung(p) A X C Domg(y)).

Funi(¢) <> Va € E,Nb € E la’ TV — o’ T
Domi(¢) :={a|Vnda € E,ld’ T a A length(a”) > n]}.
pla :=max({t | I € Ez,[t' T a ANV =1t]}).

Y ay < YnImAn C plam]].

Assume: Funy(p) and o € Domy(p).

Then p|a := the element v of w® such that ¢ : a — 7.

For every X C w¥, for every ¢, ¢ : X — w* <> (Funi(p) A X C Domy(y)).

13.6. Integers and rationals.
m=gzn<m' +n" ' =m"+n'.
m<zn<m +n" <m” +n.
0z == (0,0)
m+zn=(m +n',m"+n").
m—zn=(m +n" m’"+n).
m-zn:=m o' +m” 2" m 0" +m"n).
Q:={n|n" >z 0z}
m=gn<+m zn" =zgm" zn
m<gn<m zn <zgm’ -zn'
m<gn+m zn" <zgm’zn.

m <g n + maxg(m,n) =g n < ming(m,n) =g m.
m4gn = (m/ an” gm0/, m’ g n’).
m—gn= (m! zn" —zgm” g0/, m" zn').
m-qgn=(m zn,m" zn").

27See [43, Subsections 7.2 and 7.5]
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S:={s|secQ A s"€cQ A s <qgs"}.

sCsto (' <gs A s <gt").

sCste (' <gs A s <gth)

s<gt<rs” <@ t.

s<gt¢ s <o .

sHst e (s<st V t<gs).

For each n, we define ng in Q by: ng = ((n, 0), (1, 0))

For all s in S, doubleg(s) is the element u of S satisfying:

w+gou’' =g +o¢” and v’ —qgu =g 2g g (s" —q ).

Note: Vs € SVt € S[s Cs t — doubles(s) Cs doubles(t)].

s+st:= (s +qt',s" +ot").

sgt:=
(minQ(s’ 9 t 8" 9 t. s 9 t g 9 1, maXQ(s' 9 t 8" 9 t, s 9 t g 9 t”)).
13.7. Real numbers.

R :={a|Vnla(n) €S A a(n+1) Cs a(n)] A Ym3In[a’ (n) —g o' (n) <g %]}

a <r B+ In[a(n) <s B(n)].

o <x B ¢ Vala(n) <s A(n)]

Yn[inf(a, 8)(n) = (ming(e/(n), B (n)), ming(a”(n), B(n)))].

Vn[sup(a, B)(n) := (maxg(a’(n), §'(n)), maxg(a” (n), 8" (n)))].
a#nﬁﬁ(a<7gﬁ \Y 6<RCY).
a=p B (a<gf A B<ra).

Vn[(a +x B)(n) := a(n) +s B(n)].
Vn[(a-r B)(n) := a(n) -s B(n)].
For each ¢ in Q, we define gg in R by: for each n, gr(n) = (¢ —g 5. ¢+ 3= )-
073 = (OQ)R and 173 = (1@)73.
Lemma 13.2. One may prove in BIM:
Vs € SVt € S[s Cs t — Va € R3n[s #s a(n) V a(n) Cs t]].
Proof. The proof is left to the reader. (I

13.8. [0,1] and C.
0,1] ={a € R|0r <g a < Ix}.
(0,1 ={aeR|0gr <ra<g lg},and [0,1):={a e R |0r <r a <r 1z}
Forall o, in R, [a, 8) :={y € R |a<r v <r 8}
0,1]% == {v | Vi < 2[y!" € [0,1]]} and [0,1]* := {y | Vn[y!" € [0, 1]]}.
Heo :={y€[0,1] | In3s € S[a(s) #0 A ~(n) Cs s]}.
H C R is open if and only if Ja[H = H,].
Lemma 13.3. One may prove in BIM:
There exist o, such that
(i) 0:C—[0,1] and ¥é € [0,1]Fy € Clo|y = 9].
(i) 9w = w and Vavy € C[y € Gy <> oly € Hal.
Proof. (i) Define X and p such that, for each s in S, A(s) = (¢, 35’ +¢ 25”) and
p(s) = (35' 1 15".5")
For each s in S, A(s) is the left-two-third part of s and p(s) is the right-two-third

part of s.
Define v such that v({ )) = (0g, lg) and, for all s in Bin, v(s x(0)) = A(v(s))

and v(s x (1)) = p(v(s)).

28This is not the same definition as in [43} Subsubsection 8.1.4]. We replaced ‘Cs’ by ‘Cs’ .
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Define o : C — [0, 1] such that Vv € C[(c]y)(n) = v(7Fn)].
One may prove: Vo € [0,1]3y € C[o|y =r d].
(ii) Define v : w* — w® such that
Vavs[(p|a)(s) # 0« (s € Bin A 3t < s[v(s) Cst A a(t) # 0])].
One may prove: YaVy € C[y € Gy|o < 0|y € Hal. O

Lemma 13.4. One may prove in BIM:
There exist T,x such that
(i) 7:C—[0,1) and ¥y € CVS € C[y # 6 — 7|y #r T|0].
(i) x:w* = w¥ and YaVy € Cly € Go <> T|y € Hyjal-
(iii) Vo € [0,1]3y € C[r|y #r 0 — Va[d € Hyjal]-
(iv) V6 € [0,1]“Fy € CVn[T|]y" #R 6" — Val[o" € H,all-
Proof. (i) Define mg, 71,72, w3 and w4 such that, for each s in S, for each i < 5,
mi(s) = (3ts +q £6", s 4o HL).
For each s in S, for each i < 5, m;(s) is the i-th fifth part of s.
Define € such that ¢({)) = (0g, lg) and, for all ¢ in Bin,
e(a*(0)) = m (e(a)) and (s * (1)) = m3(e(a)).
Define 7 : C — [0,1] such that Vy € C[(7]7)(n) = e(n)].
One may prove: Vy € CV6 € C[y # 6 — 7|y #r 7|4].
(ii) Define x : w* — w* such that, for all «, for all s, (x|a)(s) # 0 if and only if
Jdt < sfte€ Bin A sCse(t) A a(t) #0] V In < sVt € Bingls #s (t)].
We now prove: VaVy € C[y € Go < 7|y € Hyja)
Let a be given and assume: v € C.
Assume: v € G,. Find n such that a(yn) # 0.
Find k > n such that (k) > Fn.
Note &(7k) Cs e(n) and conclude: (x|o)(e(Fk)) # 0.
As (1]y)(k + 1) Cs (1]7)(k) = (Fk), conclude: 7|y € Hyq-
Conversely, assume 7|y € H,|o. Note: Vnle(Fn) C 7|7].
Conclude: =3s[s C 7]y A 3InVt € Biny,[s #s (t)]].
Find n, s such that (7]7)(n) Cs s and (x]a)(s) # 0.
Find ¢ in Bin such that s C &(¢) and a(t) # 0.
Note: ¢ C « and conclude: v € G,.
We thus see: Vy € C[y € Go < 7|7 € Hyjal-
(iii) Assume ¢ € [0, 1].
Note: Va € Bin[e"(a * (0)) <g €'(a * (1))].
Define 7 in C such that, for all m, p,
if p = pgle” (ym +(0)) <q 6'(q) V &"(q) <q&'(Fm (1))},
then y(m) =0 < §"(p) <g &' (Fm * (1)).
One may prove, by induction on n:
for each n, there exists p such that V¢ € Bin,[t L 7n — 0(p) #s £(t)]-
Assume: § #z 7|vy. Find n such that 6(n) #s (7|7)(n) = e(7(n)).
Find p > n such that Vt € Bin,[t L Fn — 6(p) #s ()]
Conclude: Vt € Bin,[d(p) #s €(t)] and, for each a, § € Hyq.
We thus see: if 0 #x 7|y, then Va[d € H, ).
(iv) Assume: 6 € [0,1]“.
Define v in C such that, for all n,m, p,
if p = pg[e"("m + (0)) <q (6™)'(q) V (6")"(q) <g &'(Y"m* (1))],
then " (m) = 0 < 6" (p) <g &'((y")m * (1)).
Conclude, following the argument for (iii): Yn[0"™ #r 7|(7") = 0™ € Han]. O

13.9. Real functions from [0, 1] to R.

29The definition slightly deviates from the one used in [43, Subsection 8.4].
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¢ :]0,1] - R if and only if
(1) Yne Eyn’ € S A n” €8], and
(2) Vm € E,Vn € Ey[m' Ts n' — m/” Tg n'], and
(3) Va € [0,1]Vnam3s[(a(m),s) € E, A s —q s’ <g 3=

RO = {o|p:[0,1] -r R}.

Assume: ¢ :[0,1] = R.

We define, for each « in [0, 1], for each 8 in R,
¢ a—g B if and only if Ynam3p € E, [ja(m) Cs p’ A p” Cs B(n)].

For each « in [0,1], we let ¢ ®(a) be the element 3 of R such that, for each n,
B(n) = doubles(s”), where s is the least ¢ such that ¢ € S and ¢/ —g ' =¢ 5= and
Ip <tIr<tIm<tlp(r)=p+1 A a(m)Csp" A p" Cst].

Note: ¢ : a =g @ X (a).
13.10. Game-theoretic terminology.

s:n— k< (length(s) =n A Vj < n[s(j) < k]).

Seq(n,l) :={s|s:n—1}. Note: Bin, = Seq(n,?2).

c €1 5 4> Vi[2i < length(c) — (¢(2i) < length(s) A c(2i) = s(¢(21)))].

c €t Vi2i+ 1 < length(c) —

(c(2i + 1) < length(t) A c(2i+1) = t(c(2i + 1)))].

(The numbers s, t should be thought of as strategies for player I, I1, respectively.)

c €1 0 4> Vi[2i < length(c) — ¢(2i) = o(¢(21))].

c €11 T Vi[2i 4+ 1 < length(c) — c(2i+ 1) = 7((2i + 1))].

v €1 0+ Vily(2i) = o (7(24))).

v € T Vily(2i + 1) = 7(7(2i + 1))].

v €1 s > Vi[¥(2i) < length(s) — v(2i) = s(7(21))].

v €rr t 4 Vi[y(2i 4+ 1) < length(t) — v(2i + 1) = ¢t(7(2i + 1))].

w X w:={s| length(s) = 2}.

2 x w:={s| length(s) =2 A s(0) < 2}.

wx 2:={s|length(s) =2 N s(1) < 2}.

For each n > 0, (w x 2)" := {s | length(s) = 2n AVi <n[s(2i+ 1) < 2]} and
(wx2)" X w:={s]|length(s) =2n+1 A Vi <n[s(2i+ 1) < 2]}.

(w x 2)<°" =, (wx2)"

(wx2)¥:={§|Vn[d(2n+1) < 2]}.

Halfbm = (wx2)<*U((wx2)<*xw)=,{An|7€ Wx2)“}

For every 6, 01, 075 satisfy: Vn[dr(n) = §(2n)] and Vn[drr(n) = 6(2n + 1)].

For every s, length(sy) = unl[length(s) < 2n] and Vn < length(sr)[sr(n) = s(2n)],
and length(syr) = pn[length(s) < 2n+ 1] and Vn < length(srr)[srr(n) = s(2n+1)].
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