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Gaëtan Fournier∗

School of Mathematical Sciences, Tel-Aviv University
Schreiber Building, Tel Aviv, Israel, 6997800

fournier.gtn@gmail.com

March 13, 2018

Abstract

A pure Hotelling game is a competition between a finite number of players who select
simultaneously a location in order to attract as many consumers as possible. In this
paper, we study the case of a general distribution of consumers on a network generated
by a metric graph. Because players do not compete on price, the continuum of consumers
shop at the closest player’s location. Under regularity hypothesis on the distribution we
prove the existence of an ǫ-equilibrium in pure strategies and we construct it, provided
that the number of players is larger than a lower bound.
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Keywords: approximate Nash equilibria, pure equilibria, location games on networks, Hotelling
games, large games.

1 Introduction

1.1 General and pure Hotelling games

The seminal paper of Hotelling [1929] introduced a model of spatial competition that we
now refer to as Hotelling games. It considers the competition between two retailers along a
segment where consumers are assumed to be uniformly distributed. In the unique equilib-
rium both players set their shop in the middle of the segment. A large literature generalized
the model and two different classes appeared: the general Hotelling game, where players
can decide of their location and also of a selling price. In this framework, a cost function
is introduced to model the cost of moving for the consumers. The existing results mostly
concern very simple sets of possible locations, as described in the following review of the
literature. On the opposite, another part of the literature studies further the case of pure
Hotelling game, where the price is not under control of the players. This model applies
particularly to the sell of products whose price is fixed, such as newspapers sellers or brand
products retailers.

∗This research was supported by the ISF grant 1585/15

1

http://arxiv.org/abs/1602.04851v1


The current paper belongs to the second literature, where the assumption of fixed prices
makes possible the analysis of the interaction between a larger number of players on more
evolved networks for players and consumers. Even though the study of the segment is useful
to understand better the dynamics of the interactions, it appears that the network plays an
important role in the problem. The network we study in this paper is the one introduced
in Pálvölgyi [2011] and Fournier and Scarsini [2014] and can model a city, where consumers
are distributed along different streets that eventually intersect each other. We use a metric
graph and suppose that consumers are distributed along the edges, i.e. at convex combina-
tions between two linked vertices. Players can choose a location anywhere in this network
and consumers buy a fixed quantity of goods at the closest store. The payoff of the players
is the amount of consumers that shop at their store.

Pure Hotelling games often assume that consumers are uniformly distributed along the
network. This hypothesis simplifies the analysis but is restrictive: such a model does not
take into account the irregularities inherent to a city, such as higher density in city centers.
This consideration can not be handled by simple modifications on the network (using dilata-
tion or contraction arguments for example): players care about the distance with respect
to the distribution of consumers but consumers are going to the closest player’s location
regardless of the distribution of the other consumers.

In this paper, we consider a general distribution of consumers and only assume that
this distribution is absolutely continuous with respect to the Lebesgue measure, that can
easily be defined on the metric graph. We prove though counterexamples that no general
results hold on the existence of exact Nash equilibrium, neither on the existence of approx-
imate Nash equilibrium for an arbitrary number of players. Our main result is that if the
distribution of consumers has a positive, bounded and smooth density with respect to the
Lebesgue measure, then for any ǫ > 0 there exists an ǫ-equilibrium in pure strategies in
the pure Hotelling game, provided that the number of players is larger than a lower bound.
We give a constructive proof and an explicit bound N(ǫ) on the number of players. The
ǫ-equilibrium is both additive and multiplicative.

A brief survey of the literature on pure Hotelling games is made in subsection 1.2. We
give a formal description of the problem in 2. We state the main result in section 3. In
section 4 we provide the announced counterexamples. The section 5 is devoted to the proofs.

1.2 Literature

We now discuss the closely related articles, that have in common with the current paper
either to be concerned with the class of pure Hotelling games (where only the choice of lo-
cation is under the control of the players), or to study the case of non-uniform distribution
of consumers, or to consider interactions on networks similar to the one considered in the
current paper.

Let first discuss the case of papers concerned with pure Hotelling games. Peters et al.
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[2015] consider a uniform distribution of consumers on the unit interval. Consumers take
into account their travel distances to their closest player’s location, but also their expected
queuing times, which depend on the number of consumers choosing the same firm. They
provide existence of a refined equilibrium in several particular cases where the number
of players is small and even. Núñez and Scarsini [2014] and Núñez and Scarsini [2015]
consider a pure Hotelling game with a finite set of predefined possible locations for the
sellers. In a mimeo, Pálvölgyi [2011] considers pure Hotelling games on the same network
that the current paper, but with uniform distribution of consumers. He states that there
always exists a pure Nash equilibrium when the number of players is large enough and
provides a constructive proof in some particular cases. He also studies some equilibrium
structural properties. Fournier and Scarsini [2014] give a general proof for the existence
of a pure Nash equilibrium with a large number of players and a uniform distribution of
consumers. They also measure the efficiency of the equilibrium. Similarities and differences
between Pálvölgyi [2011], Fournier and Scarsini [2014] and the current paper methods for
constructing an equilibrium with the adequate properties will be discussed in subsection 5.2.

We now discuss papers concerned with non uniform distribution of consumers in Hotelling
games. Eaton and Lipsey [1975] study, among a lot of different models, the case of a general
distribution of consumers on the unit interval, in the slightly different setting where two
players cannot choose the same location. They show that Hotelling’s original results only
hold under strong hypotheses. Lederer and Hurter Jr [1986] consider a model where con-
sumers are non uniformly distributed on the plane, and study the interactions between two
different firms. Neven [1986] analyzes the general location-then-price Hotelling game with
two players on the unit interval. He considers increasing densities of consumers towards
the center and shows that for some distribution, the two firms locate at opposite ends of
the market. Anderson et al. [1997] also examines a duopoly in a general Hotelling game,
with log-concave density of consumers. He proves that there exists a unique equilibrium in
pure strategies if the density is not ”too asymmetric” and not ”too concave”. Montes-Rojas
[2015] considers a two stages location-then-price game on the unit interval with non-uniform
distribution of consumers. Under strong conditions on the distribution, he studies a refine-
ment of Nash equilibrium and provides an algorithm to analyze some comparative statics.

We now discuss the papers concerned with Hotelling games on a network similar to the
one considered in the current paper. Pálvölgyi [2011] and Fournier and Scarsini [2014] are
already mentioned above. Heijnen and Soetevent [2014] consider such a network and study
the general location-then-price Hotelling game with 2 players. Some papers consider the
graph structure, but suppose that players can locate only on the vertices of the graph, such
as Mavronicolas et al. [2008] or Feldmann et al. [2009].
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2 The game H (n,G, f)

In this section we give a formal description of the model. H (n,G, f) is the game where
n ≥ 2 players1 select simultaneously a location in a set G, and where the consumers are
distributed on G according to the density function f with respect to the Lebesgue measure.
The network G is defined in subsection 2.1, and the normal form of the game, including
payoffs, is given in subsection 2.2.

2.1 The network G

The network G on which consumers are distributed is also the set of possible actions for the
players. To define formally G, we need a triplet (V,E, λ) where V is a finite set of vertices, E
is a finite set of edges and λ is a vector of length on E. For simplicity we suppose the graph
(V,E) to be connected. If the edge e ∈ E links the vertices u and v we denote it (u, v). In
our network, players and consumers are not only located in the vertices of the graph but also
along the edges. A point along the edge (u, v) is defined as a convex combination of u and v.
The network G is then defined as the set G := {(u, v, t)|u, v ∈ V, (u, v) ∈ E, t ∈ [0, 1]}, and
a point in G is called a possible location. If a possible location y is chosen by at least one
player for a given actions’ profile, it is then referred to as a location (or chosen location) of
this profile. We give an arbitrary orientation to every edge to avoid the confusion between
(u, v, t) and (v, u, 1 − t) that both refer to the same location.

We now endow the set G with a metric d that represents the distance that consumers
have to travel to go from one point to another in the network. For a given vector of length
λ = (λe)e∈E, λe > 0 is referred to as the length of the edge e. From λ, we derive a distance
d on G as follows: if x1 and x2 are 2 points in the same edge e, they can be written as
x1 = (u, v, t1) and x2 = (u, v, t2) for some t1, t2 ∈ [0, 1]. The distance between x1 and x2 is
d(x1, x2) = λ(u,v) × |t2 − t1|. If x and y are not in the same edge, we consider P (x, y) the
set of paths between x and y as the set of all sequences (x1, . . . , xn) with finite n such that
x1 = x, xn = y and such that for all i ∈ {1, . . . , n − 1}, xi and xi+1 belong to the same
edge. The distance d(x, y) is then defined as:

d(x, y) := inf
(x1,...,xn)∈P (x,y)

n−1∑

i=1

d(xi, xi+1)

Given a profile of actions (x1, . . . , xn) ∈ Gn for the players, we can compute how the
consumers split: they shop to the closest player’s location (ties are discussed in subsection
2.2).

The distribution of consumers plays its role in the players’ payoffs. We first introduce
the useful notion of interval [x1, x2] ⊂ (u, v): let x1 := (u, v, t1), x2 := (u, v, t2) and suppose
without loss of generality that t1 < t2. Then [x1, x2] is defined as the set of {(u, v, t)} for

1In the case where n = 1 player, every location attracts all the consumers and is therefore a pure
equilibrium.
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t ∈ [t1, t2].
2 The terminology interval comes from the straightforward isometric identifica-

tion between [x1, x2] and the real interval [t1λe, t2λe] when the edge e is fixed. If there is no
possible confusion on e, we sometimes use the abuse of notation [t1λe, t2λe] to denote the
interval [x1, x2].

The Lebesgue measure on G is denoted L and can easily be defined as a natural ex-
tention of the Lebesgue measure on a real interval. A subset of G can indeed be identified
with a finite union of subsets of intervals. The uniform distribution is the case where G is
endowed with the measure L . In our model, it corresponds to the case where f = 1, i.e.
f(x) = 1 for every x ∈ G. This situation is studied in Pálvölgyi [2011] and Fournier and
Scarsini [2014]. In this paper, we extend the model to a general non-atomic distribution µ

with density function f : G → R
+ with respect to L . For a subset A ⊂ G, the quantity of

consumers located in A is:

∫

A

f(x)dL (x)

For simplicity, we sometimes use the arbitrary orientation to identify the restriction of f
on an edge e with a real function fe : [0, λe] → R

+. When three chosen locations x1, x2, x3
belong to the same edge e, and if the orientation is such that 0 ≤ x1 < x2 < x3 ≤ λe, we
say that the location x1 (resp. x3) is the left (resp. right) neighbor of x2 if there is no other
chosen location between x1 and x2 (resp. between x2 and x3).

Finally remark that we can remove any vertex v with degree 2 and consider the new
edge (u,w), instead of (u, v) and (v,w). In this case we set λ(u,w) = λ(u,v) + λ(v,w). From
now on, we can assume without loss of generality that all vertices have a degree different
from 2.

2.2 The normal form of the game H (n,G, f)

H (n,G, f) is the Hotelling game on G with n players and with a distribution f of con-
sumers. Its normal form is given by a finite set of players {1, . . . , n}, the action set G which
is the same for every player, and the payoff function p := (pi)i∈{1,...,n} that depends on the
chosen profile of actions. We first give an intuitive definition of the payoffs, and equation
(2) gives a formal definition.

The payoff of a player is the quantity of consumers that are going to his shop. A location
xi ∈ G attracts all the consumers who are closer to xi than to any other location, plus a
share of the consumers who are as close to xi as to some other locations (all these locations
get an equal part of the consumers). The total quantity of consumers that shop in xi splits
equally between the different players in xi.

The payoff function has to consider that a location can have different ties with different
other locations. More precisely, for a subset A of an actions’ profile {x1, . . . , xn}, DA is

2Respectively, we define [x1, x2[, ]x1, x2], and ]x1, x2[ as the set of {(u, v, t)} for t ∈ [t1, t2[, ]t1, t2], or
]t1, t2[.
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the set of point in G that are at the same distance from all locations xi ∈ A and that are
strictly closer to them than to any other location. Formally, for A ⊂ {x1, . . . , xn}:

DA = {y ∈ G : d(y, xi) = d(y, xj) for all xi, xj ∈ A

and d(y, xi) < d(y, xℓ) for all xi ∈ A, xℓ 6∈ A}.
(1)

The domain of attraction of a location xi ∈ G refers to the points in G that are (weakly)

closer to them than to other locations, i.e.
⋃

A⊂{x1,...,xn}
xi∈A

DA.

All locations in A get an equal part of µ(DA). Moreover, all players in a same location
get the same payoff. Formally, the payoff of the player i when the profile of strategy
x = (x1, . . . , xn) is played is:

pi(x) =
1

Card({j ∈ {1, . . . , n} : xj = xi})

∑

A⊂{x1,...,xn}
xi∈A

µ(DA)

Card(A)
. (2)

where µ(DA) =
∫

DA
f(x)dL (x). From now on, we use the notation dx instead of dL (x).

This payoff function has a symmetry property: the payoff of a player does not depend
on the identities of the other players. Therefore, the fact that a profile x is or not an
equilibrium does not depend on the identities of the players. We sometimes use the term
configuration to talk about a profile of actions.

3 Existence of ǫ-equilibrium in H (n,G, f)

In this section, we state our main result on the existence of ǫ-equilibrium in H (n,G, f) in
pure strategies.

Definition 1. A profile of actions x := (x1, . . . , xn) is a multiplicative ǫ-equilibrium of
H (n,G, f) in pure strategies if and only if for all i ∈ {1, . . . , n} and for all y ∈ G we have:

pi(x1, . . . , xi−1, y, xi+1, . . . , xn) ≤ (1 + ǫ)pi(x)

x is an additive ǫ-equilibrium of H (n,G, f) in pure strategies if and only if for all
i ∈ {1, . . . , n} and all y ∈ G, we have:

pi(x1, . . . , xi−1, y, xi+1, . . . , xn)− pi(x) ≤ ǫ

We now define two conditions on the density function f .

(C1): The function f is K-Lipschitz with respect to the distance d on S.
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(C2): The function f is positively upper and lower bounded: there exist m,M ∈]0,∞[ such
that for all y ∈ G, 0 < m ≤ f(y) ≤ M

Theorem 2. Existence of ǫ-equilibrium.
Let G be the network generated by any connected graph (V,E) and λ be any vector of

lengths. Suppose that f satisfies (C1) and (C2). For all ǫ > 0 there exists an integer N(ǫ)
such that when the number of players n is larger than N(ǫ), there exists a multiplicative
ǫ-equilibrium in pure strategies in H(n,G, f).

We give a constructive proof where N(ǫ) can be taken equal to:3

5Card(E) +

⌈

5L(M + ǫm
12+ǫ

)

m− ǫm
12+ǫ

(
(12 + ǫ)K

2ǫm
+

1

minλe

)

+
3LK(12 + ǫ)

2ǫm

⌉

where L :=
∫

S
f(x)dx is the total quantity of consumers in the network, and minλe denotes

the minimal length among the set E of edges.

Remark 3. We can weaken condition (C1) to the following condition: The restriction of
f on (0, λe), the interior of any edge e, is K-Lipschitz. With such a condition, the function
f can be discontinuous in the vertices.

Remark 4. There exists also a lower bound N ′(ǫ) on the number of players that guarantees
the existence of an additive ǫ-equilibrium in pure strategies in H(n,G, f). Because the
payoff of any player is always bounded by L, this existence is just a corollary of Theorem 2.
Nevertheless, such a result is somehow trivial: when the number of players is large, their
payoffs are small because they share the fixed quantity L, and any profile of actions turns
to be an additive equilibrium.

Proof. The proof of theorem 2 is detailed in section 5. We give here a sketch of the proof.

The first step is detailed in subsection 5.1: we approximate the density function f by a
step function g(ǫ1), where ǫ1 is a parameter playing a role in the length of the steps. We
prove that because f is K-Lipschitz, the step function g(ǫ1) is such that ‖f − g(ǫ1)‖∞ ≤ ǫ

when ǫ1 is small enough.

The second step is detailed in subsection 5.2: we give a constructive proof that if (C2)
holds, there exists an (exact) equilibrium in pure strategies in the game H (n, S, g(ǫ1)),
where consumers are distributed according to the density function g(ǫ1), and where the
number of players n is larger than a lower-bound N(ǫ1). This lower bound increases when
ǫ1 goes to zero.

We conclude in subsection 5.3 by showing that if ǫ1 is small enough, the equilibrium
constructed in the previous step is a multiplicative ǫ-equilibrium in the game H (n, S, f),
where the distribution of the consumers is given by the function f . We obtain therefore
a lower bound N(ǫ) on the number of players n that guarantees the existence of a pure
multiplicative ǫ-equilibrium in H (n, S, f).

3In particular that N(ǫ) ∼ 1

ǫ
when ǫ → 0
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4 A few counterexamples

In this section we provide counterexamples to naive extensions of the state-of-the-art re-
sults. The counterexample also illustrate how the analysis of game H (n, S, f) with a general
distribution of consumers f is fundamentally different from the analysis of the game with
uniform distribution of consumers H (n, S,1), where 1 stands for the constant function
x ∈ G 7→ 1. They also highlight the necessity to consider games with a large enough num-
ber of players.

Proposition 5 shows that on the simple network composed of only one edge of length 1,
identified with [0, 1], it is possible to have existence of exact equilibrium in H (n, [0, 1],1)
but non existence in H (n, [0, 1], f) even when f is arbitrary close to 1. More precisely, it
is proved in Eaton and Lipsey [1975] that for any n ≥ 4 there exists an equilibrium in pure
strategies in the game H (n, [0, 1],1). In the case of non uniform distribution of consumers,
it is claimed that in the slightly different framework where two players can not chose the
same location, there exist some density distributions f such that the game H (n, [0, 1], f)
doesn’t admit any equilibrium in pure strategies for n ≥ 3. We give here a more precise
result and provide an extensive proof that also covers the case where several players are
allowed to play in the same location. Proposition 5 is also a counterexample to a possible
generalization of the existence of exact equilibrium for a large number of player, as proved
in Fournier and Scarsini [2014] for uniform distribution.

Proposition 5. For any ǫ > 0, there exists a density function f such that ‖f−1‖∞ ≤ ǫ and
such that H (n, [0, 1], f) doesn’t admit any Nash equilibrium in pure strategies for n ≥ 3.

Proof. Fix an ǫ > 0 and let f : [0, 1] → R
+ defined by f(x) := 1 + ǫx. It is clear that

‖f − 1‖∞ ≤ ǫ. Suppose now that x = (x1, . . . , xn) is an equilibrium. Without loss of
generality we assume that x1 ≤ · · · ≤ xn.

We first claim that all players are coupled, i.e. that x1 = x2 < x3 = x4 < · · · < xn−1 =
xn.

4

Suppose that m ≥ 3 players share the same location xk = xk+1 = · · · = xk+m−1 with
m ≥ 3 players. xk−1 (resp. xk+m) is its left (resp. right) neighbor (if it has one). We denote
xk−1,k =

xk−1+xk

2 and xk+m−1,k+m =
xk+m−1+xk+m

2 . In the case where xk does not have a
left (resp. right) neighbor we set xk−1,k = 0 (resp xk+m−1,k+m = 0).

Dxk
, the domain of attraction of xk, is equal to the union of the two intervals [xk−1,k, xk]

and [xk+m−1, xk+m−1,k+m] (see the red and green intervals in figure 1 below).

| | | | |

xk−1 xk−1,k xk = xk+m−1 xk+m−1,k+m xk+m

Figure 1: Domain of attraction of xk

The payoff of player k is then equal to:

4This results implies in particular that there is no equilibrium with an odd number of players.
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pk(x1, . . . , xn) =
1

m

∫

[xk−1,k,xk]∪[xk,xk+m−1,k+m]
(1 + ǫx)dx

Because m ≥ 3, we have either:
∫

[xk−1,k,xk]
(1 + ǫx)dx > pk(x1, . . . , xn)

or: ∫

[xk,xk+m−1,k+m]
(1 + ǫx)dx > pk(x1, . . . , xn)

But player k could get a payoff arbitrary close to
∫

[xk−1,k,xk]
(1+ ǫx)dx by playing xk − δ for

a δ small enough, or arbitrary close to
∫

[xk,xk+m−1,k+m](1 + ǫx)dx by playing xk + δ for a δ

small enough. It proves that at equilibrium, it is not possible that 3 or more players share
a location.

Suppose now that there exists a location xk ∈ [0, 1] with a single player k. This player
has a left neighbor xk−1 (resp. a right neighbor xk+1), otherwise he would have a profitable
deviation playing xk + δ (resp. xk − δ) for a small enough δ. His payoff is equal to a right
trapezoid’s area (see figure 2 below):

pk(x1, . . . , xn) = (xk,k+1 − xk−1,k)

(

1 + ǫ
xk,k+1 + xk−1,k

2

)

| | | | |

1 + ǫxk−1,k

1 + ǫxk,k+1

xk−1 xk−1,k xk xk,k+1 xk+1

Figure 2: Domain of attraction and payoff of player k in xk

For a small enough δ > 0, we have that:

pk(x1, . . . , xk−1, xk+δ, xk+1, . . . , xn) = (xk,k+1−xk−1,k)

(

1 + ǫ
xk,k+1 + xk−1,k

2
+ ǫδ

)

> pk(x1, . . . , xn)

The last inequality is in contradiction with (x1, . . . , xn) being an equilibrium. We there-
fore proved that if (x1, . . . , xn) is an equilibrium, then all players are coupled.

We now suppose that all players are coupled x1 = x2, x3 = x4, . . . ,, xn−1 = xn,
and will find a contradiction. We denote A1 :=

∫ x1

0 f(x)dx, A2 :=
∫ x2,3

x1
f(x)dx,. . . ,

A2k−1 =
∫ x2k−1

x2k−2,2k−1
f(x)dx, A2k =

∫ x2k,2k+1

x2k
f(x)dx, . . . , An :=

∫ 1
xn

f(x)dx. We now prove

9



A2 = A3 and that it implies a contradiction.

We have p1(x) = p2(x) = A1+A2

2 . If A1 > A2 (resp. A2 > A1) then player 1 could

deviate to x1 − δ (resp. x1 + δ) and get a payoff arbitrary close to A1 (resp. A2) ≥
A1+A2

2 .
The equilibrium condition gives A1 = A2 = p1(x). But A1 < A3 is forbidden, otherwise
player 1 could deviate to x3−δ and have a payoff arbitrary close to A3. A similar argument
forbids A3 < A1. We therefore have A1 = A2 = A3. But A2 = A3 is not possible because
these two quantities are defined as integral of a strictly increasing function on two intervals
of the same length. Therefore there is no equilibrium in the game H (n, [0, 1], f) with
f(x) = 1 + ǫx and with n > 2.

In the next example, we focus on the case of 4 players in the unit interval where it
is known that there exist a unique (up to permutations of the players) Nash equilibrium
when the consumers are uniformly distributed. This equilibrium is such that two players
choose 1

4 and two players choose 3
4 . We prove that with a very large class of distribution of

consumers, pure Nash equilibrium may not exist. It illustrates that the previous example
does not rely on the choice of a particular density function. Proposition 6 is also a good
illustration of the following: if (x1, . . . , xn) is an exact equilibrium in the uniform case, then
the profile (y1, . . . , yn) where yk is the xk-quantile of f , is not in general an equilibrium in
the case where consumers are distributed according to the density f . The reason is that
consumers, as opposed to players, do not care about the density f , they just shop at the
closest location with respect to the distance d.

Proposition 6. Consider H (4, [0, 1], f) the Hotelling game with 4 players on the unit
interval [0, 1] and with a density function f . We denote q1, q2 and q3 the quartiles of the
distribution f , i.e.

∫ q1
0 f(x)dx =

∫ q2
q1

f(x)dx =
∫ q3
q2

f(x)dx =
∫ 1
q3
f(x)dx = 1

4 . The only
possible equilibrium is the configuration where two players select q1 and two players select
q3, but this configuration is an equilibrium if and only if q2 =

q1+q3
2 .

Proof. Denote x1, x2, x3, x4 the locations chosen by the players, and suppose without loss
of generality, that x1 ≤ x2 ≤ x3 ≤ x4. First, if (x1, x2, x3, x4) is an equilibrium then
x1 = x2 and x3 = x4, otherwise player 1 (resp. 4) would have a profitable deviation by
playing x1+x2

2 (resp. x3+x4

2 ). Moreover, if (x1, x2, x3, x4) is an equilibrium, the quantities

A :=
∫ x1

0 f(x)dx, B :=
∫ x1+x3

2

x1
f(x)dx, C :=

∫ x3
x1+x3

2

f(x)dx and D :=
∫ 1
x3

f(x)dx have to be

equal. Indeed the payoffs of players 1 and 2 are A+B
2 , and the payoff of players 3 and 4 are

C+D
2 . Any player can have a payoff arbitrary close to A,B,C or D by playing, respectively

x1 − ǫ, x1 + ǫ, x3 − ǫ or x3 + ǫ with ǫ small enough. This consideration leads to the fact
that A = B = C = D, and therefore x1 = x2 = q1,

x1+x3

2 = q2 and x3 = x4 = q3. It is then
necessary that q2 = q1+q3

2 and in this case, the profile x1 = x2 = q1 and x3 = x4 = q3 is
clearly an equilibrium.

In the next example, we show that when the number of players is small, there may not
exist any ǫ-equilibrium for arbitrary small ǫ.

Proposition 7. For any ǫ < 1
14 , there is no ǫ-equilibrium (additive or multiplicative) in

H (3, [0, 1], f).
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Proof. We prove it for additive ǫ-equilibrium first, and prove that it implies the non exis-
tence of multiplicative ǫ-equilibrium.

We can admit without loss of generality that
∫ 1
0 f(x)dx = 1. Suppose first that

x1 < x2 < x3. Using the notation xi,i+1 :=
xi+xi+1

2 , we have that
∫ x2

x1,2
f(x)dx ≤ 1

14 and
∫ x2,3

x2
f(x)dx ≤ 1

14 , otherwise player 1 (resp. 3) would deviate to x2 − δ (resp. x2 + δ) and

improve his payoff by more than 1
14 , for arbitrary small δ. It follows that p2(x1, x2, x3) ≤

1
7

and:

∫ x1

0
f(x)dx+

∫ x1,2

x1

f(x)dx+

∫ x3

x2,3

f(x)dx+

∫ 1

x3

f(x)dx = 1−

∫ x2

x1,2

f(x)dx−

∫ x2,3

x2

f(x)dx ≥
6

7

We conclude that at least one of these four terms is larger than 3
14 . Player 2 can have a

payoff arbitrary close to any of these quantity by playing respectively x1 − δ, x1 + δ ,x3 − δ

or x3 + δ with a small enough δ. It leads to a contradiction because 3
14 − 1

7 = 1
14 > ǫ.

Suppose now that x1 = x2 = x3, then p1 = p2 = p3 = 1
3 , but player 1 can get a payoff

at least arbitrary close to 1
2 by playing either x1 − δ or x1 + δ for a small enough δ. We

have a contradiction because 1
2 −

1
3 = 1

6 > 1
14 > ǫ.

Suppose finally that x1 = x2 < x3. The same argument used in the first case gives that
∫ x2,3

x1
f(x)dx ≤ 1

14 . It is also necessary that
∫ x1

0 f(x)dx ≤
∫ x2,3

x1
f(x)dx+ 1

14 otherwise player 1

would deviate to x1+δ for a small enough δ. Therefore
∫ 1
x2,3

f(x)dx = 1−
∫ x2,3

0 f(x)dx ≥ 11
14 .

It results that either
∫ x3

x2,3
f(x)dx ≥ 11

28 or
∫ 1
x3

f(x)dx ≥ 11
28 . Player 1 can have a payoff ar-

bitrary close to these quantities by playing x3 − δ or x3 + δ for small enough δ. But

p1(x1, x2, x3) =
∫ x2,3
0

f(x)dx
2 ≤ 3

14 , so he can improve his payoff by 11
28 −

3
14 = 5

28 > 1
14 > ǫ. In

any case, there is no additive 1
14 -equilibrium.

We can also prove that there is no multiplicative ǫ-equilibrium. Suppose that there
exists one x. If xdev is a profile of location obtained after a possible unilateral deviation
from x, we have for any k ∈ {1, 2, 3} that pk(xdev) ≤ (1 + ǫ)pk(x). Because the payoff of
any player is bounded by 1 we have:

pk(xdev)− pk(x) ≤ ǫpk(x) ≤ ǫ

We have a contradiction because x can not be an additive ǫ-equilibrium.

5 Proof of theorem 2

In the current section we give a proof for Theorem 2. As announced the sketch of the proof
in section 3, the extensive proof is divided in 3 steps detailed in subsections 5.1, 5.2 and
5.3.
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5.1 The approximation of the density by step functions

In this subsection, we construct a step function g(ǫ1) for a fixed parameter ǫ1, and we prove
that g(ǫ1) is a good approximation of f when ǫ1 is small.

Definition 8. For a fixed ǫ1 > 0, the step function g(ǫ1) : G → R
+ is defined edge by edge

as follows. On an edge e ∈ E, the number of step is equal to Ie :=
⌈
λeK
2ǫ1

⌉

, and all steps are

semi open intervals5of the same length:

ℓ(ǫ1) :=
λe

⌈
λeK
2ǫ1

⌉ (3)

It is clear that λe

ℓe(ǫ1)
= Ie ∈ N. The function g(ǫ1) is constant on a step, and its common

value is equal to the value of f at the middle point of the step. More precisely, if we denote
ge(ǫ1) and fe is the restrictions of g(ǫ1) and f on the edge e and if we use the natural
identification between an edge e and the real interval [0, λe],

6we have that:







First step: (i = 0) ∀x ∈ [0, ℓe(ǫ1)), ge(x) = fe(
ℓe(ǫ1)

2 )
...

ithstep: ∀x ∈ [iℓe(ǫ1), (i+ 1)ℓe(ǫ1)), ge(x) = fe((i+
1
2)ℓe(ǫ1))

...

Last step: (i = Ie − 1) ∀x ∈ [λe − ℓe(ǫ1), λe), ge(x) = fe(λe −
ℓe(ǫ1)

2 )

The next lemma shows that g(ǫ1) is a good approximation of f when ǫ1 is small enough.

Lemma 9. ||f − g(ǫ1)||∞ ≤ ǫ1

Proof. Let x ∈ G. Let e, i such that x ∈ e and x ∈ [iℓe(ǫ1), (i + 1)ℓe(ǫ1)[. Using the
definition of g(ǫ1) and the fact that f is K-Lipschitz, we have:

|f(x)− g(x)| ≤|fe(x)− fe((i +
1

2
)iℓe(ǫ1))|+ |fe((i+

1

2
)iℓe(ǫ1))− ge(x)|

≤K|x− (i+
1

2
)ℓe(ǫ1)|+ 0

≤K
ℓe(ǫ1)

2
= K

λe

2
⌈
λeK
2ǫ1

⌉ ≤ ǫ1

The payoff function in the game H (n, S, f) is defined in equation (2). In subsection
5.2 we study the game H (n, S, g(ǫ1)) where the consumers are distributed according to the
density g(ǫ1). The payoff function in this game is denote π and is now formally defined.

5However, because we only consider consumers’ distributions absolutely continuous with respect to the
Lebesgue measure, the definition of g on a singleton is not relevant.

6We use also the arbitrary orientation on the edges. The choice of this orientation does not play any role.
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Definition 10. We define the payoff function π := (π1, . . . , πn) in the game H (n, S, g(ǫ1)).
For a given profile of action x, we have that:

πi(x) :=
1

Card({j ∈ {1, . . . , n} : xj = xi})

∑

A⊂{x1,...,xn}|xi∈A

µ̃(DA)

Card(A)
. (4)

where DA is defined in equation (1) and where µ̃(DA) =
∫

DA
g(ǫ1)(x)dL (x).

5.2 The equilibrium with the step function density g(ǫ1)

In this subsection, we provide a method to construct an (exact) equilibrium in the game
with density function g(ǫ1) and with a large enough number of players.

In subsection 5.2.1 we describe a profile of location x(θ, ǫ1) for some fixed real numbers
θ > 0 and ǫ1 > 0. Lemma 11 below is useful to compute the number h(θ, ǫ1) of players in
such a configuration. In subsection 5.2.2, we prove that x(θ, ǫ1) is an exact equilibrium in
the game H (h(θ, ǫ1), S, g(ǫ1)). Before describing the profile x(θ, ǫ1) we emphasize on its
differences with existing constructions.

The method used to construct the auxiliary equilibrium in 5.2.1 is inspired by the ones
used in Pálvölgyi [2011] and Fournier and Scarsini [2014]. Nevertheless, the main difference
is that we provide here a construction that depends on the steps of the function g(ǫ1), as
opposed to the mentioned constructions that describe edge-dependent models. The current
construction depends on two parameters θ and ǫ1, and the lengths of the intervals between
players depend on the value of the function g(ǫ1). Note that in the papers mentioned above,
it is not trivial to add ”fake” vertices of degree 2 and to consider the steps of g as artificial
edges between such vertices. The existing constructions depends strongly on the number
of vertices, and vertices of degree 2 are not taken into account: in particular it is not a
necessary condition that for a large number of players, at least one player chose to play in
a vertex with degree 2, as opposed to vertices with degree at least 3.

5.2.1 Description of the profile x(θ, ǫ1)

We now describe the profile x(θ, ǫ1) for fixed parameters θ > 0 and ǫ1 > 0. In the definition
of the function g(ǫ1) in subsection 5.1, we divide each edge e ∈ E into Ie steps, on which
g(ǫ1) is constant. It is important that every edge contains at least two steps, therefore in
the sequel of the paper we always suppose ǫ1 < minλeK

2 . We distinguish 3 different types
of steps: the steps adjacent to a leaf, i.e. a vertex with degree 1, the steps adjacent to a
vertex of degree at least 3,7 and the remaining steps, that we call interior steps. Steps of
the same type have the same players’ positioning, that we now descibe.

1/ We first consider an interior step, that is not at an extremity of the edge. Denote e

the edge such that this step belongs to e and i ∈ {1, . . . , Ie − 2} such that the step

7Remember we can assume without loss of generality that all vertices have degree different from 2, as
explained in subsection 2.1.
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belongs to the i-th step of the edge e (i.e. it can be identified with the real interval
[iℓe(ǫ1), (i + 1)ℓe(ǫ1)]). The value of g on this step is gie(ǫ1) = fe((i +

1
2 )ℓe(ǫ1)). For

simplicity, we denote it gie.

There are a total of
⌈
gieℓe(ǫ1)

2θ

⌉

players in the interior of the edge and two players on

each extremity of the step. At a distance 2θ
gie

from one of the boundary there are

two players. All the other players are single, at distance aieθ

gie
from each other and at

distance 2θ
gie

from the coupled players, where aie is equal to:

aie =
gieℓe(ǫ1)

θ
− 6

⌈
gieℓe(ǫ1)

2θ

⌉

− 3
(5)

|

2

|

2

|

1

|

1

|

1

|

1

|

2... ...

2θ
gie

2θ
gie

aieθ

gie

aieθ

gie

2θ
gie

Figure 3: Players on a step of type 1 (interior step).

The previous description is compatible with the fact that the total length of the step
is ℓe(ǫ1), because the parameter aie is such that the following equation holds:

ℓe(ǫ) =
6θ

gie
+

aieθ

gie
× (

⌈
gieℓe(ǫ1)

2θ

⌉

− 3)

2/ We consider now a step connected to a vertex v with degree at least 3. There are
⌈
gieℓe(ǫ1)

2θ

⌉

players in the interior of this edge, plus deg(v) players in the vertex v and

two players on the other extremity. There are 2 players at a distance 2θ
gie

from v. All

the other players are single, at distance aieθ

gie
from each other and at distance 2θ

gie
from

coupled players, where aie was defined in equation (5).

|
deg(v)

|

2

|

1

|

1 ... ...

|

1

|

1

|

2

2θ
gie

2θ
gie

aieθ

gie

aieθ

gie

2θ
gie

Figure 4: Players on a step of type 2 (connected to a vertex v).
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The previous description is also compatible with the fact that the total length of the
step is ℓe(ǫ1), because the parameter aie is such that the following equation holds:

ℓe(ǫ) =
6θ

gie
+

aieθ

gie
× (

⌈
gieℓeǫ1)

2θ

⌉

− 3)

3/ We now consider a step connected to a leaf. In the interior of the step there are
⌈
gieℓe(ǫ1)

2θ

⌉

+ 2 players and one player is located at the extremity opposed to the the

leaf. Two players are at distance θ
gie

and two players are at distance 3θ
gie
. The other

players are single at distance bieθ

gie
from each other, where:

bie =
gieℓe(ǫ1)

θ
− 7

⌈
gieℓe(ǫ1)

2θ

⌉

− 3
(6)

| || | | | |

2 1 1 ... ... 1 1 2 2

2θ
gie

bieθ

gie

bieθ

gie

2θ
gie

2θ
gie

θ
gie

Figure 5: Players in a step of type 3 (connected to a leaf).

The previous description is, once again, compatible with the fact that the total length
of the step is ℓe(ǫ1), because the parameter bie is such that the following equation holds:

ℓe(ǫ) =
7θ

gie
+

bieθ

gie
× (

⌈
gieℓe(ǫ1)

2θ

⌉

− 3)

We described the players’ positioning on all the different types of steps. We now compute
how many players are located on the graph in the described profile, with respect to the
parameters θ and ǫ1.

Lemma 11. The total number of players in the profile x(θ, ǫ1) is:

h(θ, ǫ1) :=
∑

e∈E

Ie−1∑

i=0

⌈
gie(ǫ1)ℓe(ǫ1)

2θ

⌉

+ 2Card(EL) + 2
∑

e∈E

⌈
λeK

2ǫ1

⌉

where EL denotes the set of edges (u, v) with deg(u) = 1 or deg(v) = 1.

Proof. We denote gie instead of gie(ǫ1). In the interior of every step that is not connected to

a leaf (types 1 and 2) there are
⌈
gieℓe(ǫ1)

2θ

⌉

players. In the interior of every step connected to

a leaft (type 3) there are
⌈
gieℓe(ǫ1)

2θ

⌉

+2 players and there are Card(EL) such steps. Because
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the number of steps in an edge e is Ie, there are in total a number of players in the interior
of steps equal to:

∑

e∈E

Ie−1∑

i=0

⌈
gieℓe(ǫ1)

2θ

⌉

+ 2Card(EL)

Moreover, in the intersection of two steps in the same edge there are 2 player. In the
edge e, there are λe

ℓe(ǫ2)
steps, and then λe

ℓe(ǫ2)
− 1 such intersections. In a vertex v there are

deg(v) players. Using that
∑

v∈V deg(v) = 2Card(E) and the definition of ℓe(ǫ1), we have
that the total number of players located at the intersections between steps is equal to:

2Card(E) + 2
∑

e∈E

(
λe

ℓe(ǫ2)
− 1

)

= 2
∑

e∈E

λe

ℓe(ǫ2)
= 2

∑

e∈E

⌈
λeK

2ǫ1

⌉

The sum of these two quantities is equal to the announced h(θ, ǫ1).

5.2.2 The profile x(θ, ǫ1) is an equilibrium in H (h(θ, ǫ1), S, g(ǫ1))

In 5.2.1 we described the profile x(θ, ǫ1) for fixed parameters θ > 0 and ǫ1 ∈ (0, minλeK
2 )

and proved that it contains h(θ, ǫ1) players. We now prove that it is an (exact) equilibrium
in the game H (h(θ, ǫ1), S, g(ǫ1)).

Proposition 12. For any ǫ1 ∈ (0, minλeK
2 ), if the number of player n is larger than

Ω(ǫ1) := 5Card(E) +

⌈
5L(M + ǫ1)

(m− ǫ1)

(
K

2ǫ1
+

1

minλe

)

+
3LK

2ǫ1

⌉

(7)

then there is a pure Nash equilibrium in H (n, S, g(ǫ1)).

In the proof of Proposition 12, we construct a pure Nash equilibrium that is a variation
of the profile x(θ, ǫ1), for a good parameter θ. Before proving Proposition 12, we state and
prove two useful lemma.

Lemma 13. Let ǫ1 ∈ (0, minλeK
2 ) and suppose that the parameter θ satisfies θ ≤ gie(ǫ1)ℓ(ǫ1)

10
for all e ∈ E and all i ∈ {0, Ie − 1}. Then the profile x(θ, ǫ1) is such that we have the
following statements:

• Claim 1: For all e ∈ E and all i ∈ {0, Ie − 1} we have that 1 ≤ aie ≤ 2 and that
1 ≤ bie ≤ 2.

• Claim 2: Every player that shares its location with at least one other player has a
payoff equal to θ.

• Claim 3: The payoff of every player is at least θ and at most 2θ.
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• Claim 4: Because there are players located in every vertex, the part of the network
between two neighbors’ locations is always a segment, that can be identified with a real
interval. No such interval contains a larger quantity of consumers than 2θ.

Proof. Proof of Claim 1: Let e ∈ E and i ∈ {0, Ie − 1}. Remember that aie and bie are
defined as:

aie =
gieℓe(ǫ1)

θ
− 6

⌈
gieℓe(ǫ1)

2θ

⌉

− 3

bie =
gieℓe(ǫ1)

θ
− 7

⌈
gieℓe(ǫ1)

2θ

⌉

− 3

We obviously have bie < aie. First remark that:

gieℓe(ǫ1)

θ
− 6 = 2

gieℓe(ǫ1)

2θ
− 6 ≤ 2

⌈
gieℓe(ǫ1)

2θ

⌉

− 6 = 2(

⌈
gieℓ(ǫ1)

2θ

⌉

− 3)

And it follows that aie ≤ 2. Moreover, because θ ≤ gieℓe(ǫ1)
10 , we have that 5 ≤ gieℓe(ǫ1)

2θ . It
implies that the second inequality below:

⌈
gieℓe(ǫ1)

2θ

⌉

− 3 ≤
gieℓe(ǫ1)

2θ
− 2 ≤

gieℓe(ǫ1)

θ
− 7

And it follows that 1 ≤ bie.

Proof of Claim 2: It follows from the definition of x(θ, ǫ1) that when k ≥ 2 players are in
the same location their payoffs are equal to 1

k
times the sum of k terms, each equal to θ

gei
×gie

for a given e ∈ E and a given i ∈ {1, . . . , Ie − 1} (on each direction, the location attracts
an interval of consumers of length θ

gei
, and the density of consumer is equal to gie).

Proof of Claim 3: Using Claim 2, we just have to prove it for single players. Depending
on the type of the step this player belongs to and his position on the step, his payoff

can be equal to aieθ

gie
× gie or to aieθ

2gie
× gie +

2θ
2gie

× gie (in type 1 or 2) or to bieθ

gie
× gie or to

bieθ

2gie
× gie +

2θ
2gie

× gie (type 3), for some e ∈ E and i, i′ ∈ {1, . . . , Ie − 1}. Using Claim 1, we

have that 1 ≤ bie < aie ≤ 2, and it results that his payoff belongs to [θ, 2θ].

Proof of Claim 4: This claim is obvious since the largest length of such an interval is 2θ
gie

and

the density is gie, for some e ∈ E and i ∈ {1, . . . , Ie − 1}.

Lemma 13 is the toolbox to prove the next lemma.
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Lemma 14. Suppose that ǫ1 ∈ (0, minλeK
2 ) and that the parameter θ satisfies θ ≤ gie(ǫ1)ℓ(ǫ1)

10
for all e ∈ E and all i ∈ {0, Ie − 1}. Then the profile x(θ, ǫ1) is an equilibrium of
H (h(θ, ǫ1), S, g(ǫ1)).

Proof. We will make an intensive use of Lemma 13, that applies because θ ≤ gie(ǫ1)ℓ(ǫ1)
10 .

Lemma 11 states that x(θ, ǫ1) involves h(θ, ǫ1) players so it is a possible profile of actions
in this game. For simplicity, we denote during this proof m := h(θ, ǫ1), g

i
e instead of gie(ǫ1)

and x or (x1, . . . , xm) the profile x(θ, ǫ1). We now conclude that x is an equilibrium of
H (m,S, g(ǫ1)). Consider any player k in the profile x and denote xk his location. We
study all possible deviations and conclude that none of them are profitable.

Case 1: Suppose first that the player k shares his position with at least one other player
in the profile x. This is the most simple case: the domain of attraction of xk does not
change after the deviation of player k, because there is still at least one player left in xk.
Notice that because there is no tie on set with strictly positive measure in x, the domain of
attraction of y is the set of consumers that shop at location y. Claim 1 of Lemma 13 assures
that pk(x), the payoff of player k, is equal to θ. We now consider his possible unilateral
deviation to a location y ∈ G.

Case 1-a: If player k deviates to a location xj that was chosen by exactly one player j
in the profile x, we have:

πk(x1, . . . , xk−1, xj , xk+1, . . . , xm) =
πj(x)

2
≤

2θ

2
= πk(x)

where the inequality comes from Claim 3 in 13. Such a deviation is not profitable.

Case 1-b: Suppose that player k deviates to a location y that was chosen by at least
two players in the profile x. Using Claim 2 in 13 and the fact that players in y now have
to share the domain of attraction with one more player, we have that:

πk(x1, . . . , xk−1, y, xk+1, . . . , xm) < θ = πk(x)

The deviation is not profitable.

Case 1-c: Suppose finally that player k deviates in a location y that belongs to an
interval [xj , xj′ ] between two neighbors xj and xj′ . It follows from the definition of x that
the density g(ǫ1) is constant on this interval. Therefore, by deviating to y ∈ [xj , xj′ ] player
k attracts half the consumers located in [xj, xj′ ]. Using Claim 4 in Lemma 13 we have that:

πk(x1, . . . , xk−1, y, xk+1, . . . , xm) ≤
2θ

2
= πk(x)

And we proved that there is no profitable deviation for such a player.

Case 2: Suppose now that the player k doesn’t share his location with another player in
the profile x. Claim 1 of Lemma 13 states that his payoff pk(x) is at least θ. This second
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case is a bit more delicate because when the player k deviates, it changes the domain of at-
traction of his neighbors. Without loss of generality we denote xk−1 and xk+1 the neighbors’
location of xk ( a location with a single player always have left and right neighbor in x).

We denote pk(x) :=
(xk+1−xk−1)g

i
e

2 his payoff. If the player k deviates to a location that does
not belongs to the interval [xk−1, xk+1] the situation is similar to the one considered in case 1.

Case 2-a: Suppose first that the player k deviates to a location y in the interior of the
interval [xk−1, xk+1]. It follows from the definition of x that the density g(ǫ1) is constant

on this interval. After such a deviation his payoff would still be equal to
(xk+1−xk−1)g

i
e

2 .

Case 2-b: Suppose now that the player k deviates to the location of one of his neighbors.
Several sub-cases have to be considered. Suppose first that player k is at distance 4θ

gie
from

the left extremity of a step of type 1 or 2, see figure 3 or 4. His payoff in this case satisfies:

πk(x) =

(
θ

gie
+

aieθ

2gie

)

gie = θ +
aieθ

2

If such a player k deviates to his right neighbor’s location y (i.e. at distance 4θ
gie

+ aieθ

gie

from the left extremity), his payoff after deviation would satisfy:

πk(x1, . . . , xk−1, y, xk+1, . . . , xm) =

2θ+aieθ

2gie
+ aieθ

2gie

2
gie =

θ + aieθ

2
≤ πk(x)

Such a deviation is not profitable. If player k deviates to his left neighbor’s location y

(i.e. at distance 2θ
gie

from the left extremity), his payoff after deviation would satisfy:

πk(x1, . . . , xk−1, y, xk+1, . . . , xm) =

θ
gie

+ θ
gie

+ aieθ

2gie

3
gie =

2θ

3
+

aieθ

6
< πk(x)

Such a deviation is not profitable. The two previous arguments are also valid when we
consider the player at distance 5θ

gie
from the right extremity of a step of type 3 (see figure 5).

The last sub-case we have to consider is the case of a single player that is in a location

at distance aieθ

gie
(resp. bieθ

gie
) from his two neighbors, in an edge of type 1 or 2 (resp. 3).

His payoff pk(x) is equal to aieθ

gie
gie = aieθ (resp. bieθ). If he deviates to one of his neighbor

location that is also a player at distance aieθ

gie
(resp. bieθ

gie
) from his two neighbors, the payoff

after deviation would satisfy:

πk(x1, . . . , xk−1, y, xk+1, . . . , xm) =

3aieθ
2gie

gie

2
≤

3

4
πk(x)

(resp.

3bieθ

2gie
gie

2 ≤ 3
4πk(x)) Such a deviation is not profitable. If he deviates to his neighbor

location that is at distance aieθ

gie
(resp. bieθ

gie
) from one neighbor and at distance 2θ

gie
from his

other neighbor, the payoff after deviation would satisfy:

19



πk(x1, . . . , xk−1, y, xk+1, . . . , xm) =
2aieθ + 2θ

4
=

aieθ

2
+

θ

2
≤ πk(x)

(resp. 2bieθ+2θ
4 = bieθ

2 + θ
2 ≤ πk(x) Such a deviation is not profitable. All possible

cases were analyzed, and it follows that there is no possible deviation from x, which is an
equilibrium in H (m,S, g(ǫ1)).

We are now ready to prove Proposition 12 by modifying the profile x(θ, ǫ1) with an
adequate θ.

Proof. of Proposition 12.
This is a two steps proof. First we show that for a given θ ∈ R, the profile x(θ, ǫ1) is a
pure Nash equilibrium in the game H (n′, S, g(ǫ1)) with a number of players n′ such that
n ≤ n′ ≤ n +

∑

e Ie. Second, we prove that from this equilibrium profile, we can derive
another profile of location x̂(ǫ1) that is an equilibrium in H (n, S, g(ǫ1)). Indeed, in the
profile x(θ, ǫ1) there are at least

∑

e Ie players that are unnecessary: the same configuration
without them is an equilibrium in the game with less players. We can therefore obtain
an equilibrium in the game H (n, S, g(ǫ1)) with exactly n players. A similar technic of
going thought an auxiliary equilibrium with extra unnecessary players was already used in
[Fournier and Scarsini, 2014].

First step: The function that maps θ ∈ R
+ to h(θ, ǫ1) ∈ N is not necessarily onto.

Nevertheless it is a sum of a constant and
∑

e∈E Ie terms of the form
⌈
c
θ

⌉
with a constant

c. Each term of this form is decreasing, right continuous and has jumps of amplitude 1, i.e.
for every θ:

lim
θ→a

⌈ c

θ

⌉

−
⌈ c

a

⌉

≤ 1

Moreover, we have that:

limθ→0 h(θ, ǫ1) = +∞

limθ→+∞ h(θ, ǫ1) =Card(EL) +
∑

e∈E

Ie + 2
∑

e∈E

⌈
λeK

2ǫ1

⌉

Therefore, because the function θ 7→ h(θ, ǫ1) is right continuous, for any n ≥ Card(EL)+
∑

e∈E Ie + 2
∑

e∈E

⌈
λeK
2ǫ1

⌉
8 there exists a unique θ which is the minimal solution to:

n ≤ h(θ, ǫ1) ≤ n+
∑

e∈E

Ie (8)

We now show that x(θ, ǫ1) is an equilibrium with n′ := h(θ, ǫ1) players. Suppose that
n ≥ Ω(ǫ1), where Ω(ǫ1) is defined in equation (7), then for all e ∈ E and all i ∈ {0, . . . , Ie−1},
we have that:

8Remark that Card(EL) +
∑

e∈E
Ie + 2

∑

e∈E

⌈

λeK
2ǫ1

⌉

≤ Ω(ǫ1) so this constrain vanishes when we ask n

to be larger than N(ǫ1)
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h(θ̄, ǫ1) ≥ n ≥ Ω(ǫ1) ≥ h(
ℓeg

i
e

10
, ǫ1)

where first inequality comes equation (8) and last inequality is proved in Lemma 17 in
Annex and only requires computation. Because the function θ → h(θ, ǫ1) is decreasing it
results that for all e and i:

θ ≤
ℓeg

i
e

10

Therefore, Lemma 14 applies and proves that the profile x(θ, ǫ1) is an equilibrium in
the game H (n′, S, g(ǫ1)) with n′ players, where n′ ∈ [n, n+

∑

e∈E Ie].

Second step: We now provide a method to construct a profile x̂(ǫ1) with exactly n

players and that is an equilibrium in H (n, S, g(ǫ1)). On the profile x(θ, ǫ1) with n′ players,
we have at most

∑

e Ie too many players. This quantity is equal to the total number of steps
on which g(ǫ1) is constant. This is also the number of different steps in the construction
of x(θ, ǫ1). On each step, there are 2 players in the same location, at distance 2θ

gie
from

their neighbors in both directions. We claim that one of these players is not necessary: it
means that the same configuration without this player is still an equilibrium in the game
H (n′ − 1, S, g(ǫ1)). Indeed, in the new configuration, only the payoff of the player who
shared his location with the removed player has changed. This payoff has increasing and is
now equal to 2θ. A deviation to this location would give any player a payoff of θ, which is
not profitable. It results that there is no profitable deviation and the new profile of location
is an equilibrium in the game H (n′−1, S, g(ǫ1)). We can reiterate this argument with up to
one player on each step, so in total with up to

∑

e Ie players in the graph. We can therefore
get an equilibrium in the game H (n, S, g(ǫ1)) and this equilibrium is denoted x̂(ǫ1).

5.3 ǫ-equilibrium in the general game

In subsection 5.2 we constructed the profile x̂(ǫ1) and proved that it is an (exact) equilibrium
in H (n, S, g(ǫ1)), provided that the number of players n satisfies n ≥ Ω(ǫ1). In the current
subsection, we prove that for any ǫ > 0 the profile x̂(ǫ1) is moreover an ǫ-equilibrium in
H (n, S, f) in the case where ǫ1 is smaller than a given upper bound and where the number
of players n continues to satisfy n ≥ Ω(ǫ1).

Remember that the functions p = (pk)1≤k≤n and π = (πk)1≤k≤n are defined in equations
(2) and (4) as the payoff functions in the games H (n, S, f) and H (n, S, g(ǫ1)), respectively.
In the next lemma, the first claim expresses how close are the payoffs of the players when
they play the profile x̂(ǫ1) in H (n, S, g(ǫ1)) or in H (n, S, f).

The second claim concerns a possible profile xdev with n players after a deviation of a
single player from x̂(ǫ1). In other words if x̂(ǫ1) = (x1, . . . , xn) then:

xdev = (x1, . . . , xk−1, y, xk+1, . . . , xn) (9)

for a given player k and a given location y ∈ G.
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Lemma 15. For any ǫ1 ∈ (0, minλeK
2 ), if n ≥ Ω(ǫ1) then:

• Claim 1: x̂(ǫ1) is such that for any player k in {1, . . . , n}:

|pk(x̂(ǫ1))− πk(x̂(ǫ1))| ≤
4ǫ1θ

m− ǫ1

where θ is defined in equation (8).

• Claim 2: the profile xdev defined in equation (9) is such that for any deviating player
k ∈ {1, . . . , n} we have:

|pk(xdev)− πk(xdev)| ≤
8ǫ1θ

m− ǫ1

Proof. Proof of Claim 1: It follows from the definitions of p and π that:

|pk(x̂(ǫ1))−πk(x̂(ǫ1))| =

∣
∣
∣
∣
∣
∣
∣

1

Card({j ∈ {1, . . . , n} : xj = xk})

∑

A⊂{x1,...,xn}
xk∈A

∫

DA
(g(ǫ1)(x) − f(x))dL (x)

Card(A)

∣
∣
∣
∣
∣
∣
∣

whereDA was defined in equation (1). If we use the convention that deg(xk) = 2 if xk ∈ G\V
then the profile x̂(ǫ1) is such that the number of players located in xk ∈ G is either 0 or at
least deg(xk)− 1 > 0. Using this property and the fact that ‖f − g(ǫ1)‖∞ ≤ ǫ1 (as proved
in Lemma 9), we have that:

|pk(x̂(ǫ1))− πk(x̂(ǫ1))| ≤
1

deg(xk)− 1

∑

A⊂{x1,...,xn}|xk∈A

L (DA)ǫ1
Card(A)

The profile x̂(ǫ1) also has the property that at least one player is located in every vertex.
It implies that ties only occur between players in the same location.9 Therefore the sum

∑

A⊂{x1,...,xn}
xk∈A

is reduced to a single term, where A = {xk}. It follows:

|pk(x̂(ǫ1))− πk(x̂(ǫ1))| ≤
1

deg(xk)− 1
L (D{xk})ǫ1

It follows from the definition of x̂(ǫ1) that the domain of attraction of the location {xk}

is a union of deg(xk) intervals, and that such an interval has a length bounded by 2θ
gie

for a

given e ∈ E and a given i ∈ {0, Ie − 1}. It results:

|pk(x̂(ǫ1))− πk(x̂(ǫ1))| ≤
deg(xk)

deg(xk)− 1

2θ

gie
ǫ1

Because deg(xk) ≥ 2 and g(ǫ1) ≥ m− ǫ1, we proved that:

9We consider here only ties on a set with a strictly positive measure.
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|pk(x̂(ǫ1))− πk(x̂(ǫ1))| ≤
4ǫ1θ

m− ǫ1

Proof of claim 2: Suppose first that the player k deviates to a new location y that is not
a leaf (i.e. a vertex with degree 1). Using the same arguments detailed in the beginning of
the proof of Claim 1 applied to xdev, we obtain:

|pk(xdev)− πk(xdev)| ≤
1

deg(y) − 1
L (D{xk})ǫ1

It follows from the definition of x̂(ǫ1) that, even after a unilateral deviation, the domain
of attraction of the location y is a union of deg(y) intervals. Such an interval has a length

at most twice as large as an interval in x̂(ǫ1), i.e. a it has a length bounded above by 4θ
gie

for a given e ∈ E and a given i ∈ {0, Ie − 1}. We get therefore:

|pk(x̂(ǫ1))− πk(x̂(ǫ1))| ≤
deg(xk)

deg(xk)− 1

4θ

gie
ǫ1

Because deg(xk) ≥ 2 and g(ǫ1) ≥ m− ǫ1, we proved that:

|pk(x̂(ǫ1))− πk(x̂(ǫ1))| ≤
8ǫ1θ

m− ǫ1

If player k deviates to a leaf y, then Card({j ∈ {1, . . . , n} : xj = y}) = 1 and its domain

of attraction is a unique interval. We obtain |pk(xdev)− πk(xdev)| ≤
4ǫ1θ
m−ǫ1

≤ 8ǫ1θ
m−ǫ1

Proposition 16. If n ≥ Ω(ǫ1) then x̂(ǫ1) is both an additive Ψ[ǫ1]-equilibrium, and a
multiplicative Φ[ǫ1]-equilibrium in H (n, S, f), i.e. for any xk ∈ G:

pk(xdev) ≤ pk(x̂(ǫ1)) + Ψ(ǫ1)

and
pk(xdev) ≤ (1 + Φ(ǫ1))pk(x̂(ǫ1))

where Ψ(ǫ1) :=
5ǫ2

1
(M+ǫ1)

12K(m−ǫ1)
and Φ(ǫ1) :=

12ǫ1
m−ǫ1

.

Proof. We have that:

pk(xdev)− pk(x̂(ǫ1)) = pk(xdev)− πk(xdev)
︸ ︷︷ ︸

A

+πk(xdev)− πk(x̂(ǫ1))
︸ ︷︷ ︸

B

+πk(x̂(ǫ1))− pk(x̂(ǫ1))
︸ ︷︷ ︸

C

Because x̂(ǫ1) is an equilibrium in H (n, S, g(ǫ1)), we have that B ≤ 0. Lemma 15

proves that C ≤ 4ǫ1θ
m−ǫ1

and A ≤ 8ǫ1θ
m−ǫ1

, we have therefore:

pk(xdev)− pk(x̂(ǫ1)) ≤
12ǫ1θ

m− ǫ1
(10)

We now use the fact that n ≥ Ω(ǫ1) implies θ ≤ ǫ1(M+ǫ1)
5K , as proved by simple compu-

tation in Lemma 18 in Annex.
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pk(xdev)− pk(x̂(ǫ1)) ≤
5ǫ21(M + ǫ1)

12K(m− ǫ1)
= Ψ(ǫ1)

On the other hand:

pk(xdev)

pk(x̂(ǫ1))
=

pk(x̂(ǫ1)) + pk(xdev)− pk(x̂(ǫ1))

pk(x̂(ǫ1))
= 1 +

pk(xdev)− pk(x̂(ǫ1))

pk(x̂(ǫ1))

But, combining equation (10) and Claim 3 of lemma 13, we have that:

pk(xdev)− pk(x̂(ǫ1))

pk(x̂(ǫ1))
≤

12ǫ1θ

(m− ǫ1)θ
=

12ǫ1
m− ǫ1

= Φ(ǫ1)

Our main result (Theorem 2) is a straightforward consequence of Proposition 16. Let
indeed ǫ1 be such that Ψ(ǫ1) ≤ ǫ (resp. Φ(ǫ1) ≤ ǫ), it exists since Ψ(ǫ1) → 0 and Φ(ǫ1) → 0
when ǫ1 → 0, and let n be such that n ≥ Ω(ǫ1), then x̂(ǫ1) is an additive (resp. multiplica-
tive) ǫ equilibrium in H (n, S, f).

Because Φ(ǫ1) ≤ ǫ ⇔ ǫ1 ≤
ǫm
12+ǫ

, the existence of multiplicative equilibrium is guaranteed
when the number of players is larger than

N(ǫ) := Ω(
ǫm

12 + ǫ
) = 5Card(E)+

⌈

5L(M + ǫm
12+ǫ

)

m− ǫm
12+ǫ

(
(12 + ǫ)K

2ǫm
+

1

minλe

)

+
3LK(12 + ǫ)

2ǫm

⌉

where L :=
∫

S
f(x)dx is the total quantity of consumers in the network, and minλe denotes

the minimal length among the set E of edges.

6 Annex

Lemma 17. Let ǫ1 ∈ (0, minλeK
2 ), ê ∈ E and î ∈ {0, . . . , Ie − 1}, then Ω(ǫ1) ≥ h(

ℓêg
î
ê

10 , ǫ1)
where Ω(ǫ1) is defined in equation (7).

Proof. It follows from the definition of ℓe and the inequality m− ǫ1 ≤ ge ≤ M + ǫ1 that:

h(
ℓêg

î
ê

8
, ǫ1) =2Card(EL) +

∑

e

∑

i

⌈

10

2

ℓe(ǫ1)g
i
e

ℓê(ǫ1)g
î
ê

⌉

+ 2
∑

e

⌈
λeK

2ǫ1

⌉

≤2Card(EL) +
∑

e

⌈
λeK

2ǫ1

⌉






5
λe

⌈
λêK
2ǫ1

⌉

(M + ǫ1)

λê

⌈
λeK
2ǫ1

⌉

(m− ǫ1)







+ 2
∑

e

⌈
λeK

2ǫ1

⌉
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Moreover, because x ≤ ⌈x⌉ ≤ x+ 1 we also have:

h(
ℓêg

î
ê

8
, ǫ1) ≤2Card(EL) +

∑

e

(

5
λe(

λêK
2ǫ1

+ 1)(M + ǫ1)

λê(m− ǫ1)

)

+ 3
∑

e

⌈
λeK

2ǫ1

⌉

≤2Card(EL) +
5

2

∑

e

λeK(M + ǫ1)

ǫ1(m− ǫ1)
+
∑

e

5
λe

λê

M + ǫ1

m− ǫ1
+ 3

∑

e

⌈
λeK

2ǫ1

⌉

Finally, we use the notation L :=
∑

e λe and the fact that
∑

e

⌈
λeK
2ǫ1

⌉

≤ Card(E) + LK
2ǫ1

.

h(
ℓêg

î
ê

8
, ǫ1) ≤2Card(EL) +

5LK(M + ǫ1)

2ǫ1(m− ǫ1)
+

5L

minλe

M + ǫ1

m− ǫ1
+ 3Card(E) +

3LK

2ǫ1

≤5Card(E) +
5L(M + ǫ1)

(m− ǫ1)

(
K

2ǫ1
+

1

minλe

)

+
3LK

2ǫ1
≤ Ω(ǫ1)

Lemma 18. If n ≥ Ω(ǫ1) then θ ≤ ǫ1(M+ǫ1)
4K

Proof. Remember that θ was defined in 8 as a real number such that n ≤ h(θ) ≤ n+
∑

e∈E Ie.

We suppose here that n ≥ Ω(ǫ1) and we have, thanks to 17, Ω(ǫ1) ≥ h( ℓeg
i
e

10 , ǫ1). Putting all
these inequalities together gives:

h(θ, ǫ1) ≥ h(
ℓeg

i
e

10
, ǫ1)

Because h is a decreasing function, and replacing ℓ by its definition in Definition 8, we
get:

θ ≤
λeg

i
e

10
⌈
λeK
2ǫ1

⌉ ≤
ǫ1g

i
e

5K

Using the inequality gie ≤ M + ǫ we obtain:

θ ≤
ǫ1(M + ǫ1)

5K
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