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Abstract

We show that we can interpret concatenation theories in arithmetical theories
without coding sequences by identifying binary strings with 2 x 2 matrices with
determinant 1.
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1 Introduction

A computably enumerable first-order theory is called essentially undecidable if any
consistent extension, in the same language, is undecidable (there is no algorithm for
deciding whether an arbitrary sentence is a theorem). A computably enumerable first-
order theory is called essentially incomplete if any recursively axiomatizable consistent
extension is incomplete. Since a decidable consistent theory can be extended to a
decidable complete consistent theory (see Chapter 1 of Tarski et al. [12]), a theory is
essentially undecidable if and only if it is essentially incomplete. Two theories that are
known to be essentially undecidable are Robinson arithmetic Q and the related theory
R (see Fig.1 for the axioms of R and Q). The essential undecidability of R and Q is
proved in Chapter 2 of [12]. In Chapter 1 of [12], Tarski introduces interpretability
as an indirect way of showing that first-order theories are essentially undecidable.
The method is indirect because it reduces the problem of essential undecidability of a
theory T to the problem of essentially undecidability of a theory S which is known to be
essentially undecidable. Interpretability between theories is a reflexive and transitive
relation and thus induces a degree structure on the class of computably enumerable
essentially undecidable first-order theories.
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The Axioms of R The Axioms of Q
Rim+m=n+m Q1 Yoy [z #y — Sz # Sy |
Romxm=nxm QQV.L[S.L#O]

Rs m#m ifn#m QVz[z=0VvV3Iy[z=Sy]]
ReVo [z < — Ve, z=Fk] QVz[z+0=12x]
Rs Ve [z <mVA <] Qs Yoy [+ Sy =S(x +y) ]

Qe Vz [2x0=0]
Q7 Vay [z xSy=xxy+z]

Fig. 1 Non-logical axioms of the first-order theories R, Q. The axioms of R are given by axiom schemes
where n, m, k are natural numbers and 7, m, k are their canonical names

Fig.2 Non-logical axioms of The Axioms of WD
the first-order theories WD, D.

The axioms of WD are given by

axiom schemes where a, 8, WD, @ 8 = o

are nonempty binary strings and WD, @ # 8 ifa#p

@, B, v are their canonical WD3 Vo [z 20 ¢V cpref(a) T =7 |
names. Pref(«) is the set of all

nonempty prefixes of o The Axioms of D

D1 Vayz [ (zy)z = 2(yz) |

Do Vay [z #y — (20 #y0 A2l #yl ) ]
D3 Vay [ 20 # yl |

Dy Ve [z =20+ 2=0]

Ds Ve [z 21+ a2=1]

De Vay [z 2y0+ (z=y0Va <y)]
D;Vay [z 2yl (z=ylVae=<y)]

In [10], we introduce two theories of concatenation WD, D and show that they are
respectively mutually interpretable with R and Q (see Fig. 2 for the axioms of WD and
D). The language of WD and D is {0, 1, o, <} where 0 and 1 are constant symbols, o
is a binary function symbol and < is a binary relation symbol. The intended model
of WD and D is the free semigroup generated by two letters extended with the prefix
relation. Extending finitely generated free semigroups with the prefix relation allows
us to introduce ¥-formulas which are expressive enough to encode computations by
Turing machines (see Kristiansen and Murwanashyaka [6]). X1 -formulas are formulas
on negation normal form where universal quantifiers occur bounded, i.e., they are of the
form Vx < r. Axioms D4 — D7 are essential for coding sequences in D since they allow
us to work with ¥o-formulas, formulas where all quantifiers are of the form 3x < ¢,
Vx < t.In[10], we show that Qis interpretable in D by using especially axioms D4 —D~
to restrict the universe of D to a domain K on which the analogue of Q3 holds, that
is, thesentence Q; = Vx [x =0 Vv x =1 Vv Iy <x[x =)0 v x =yl ]]
To improve readability, we use juxtaposition instead of the binary function symbol o
of the formal language. Due to the existential quantifier in Q5, we need to ensure that
Y o-formulas are absolute for K.

Since D and Q are mutually interpretable, we can identify differences between these
two theories by investigating the interpretability degrees of the theories we obtain by
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weakening axioms D4 — D7, Q3 which are essential for coding sequences in D and
Q. In addition to D and WD, we introduce in [10] two theories ID, ID* (called C, BT,
respectively, in [10]) and prove that their interpretability degrees are strictly between
the degrees of WD and D. But we are not able to determine in [10] whether ID and ID*
are mutually interpretable. We obtain ID and ID* from D by replacing axioms D4 — D7
with respectively the axiom schemas

IDsj=Vx | x <U < \/ x=y |, IDj=Vx| xCsa — \/ xX=y
y €Pref(a) y eSub(a)

where « is a nonempty binary string, « is a canonical variable-free term that represents
«a, Pref (a) denotes the set of all nonempty prefixes of o, Sub(«) denotes the set of all
nonempty substrings of « and x = y is shorthand for

x=y V duv [y=ux V y=xv V y=uxv].

In the standard model, x Cs y holds if and only if x € Sub(y). It is easy to interpret
ID in ID* while it is less obvious whether ID* is interpretable in ID since the axiom
schema ID}; puts strong constraints on the concatenation operator while any model of
D; — D3 can always be extended to a model of ID. In Sect. 3, we show that ID and ID*
are mutually interpretable.

Given mutually interpretability of ID and ID*, a natural question is whether the
arithmetical analogues of ID and ID* are also mutually interpretable. We let 1Q and 1Q*
be the theories we obtain from Q by replacing axiom Q3 with respectively the axiom
schemas

|Q3 = Vx X

IA

71(—)\/)6:% , 1Q5 = Vx x§|ﬁ—>\/x=z
k<n

where 7 is a natural number, 7 is a canonical variable-free term that represents n, < is
a fresh binary relation symbol that is realized as the less than or equal relation in the
standard model and x <y y = 3z [z +x = y ]. In Sect.4, we show that IQ and 1Q*
are mutually interpretable.

We try to identify differences between concatenation theories and arithmetical the-
ories by investigating the comparability of ID and IQ with respect to interpretability.
In Sect. 5, we show that IQ is expressive enough to interpret the theory ID we obtain
by extending ID with the axioms

Vxy[x#y—> (0x #0y A Ix #1y) ], Vxy[Ox # 1y].

Since 1Q does not have enough resources for coding general sequences, the interpreta-
tion we give shows that we can think of concatenation theories as naturally contained
in arithmetical theories. In Sect. 5.2, we show that the idea behind the interpretation of
ID in 1Q allows us to give a very simple interpretation of WD in R. In Sect. 6, we show
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The Axioms of TC

TCy Vayz [ 2(yz) = (zy)z |

TC Veyzw [(zy=z2w— ((z=2Ay=w)V
Jul(z=auiuvw=y)V(z=z2ulhuy=w)])]

TC3 Vay [y #0]

TCy Yoy [zy #1]

TC, 041

Fig.3 Non-logical axioms of the first-order theory TC

that our interpretation of ID in IQ extends in a natural way to an interpretation in Q of
Grzegorczyk’s theory of concatenation TC [3] (see Fig.3 for the axioms of TC). We
can think of D as a fragment of TC since TC proves all the axioms of D when we let
x Xy= x =y V 3z [y = xz]. Theintended model of TC is a finitely generated free
semigroup with at least two generators. We have not been able to determine whether
IQ is interpretable in ID and whether ID is interpretable in ID.

We summarize our results in the following theorem. We let S < T mean that §
is interpretable in 7. We let S < T mean S < T A T ;{ S. We let S = T mean
S<T AT <S. WeletlD denote the theory we obtain from ID by replacing ID4
with ID}.

Theorem 1
REWD<IDZID*<IDXID"<IQ=IQ* <Q=D.

It is not difficult to see that the two strict inequalities WD < ID, IQ < Q hold. If ID
were interpretable in WD, then ID; — ID3 would be interpretable in a finite subtheory
of WD. Since any model of ID; — ID3 is infinite while any finite subtheory of WD has
a finite model, ID is not interpretable in WD. Similarly, if Q were interpretable in 1Q,
it would be interpretable in a finite subtheory of 1Q. But, any finite subtheory of 1Q
is interpretable in the first-order theory of the field of real numbers (R, 0, 1, +, x),

which was shown to be decidable by Tarski [11]. Since Q is essentially undecidable,
it is not interpretable in 1Q.

2 Preliminaries

In this section, we clarify a number of notions that we only glossed over in the previous
section.

2.1 Notation and terminology

We consider the structures
D" =({0,1)7,0,1,7) and © = ({0,1)7,0,1,7,<7)
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where {0, 1} is the set of all finite nonempty strings over the alphabet {0, 1}, the binary
operator ~ concatenates elements of {0, 1} and < denotes the prefix relation, i.e.,
x <® yif and only if y = x or there exists z € {0,1}" such that y = x"z.
The structure ®~ is thus the free semigroup with two generators. We call elements
of {0, 1} bit strings. The structures ®~ and ® are first-order structures over the
languages [,B_T ={0, 1, o} and Lpr = {0, 1, 0, <}, respectively.

The language of first-order arithmetic is Lyt = {0, S, 4+, x} and we denote by
N, 0, S, 4, x) the standard first-order structure. In first-order number theory, each
natural number 7 is associated with a numeral 7z by recursion: 0 = Oandn + 1 = Sn.
Each non-empty bit string o € {0, 1} is associated by recursion with a unique Lgr-
term @, called a biteral, as follows: 0 = 0,1 = 1,20 = (@0 0) and vl = (@ o 1). The
biterals are important if we, for example, want to show that certain sets are definable
since we then need to talk about elements of {0, 1}™ in the formal theory.

A class is a formula with at least one free variable. Given a class I with n free
variables, we write (xq, ..., x,) € I for I(xy, ..., x,).If I has two free variables, we
also write xIy for I(x,y). We let (Ixq,...,x;) € I [¢] and (Vx1,...,x,) €
I [ ¢ ] be shorthand for the formulas 3xq,...,x, [ I(x1,...,x;) A ¢ ] and
VX1, .oos Xy [ I(x1,...,x,) — ¢ ], respectively. We let {(x1,...,x,) € I : v}
be shorthand for 7 (x1, ..., x,;) A V.

2.2 Translations and interpretations

We recall the method of relative interpretability introduced by Tarski [12] for showing
that first-order theories are essentially undecidable. We restrict ourselves to many-
dimensional parameter-free one-piece relative interpretations. Let £; and £, be
computable first-order languages. A relative translation T from £ to L, is a com-
putable map given by:

1. An Ly-formula §(xy,...,x,) with exactly m free variable. The formula
8(x1, ..., xy) is called a domain.

2. For each n-ary relation symbol R of £, an L-formula ¥g(X1, ..., Xx,) with
exactly mn free variables. The equality symbol = is treated as a binary relation
symbol.

3. For each n-ary function symbol f of £;, an Lr-formula ¥ 7 (X1, ..., X,, ¥) with

exactly m(n + 1) free variables.
4. For each constant symbol ¢ of Ly, an Lo-formula .(y) with exactly m free
variables.

We extend 7 to a translation of atomic £-formulas by mapping an £;-term 7 to an
Lr-formula (¢)™" with free variables w that denote the value of ¢:

5. For each n-ary relation symbol R of £

n n
(R, ...ot) = 3010, | N\6@) A NN A Yr(r ... Ty
i=1 j=I

where 71 . .. U, are distinct variable symbols that do not occurintq, ..., t, and
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358 J. Murwanashyaka

(a) for each variable symbol x of L1, (x)”f) = ALy wi =x;
(b) for each constant symbol ¢ of L, (¢)™” = (W)
(c) for each n-ary function symbol f of £

(ftr, .o )™

n n
=3y, | N\S@) A N\EHTYT A YDy Dy, )
i=1 j=1

where W . .. Wy, are distinct variable symbols that do not occurin /\;5=1 (tj)”’j’ )

We extend 7 to a translation of all £;-formulas as follows:

(=) = —gT

(oY) =9t @y for@ e {A, Vv, =, <}
C@x )T = A [8(X) A $7 ]

(VX )T = VX [8(X) = ¢ ].

Neolio BN Jo)

Let S be an £;-theory and let 7 be an £;-theory. We say that S is (relatively) inter-
pretable in T if there exists a relative translation t such that

TH3Ix [§(x)]
For each function symbol f of £

n

T+ /\a(x,-) =3y [ AvskL, ..., X, Y) AVZ [8@) AYp(xi, ..., X0, z) > ¥=(y,2) | ].

i=1

— For each constant symbol ¢ of £

THIy [ AV AVZ [8(2) AYe(2) > Y=(y.2) | ].

— T proves ¢* for each non-logical axiom ¢ of S. If equality is not translated as
equality, then 7" must prove the translation of each equality axiom.

If S is relatively interpretable in 7 and T is relatively interpretable in S, we say that
S and T are mutually interpretable.

The following proposition summarizes important properties of relative inter-
pretability (see Tarski et al. [12] for the details).

Proposition2 Ler S, T and U be computably enumerable first-order theories.

1. If S is interpretable in T and T is consistent, then S is consistent.

2. If S is interpretable in T and T is interpretable in U, then S is interpretable in U.

3. If S is interpretable in T and S is essentially undecidable, then T is essentially
undecidable.
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3 Mutual interpretability of ID and ID*

In this section, we show that ID and ID* are mutually interpretable (see Fig.4 for the
axioms of ID and ID¥). It is easy to see that ID is interpretable in ID*. We therefore
need to focus on the more difficult task of proving that ID* is interpretable in ID.
It is more difficult to interpret ID* in ID because the axiom schema ID} puts strong
constraints on the concatenation operator while it is always possible to extend any
model of ID1, ID3, ID3 to a model of ID. For example, we can have models of ID where
there exist infinitely many pairs x, y such that xy = & for each nonempty string «.
Indeed, consider the model where the universe is the Cartesian product ]_[l-< 10, 1}*,
concatenation is componentwise and each binary string 8 is mapped to the constant
sequence (B)i<w-

To interpret ID* in ID, we need to use the axiom schema ID4 in an essential way to
define a function « that provably in ID satisfies the translation of each axiom of ID*.
The idea is to observe that since we have the right cancellation law in the weak form
of ID,, if we had an axiom schema for the suffix relation, denoted <, analogues
to ID4, we could try to define by requiring that xxy = xy only if y <¢ug xy. If xy
is a variable-free term and y <. xy, then the axiom schema for the suffix relation
gives us a finite number of possibilities for the value of y. If we also knew that 0 and
1 were atoms/ indecomposable, we would be able to use ID, and ID3 to determine that
x and y are also variable-free terms. To make this idea work, we need to ensure that
* is associative. Our solution is to show that extending ID with an axiom schema for
=<suff and the axiom Vxy [ y <qus xy ] does not change the interpretability degree.

This section is organized as follows: In Sect. 3.1, we show that we can extend ID to a
theory ID® with the same interpretability degree where 0 and 1 are atoms. In Sect. 3.2,
we show that we can extend ID@ to a theory ID® with the same interpretability
degree where we have an axiom schema for the suffix relation <g¢ analogues to the
axiom schema ID4. In Sect.3.3, we extended ID® to a theory ID® with the same
interpretability degree and where we have an axiom schema for the substring relation,
analogues to ID4. In Sect. 3.4, we use the axiom schema for the substring relation to
extend ID™@ to a theory ID®) with the same interpretability degree and where the suffix
relation < satisfies additional properties. Finally, in Sect. 3.5, we show that ID* is
interpretable in ID®).

Fig.4 Non-logical axioms of the The Axioms of ID
first-order theories ID and ID*.

ID4 and IDj are axiom schemas
where « is a nonempty binary

Dy Vayz [ (zy)z = z(yz) |

string, Pref () is the set of all Dy Yy [ TxFEY— ( 20 #y0 Azl # yl ) ]
nonempty prefixes of & and ID3 Vay [ 20 # y1 |
Sub(«) is the set of all nonempty ID4 Vz [ =<0 v'yePref(a) T=7% ]

substrings of «. Furthermore,
xCsy=x=y VvV uv[y=
ux V. y=xv V y=uxv]

The Axioms of ID*

ID, 1Dy, IDs
D} Vo[ 2 Es @ =V csub(a) T =7 |
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360 J. Murwanashyaka

3.1 Atoms

It will prove useful later to know that 0 and 1 are atoms. So, let ID@ be ID extended
with the axioms

ATO= Vxy [xy #0], ATl = Vxy[xy#1]

Lemma 3 ID and ID® are mutually interpretable.

Proof Since ID® is an extension of ID, it suffices to show that ID@® is interpretable in
ID. Since the axioms of ID are universal sentences, it suffices to relativize quantification
to a domain K on which the sentences ATO, AT1 hold. We obtain K by successively
restricting the universe to subclasses with nice properties.

Let

Ki=x:x=0vx=1v3ay[x=y0 vx=yl]}

Clearly, 0, 1 € K. Since concatenation is associative, K is closed under concatena-
tion.
Let

Kr=1yeK;: Vx € K /\xy;éa
ae{0,1}

We show that 0, 1 € K. Leta, b € {0, 1} and let x € K. We need to show xb # a.
Assume for the sake of a contradiction that xb = a. Since x € Ky, let ¢ € {0, 1} be
such that x = ¢ or x = uc for some u. Let d € {0, 1}\{c}. Then, xb = a implies
ddxb = dda. By D3 and ID,, ddx = dd, which contradicts ID3. Thus, 0, 1 € K>.

We now show that K is closed under the maps x — x0, x — x1.Lety € K, and
letb € {0, 1}. We need to show that yb € K»>. Since y, b € K> C K; and K is closed
under concatenation, yb € K. Now, leta € {0, 1} and let x € K. We need to show
xyb # a. Assume for the sake of a contradiction that xyb = a. Then, axyb = aa. By
ID3 and ID,, we have axy = a, which contradicts y € K, sinceax € Ky asa,x € K
and K is closed under concatenation. Thus, K> is closed under the maps x +— x0,
X xl.

The class K7 is not a domain since it may not be closed under concatenation. We
obtain K by restricting K to a subclass that contains 0 and 1 and is closed under
concatenation. Let

K={wekKy: VzeKy[zwe K]}
We have 0,1 € K since K> contains 0, 1 and is closed under the maps x +— xO0,
x — x1. We now show that K is closed under concatenation. Let wg, w; € K.

We need to show that wow; € K. Since wg € K € K and w; € K, we have
wowi € Ko. Now, let z € K>. We need to show that zwow; € K,. We do not worry
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about parentheses since ID; tells us that concatenation is associative. Since wy € K,
we have zwg € K». Since w; € K, we have zwow; € K3. Hence, wow; € K. Thus,
K is closed under concatenation. O

3.2 Suffix relation

In this section, we show that we can extend ID® to a theory where we have an axiom
schema for the suffix relation, analogues to ID4, without changing the interpretability
degree. We extend the language of ID'® with a fresh binary relation symbol <.
Given a nonempty binary string «, let Suff () denote the set of all nonempty suffixes
ofa: y € Suff(e) ifandonly ifa =y or38 € {0, 1} [a =8y A y €{0,1}7].
Let ID® be ID® extended with the following axiom schema

Vx | x Zquff @ < \/ xX=y
y eSuff(a)

Lemma 4 1D and ID® are mutually interpretable.

Proof Since ID®® is an extension of ID, it suffices by Lemma 3 to show that the suffix
relation is definable in ID®. We translate the suffix relation as follows: x < v if
and only if

M y=xV uly=ux]

2) Vufx[u:O\/ u=1VvV Iv=<ulu=0v0 Vv u:vl]]

(3) < is reflexive and transitive on the class Iy, = {z : z < x}, x € I, and V7 €
LYw=<z[wel]

Given a nonempty binary string «, we need to show that
ID® vx | x <suff @ < \/ xX=y
y eSuff ()

(=)

We show that

ID® - vx ( \/ X=V)—> X Zquf @
y eSuff(a)

Let y € Suff(a). We need to show that ¥ <¢.¢ « holds. That is, we need to show

that ¥ and « satisfy (1)—(3). It is easy to prove by induction on the length of binary

strings that

IDFS§ ¢ =6¢ foralls,c € {0, 1} . (%)
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362 J. Murwanashyaka

By (¥),@ = ¥ or @ = § ¥ where § is a prefix of . Hence, (1) holds. By (*) and the
axiom schema ID4 for the prefix relation, y satisfies (2)—(3). Thus, ¥ < o holds.
(=)

We need to show that

D Evx | xzugd— \/ x=7|. ()
y eSuff(a)

We prove (¥*) by induction on the length of «. Assume « € {0, 1} and x <q 5 @
holds. By (1), x = @ or there exist u such that @ = ux. By ATO and AT1, we have
x = o. Thus, (**) holds when o € {0, 1}.

We consider the inductive case. Assume o = fa where a € {0,1}, 8 € {0,1}T
and

ID® - vx X <euff B — \/ x=yY | . (xxx%)
yeSuff(B)

By definition, @ = fa = B a. Assume x <gu¢ @ holds. By (1), x = & or there exist u
such that @ = ux. If x = o, we are done. So, assume @ = ux. By (3), we have x < x.
Then, by (2), we have one of the following cases: (i) there exists b € {0, 1} such that
b = x, (i) there exist w < x and ¢ € {0, 1} such that x = wc. Assume (i) holds.
We have Eﬁ = o = ux = ub. By ID3, we have @ = b = x. Thus, x = y where
y € Suff(a).

Assume (ii) holds. Then, fad = @ = ux = uwc. By ID3, we have @ = c. By ID;,
we have B = uw. Furthermore

~Vu =wl[u=0Vv u=1vVv Jv=ulu=v0 VvV u=nvl]]since
u<w A w =<ximplies u < x by (3)

— since w < x and (3) holds, < is reflexive and transitive on the class I,, = {z : z =<
w}, wely,andVzel, Vw <z[we ]

Thus, w <gs B holds. By (***), w = § where § is a suffix of 8. Then, x = wa =
8 a = éa and da is a suffix of «. Thus, « satisfies (**).
Thus, by induction, (**) holds for all nonempty binary strings «. O

3.3 Substring relation

In this section, we show that we can extend ID® to a theory where we have an axiom
schema for the substring relation, analogues to ID4, without changing the interpretabil-
ity degree. We extend the language of ID® with a fresh binary relation symbol <gp.
Given a nonempty binary string «, let Sub(«) denote the set of all nonempty sub-
strings of a: B € Sub(a) if and only if & = B or there exist y, § € {0, 1}" such that
Be{0Tanda=yB vV a =85 vV a = yBs. Let ID® be ID® extended with
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the following axiom schema

Vx | X Zgup @ < \/ xX=y
yeSub(a)

Lemma 5 ID and ID® are mutually interpretable.

Proof By Lemma 4, it suffices to show that the substring relation is definable in ID®).
We translate the substring relation as follows

XSup Y=EXXY VX Zufy V du =Xy [x S u ]

By the axiom schema for the prefix relation and the axiom schema for the suffix
relation, it is easy to see that ID® proves Vx [ x <gup @ < V, esub(@) X = 7 1 for
each nonempty binary string «. O

3.4 Suffix relation Il

We are finally ready to equip the suffix relation with two very important properties.
Let ID® be ID® extended with the following axioms

Vx /\ a Zsuff xa |, Vxy | x Zsuff y —> /\ xXa Xsyuff ya
ae{0,1} ae{0,1}

To show that ID® and ID are mutually interpretable, we need the following lemma.
Recall that a class is a formula with at least one free variable and that if I is a class
with one free variable we occasionally write x € I for 7(x).

Lemma 6 There exists a class J with the following properties:

(1) ID® ¢ e J foreach variable-free term t

) IDD - Vx Vz e J [ Agejoy(2 = xa = a <qf 2) |

(3) DY EVxyVz e J [ Agepory ((z2=ya A x =gt y) = (xa Zsus 2) )]
@ DY EVzel[z=0Vz=1V Iu=zgpzlz=u0 vV z=ul]]

(5) IDW -VzeJVu|[u=gqpz—>uell

Proof We define J as follows: u € J if and only if

(1) u Zqup u
(i) Yw Zgup tt [ w Zeup w |
(iil) Yw Zsyp u Yvg Zsyp w Y1 Zsub vo [ V1 Zsup w ]

A)VwZypu[lw=0Vw=1V Iv=,3pw[w=0v0V w=vl]].
B) Yw <gp u Vx [w = x0 — 0 <y w |
©) Vw ZgpuVx [w=xl = 1 X5 w ]
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364 J. Murwanashyaka

(D) Yw Zgup u Vxy [ (w =y0 A x Zguf y) = x0 Zgyp w ]
(BE) Vw Zgpp u Vxy [(w=y1 A x Zquf y) > x1 Zqpw].

It follows straight from the definition that J satisfies clauses (2)—(4). By the axiom
schema for the substring relation, the axiom schema for the suffix relation, ATO, AT1,
ID, and ID3, J satisfies Clause (1). It remains to show that J also satisfies Clause
(5). That is, we need to show that J is downward closed under < p. So, assume
u' <qup u € J. We need to show that u’ € J. That is, we need to show that u’ satisfies
(1)—(iii) and (A)—(E). We show that u’ satisfies (i). Since u satisfies (ii), u’ <qyp u
implies u’ <qp u'. Thus, u’ satisfies (i).

We show that u’ satisfies (ii)—(iii) and (A)—(E). Consider one of these clauses. It is
of the form Yw <gyp ' ¢ (w). We need to show that Yw <g,, #’ ¢ (w) holds. Since
u € J, we know that Vw <, # ¢ (w) holds. Let w <4,p u’. We need to show that
¢ (w) holds. Since Yw =<, u ¢ (w) holds, it suffices to show that w =g, © holds.
By assumption

W =sub u' Ssub U.
Since u satisfies (i)
W Zqub U =eub U Zsyb U.
Then, w =<p u since u satisfies (iii). Hence, Yw =g #’ ¢ (w) holds. Thus, u’
satisfies clauses (ii)—(iii), (A)—(E).

Since u’ satisfies (i)—(iii) and (A)—(E), u’ € J. Thus, J is downward closed under
=sub- O
Lemma 7 ID and ID® are mutually interpretable.

Proof By Lemma 5, it suffices to show that ID®® is interpretable in ID®. Let J be the

class given by Lemma 6. To interpret ID® in ID® it suffices to translate the suffix
relation as follows

x=igy= (yeJ Ax=ggy) VI(yeES Ax=x).

We need show that the translation of each instance of the axiom schema for the
suffix relation is a theorem of ID®. Let o be a nonempty binary string. We need to
show that

Vi | xzlgae \/ x=7 (A)
y €Suff(a)

holds. By Clause (1) of Lemma 6, o € J. Hence, by the definition of 5§uﬁ, (A) holds
if and only if
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Vi | xzaf@ e \/ x=7 (B)
y €Suff (@)

holds. Observe that (B) is an instance of the axiom schema for the suffix relation.
Thus, the translation of each instance of the axiom schema for the suffix relation is a
theorem of ID®™.

We need to show that the translation of the axiom

Vo |\ a S xa ©)
ae{0,1}

is a theorem of ID®. Let x be arbitrary and let a € {0, 1}. We need to show that
a 5§uff xa holds. Assume xa € J. Then, a ﬁzuﬁ xa holds if and only if a <4y xa
holds. By Clause (2) of Lemma 6, a <, xa holds. Hence, a fzuﬁ xa holds when
xa € J. Assume now xa ¢ J. Then, a 5§uﬁ xa holds by the second disjunct in the
definition of 5§uﬁ' Thus, the translation of (C) is a theorem of ID™®.

We need to show that the translation of the axiom

Vxy | X Zsuff Yy — /\ xXa Xsuff ya (D)
ael0,1)

is a theorem of IDW. Let a € {0, 1} and assume x ﬁ;uf'f y. We need to show that
xa =< ya holds. Assume first ya ¢ J. Then, xa <] « ya holds by the second
disjunct in the definition of <{ .. Assume next ya € J. Then, by Clause (4) of
Lemma 6, ya € {0, 1} or there exist u <gyp ya and b € {0, 1} such that ya = ub.
By ATO, AT1 and ID3, we have ya = ua where u <4y ya. By ID2, we have y = u.
Hence, y <5yp ya. By Clause (5) of Lemma 6, y € J. Thus, since x <{ « v holds and
y € J, we have x <q¢ y by the definition of <{ .. Then, by Clause (3) of Lemma
6, xa <suff ya holds. Thus, the translation of (D) is a theorem of ID®, O

3.5 Interpretation of ID* in ID

We are finally ready to show that ID* and ID are mutually interpretable.

Theorem 8 The theories |D, ID* are mutually interpretable.

Proof To interpret ID in ID*, it suffices to translate < as follows
x<y=y=xV Iz[ly=xz].
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Given a nonempty binary string «, we have

yx<osa=xVvViz[a=xz]

Sa=xV
Sa=xV
\/ (x=Brz=yABy=a) (D)
B,y €Sub(a)
¢ \/ x=B (D -IDy).
BePref(a)

This shows that the translation of each instance of the axiom schema IDy4 is a theorem
of ID*. Thus, ID is interpretable in ID*.

Next, we show that ID* is interpretable in ID. By Lemma 7, it suffices to show
that ID* is interpretable in ID®). Since the axioms of ID* are universal sentences or
sentences where existential quantifiers occur in the antecedent (instances of ID}), to
interpret ID* in ID® it suffices to relativize quantification to a suitable domain K .

We start by defining an auxiliary class K (this is why we extended ID® to ID®)),
Let

Ky ={u: Vx [u Zg xul}.
By the axiom Vx [ /\ae{O,l} a =suff xa ], wehave 0, 1 € J. We show that K is closed
under the maps u +— u0, u +— ul.Letb € {0, 1} and let u € K. We need to show
that ub € K. That is, we need to show that ub <,¢ xub for all x. Since u € K, we
know that
Vx [ u <guff xu ] ()
holds. Then, by (*) and the axiom
Vay | x Zar ¥y~ J\ xa Zaf ya
aef0,1}
we have
Vx [ ub <quff xub |.

Hence, ub € K. Thus, K is closed under the maps u +— u0, u — ul.

The class K7 is not a domain since it may not be closed under concatenation. We

let

K={ueKi: YveK|[vwueKi]}
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Since K1 contains 0 and 1 and is closed under the maps x — x0, x — x1, we have
0,1 € K. We show that K is closed under concatenation. Let ug, u; € K. We need to
show that ugu; € K. We start by showing that upu; € K;. We have ug € K C Kj.
Hence, ugu; € K since u; € K. Next, we need to show that Vv € K[ vugu; € K1 ].
We do not need to worry about parentheses since 1D tells us that concatenation is
associative. Let v € K. We need to show that vugu; € K. Since ug € K, we have
vug € K. Since u; € K, we have vugu; € K;. Hence, uou; € K. Thus, K is closed
under concatenation and therefore satisfies the domain conditions.

Since the axioms ID{, ID;, ID3 are universal sentences, their restrictions to K are
theorems of ID®). It remains to show that the restriction to K of each instance of

IDj= Vx| xSa— \/ x=7
y €Sub(a)

is a theorem of ID®). It suffices to show that for each nonempty binary string «

Vx,yeK[xy=5—> \/ (xz?/\y=3)]. ()
B,y €Sub(x)

So, let x, y € K and assume xy = «. Since y € K C Kj, we know that y <
xy = a@. By the axiom schema for the suffix relation, y = 8 where 8 is a nonempty
suffix of «. So, xﬁ =« . By IDy, ID,, ID3, ATO, AT1, we have that x = y where y
is a nonempty prefix of o such that « = yS. Thus, (**) hols for all nonempty binary
strings «. Thus, the translation of each instance of IDZ is a theorem of ID®, O

3.6 The theories ID, ID"

The axioms ID1, ID,, ID3 describe a right cancellative semigroup. It is also natural to
consider semigroups that are also left cancellative, for example ({0, 1}%,0,1,7). Let
IDand ID” be ID and ID*, respectively, extended with the axioms

Vxy[x#y—(0x#0y A lx #£1y)], Vxy[Ox # 1y ].

It is not difficult to see that TC proves each axiom of ID". It is easily seen that our
interpretation of ID* in ID is also an interpretation of ID” in ID. Thus, ID and ID" are

mutually interpretable. We have not been able to determine whether ID is interpretable
in ID.

Theorem 9 1D and ID" are mutually interpretable.

Open Problem 10 s ID interpretable in 1D?
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4 Mutual interpretability of IQ and 1Q*

In this section, we show that 1Q and IQ* are also mutually interpretable. Recall that
1Q* is the theory we obtain from IQ by removing < from the language and replacing
the axiom schema IQ3 with the axiom schema

Q3 = Vx[x§|ﬁ—> \/x:E]

wherex <jy= Jz[z4+x=y].
Theorem 11 1Q and |Q* are mutually interpretable.

The proof strategy is similar to the one we used to interpret ID* in ID. Since we
obtain an interpretation of IQ in 1Q* by translating < as <|, we just need to focus on
proving that IQ* is interpretable in IQ. The proof is structured as follows: In Sect. 4.1,
we extend 1Q to a theory QT which proves that for each inductive class there exists
a an inductive subclass that is closed under addition and multiplication. A class is
inductive if it contains 0 and is closed under the successor function. In Sect.4.2, we
extend IQ™ to a theory IQ*T with the same interpretability degree as IQ* and where
the ordering relation < satisfies additional properties. In Sect.4.3, we show that IQ*
is interpretable in IQ™. Finally, in Sect. 7, we show that IQ is mutually interpretable
with a theory IQ® that is an extension of 1Q™.

4.1 Closure under addition and multiplication

A class X is called inductive if 0 € X andVx € X [ Sx € X ]. Aclass X is called a cut
ifitisinductiveand Vx € X Yy [ y < x — y € X |. Let Q" and QT be respectively
1Q and Q extended with the following axioms

— Associativity of addition Vxyz [(x +y) +z=x+ (y + 2) ]
— Left distributive law Vxyz [ x(y +z) = xy + xz ]
— Associativity of multiplication Vxyz [ (xy)z = x(yz) ] .

Lemma V.5.10 of Hajek and Pudlak [4] says that QT proves that any inductive class
has a subclass that is a cut and is closed under + and x. The proof of that lemma
shows that IQT proves that any inductive class has an inductive subclass that is closed
under + and x (see also Sect. 7).

Lemma 12 Let X be an inductive class. Then, Q™ proves that there exists an inductive
subclass Y that is closed under + and x.

4.2 Ordering relation
Let IQ*" be IQ" extended with the following axioms
Vx[0<x], Vxy[x<y— Sx<S8y]

Using the ideas of Sect. 3.4, we prove the following lemma.
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Lemma 13 1Q" and IQ™" are mutually interpretable.

Proof Since Q" is an extension of IQ ™, it suffices to show that IQ™™ is interpretable
in IQT. Furthermore, it suffices to show that we can translate < in such a way that IQt
proves the translation of each instance of 1Q3 and the translation of Vx [ 0 < x ] and
Vxy[x<y—>Sx <S8yl

Letu € G if and only if
(D) u<u
Q) YVw=<u[lw=<w]
3) Yw <uVvy <wVvy <v[vi Sw]

A Vw<ulw=0V Iv<sw[w=Sv]
B)Vw<suVx[w=Sx—->0<w]
O Vw<uVxy[(w=Sy Ax<y)—>Sx<wl]

It can be verified that IQ proves that ¢ € G for each variable-free term ¢ and that G is
downward closed under <.
We translate < as follows

x<'y=(yeGAx<y)V(y¢G A x=x).

Since t € G for each variable-free term ¢, the translation of each instance of the axiom
schema 1Qj3 is a theorem of 1QT.

We show that IQ™ proves the translation of Vx [ 0 < x ]. Choose an arbitrary x. If
x ¢ G, then 0 <* x holds by the second disjunct in the definition of <*. Otherwise,
x € G. We need to show that 0 < x holds. If x = 0, then 0 < x holds by 1Qs.
Otherwise, by (A), there exists v < x such that x = Sv. Then, by (B), 0 < x holds.
Thus, IQT HVx [0 <% x ].

We show that IQ™ proves the translation of Vxy [ x < y — Sx < Sy ]. Assume
x < yholds. If Sy ¢ G, then Sx <* Sy holds by the second disjunct in the definition
of <*. Otherwise, Sy € G. We need to show that Sx < Sy holds. By Qy, Sy # 0.
Hence, by (A), there exists v < Sy such that Sy = Sv. By Qj, y = v. Hence, y < Sy.
Since G is downward closed under <, we have y € G. Then, by (C), Sx < Sy holds.
Thus, IQT FVxy [x <*y — Sx <% Sy |. O

4.3 Interpretation of IQ* in IQ*

Lemma 14 1Q* is interpretable in 1Q.

Proof By Lemma 13, it suffices to show that IQ* is interpretable in IQ*". We interpret

IQ* in IQ™ by simply restricting the universe of IQ™ to an inductive subclass K that

is closed under +, x and which is such that Q1T+ provesthatVx,u € K [u <x+u].
Let

Ki={u: Vxlu<x+ul}

We have 0 € K| by the axiom Vx [ 0 < x ] and Q4. We show that K is closed
under S. Let u € K. We need to show that Su € K. That is, we need to show that
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Su < x + Su. Since u € K1, we have u < x 4+ u. Then, Su < S(x + u) by the axiom
Vxy [x <y — Sx < Sy ]. By Qs, we have

Su < S(x +u) =x + Su.

Hence, Su € K. Thus, K| contains 0 and is closed under S. By Lemma 12, there
exists an inductive subclass K of K that is closed under + and x.

We interpret IQ* in IQ™ ™ by relativizing quantification to K . The translation of each
one of the axioms Q; — Q2, Q4 — Q7 is a theorem of IQ™ since universal sentences
are absolute for K. It remains to show that each instance of 1Q is a theorem of Q*+.
Choose a natural number 7. We need to show that

QT Vx,ye K x+y=ﬁ—>\/y=E

k<n

Assume x,y € K andx +y =7. Since y € I_( C Kj, we have y < 7. By the axiom
schema 1Qj3, there exists k < n such that y = k. Thus, IQt+ proves the translation of
each instance of 1Qj. O

5 Interpretability of ID in IQ

In this section, we show that ID is interpretable in 1Q (see Fig. 5 for the axioms of ID and
1Q). The most intuitive way to interpret concatenation theories in arithmetical theories
is to construct a formula ¢, (x, y, z) that given x and y defines an object that encodes a

Fig.5 Non-logical axioms of The Axioms of ID

the first-order theories ID and 1Q
ID1 Vayz [ (zy)z = z(yz) |
IDy Vay [z £y — (20 #Ay0Axl £yl )]
ID3 Vay [ 20 # y1 |
E4 Va [ T3 \/'yEPref((y) =% ]
IDs Vay [z #y = (02 #£0yAle #1y) |
ID¢ Vxy [ 0z # 1y |

The Axioms of 1Q

Qi Vay [ #y — Sz # Sy |

QuVz[z+0==z]

Qs Vay [+ Sy =S(z +y) |

Qs Ve [2x0=0]

Q7 Vay [z xSy=xxy+z]
Q3 Va [z <m ¢ Ve, v =k]
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computation of x o y. Unfortunately, IQ does not have the resources necessary to prove
that we can find a domain / on which ¢, (x, y, z) defines a function that satisfies ID,
ID,, ID3, 55, 66. To prove correctness of recursive definition in Robinson Arithmetic
Q, we rely on the axiom Q3 = Vx [x =0 Vv Jy [ x = Sy ] ]. The axiom schema
Q3= Vx[x <n< \/; ,x= k ] can only allow us to verify that ¢, (x, y, z) gives a
correct value z when x and y represent variable-free terms. Thus, to interpret IDinlQ,
we need a conception of strings as numbers that allows us to translate concatenation
without coding sequences. The translation needs to also be simple enough that we can
prove its correctness in IQ. In Lemma 4 of [2], Ganea explains how we can translate
concatenation as a Agp-formula in strong theories such as Peano Arithmetic PA and
1Ag.

Although we show that IDis interpretable in 1Q, we have not been able to determine
whether the converse holds.

Open Problem 15 Is 1Q interpretable in 1D?
As mentioned, the main result of this section is the following theorem.
Theorem 16 1D is interpretable in Q.

The proof of the theorem is structured as follows: In Sect. 5.1, we explain how we
intend to interpret ID in Q. In Sect. 5.2, we use this idea to give a simple interpretation
of WD in R. In Sect. 5.3, we show that we can interpret ID in an extension of IQ which we
denote IQ®). Finally, in Sect. 7, we show that 1Q and IQ® are mutually interpretable.

5.1 Strings as matrices

The idea is to think of strings as 2 x 2 matrices and to translate concatenation as
matrix multiplication. Let us first see how we can use this idea to give a 4-dimensional
interpretation of ({0, 1}*,¢,0,1,7) in (N, 0, 1, 4, x), where ¢ denotes the empty
string and {0, 1}* = {0, 1} U {¢}. Let

. (1 0 . (1 0 . (1 1
8.—(01,0.—11,1.—01.

Let SL,(N) denote the monoid generated by 0° and 17 under matrix multiplication.
The monoid SL; (N) is a substructure of the special linear group SL;(Z) of 2 x 2 matri-
ces with integer coefficients and determinant 1; the two matrices 0 and 17 generate
SL;(Z). Let x denote matrix multiplication. Then, ({0, 1}*, ¢, 0, 1,7 ) is isomorphic
to (SLo(N), 7,07, 17, x). Since SL,(N) is the set of 2 x 2 matrices with natural
number coefficients and determinant 1, the isomorphism defines a 4-dimensional
interpretation of ({0,1}*,¢,0,1,7) in (N, 0, 1, +, x). The idea is to specify an
interpretation of ID in 1Q by building on this interpretation of ({0, 1}*,¢,0,1,7)
in (N, 0, 1, +, x). But we need to be careful since the axioms IQ; — 1Q,, IQ4 — 1Q7
have many models.

In Lemma 11 of [10], we use this idea of associating strings with matrices to
prove that ID; — ID3 has a decidable model. We prove this result by giving a 4-
dimensional interpretation of ID; — ID3 in the first-order theory of the real closed

@ Springer



372 J. Murwanashyaka

) Left distributivity Veyz [x(y+ 2) = zy + x2 ]

(I)  Associativity of + Veyz [ (z+y)+z=x+ (y+2) ]
(III)  Associativity of x Veyz [ (xy)z = x(yz) |

(IV) Commutativity of + Vay[z+y=y+ x|

(V) Commutativity of x  Vazy [ 2y = yz |

(VI) Right cancellation Veyz [+ z2=y+z—x=y]

(VII) Nonnegative Elements Vzy [24+y=0—(z=0 A y=0)]

(VIII) No Zero Divisors Vey [2y=0—=(2=0V y=0)].

Fig.6 Algebraic properties we need in order to interpret ID in 1Q

field (R, 0, 1, +, x, <), which is decidable (see Tarski [11]). At the time, we were
investigating whether it is possible to remove some of the axioms of D and obtain a
theory that is essentially undecidable. The possibility of interpreting ID in IQ resulted
from a careful investigation of the algebraic properties of (R, 0, 1, +, x, <) we need
to interpret ID; — ID3. Properties ()—(VIII) in Fig. 6 are sufficient to interpret ID in
1Q. Extending 1Q with (I)—~(VIII) allows us to reason about natural numbers in the
standard way. In the rest of the paper, we use the Roman numerals (I)-(VIII) to refer
exclusively to axioms (I)-(VIII) in Fig. 6.

The 4-dimensional interpretation of ({0,1}*,¢,0,1,7) in (N,0, 1, +, x) we
described is a many-to-one reduction that maps existential sentences to existen-
tial sentences. This means that unsolvability of equations over ({0, 1}*,¢,0,1,7)
implies unsolvability of equations over (N, 0, 1,4, x). The idea of associating
({0, 1}*,¢,0,1,7 ) with SL,(N) dates back to Markov [9]. According to Lothaire
[7] (see p. 387), in the 1950s, A. A. Markov hoped that Hilbert‘s 10th Problem could
be solved by proving unsolvability of word equations, that is, equations over finitely
generated free semigroups. In 1970, Yuri Matiyasevich proved that Hilbert‘s 10th
Problem is undecidable using a completely different method (see for example Davis
[1]). In 1977, Makanin [8] proved that the existential theory of a finitely generated
free semigroup is decidable.

5.2 Interpretation of WD in R

In this section, we show that the isomorphism between ({0, 1}*, £, 0, 1,7 ) and SL; (N)
defines a very simple interpretation of WD in R.

Lemma 17 Let © be the 4-dimensional translation of {0, 1, o} in {0, S, 4+, x} defined
as follows
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11 0
— o is translated as matrix multiplication

— the domain is the class of all 2 x 2 matrices <)ZC y>.

— O and 1 are translated as (1 0>, (1 i) respectively

w

Then, t extends to a translation of {0, 1,0, <} in {0, S, +, x, <} that defines a 4-
dimensional interpretation of WD in R.

Proof By the axiom schemasR; = 7+ =n +m,Ry, = 7 xm = n x m, R proves
the translation of each instance of WD; = @ B = af. By the axiom schema R3, R
proves the translation of each instance of WD,. It remains to give a translation of <
that provably satisfies the axiom schema

WD3 = Vx| x <a < \/ xX=y
y €Pref(a)

This is where we use the axiom schema lQ3 = Vx [x <7n < \/k<n x = k ], which
is a theorem of R.

Let
o (x oy, (x 0y 1 0 .
={ ) ()=o) e,
(a1 a _ (b1 b2
A= <a3 a4> and B = <b3 b4> .

Let A < B if and only if A, B € K and there exists a largest element m(B) €
{b1, by, b3, bs} with respect to < such that

(I) A=Bor
(2) there exists C € K such thata;,c; <m(B)foralll <i <4and AC =B .

Let SLy (N)™ denote SL, (N) minus the identity matrix. Assume B is the translation
of a variable-free Lgr-term. Then, B € SL»(N)*. The bound in (2) tells that A, C €
SLy(N)*. It is straightforward to verify that if A, B,C € SLy(N)™T are such that
AC = B, then a bound such as the one in (2) holds. It is then clear that (1)—(2) capture
what it means for a finite string to be a prefix of another string. Thus, R proves the
translation of each instance of WD3. O

Let

5.3 Interpretation of ID in 1Q?®

Let 1Q®@ be 1Q extended with axioms (I)—~(VIII) in Fig.6. We can reason in 1Q® about

natural numbers in the standard way and will therefore occasionally not refer explicitly

to the axioms of 1Q® we use. In this section, we show that IDis interpretable in 1Q®@,
We start by making a few simple observations:
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e Axiom (IV) tells us that addition is commutative. Hence, by Q4, 0 is an additive
identity. That is, Q@ +Vx [0+x=x A x+0=x].
e Recall that 1 = SO. By Q7 and Qg

x1=x0+x=0+x=1x.

Since axiom (V) tells us that multiplication is commutative, 1 is a multiplicative
identity. That is, IQ® FVx [ Ix =x A xl =x].

e Axiom (VI) tells us that addition is right-cancellative. Since addition is commu-
tative, it is also left-cancellative. That is

IQ® FVxyz[z+x=z+y—>x=y]

e By Qgand (V),IQP FVx [x0=0 A Ox =01.

Lemma 18 Let © be the 4-dimensional translation of {0, 1, o} in {0, S, +, x} defined
as follows

11 0
— o is translated as matrix multiplication

— the domain J is the class of all 2 x 2 matrices <)ZC 5}) where x # 0.

— O and 1 are translated as (1 0>, (1 i) respectively

Then, Tt extends to a translatiﬁn of {0, 1,0, <} in {0, S, 4, x, <} that defines a 4-
dimensional interpretation of D in 1Q.

Proof We verify that J satisfies the domain condition. It is clear that 07, 1F € J. It
remains to verify that J is closed under matrix multiplication. Let

A— (al az) B <bl bz) AB — (albl +axb; aib; +a2b4)
ay ag)’ by by)’ azby +asbz  azby + asby

where a1, by # 0. We need to show that a;by + axb3 # 0. Axiom (VIII) tells us that
models of 1Q® do not have zero divisors. Hence, a;b; # 0. Axiom (VII) tells us that
0 is the only element with an additive inverse. Hence, a1 b1 +a>b3 # 0, which implies
AB € J. Thus, J is closed under matrix multiplication.

It is straightforward to verify that (I)—(V) suffice to prove that matrix multiplication
is associative. Thus, IQ® proves the translation of IDy.

Next, we show that the translation of ID, and 55 are theorems of 1Q®. We need
to show that
(1) VA,Be J[(AO" =B0" v 0"A=0"B) > A=B]
Q) VA,Be J[(AI"=B1° Vv I"TA=1"B) > A=B].

We verify (1). First, we show that VA, B € J [ AO" = BO" — A = B ]. Assume
x,a # 0and

x—i—yy_xyof_abor_a—i—bb
z+4w w) \z w) T \¢ d) " \c+d d)’
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We need to show that x = a and z = ¢. We have
x+b=x+y=a+b Az+d=z+w=c+d.

Since addition is right-cancellative, x = a and z = c. Thus, for all A, B € J, if
AOQ" = BO?, then A = B.
We show that VA, B € J [0"A =0"B — A = B ]. Assume x, a # 0 and

X y _ o Xy _ o a b\ a b
x+z y+w) z w) ¢c d) \a+c b+d)
We need to show that z = ¢ and w = d. We have

at+z=x+z=a+cA"Nb+w=y4+w=>b+d.

Since addition is left-cancellative, z = ¢ and w = d. Thus, for all A, B € J, if
0'A = 0B, then A = B. Hence, (1) holds. By similar reasoning, (2) holds. Thus,
1Q® proves the translation of 1D, and 55.

We show that the translation of ID3 is a theorem of IQ®. We need to show that
VA, B € J [ AO" # B17 ]. Assume for the sake of a contradiction x, @ # 0 and

x+y y\_(x Yy o — (@ b 1T (¢ a+b
z+w w/ \z w “\c d “\c¢ c+d)
Then

a=x+y=x+a+b

where we have omitted parentheses since addition is associative. Since 0 is an additive
identity and addition is commutative, 0 +a = x 4 b + a. Since addition is right-
cancellative, 0 = x 4 b. Since 0 is the only element with an addititive inverse, x = 0,
which contradicts the assumption that x # 0. Thus, IQ® proves the translation of ID;.
We show that the translation of E(, is a theorem of 1Q@®. We need to show that
VA,B € J [0"A # 17 B ]. Assume for the sake of a contradiction x, a # 0 and

X y _Orxy_lrab_a+c b+d
x+z y+w/) z w) c d) \ ¢ d |-

Then, x = a + ¢ = a + x + z. Hence, 0 = a + z. Since 0 is the only element with
an addititive inverse, a = 0, which contradicts the assumption that a # 0. Thus, 1Q®
proves the translation of IDg.

Finally, we translate < as in the proof of Lemma 17. O
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6 Interpretation of TCin Q

In this section, we show that our interpretation of ID in 1Q extends in a natural way to
an interpretation of TC in Q. Instead of interpreting TC, we interpret the variant TC®
where we extend the language of TC with a constant symbol ¢ for the identity element.
See Fig. 7 for the axioms of TC?. We choose to work with TC® because the identity
matrix is naturally present in our interpretation of ID in IQ and because we get a more
compact form of the editor axiom (TC; and TC§). The interpretation we give can be
turned into an interpretation of TC by simply removing the identity matrix from the
domain (see Appendix A of Visser [13] for mutual interpretability of TC and TC?).

Recallthatx <jy= Ir[r+x =yl letx <yy=Ir[r 0 A r+x=yl
Let Q® be Q extended with axioms (I)-(VI) in Fig. 6 and the trichotomy law

Vxy[x <y Vx=y Vy<uxl]

We make a few simple observations:

— Axiom (VI) Vxy [x +y=0—> (x =0 A y =0) ]is a theorem of Q.
Indeed, assume x + y = 0. If y = 0, then x = 0 by Q4. Thus, it suffices to show
that y = 0. Assume for the sake of a contradiction that y # 0. Then, by Qz, there
exists v such that y = Sv. By Qs

O=x4+y=x+Sv=Sx+v)

which contradicts Q. Thus, x + y = 0 implies x = y = 0.
— Axiom (VII) Vxy [xy =0 — (x =0 Vv y =0) ]is a theorem of Q®. Indeed,
assume xy = 0 and y # 0. By Qg, there exists v such that y = Sv. By Q7

O=xy=xv+ux

which implies x = 0. Thus, xy = 0 impliesx =0 v y =0.
— Q@ proves that 1 is the only element with a multiplicative inverse. Indeed, assume
xy = 1. By commutativity of multiplication, Q> and Qs, we have x,y # O.

The Axioms of TC®

TCS Vo [ex =2 N ze =1z |
TG Vayz [2(yz) = (zy)z |
TC Vayzw | ay=z2w— Ju|[(z=aulhuw =y )V

(z=zuhuy=w)]]

TC; 0#¢
TCE Vay [zy=0—=(x=¢c Vy=c)]
TC; 1#¢
TCG Vay[zy=1—=(az=e V y=c)]
TCS 0#1

Fig. 7 Non-logical axioms of the first-order theory TC®
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Hence, by Qg, there exist u#, v such that x = Su and y = Sv. By commutativity of
multiplication, Q7 and Qs

l=xy=xv+x=Sxv+u) Al =yx =yu+y=SOu+v).
By Qq
O=xv+u AO=yu+v

which implies # = v = 0. Hence, x = y = 1. Thus, xy = 1 implies x = y = 1.

This section as structured as follows: In Sect. 6.1, we show that that if we modify
our interpretation of ID in IQ?® by choosing as the domain the class K of all 2 x 2
matrices with determinant 1, we obtain an interpretation in Q® of the theory we
obtain from TC? by replacing the editor axiom TC; with the axioms D», D3, 65, 66,
Vx[x=¢e Vv dy[x=y0 v x =yl ]. In Sect. 6.2, we extend our interpretation of
ID in 1Q® to an interpretation of TC® in Q) by restricting K to a subclass on which
the editor axiom holds. Finally, in Sect. 8, we show that we can interpret Q® in Q by
restricting the universe of Q to a suitable subclass.

6.1 Atoms and predecessors

Let K denote the class all 2 x 2 matrices with determinant 1. That is

K={(; i):xw=1+yz}.

Itis not difficult to verify that Q® proves thatdet(AB) = 1ifdet(A) = det(B) = 1.
We thus have the following lemma.

Lemma 19 Q@ proves that K is closed under <(1) (1)> G (1)) <(1) i) and matrix

multiplication.

Letussaythat A € K isanatomin K ifforall B, C € K, A = BC implies that one
of B and C is the identity matrix. The proof of the following lemma is straightforward.

1 0 1 0 11
(@3] .
Lemma 20 Q' proves that (0 l)’ (1 1) and (0 1) are atoms in K.

In [10], we introduce a theory BTQ and show that D interprets Q by showing that
it interprets BTQ. We obtain BTQ from ID by replacing ID4 with the axiom Vx [ x =
O0vx=1yvVv 3dy[x=y0 v x =yl ] The next lemma shows that if we modify
the translation in Lemma 18 by choosing as the domain the class of all elements in K
distinct from the identity matrix, we obtain an interpretation of BTQ in Q.

Lemma21 Let A € K. Then, Q® proves that A is the identity matrix or that there

exist B, C € K such that A = BC and C is one ofG (1))’ <(1) i)
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Proof Let K > A = (Z Z) By the trichotomy law, we have the following cases

—(la)a=b AN c<jd,(Ib)a=b N c=d,(Ic)a=b N d<|c

- QRa)a< b ANc=d,2b)b<ja N c=d

- Bab<ia N c<d,B)a< b ANd<c,B)b<a N d<c, (3d)
a<bnc<d.

We consider Case (1a). Sincea =b A ¢ <|d,letd =r + ¢ where r # 0. Since
ad =1+ bcas A € K, we have

ar +ac=a(r+c¢)=ad =1+4+bc=1+ac

Since addition is right-cancellative, ar = 1, which implies @ = r = 1. Thus

== D6 )

We consider Case (1b). Sincea =b A ¢ =d and A € K, we have
ad=1+bc=1+ad.
Since 0 is an additive identity and addition is right-cancellative, 0 = 1 which contra-
dicts Q.

We consider Case (Ic). Sincea = b A d <jc,letc =5+ d where s # 0. We
have

ad=1+bc=14a(s+d)=1+as+ad.
Hence, 0 = 1 + as. Since addition is commutative, 0 = S(as + 0) by Qs, which
contradicts Q,.
We consider Case (2a). Sincea < b AN ¢ =d,letb =r 4+ a where r # 0. We
have
ad=1+bc=14+r+a)d=1+rd+ ad.
Hence, 0 = 1 + rd which contradicts Q5.

We consider Case (2b). Since b <ja A ¢ =d,leta = s + b where s # 0. We
have

sd+bd=(s+bdd=ad =1+bc=1+bd.

Hence, sd = 1 which implies s = d = 1. Thus

= (106 D6 )

@ Springer



Weak essentially undecidable theories of concatenation... 379

We consider Case (3a). Since b < a A ¢ <| d, there exist r, s # 0 such that
a=r+bandd =s + c. Since ad = 1 + bc, we have

rs+rc+bs+bc=+b)(s+c)=ad =1+ bc
which implies
rs +rc—+bs = 1.

1 0
0 1

We consider Case (3b). Since a <; b A d < c, there exist p, g # 0 such that
b=p+aandc=q+d.Since ad = 1 + bc, we have

Since r, s # 0, we conclude thatr = s =1 and b = ¢ = 0. Thus, A =

ad=14+bc=1+(p+a)q+d)=14+pg+ pd+aq+ad.

Hence, 0 = 1 4+ pq + pd + aq which contradicts Q.
We consider Case (3¢). Since b <ja A d <jc,

a b 1 0 a—b b
A:(c d):E(1 1) whereE:(c_d d>’

Since addition is right-cancellative in Q), we write a — b and ¢ — d for the unique
elements r, s such that a = r + b and ¢ = s + d. We need to show that E € K. That
is, we need to show that det(E) = 1. First, observe that

(x—y)z=xy—yzand (1 +xz)—yz=1+ (xz—yz)
since
(x—yz+yz=(x—y) +y)z=xz and 1+ (xz — yz) + yz = 1 +xz.
Since det(A) = 1, we have
(@ —b)d =ad —bd = (1 +bc) —bd =1+ b(c —d).

Thus, E € K.
We consider Case (3d). Sincea <;b A ¢ <;d

a b 1 1 a b—a
A:(c d):G(O 1) WhereG:<c d—c)
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We need to show that G € K. That is, we need to show that det(G) = 1. Since
det(A) = 1, we have

ald—-c)=ad —ac=14+bc—ac=1+ (b —a)c.

Thus, G € K. O

By similar reasoning, Q@ proves that left predecessors also exist: if A € K is
not the identity, then there exist B, C € K such that A = CB and C is one of
G ?), ((1) }) Since modified subtraction makes sense in Q@) we also get that
the cancellation laws hold: if A, B,C € Kand AC = BC v CA =CB,thenA = B.
In particular, in any model of Q®, K defines a model of the theory F of Szmielew and
Tarski (see Tarski et al. [12, p. 86]). The theory F is given by the following non-logical
axioms: concatenation is associative, every element is both left cancellative and right
cancellative, the two maps x +— x0 and y +— y1 have disjoint images, every element
different from O and 1 is in the image of one of the two maps x + x0 and y — yl.
The intended model is the free semigroup with two generators.

6.2 Interpretation of TC®

We are finally ready to extend our interpretation of ID in IQ® to an interpretation of
TC? in Q@. All we need to do is to restrict the class K to a subclass on which the
editor axiom holds.

Theorem 22 There exists a class I such that the 4-dimensional translation of
{e,0,1,0}in {0, 1, S, +, x} defined by

1 0 1 0 1 1 .
— &, 0and 1 are translated as (0 1), (] 1>, (O 1), respectively

— o is translated as matrix multiplication
— the domain is 1

defines a 4-dimensional interpretation of TC¢ in Q.

e 2ot

Lemmas 18 and 20 tell us that the restriction of axioms TC] — TC5, TC§ — TC to K
are theorems of Q@ Since TC{ — TC5, TC; — TC§ are universal sentences, to interpret
TC in Q@ it suffices to restrict the class K to a subclass I on which the editor axiom

TC holds. We need the following three properties that are given by Lemmas 18 and
21

Proof Let
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DJVA,BEK[AG ?)#B(é i)]

RCVA,BEK[A;&B—)

(4G 2= ) a2 )]

10
PDVAeK[A:(O 1) v

wer[a=n(} %) vaza(l )]]

Let

H:{WeK:VXZVYeK[ XY =2ZW —3U eK [

(Z=XU AN UW=Y)Vv(X=2U A UY:W)]]}.

It follows from DJ, RC, PD and associativity of matrix multiplication that <(1) ?),

G ?), ((1) i) are elements of H. We show that H is closed under matrix mul-

tiplication. So, assume Wy, Wi € H. We need to show that WoW; € H. First, we
observe that WoW; € K since K is closed under matrix multiplication and H C K.
Now, let X, Y, Z be such that XY = ZWyW; and Y € K. Since W|; € H, we have
the following two cases for some Uy € K

(D X=ZWoU; N U Y =W, 2ZWy=XU N UW =Y.
We consider (1). Since K is closed under matrix multiplication and H C K, we have
X = ZWoU; A WoU Y = WogW1 A WU € K . ()

We consider (2). Since Wy € H and U; € K, we have one of the following two cases
for some Uy € K

Ra) Z=XUy N UWo=U, AN UW =Y,
2b) X =ZUy N UgUy =Wy A UW =Y.

In case of (2a), we have

Z=XUyg N UWogW1 =U Wi =Y ANUyeK. (k)
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In case of (2b), we have
X =2ZUy N WoW; =UgU W1 =UpY AN Uy eK. (sk3k3k)

By (%), (**) and (***), we have WoW; € H. Thus, H is closed under matrix multi-
plication.
We are finally ready to specify the class /. Let

I={AcH:VB[B=<x A— BeH]}
where

B=<x A= 3CeK[A=BC].

It follows from Lemma 20 that <(1) (l))’ (i ?), ((l) i) are elements of /. To

show that I defines a model of TC?, it suffices to show that / is closed under matrix
multiplication and downward closed under < g, where the latter ensures that the editor
axiom holds restricted to /.

We show that I is closed under matrix multiplication. Assume Ag, A1 € 1. We
need to show that AgA; € I. So, assume BC = AgA| where C € K. We need to
show that B € H.Since A| € I € H and C € K, we have one of the following cases
for some U € K

() Ag=BU A UA =C, (i) B=A)U A UC = A,.

In case of (i) we have B <g Ao which implies B € H since Ag € I. In case of (ii) we
have U <k A; which implies U € H since A1 € I. Since H is closed under matrix
multiplication and Ag € I € H, we have B = AqU € H. Hence, AgA| € I. Thus, [
is closed under matrix multiplication.

We show that 7 is downward closed under <g. So, assume B <g A where A € I.
We need to show that B € I. That is, we need to show that B € H and VD <g
B[ D e H]. Since A € I and B <k A, it follows from the definition of I that
B € H. Assume now B = DC where C € K. We need to show that D € H. Since
B <k A, there exists E € K such that A = BE. Hence, DCE = BE = A. Since
C, E € K and K is closed under matrix multiplication, CE € K. Hence, D <g A.
Then, D € H since A € I. Thus, I is downward closed under <g. O

7 Commutative semirings |

We complete our proof of interpretability of 1D in IQ by showing that IQ and 1Q® are
mutually interpretable.

Theorem 23 1Q and |Q® are mutually interpretable.
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Proof Since IQ® is an extension of IQ, we only need to show that IQ® is interpretable
in 1Q. Our strategy is to first restrict the universe of 1Q to an inductive class N, which
is such that each of the axioms (I)—~(VIII) in Fig.6 holds on N, when we restrict
quantification to N and treat addition and multiplication as partial functions. Recall
that a class X is inductive if 0 € X and Vx € X [ Sx € X ]. Now, since the axioms
of 1Q® are all universal sentences, to interpret IQ® in IQ, it suffices to relativize
quantification to a subclass N of N, that is closed under O, S, +, x.

We start by restricting the universe of 1Q to a subclass Ng where O is the only
element with an additive inverse, and addition is associative and right-cancellative.
Let u € Ny if and only if

1) 0O4+u=u

Q) Vx[x+u=0—=(x=0Au=0)]
B)Vx[Sx4+u=Skx+u)]

@ Vxyl[(x+y)tu=x+(y+u)l
G Vxyl[x+u=y+u—->x=y]

6) Ou=0.

We verify that 0 € Ny. We need to show that 0 satisfies (1)—(6). By Qs = Vx [ x +
0 = x ], O satisfies (1)-(5). By Qg = Vx [ x0 = 0], O satisfies (6). Thus, 0 € Ny.

We verify that Ny is closed under S. Let u € Nyg. We need to show that Su € Ny.
That is, we need to show that Su satisfies (1)—(6). We have

04+Su=SO0O+u)=Su=Su+0

where the first equality holds by Qs = Vxy [x+Sy = S(x +y) ], the second equality
holds since u satisfies (1) and the last equality holds by Q4. Thus, Su satisfies (1).

ByQsand Qy; = Vx [Sx #0]

x4+ Su=Sx+u)#0.

Thus, Su satisfies (2).
We have

Sx + Su = S(Sx +u) =SS(x +u) = S(x + Su)

where the first equality holds by Qs, the second equality holds since u satisfies (3) and
the last equality holds by Qs. Thus, Su satisfies (3).

We have

(x+y)+Su=S(x+y)+u) =S« +(y+u)=x+(+Su)

where the first equality holds by Qs, the second equality holds since u satisfies (4),
and the last equality holds by Qs. Thus, Su satisfies (4).

We have

Sx4+u)y=x+Su=y+Su=SQy+u) = x+u=y+u = x+y
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where the first implication follows from Q; = Vxy [ Sx = Sy — x = y |, and the
last implication follows from the assumption that u satisfies (5). Thus, Su satisfies (5).
ByQ;= Vxy[x xSy=xxy+x]

O0xSu=0u+0=0+0=0

where the second equality follows from the assumption that u satisfies (6) and the last
equality holds by Q4. Thus, Su satisfies (6).

Since Su satisfies (1)—(6), Su € Ny. Thus, Ny is closed under S. Since N contains
0 and is closed under S, the class Ny is inductive.

We restrict Ny to a subclass N1 where addition is commutative, the left distributive
law holds, and there are no zero divisors. Let u € Ny if and only if u € Ny and

(7N VxeNy[x+u=u+x]

@B) Vx e NoVy [x(y+u) =xy +xu]

Q) VxeNy[xu=0—->(x=0V u=0)]
(10) Vx e Ng [Sx xu =xu+u].

Verify that N contains 0. We need to show that 0 € Ny and that O satisfies (7)—(10).
Since Ny is inductive, 0 € Ny. By Q4 and (1), O satisfies (7). By Q4 and Qg, O satisfies
(8). It is obvious that O satisfies (9). By Qg and Qg, O satisfies (10). Since 0 is an
element of Ny and satisfies (7)—(10), 0 € Nj.

We verify that N is closed under S. Let u € Ni. We need to show that Su € Ny
and that Su satisfies (7)—(10). Since Ny is inductive and u € N; € Ng, Su € Ng. We
verify that Su satisfies (7). Let x € Ny. Then

x+Su=S(x~+u)=Su+x)=Su—+x

where the first equality holds by Qs, the second equality holds since u satisfies (7),
and the last equality holds since x satisfies (3). Thus, Su satisfies (7).
We verify that Su satisfies (8). Let x € Ny. We have

x(y+Su)=x xS(y+u) (Qs)
=x(y+u)+x (Q)
= (xy +xu) +x (u satisfies (8))
=xy+ (xu—+x) (x satisfies (4))
=xy+ (x x Su) (Qy).

Thus, Su satisfies (8).
We verify that Su satisfies (9). Let x € Ny and assume x x Su = 0. By Qy,
xu + x = 0. Since x satisfies (2), x = 0. Thus, Su satisfies (9).
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Finally, we verify that Su satisfies (10). Let x € Nop. We have

Sx x Su = (Sx xu) +Sx (Qy)
= (xu +u) + Sx (u satisfies (10))
=xu + (u + Sx) (Sx € Ny satisfies (4))
=xu+Su+x) (Qs)
=xu+S(x +u) (x € Ngand u satisfies (7))
= xu + (x + Su) (Qs)
= (xu +x) +Su (Su € Ny satisfies (4))
= (x x Su) +Su (Qy).

Thus, Su satisfies (10).
Since Su is an element of Ny and satisfies (7)—(10), Su € Np. Thus, Ny is closed
under S. Since N; contains 0 and is closed under S, the class N; is inductive.
Werestrict N1 to asubclass No where multiplication is associative and commutative.
Letu € N, if and only if u € Nj and

(11) Vx,y € Ny [ (xy)u = x(yu) ]
(12) Vx e Ny [xu =ux].

We verify that 0 € N>. We need to show that 0 € N; and that O satisfies (11)—(12).
Since N is inductive, 0 € N;. By Qg, 0 satisfies (11). By Qg and (6), O satisfies (12).
Thus, 0 € N;.

We verify that N> is closed under S. Let u € N>. We need to show that Su € N
and that Su satisfies (11)—(12). Since N € N and N is inductive, Su € N;. We
verify that Su satisfies (11). Let x, y € N1. We have

(xy) x Su = (xy)u +xy (Q7)
= x(yu) +xy (u satisfies (11))
=x(yu+y) (x € Npand y € Nj satisfies (8))
=x(y x Su) (Q7).

Thus, Su satisfies (11).
We verify that Su satisfies (12). Let x € Nj. We have

xXSu=xu+x (Qy)
=ux + x (u satisfies (12) )
=Su x x (u € Np and x € N satisfies (10)).

Thus, Su satisfies (12).

Since Su is an element of N and satisfies (11)—(12), Su € N,. Thus, N3 is closed
under S. Since N, contains 0 and is closed under S, the class N5 is inductive.

We are almost done. All that remains is to restrict N, to an inductive class that is
closed under addition and multiplication. We start by ensuring closure under addition.
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Let
Ni={ueN: Vxe N [x+ue N}

By Q4, 0 € N3. We show that that N3 is closed under S. Let u € N3. Since N> is
inductive and u € N3 C Nz, Su € Nj. By Qs, given x € N, we have x + Su =
S(x + u). Since u € N3, x + u € N,. Since N, is inductive, S(x + u) € N;. Hence,
Su € Nj3. Thus, N3 is closed under S.

We verify that N3 is closed under +. Let u, v € N3. We need to show thatu+v € Nj
andVx € No[x + (u +v) € N» |.Sinceu € Ny andv € N3, u +v € N,. Now,
let x € Np. Sinceu € N3, x +u € Ny. Since v € N3, (x +u) + v € N;. Since
v € N C Ny satisfies (4), (x +u) +v = x + (u + v). Hence, u + v € N3 Thus, N3
is closed under +.

Let

N={ueN3;: VxeN3[xueNz]l}

We show that N is an inductive class that is closed under + and x. We show that
0 € N. Since Nj is inductive, 0 € N3. Let x € N3. By Qg, x0 = 0 € Nj. Thus,
0eN.

We show that N is closed under S. Let u € N. We need to show that Su € N. Since
u € N3 and N3 is inductive, Su € N3. Let x € N3. By Q7, x x Su = xu + x. Since
u € N, xu € N. Since N3 is closed under addition, xu + x € N3. Hence, Su € N.
Thus, N is closed under S.

We show that N is closed under +. Let u, v € N € N3. Since N3 is closed under
addition, u + v € N3. Let x € Nj3. Since u,v € N, xu,xv € N3. Since N3 is
closed under addition, xu + xv € Nj3. Since x € N3 C Ngpand v € N3 C Nj,
xu 4+ xv = x(u + v). Hence, u + v € N. Thus, N is closed under +.

We show that N is closed under x. Letu, v € N C N3.Sinceu € N3andv € N,
uv € N3. Let x € N3. Sinceu € N, xu € N3. Since v € N, (xu)v € N3. Since
x,u € N3 € Nyand v € N3 € N satisfies (11), (xu)v = x(uv). Hence, uv € N.
Thus, N is closed under x.

Since N satisfies the domain conditions and all the axioms of 1Q® hold restricted
to N as they are universal sentences, IQ® is interpretable in Q. Since IQ® is an
extension of 1Q, it follows that 1Q and IQ® are mutually interpretable. O

8 Commutative semirings Il

It is clear that Q® is interpretable in Q since each axiom of Q) is provable in
1A, which is Q extended with an induction schema for Xg-formulas, and Ay is
interpretable in Q (see Section V.5c¢ of Héjek and Pudlédk [4]). Lemma V.5.11 of [4]
shows that we can interpret any finite subtheory of / A in Q by restricting the universe
of Q to a suitable subclass. It then follows that our interpretation of TC® in Q® really
extends to a recursion-free interpretation of TC? in Q. For the benefit of the reader, we
show that we can also prove this by building on the proof of Theorem 23.
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Given asentence ¢ and aclass M, let ¥ denote the sentence we obtain by restricting
quantification to M.

Theorem 24 There exists a class M such that Q = ¢M for each axiom ¢ of Q.
Proof Let N be the class in the proof of Theorem 23. Let
u<yv=3dreN[lu+r=v].
We restrict N to an inductive subclass M that is downward closed under <y. Let
Moz{ueN: Vo<yulveN]AVX,y<yulx<yyV ySNx]}.
We show that 0 € My. Assume v +r = 0. If r = 0, then v = 0 by Qq4. If  # 0, then
by Qs there exists ¢ such r = St. Then, by Qs,0 = v+r = S(v+1¢) which contradicts
Q,. Thus, since 0 € N and 0 + 0 = 0, we have 0 € M.
We show that M) is closed under S. Let u € My. We need to show that Su € M.
Since u € My € N and N is inductive, Su € N. We show that Vv <y Su[v e N ].
Assume r € N and v + r = Su. We need to show that v € N.If v =0, thenv € N

since N is an inductive class. Otherwise, by Q3, there exists w such that Sw = v. By
Clause (3) in the proof of Theorem 23

Su=v+r=Sw+r=Sw+r).
By Qi, w 4+ r = u. Hence, w <y u. Since u € My, we have w € N. Since N is an
inductive class, v = Sw € N. Thus, Vv <y Su[v € N ].

We show that Vx, y <y Su [x <y y V y <y x ]. Assume x, y <y Su. By what
we have just shown, x,y € N.If x = Su or y = Su, then x and y are comparable
with respect to <p since x, y <y Su. Otherwise, by Q4

Su=x4+r N Su=y+t wherer,t € N\ {0}.
Since x, y,r,t € N, we have

Su=x+r=r+x N Su=y+t=t+y

by Clause (7) in the proof of Theorem 23. By Qgz, there exist rg, fo such that r = Srg
and r = Sty. Hence

Su=Srg+x=S0o+x) N Su=Sto+y=S{to+y)

by Clause (3) in the proof of Theorem 23. By Q, u = ro + x and u = o + y. Hence,
ro, to <y u which implies r¢, 7y € N since u € My. Then

Uu=ro+x=x+rop N u=tp+ty=y+1
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by Clause (7) in the proof of Theorem 23. Hence, x, y <y u which implies that x
and y are comparable with respect to <y since u € M. Thus, we have Vx,y <y
Sul[x <y y V y <y x].Itthen follows that Su € M.

Since <y is transitive, M( is downward closed under <. Indeed, assume w <y v
and v <y u. Then, there exist r, ¢t € N such that v = w + r and u = v + ¢. Hence,
u=(w++r)+t. Sincet € N C Ny, we have

u=w+r)+t=w—+ @ +1)

by Clause (4) in the proof of Theorem 23. Since r,t € N and N is closed under
addition, r +t € N. Hence, w <y u. Thus, <y is transitive.
We restrict My to a subclass M that is closed under addition. Let

My ={ueMy: VxeMo[x+ueMl}.

The class M is shown to be closed under 0, S and + just as in the proof of Theorem 23.
We show that M; is downward closed under <y. Assume u € My andu = v+ r
where r € N. We need to show that v € M. So, let x € M. We need to show that
x + v € My. We have

Mosx+u=x+@W+r)=x+v)+r
by Clause (4) in the proof of Theorem 23. Then
xX+v<yx-+uec M.

Since My is downward closed under <, we have x + v € My. Hence, v € M. Thus,
M; is downward closed under <.
Finally, we restrict M| to a domain M. Let

M:{ueMl:Vx€M1[xu€M1]}.

The class M is shown to be closed under 0, S, 4, x just as in the proof of Theorem 23.
We show that M is downward closed under <. Assume u € M and u = v+ r where
r € N. We need to show that v € M. So, let x € M. We need to show that xv € M.
We have

M3 xu=x(w+r)=xv+xr

by Clause (8) in the proof of Theorem 23. Since v <y u,u € M C M; and M| is
downward closed under <y, we have v € M. Then, by Clause (7) in the proof of
Theorem 23

U=v+r=r-+uv.

@ Springer



Weak essentially undecidable theories of concatenation... 389

Hence, r <y u which implies » € M. Since x,r € M and M is closed under x,
we have xr € M| € N. Then, xu = xv + xr implies xv <y xu. Since xu € M,
and M is downward closed under <p, we have xv € M. Hence, v € M. Thus, M is
downward closed under <.

Axioms (I)—~(VIII) in Fig. 6 and the axioms of Q that are universal sentences hold
on M when we restrict quantification to M since they hold on N when we restrict
quantification to N. We show that Q3 = Vx [x =0V dy[x=Sy] ] holds on M.
Assume x € M\{0}. By Qg3, there exists y such that x = Sy. We need to show that
y € M. By Q4 and Qs, we have

x=Sy=Sy+0=S(y+0)=y+S0.

Since M is an inductive class, SO € M C N. Hence, y <y x. Since M is downward
closed under <y, we have y € M. Thus, Q3 holds restricted to M.

Finally, we show the trichotomy law Vxy [x <y V x =y V y < x ] holds
restricted to M. Recall thatx <y y= 3Ir [r #0 A r4+x =y]. Letx,y € M. Since
M is closed under addition and addition on M is commutative

y+x=x+yeM.
Then, x, y <y x + y. Since M C My, we have
X=NY V Yy=nN<X

Assume y = x 4+ r where r € N. By Clause (7) in the proof of Theorem 23, y =
x +r =r + x. Hence, r <y y which implies r € M. Similarly, if x = y 4 ¢ where
t € N,thent € M. Hence, sincex <y y V y <y x holds

Ir,teM[y=x+r Vvx=y+t]

Thus, the trichotomy law holds restricted to M. O
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