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Note on s; nonmeasurable unions

Robert Ralowski

ABSTRACT. In this note we consider an arbitrary families of sets
of sg ideal introduced by Marczewski-Szpilrajn. We show that in
any uncountable Polish space X and under some combinatorial and
set theoretical assumptions (cov(sg) = ¢ for example), that for any
family A C s with | J.A = X, we can find a some subfamily A’ C A
such that the union |J.A’ is not s-measurable. We have shown a
consistency of the cov(sp) = w1 < ¢ and existence a partition of
the size w; A € [s0]¥ of the real line R, such that there exists a
subfamily A’ C A for which [J.A’ is s-nonmeasurable. We also
showed that it is relatively consistent with ZFC theory that wy < ¢
and existence of m.a.d. family A such that | J.A is s-nonmeasurable
in Cantor space 2“ or Baire space w*. The consistency of a <
cov(sp) and cov(sp) < a is proved also.

1. Definitions

Let X be any uncountable Polish space and consider an arbitrary
o-ideal I C P(X) then let us recall the cardinal coefficients
e non(l) =min{|F|: FCXAF ¢},
e add(I) =min{|A|: ACIAN|UA¢E I},
e cov(I)=min{|A|: ACIANJA=X},
o covp(I) =min{|A|: ACIA(EP € Perf(X)) P C|JA}
Marczewski introduced the notion s measurability and sg-ideal now

we recall these definitions, see [Marcz].

DEFINITION 1.1 (sg Marczewski ideal). Let X be any fized uncount-
able Polish space. Then we say that A € P(X) is in s Marczewski ideal
if

(VP € Perf(X))(3Q € Perf(X))Q C PAQNA=0.

DEFINITION 1.2 (s measurable set). Let X be any fized uncountable
Polish space. Then we say that A € P(X) is s-measurable iff

(VP € Perf(X))(3Q € Perf(X)) (QCAV(QCPAQNA=D).
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Moreover, the set A € P(X) is completely s-nonmeasurable if
(VP € Perf(X)) PNA#DOANPNA#0,

where A¢ denotes completion of the set A in space X .

It is well known by Judach Miller Shelah see [JuMiSh| and Repicki
see [Repicki| that add(sg) < cov(sg) < cof(c) < non(sg) = ¢ <
cof (s) < 2

DEFINITION 1.3. We say that the family A C P(X) is s-summable
in the uncountable Polish space X iff for every subfamily B C A |JB
15 s-measurable set.

DEFINITION 1.4. Let X be any uncountable Polish space and let us
consider a cardinal k. We say that the family A C P(X) is k-point
family iff for anyx € X [{Ae A: € A}| <k.

2. Results on nonmeasurability respect to sp-ideal

We start this section with the simple observations in the sequel
Propositions.

ProPOSITION 2.1. Let X be any uncountable Polish space and let

¢ be reqular. Then there ezists a s-summable family A C so s.t. |JA =
X.

PROOF. Let us enumerate X = {z¢ : & < ¢} and let us define
Ay ={ze 1 £ <a} € sgforany o < ¢. The family A= {A,: a <<}
fulfills the assertion of the Theorem. O

Fact 2.1. Every Luzin and Sierpinski set is in sq.

PROPOSITION 2.2. Let ¢ be regular and let us assume that A C
{A € P(X): X isa Luzin set} s.t. |JA & so and is c-point family
then there exists B C A s.t. |JB is not s-measurable set.

PROOF. First we show that add(A, so) = min{|B|: BC AAUDB ¢
So} = c¢. Let observe that for any perfect set P € Per f(X) there exists
meager perfect subset of P. Then we can consider the family of the
perfect sets which are meager only. Consider the subfamily B € [A]<*
of the size less than ¢. Observe that any member A € B has the
countable intersection with the P but we can decompose P onto ¢
many disjoint perfect sets Q¢ : £ < ¢ then we can find ¢ many Q¢ such
that Q¢ N |J B = set what witness that (J B is in so.

We can assume that | J A is s-measurable, then one can find P, €
Perf(X)NM with Py C | JA. Now let us enumerate Perf(X NPF)) =
{P¢ : £ < ¢}. Then by transfinite induction we can build te following
sequence:

((Ag,de) € Ax X @ € < ¢) with the following properties:
e A:N P # 0 and d¢ € P for every £ < ¢ and
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o {de: &< cpnNU{As: E<c}=0.
In the « step of induction by the fact that add(.A, so) the union | J{A €
A (3 < a) de € A} is s and then one can find an A € A such
that AN P, # 0 and AU{de : £ < a} = 0. After this, find d €
P\ (AUU{A: : ¢ < a}) and put A, = A and d, = d. O

REMARK 2.1. This is also true if we replace a Luzin set by a
Sierpinski set.

Now we show that c-point family assumption can not be committed.

PROPOSITION 2.3 (CH). There exists s-summable family A of the
Luzin sets such that | J A = R.

PROOF. Let us enumerate all reals ¢ : § < w; and let us consider
family of w; many Luzin sets {C¢ : € < w;} such that for every £ < w;
ze € Ce. Now let Ay = |J{C,, : n < &} for every & < w; and let
A= {A¢ : £ <w}. Of course family A consists of Luzin sets and if
n <& <wy then A, C A; and YA =R, O

It is well known that it is consistent with ZFC theory that add(sy) =
¢ = wy see [JuMiSh]| or [Repicki] for example. We give another way
to show consistency of this fact with existence large cardinals.

THEOREM 2.1. Under existence a supercompact cardinal there exists
a generic extension in which ¢ = wy and covy(sg) = ¢.

Proor. For simplicity let assume that X = w* and let P, be any
compact perfect subset of X. It is well known that under existence a
supercompact cardinal there exists model in which PFA is holds (with
¢ = wy). Let us consider a proper forcing P C w<* which consists of
all perfect trees s.t. [p] € P for any p € P with <=C relation. Now,
let us choose any family A C s, of size w; and consider the family

D ={D4: Aec A} of dense subsets of P defined as follows
(VAe A)(VpeP)pe Dy+—pnA=10.

Then by PFA there exists a D-generic set G C P (i.e. GN Dy # 0
for every A € A). Let us observe that for any finite family Gy =
{qo, -, qn_1} € [G]=¥ there exists condition p € G which is under any
condition from Gg. Then the our generic family G of forcing condition

has a finite intersection property and then (G # () which is a Sacks
real in fact. Finally we see that (VG C P\ JA # 0. O

THEOREM 2.2. If PFA holds and ¢ is reqular then for any c-point
family A C sqo of the subsets of the Polish space X with |JA ¢ so.
Then there exists a subfamily B C A s.t. |J B is not s-measurable set.

Proor. We prove this Theorem by transfinite induction. We can
assume that | A is s-measurable, then one can find Py € Per f(X)NM
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with Py C |J.A. Now let us enumerate Perf(X N Fy) = {Fe : { < ¢}
Then by transfinite induction we can build te following sequence:

((Ag,de) € Ax X+ € < ¢) with the following properties:

o A:N P # 0 and d¢ € P for every £ < ¢ and
(] {d52§<C}ﬂU{A£Z §<C}:®.
In the « step of induction by the fact that covy(sg) = ¢ the union
U{A e A: (3£ < a)de € A} doesn’t cover P, and then one can find
an A € A such that AN P, # 0 and AU {de : £ < a}=0. After this,
findde P, \ (AUUJ{A4¢ : £ < a}) and put A, = A and d, = d.
U

The above Theorem uses the fact that covy(sg) = ¢. Here we show
Theorem where we have covp(sg) < ¢.

THEOREM 2.3. It is relatively consistent that there exists a partition
A € [s0]“* of the real line for which there exists a subfamily B C A such
that |J B is not s-measurable and wy < c.

PROOF. Let us start from ground model V' in which GC'H is hold.
Let us iterate with finite support of the Cohen forcing C', X,, many
times and denote this forcing notion as P. Of course or forcing notion
is c.c.c. then every new real appears in the middle of iteration. Now,
consider the following family {V5NRY" : 8 < R, } of the real line RV
where Vy = V. For the reader convenience we prove the following well
known Claim.

CraM 2.1. For any forcing notion P which adds a new real ¢ and
any perfect tree T € P(2<¥) NV in the ground model V there exists
a perfect subtree S. C T such that every branch of S. is a new i.e.
[S] CVEAV.

PROOF. Let T' C 2<% be any perfect tree in the ground model V.

Let ¢ € 2¥ be any new real added by forcing P. For any n € w let us
define Split,,(T) as follows:

{se€T:570,s"1 €T N (3t Cs)te Split,—1(T) N|s| is smallest }.

Now let S. consists only those nodes of T" such that if s € Split,, (1)
and n = 2k + 1 is odd then s7i € S iff i = ¢(k). Let x € [S.] be any
branch of S.. The tree S, is a perfect tree of course. We show that
r € 29N (VE\ V). If not then let us consider the sequence such that
for every k € w

y(k) =i +— (In € w) x [ n € Splitop1(T) Ni = z(k)

which is a set in the ground model but y = ¢ which is impossible
because ¢ ¢ V, contradiction. 0
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In each stage of the iteration (let say «) the new real is added
(Cohen real for example) ¢, € V N R and then by above Claim 2] in
every perfect tree T' from V,, we can find a perfect subtree S C T for
which every branch b € [S] is a new real b € V1 \ V.. This argument
shows that A = {RV} U {(Vart \ Vo) NRY : @ < X, } C s forms a
partition of the real line in the generic extension. Now let us consider
the following family:

B={(Vas1 \Va) NRY s <Ry, Acvisodd }.

To finish the proof we show that A = J B is not s-measurable. To do
this we show the little stronger statement that for every perfect tree T
and any perfect subtree S C T such that AN[S] # 0 and A°N[S] # 0.
By c.c.c. of P every S € V, appears in a some a < N, stage of the
iteration. Then we can find a perfect subtrees S, C S; C S for which
which Sy € Voiq, [S1]NRY NV, = 0 but [S}] NRY N Vasy # 0 and
Sy € Vaya, [So] NRY N Vopy = 0 but [So] NRY N Vypy # 0.

The standard argument shows that ¢ = R} = Nc‘f The proof is
finished. U

3. Big point so-families and their s-nonmeasurability

In contrast with the previous section where we proved the consis-
tency result in Theorem which deals the families with small point
property, we consider the big-point families of sets A from ideal sq in
the following meaning:

If X be any Polish space then any family A C P(X) is a big-point
family iff

{reX: {AeA:xe Al} <c} € s.

The family constructed in the proof of the Proposition 2.]is a big-point
family. But in some additional assumption we can prove the following
Theorem.

THEOREM 3.1. If cov(sg) = ¢ and c¢ is regular cardinal then if A C
So 18 a big-point family of Marczewski null subsets of real line such that

Vr,yeR)z#y— |{A€A: z,ye A} <c.

Then there exists a subfamily A" C A such that |JA" is completely
s-nonmeasurable.

Proor. We prove this Theorem using transfinite induction. Then
let us enumerate the set of all perfect subsets Perf = {P: : { < ¢}
of the fixed uncountable Polish space X. We will build recursively a
sequence of the length ¢, {(A¢, d¢) € Ax P¢ : € < ¢} such that for every
& < ¢ we have

OAgﬂpg%@and
o {d):n<&NUA in<&H=0.
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Assume that we have sequence with the above properties of the fixed
length £ < ¢. Choose any point x € P\ Un<§{dn} then by assumption
in our Theorem there exists a some A € A such that x € X and d,, ¢ A
for every n < £. Now by an assumption that cov(sg) = ¢ choose any
de P\ (U{4, :n <&} UA). Finally set Ac = A and d¢ = d. Then
{(A,),d,) € Ax P, : n < &} fulfills the analogous bullets as above. Then
by transfinite induction Theorem we can construct a sequence with the
length of ¢ with an above properties. These properties shows that a
family A" = {A¢ : £ < ¢} fulfills an assertion of this Theorem. O

Let observe that the assertion of the above Theorem is true if PFA

is hold.

4. MAD sg-families and their s-nonmeasurability

We start this section with the definition of a.d.-family i.e any family
of sets A C [w]* is a.d.-family on w if

(Va,be A)a#b— anb e [w]=“.

The two reals f, g € w¥ in Baire space are eventually different e.d. iff
f M g is finite subset of w X w. Then let us observe that e.d. family
A C w* is an a.d. family on w x w. For this reason we will call the
eventually different family as almost disjoint a.d. family also. Maximal
almost adjoint (or eventually different) families respect inclusion are
called a m.a.d. families.

We know that union over every a.d. family or eventually different
functions family is a meager in the Cantor and Baire space. But it is
well known that it is provable in ZFC that there exists a m.a.d family
which contain a some uncountable perfect set which makes this set sg
positive one. It is a natural question that it is true that there exists a
m.a.d. family which union forms s-nonmeasurable set. From the other
side it is well known that consistent is an existence a m.a.d. family
A with the cardinality is less than ¢ see [Kunen| book for example.
Moreover, non(sg) = ¢ then the union of such a family (J.A is in s.

4.1. Consistency of s-nonmeasurable m.a.d. family. We show
the consistency of the existing a m.a.d. family A such that (J A is s-
nonmeasurable in the Baire space for example. We have the following
Theorem.

THEOREM 4.1. [t is relatively consistent with ZFC theory that There
erists a m.a.d. family of functions A C w® such that |J.A is not s-
measurable.

PROOF. Let us consider the ground model V of GCH. To do we
first choose any perfect tree 7' C w<“ in V such that [7] forms an
a.d. family. Now, let us define a forcing notion (@, <) as follows: p =

(p, 59,80, Fp, M) € Q iff
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o 1, € W and
o s sb € [w™l]< and
o F, € [ST|<¥ and
o M, € [w’]¥
and fulfills the following conditions:
(1) |sg] = |sp| = || and
(2) f F={Ty:ken} As)={sp:k€n} — s; €T, for every
k en,
(3)if F={Tx : ken}Ash={sp: ken} — s, €T for every
k€ n.
(4) (VS eF)siNS#DANLNS#D
Here ST stands for the family of all perfect subtrees of the tree T
The order is defined as follows: for every p = (,, sJ, sg,}"p),q =
(xq,sq, o:Fq) € Q we have p < ¢ iff
(1) 2z Caxp, NFy € Fy ANHy C M, and
(2) (Vs €s)(3t €s9)(s Ct)and
(3) (Vs e sh)(3t e sb)(s Ct) and
(4) (Vsesi)(Vtesd)(s St — x,Ns=x,Nt) and
(5) (Vh € Hy)(xp,Nh =2,Nh) and
(6) (Vh € Hy)(Vs € s9)(Vt € s9)(s Ct —> sNh=tNh).

From the definition of the our forcing notion we have the following
Claims.

CrLam 4.1. Q is c.c.c.

PRrROOF. The proof goes in traditional way. First choose any two
conditions p,q € Q with z, = x, = z,s) = s§ = s, sb = s = s*. The
following forcing condition r = (z,s9, s*, F, U F,, H, U 7—[ q) € Q is a
common extension (has more information) than p and ¢q. Now consider
the uncountable set W € [Q]“* of forcing conditions of the poset Q).
Then there exists an uncountable subset W, € [W]*! s.t. each member
of W, has the same first coordinate. Then there exists uncountable
Wi € [Wp]“r with the same the second coordinate and then we can
find W, € [W;]“t which is also uncountable and the third coordinate
is the same for all conditions from W,. Then by above remark all
conditions in W, are comparable. O

CLAaM 4.2. Let G C Q generic filter over V.. Then in V|G| the
family {zc} U[{s : (Fp € G)(3Ft € s9)s C t}] is a.d., where vg =
\U{z, : p € G} is a generic real.

PROOF. Choose any element y belongs to the set [ sy pE G]
then for every n € w there exists a condition p € GG and s € s such that
y [2C s. Then we can find decreasing sequence (py)ne, € G¥such that
for every n € w y [,C s for some s € s (here p, = (x,5%, 50 F,) €
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G). Then we have x,, Ns,, = ,, N sy, and then
Tp, VY [0S Tp, N Sp, = Tp, N Spy S Spy-

Then finally z¢Ny C s,,. From the other side for each condition p € @
we have sJ C T but the formula ”"tree has a.d. branches only” i.e.

(V)(Vy)(Vn e w)(x #yANx ,€«T ANy [,€T) — (zNyeT)

is H} formula then is absolute between transitive ZF models of the
set theory. Then {zg} U [{s : (Ip € G)(3t € s9)s C t}] forms a.d.
family. O

For a reader convenience we give the proof of the next Claim.

CrLAamM 4.3. Let G C Q generic filter over V.. Then in V|G| the
family {zc} U[{s : (Ip € G)(3t € sb)s C t}] is not a.d., where x¢ =
\U{z, : p € G} is a generic real.

PROOF. It is easy to show that the {D,, : n € w} is family of dense
sets in (), where

D, ={p€Q: |z, >nA (Vs €sL)(@Bm > n)z,(m) = s(m)}
for each n € w. O

Cram 4.4. If G C Q is Q-generic over V. Then for any perfect
subtree S € ST NV of T the [SIN[{Uss:p € G} #0 and [S]N [{s
(3p € G)(3t € s9)s C t}] # 0 is hold in the generic extension V[G].
Moreover, in V|G|, for any old real h € w* NV, xg N h is finite.

PRrOOF. Choose any perfect subtree S of the tree T" from the ground
model V. Observe that D = {p € Q : (Vs € s9)(n < [s|)} and
Db ={peQ: (Vs € s%)(n < |s])} are dense for every n € w and
Fs={pe@: SeF,}isalso dense in ). Then by induction we can
to build the decreasing sequence (7,,),en € @, sequence (pp)ne, € Q%
in the poset @ and (¢,)new € (W<¥)* such that

e G>r, <p, € DI for every n € w,

o t, Ctlypr €S andt, €sf foreverynew.
Then the real t = (J{t,, € w} whiteness the fact that t € [S]JU[{s: (Ip €
G)(3t € s9)s C t}]. The same argument provide us to the existence a
real s € w* such that s € [S]U[{s: (TIp € G)(3t € s9)s C t}].

Consider the following families {D,, : n € w}, {E, : h € w*} of
subsets of () defined as follows:

D,={peQ: n<|zy|}, En={peQ: heHt,}

It is easy to see that F, is dense in @) for each h € 2°NV. Then choose
any condition p € G N E} and any positive integer n € w then there
exists a condition ¢ € G N D,, then one can find an extension p,, of p,r
which is in generic filter G. Then z,, Nh = z,Nh C z, for every n € w
then ¢ N h C x, which is finite one. O
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Now to prove our Theorem we use the following Claim.

Cram 4.5. In V[G], for every real h € w* NV in ground model
and for every y € [{s: (Ip € G)(3t € 59)s C t}] [y N h| is finite.

Proor. Let G C @ be fixed generic filter over V. Choose any
ground model real h € w* NV and y as is stated in the Claim. Then
for every n € w there exists condition p, € G such that y [,C s, for
some s, € s9 (here n < |s| of course). As above the set £ = {p € Q :
h € H,} is dense in @ then find a some condition » € G N E}. Now
by induction find a sequences decreasing (7, )new € Q¥ and (t,)new €
(w<¥)¥ such that

er>rgand G3r, <p, foralln € wand
ey [,Cs, Ct,andt, €sl forevery n € w and
e hNty=hNt, and y [,=t, [, for any n € w.

Then y = J{t, [n: n € w} and hNty C hNy [, for large enough
n € w (n > |ty|) and then h Ny = h Nty which is finite. O

Now let us consider any cardinal k£ with a uncountable cofinality and
finite support iteration ((P, : a < &), (Qs : B < )) such that for every
we have 3 < & I-p, Qs = Q. Assume that G = {p € P : ig.(p) € G}
where G D P, generic filter over V and § < k. Then there exists
H C QB% generic over universe V[Gp] such that Ggiy = Gg * H.
Now let us define the following family Az = {zg, , } U [{s : (p €
Gpy1)(3t € s9)s C t}] and then A = (J{Ap : B < s}. In V[G] w
show that A forms a.d. and for every B m.a.d. family containing A
S € ST such that B N[S] # 0 and (UB)° N [S] # 0 what shows
that there exists a m.a.d. family which is not s-measurable. First of
all let observe that Z = (Js_.[{s : (3p € Gp41)(3t € s9)s C t}] C [T]
but 7" € V is almost disjoint tree, but this property is H} and by
Shoenfield Theorem is absolute between transfinite ZFC models. Then
the last set Z consists of almost disjoint reals. Let X = {zg, : 8 < k}.
Let a < 3 then by the Claim 4] z¢, N xg, is finite. Moreover, if
s € [{s:(Fp € Ga)(3t € sY)s C t}] then once again by the Claim E4]
rg, N s is finite. If 8 < o then by the Claim TG, N s is finite for
every s € [{s: (Ip € Go)(3t € s9)s C t}]. By Claim B2z, N s is also
finite for every s € [{s: (Ip € G,)(3t € s9)s C t}] and § < . This
shows that A is a.d. family.

Now we show that any extension B O A to m.a.d. family is s-
nonmeasurable. Choose in V[G] any perfect subtree S € ST of the our
tree T. Let S € V= be a nice name for a S which is countable. But P,
is an finite support iteration of c.c.c. forcings see Claim EL.1] then there
exists 8 < k and P,-name S’ such that SG = S = Sg. Then by the
Claim B2 [S] N [{s : (3p € G)(3t € 59)s Q t}] # 0 and by the Claim
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L3 there exists s € [{s : (Ip € Go)(3t € sb)s C t}] N [S] for which
s N xg, is infinite so (|JB)° N [S] # 0. O

4.2. Consistency of cov(sg) < a. In Yorioka paper [Yoriokal is
proved that starting in ground model with CH the ws finite support
iteration of Hehler forcing gives the model in which cov(sg) = w; but
this forcing adds wy Hechler reals and then any a.d. family A C w*
of size wy can not be a maximal because the Hechler forcing is c.c.c. .
Then in this model we have w; = cov(sg) < a = ws.

4.3. Consistency of a < cov(sg). We start this section with def-
inition which we use in proof of consistency mentioned in the title
above.

DEFINITION 4.1 (Strong m.a.d. family). A family A C w* is called
strongly m.a.d. if for every countable set {f; : i € w} of reals avoiding
a family A there exists a g € A such that |h N f;| = w. Here f € w¥ is
avoids A iff for every finite set B € [A]<% we have |f \ UB| = w.

Kanstermans (see [Kaster]|) showed that under MA the strongly
m.a.d. family exists.

To show consistency result mentioned above we will use an exis-
tence oc the supercompact cardinal. We assume that reader is familiar
with the theory of large cardinals. For details we refer to the chapters
20, 31 of the classical handbook [Jech] or to the chapter 12, written by
Cummings in [Set Theory].

DEFINITION 4.2 (Normal ultrafilter). Let k and X > ~ are un-
countable cardinals then we say that k-complete ultrafilter U on [N]<F
is normal if for every f : [A<% — X with {x € [\][<" : f(x) € a} € U
implies that there exists a some v € X such that {x : f(x) =~} € U.
Such ultrafilter we can call a normal measure on [A]<".

For a fixed normal ultrafilter U on [A\|<* let jy : V' — Ult(V,U) be
elementary embedding defined by jy(x) = [¢,] € Ult(V,U) where [c,]
be equivalence class of the constant function c,(a) = = for any o € A.

It is well known that

THEOREM 4.2. Let & < X\ then there exists a normal measure on
[A]<" iff there exists an elementary embedding j : V — M such that
(1) Va < k) jla) =a and k < j(k) and
(2) M> C M.

If k fulfills the above two conditions then « is called A-supercompact
cardinal. We say that  is supercompact if for every A > k the k is
a A-supercompact cardinal.

To prove the consistency result that a < cov(sy) we will follow the
proof of the consistency of the PF'A. Then we need to have a Laver
function in hands what is guaranteed by the existence of supercompact
cardinal. Here we recall the famous Laver Theorem.
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THEOREM 4.3 (Laver). Let k be supercompact then there exists a
function f : k — V,, (called a Laver function) such that for every
A > Kk and x € Hy+ there exist a supercompact measure U on [A]<" and
elementary embedding juy : V — M such that jy(f)(k) = x holds.

THEOREM 4.4. Under existence a supercompact cardinal it is rela-
tively consistent with ZFC' theory that w; = cof(N) = a < cov(sg) =
Wy = 24,

Proor. Let V F GCH and assume that x be a supercompact
and f : k — V, be a Laver function as above see Thm Then
let us consider a forcing notion ((Py : a < k), (Qa : @ < k)) with
a countable support iteration such that for every a < k Qo = f ()
whenever f(a) € {S,Coll(wy,a)} € VP and Q, is a P,-name for a
trivial forcing in the other case. '

Let observe that {o < k : Q4 = S} is unbounded in s and the same
for Coll(wy, o) which implies that in generic extension V[G] ws = &
and k = 2% is hold.

Now repeating the arguments in proof of the consistency of the PFA
we show that in V[G] for any family D € [S|“* of dense sets of the Sacks
forcing S there exists a D-filter H C S.

In generic extension V[G] now fix a family A € [so]<* and consider
a family D = {D,4 : A € A} of dense subsets of Sacks forcing S defined
as follows:

]<

Dy={peS:An|[p =0}
This is easy to see that (\{p € H : (3A € A)p € HN Dy} is nonempty
set (consists a Sacks real) and is disjoint from | J.A. Moreover it is well
known that the iteration with countable support preserves the Sacks
property and thus cof(N) = w; see [Miller 1981] or [Bart-Judahl],
[Shelah].

P, is an countable support iteration of proper forcings then w; is
not collapsed in generic extension. Moreover the mentioned P, is an
iteration of the length x (which is regular) of forcings of the size less
than k then P, is k-c.c. forcing then s remains a cardinal in the
generic universe V[G]. P, adds at least k new Sacks reals then in V[G]
w1 < Kk <c.

Moreover, V' = GCH and then for each @ < k we have |P,| < k and
for every real x in V[G there exists name & for = such that supp(i) <
what implies that ¢ < k.

Let observe that for any a < x and for any § < w; the set

Do = {p € Coll(wy,a) : B € range(p)}

is dense in forcing notion with a countable size of conditions Coll(w, k).
Then for every o < k there exists a D, = {D,p : [ < wi}-generic
filter G, producing a collapsing map from w; onto a.. Thus this implies

that kK = w;/ ) and by above ¢ = w;/ .
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From the other side using preservation Theorem of strongly m.a.d.-
families by countable support iteration of Sakcs forcing of arbitrary
length see [Raghavan]| if A C w* is a strongly m.a.d.-family then in
V]G] the family A € [w¥]“! remains a m.a.d.-family of size w;. The

proof of this Theorem is completed. O
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