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Abstract

In this paper, we study the problem of a fair redistribution of resources among agents in
an exchange economy 4 la Shitovitz (Econometrica 41:467-501, 1973), with agents’
measure space having both atoms and an atomless sector. We proceed by following
the idea of Aubin (Mathematical methods of game economic theory. North-Holland,
Amsterdam, New York, Oxford, 1979) to allow for partial participation of individuals
in coalitions, that induces an enlargement of the set of ordinary coalitions to the
so-called fuzzy or generalized coalitions. We propose a notion of fairness which,
besides efficiency, imposes absence of envy towards fuzzy coalitions, and which fully
characterizes competitive equilibria and Aubin-core allocations.

Keywords Fairness - Fuzzy coalitions - Equal-income Walrasian allocations - Mixed
markets

1 Introduction

In an exchange economy a redistribution of resources is considered fair if it is efficient
and envy-free, that is if it is not possible to make everybody better off and none prefers
the bundle of anybody else rather than to consume her own bundle. It is well known
that, once agents have initially equal income, competitive allocations are fair and the
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reverse is not true. Furthermore, core allocations might not be fair, not even if so is
the initial endowment.

Zhou (1992) introduces a stronger fairness concept, called strict fairness, by imposing,
besides efficiency, that no agent envies the possibility to join a coalition and to get
its average bundle. He proves that, when the set of agents is replicated, the set of
strictly fair allocations of the replica economy shrinks to the set of equal-income
competitive allocations, whereas, in an atomless economy, both sets coincide without
asymptotic limit arguments.' This coincidence fails in the so-called mixed markets, in
which a continuum of negligible traders interacts with a family of influential traders
represented by atoms of the measure space of agents.

In this paper we propose a weakening of the strict fairness notion that character-
izes equal-income competitive allocations in presence of non-negligible traders. Our
approach consists in enlarging the class of potentially envied coalitions and following
the idea of Aubin (1979) to allow every agent to choose her rate of participation in a
coalition, and not only whether to participate or not. We propose a fairness notion that
requires efficiency and absence of envy towards the so-called fuzzy (or generalized)
coalitions. In other words, we define an efficient allocation to be fuzzy strictly fair if
almost every agent ¢ does not envy a fuzzy coalition, that is if it is not possible for a
certain group of traders to redistribute among themselves their resources according to
their participation rates and get a bundle that ¢ strictly prefers to her own.

We show that fuzzy strict fairness F'SF has the twofold merit to characterize the
set of equal-income competitive allocations W,;, and simultaneously, the fuzzy core
or the Aubin-core C4 of an economy that may exhibit atoms (Theorem 3.4 and
Corollary 3.5). This is contrary to the strict fairness S F notion of Zhou (1992) which
makes this job only under perfect competition. As a matter of fact, we prove that, in
atomless economies, SF and FSF coincide (Corollary 4.2), and hence, the equiva-
lence theorem of Zhou (1992) follows from ours. But, in general, F'SF is a proper
subset of S F, because an enlargement of the set of potentially envied coalitions causes
the reduction of the set of allocations judgeable fair (Proposition 2.5).

Moreover, we investigate the properties of envied fuzzy coalitions and get fur-
ther characterizations of competitive equilibria and of the Aubin-core. Thanks to the
Lyapunov-Richter’s theorem, we observe that if negligible agents are members of an
envied coalition, they join it with their whole resources (Proposition 4.1). Hence, the
opportunity to employ a fraction of their endowment is actually significant only for
the non-negligible traders (atoms). This possibility also allows an individual to belong
simultaneously to the set of envious agents and to the envied coalition. Indeed, we
prove that once a trader envies a fuzzy coalition, almost every agent in the economy
joins the envied coalition (Theorem 4.3). This means that envied fuzzy coalitions have
full support in the sense that they are non-null almost everywhere.

Azrieli and Lehrer (2007) point out two main interpretations of fuzzy coalitions in
the literature. The first is, as already observed, to let agents choose their level of par-
ticipation in a coalition. The second, suggested by Garcia-Cutrin and Hervés-Beloso
(1993) and later by Hiisseinov (1994), consists in associating to every finite economy
an atomless one and interpreting fuzzy coalitions in the finite economy as ordinary

I See also Thomson (1988) and Thomson (2011).
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coalitions in the associated atomless economy. We extend this interpretation to mixed
markets in terms of envied coalitions rather than blocking coalitions. Precisely, given a
mixed economy &, we consider the atomless economy £* as determined by Greenberg
and Shitovitz (1986), and we show that there is a one-to-one correspondence between
the sets FSF of £ and SF of £*. Indeed, we prove that any fuzzy strictly fair allo-
cation in the mixed economy &£ corresponds to a unique strictly fair allocation in £*
and vice-versa. This allows us to view fuzzy coalitions and fuzzy strictly fair alloca-
tions respectively as standard coalitions and strictly fair allocations of an associated,
suitably defined, atomless economy.

Summing up, our analysis contributes to two pieces of literature, the one that studies
the problem of a fair redistribution of divisible resources and the other that concerns the
fuzzy cooperation approach and possible characterizations of competitive equilibria
in non-perfectly competitive economies. The literature of fair division is huge and rich
of various equity notions proposed in decades of research. This paper focuses on the
notion of strict fairness due to Zhou (1992) which has been recently studied by Cato
(2010), who proposed a local version of SF by imposing absence of envy only among
neighbors (see also Donnini and Pesce 2021), by Basile et al. (2018) who compared
SF with a coalitional fairness notion in economies with infinitely many goods, by
Donnini and Pesce (2020) who got the equivalence W,; = SF in mixed markets
under stronger assumptions than those used to prove the Core-Walras equivalence
theorem (Shitovitz 1973). In this paper, we keep the model of mixed markets but,
weakening the notion of strict fairness, we avoid additional conditions on the space
of agents as well as restrictions on the set of potentially envied agents. We indeed
follow Aubin’s approach which permits extending several results to non-perfectly
competitive economies. This policy is also widespread in the literature. See, among
others, Florenzano (1990), Noguchi (2000), Liu and Liu (2014), Pesce (2014) and
Bhowmik and Graziano (2015) for the equivalence Walras-Aubin—Core in different
frameworks; Hervés-Estévez and Moreno-Garcia (2015), Hervés-Beloso et al. (2018)
and Graziano et al. (2020) for the link between W,; and the bargaining set, and Yang
et al. (2011) between the bargaining set and the Aubin-core.

The paper is organized as follows. In Sect. 2 we describe the model, we introduce
the notion of fuzzy strict fairness, and we provide some basic relationships among
the main definitions. Section 3 contains the equivalence theorem, whereas Sect. 4
some properties of fuzzy envied coalitions and consequent characterizations of the set
of fuzzy strictly fair allocations. Section 5 refers to the construction of the atomless
economy £* associated to the mixed market £ and provides an interpretation of fuzzy
coalitions and of the set of fuzzy strictly fair allocations. Section 6 concludes with
some remarks.

2 The economic model and the main definitions

We consider an exchange economy £ with a finite number ¢ of different commodities.
The commodity space is Rﬂ - the interior of the positive orthant of the Euclidean
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space RY, which contains the total initial endowment of the economy & denoted by e.?
The agents are represented as the points of a o -additive, complete probability space
(T, 2, n), and as usual, a coalition is any element of X with positive measure. Each
agent ¢ € T has a utility function u; : Rﬂ — R, representing her preferences, which
is assumed to be continuous, strictly monotone and quasi-concave.3 Furthermore, the
usual measurability condition is required, that is the map (¢, x) — u;(x) is ¥ ®
B(Rﬂ)—measurable, where B(Rﬂ) is the o-field of Borel subsets of Rﬂ. For the
equivalence theorem and its corollary only, we also need that u, (-) is differentiable for
all t € T (see Zhou 1992; Thomson and Zhou 1993). Since we do not require p to be
non-atomic, it is allowed the presence in X of p-atoms, that are sets A € ¥ with non-
zero measure such that £ (A\B) = 0 or u(B) = 0 for every other B C A. According
to the atomless-atomic decomposition of measures, 7 is partitioned into an atomless
set Ty (atomless component) representative of an ocean of negligible traders, and a set
T1 = T\ Ty, which is the union of an at most countable family {A{, A, ..., Ag, ...} of
disjoint atoms representative of non-negligible traders. Each atom can be interpreted
as a single individual concentrating in her hands a large amount of the total initial
endowment (oligopolistic agent) or as a group of individuals deciding to act only
together (cartels, syndicates). Abusing notation, we use the same symbol 77 to denote
the collection {Aq, Ay, ..., Ak, ...} as well, and we write A € T} instead of A C T7.
Two agents ¢, s are said to be of the same type or identical if they have the same utility
function u; = u,.* Two identical atoms are said to be of the same kind if they have the
same measure too. A measurable mapping is almost everywhere constant on an atom,
then the measurability condition imposed on the utility function ensures that for every
A eT)andt,s € A we have u; = ug, that is ¢ and s are of the same type.

This model includes as particular case different situations. The framework of a discrete
economy is covered by a finite set 7 with a counting measure p, whereas the case
of perfect competition by the Lebesgue measure space (7', ¥, u), with T = [0, 1].
Finally, when both sets T and 77 have positive p-measure, £ is called mixed market
or mixed economy and it allows interaction between an ocean of negligible agents and
at most countably many atoms that are the influential agents or oligopolies.

An allocation is a ji-integrable’ function x : T — Rﬂ_ . assigning to each agent? € T
her bundle x(¢) € Rﬂ 4. An allocation x is said to be feasible if its aggregate equals
the total initial endowment, i.e. fT x(t)du(t) = e. A feasible allocation x is efficient
or Pareto optimal if it does not exist an alternative feasible allocation y such that
uy(y(t)) > us(x(t)) almost everywhere in 7. A feasible allocation x is competitive or

2 The commodity space can be enlarged to Ri provided that additional conditions on the primitives of the
economy & are imposed. We refer to Remark 2.2 for details.

3 Strict monotonicity means that y > x = u(y) > u(x), and when u is also differentiable that Vu(x) > 0
forall x € Ri+. The function u is quasi-concave if u(a¢x + (1 — «)y) > min{u(x), u(y)} forany x, y €
RS, and any o € [0, 1].

4 In Shitovitz (1973), identical agents must also have the same initial endowment. In our framework, as
in most of the papers dealing with fairness, it is irrelevant how the total initial endowment e is distributed
among traders. However, being ;1(7') = 1, the vector e may also denote the initial endowment of any single
individual # € T. In other words, we may consider the constant function e : 7 — ]Rﬂ_ 4 ase(r) = eforall
teT.

5 The integral of a vector function is the vector of integrals of the components.
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Walrasian if there exists a price vector p > 0 such that for almost all agentt € T,
p-x(t)<p-eand p-y > p-e whenever u;(y) > u;(x(z)). We denote by W,;
the set of equal-income competitive allocations of £. Following Aubin (1979), we
allow agents to join a coalition using only a fraction of their endowment. The idea is
to assign to each individual ¢ a real number y (t) € [0, 1] representing her personal
portion of resources she wants to invest into a coalition. Formally, a fuzzy coalition is
any couple (y, S) where y: T — [0, 1] is a non-null simple and measurable function
and S is its support, i.e. the set {r € T : y(t) > 0} with u(S) > 0. We denote
by F the collection of all fuzzy coalitions, and we observe that any element S of
%, called throughout the paper standard or crisp coalition, can be paired with its
correspondent characteristic function’ xg and it can be considered as a fuzzy coalition
in F. Therefore, we enlarge the class of standard coalitions since X can be viewed
as a subset of F,i.e. ¥ C F. A fuzzy coalition (y, §) is said to have full support if
y(t) > 0 for almost all t € T and hence u(S) = w(T) = 1. An allocation is blocked
by a fuzzy coalition (y, S) € F if there exists an alternative allocation y such that
ur(y(1)) > uy(x(¢)) for almostall r € S and [y ()y(M)du(t) = [gy@)edu(r). A
feasible allocation x is in the Aubin core of the economy &, denoted by C 4, if it is not
blocked by any fuzzy coalition. If x is not blocked by any crisp coalition, then it is in
the core of the economy &, which is denoted by C. Thus, in the light of the inclusion
¥ C F,itisclear that C4 C C. Furthermore, it is known that in a mixed economy,
under standard assumptions, Walrasian equilibria are the only allocations in the Aubin
core (see for example Aubin 1979; Florenzano 1990; Noguchi 2000), whereas there
are core allocations that are not competitive, unless stronger assumptions on the space
of agents are imposed (see Shitovitz 1973; Gabszewicz and Mertens 1971; Greenberg
and Shitovitz 1986 among the others). Then, W,; = C4 C C.

The first notion of fairness is due to Foley (1967) for which an allocation x is said to
be fair if it is efficient and envy-free, meaning that every agent ¢ prefers to consume her
own bundle rather than receive the bundle of anybody else, i.e. u;(x(t)) > u;(x(s))
for all s € T. An equal-income competitive allocation is fair, but the converse is
not true. Our goal is to propose a notion of fairness that fully characterizes equal-
income competitive allocations, and consequently the Aubin core, in the very general
framework of mixed markets.

Definition 2.1 Given an allocation x, an agent ¢ envies a fuzzy coalition (y, S) at x if

there exists an alternative allocation y for which

(1) ur(y(s)) > us(x(z)) for almostevery s € S,

() /Sy(s)y(S)du(s) =/SJ/(S)x(s)dM(S).

Condition (1) means that an agent ¢ prefers the alternative bundle y(s) received by
any member s of S rather than to consume her own bundle x (¢); by (2) agents join the
fuzzy coalition (y, S) by employing only a share of their resources and redistribute

6 The same notation is used in Graziano et al. (2020).

7 For any S € X, the characteristic function of S is the function yxg: 77 — {0, 1} that assigns 1 to each
t € S and 0 to every other ¢ outside S. Then, (xg, S) € F.
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among themselves their bundles x according to these shares. An allocation x is fuzzy
strictly envy-free (or fuzzy strictly equitable) if almost every agent ¢ is not envious, that
is ¢t does not envy any fuzzy coalition. An allocation is said to be fuzzy strictly fair if it
is both fuzzy strictly envy-free and efficient. The set of fuzzy strictly fair allocations
is denoted by FSF.

Remark 2.2 For the proof of the equivalence theorem it is crucial that any allocation
x in F'SF has positive components, which is true because x € Rﬂ .. However, the
commodity space can be enlarged to Rﬁ_ and any x € FSF is still strictly positive
if e > 0 and if we impose the boundary condition, that is for each x € SRﬂ and
y € RiJr, u;(x) < us(y). Indeed, if x € FSF and x(¢) € aRﬁ for all ¢ in a certain
coalition S of X, being e > 0, we have that u,(e) > u,(x(¢)) forall# € S. Thus, since
x is feasible, any member of S envies the fuzzy coalition (1, T'), which is impossible
because x € FSF.

2.1 Basicrelationships

In this section we compare Definition 2.1 with the notion of strict fairness due to Zhou
(1992) that we recall below.

Definition 2.3 [Strict fairness of Zhou (1992)] Given an allocation x, an agent ¢
envies a crisp coalition S, with ¢+ ¢ S, if u,(x(S)) > u;(x(t)), where x(S) =
ﬁ f ¢ X(s)du(s). Anallocation x is strictly envy-free (or strictly equitable) if almost
every agent does not envy any (standard) coalition. An allocation is said to be strictly
fair if it is both strictly envy-free and efficient. The set of strictly fair allocations is
denoted by SF.

Definition 2.3 strengthens the notion of average A-fairness of Thomson (1982) accord-
ing to which each individual weakly prefers her own bundle to the average of what
all the others receive, i.e. § = T\{t} in Definition 2.3 (see also Thomson 1988). In a
two-agent economy the fairness concepts of Foley (1967), Thomson (1982) and Zhou
(1992) are equivalent, but in general strict fairness (Definition 2.3) is the strongest
one, whereas average fairness of Thomson (1982) and the fairness notion of Foley
(1967) are not comparable (see Proposition 1 in Thomson 1982).

Since ¥ C F there are more coalitions that each individual can envy and then,
fewer allocations pass the test of fairness. Consequently, the set of fuzzy strictly fair
allocations is included into the set of strictly fair allocations, whereas the converse is
not true as shown in Proposition 2.5 for which the next lemma is needed.

Lemma 2.4 Given an allocation y, a vector k € Rﬁ_ and a coalition S such that
u(y(s)) > u(k) for almost all s € S, then u (ﬁ fs y(s) du(s)) > u(k). The
implication holds also with “ > 7 instead of “ >".

Proof See Lemma in Garcia-Cutrin and Hervés-Beloso (1993) and Lemma 7.1 in
Basile et al. (2018).% o

8 Remember that throughout the paper u is assumed continuous, strictly monotone and quasi-concave.
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Proposition 2.5 The set of fuzzy strictly fair allocations is included into the set of
strictly fair allocations, whereas the converse is not true neither in a mixed economy
with n atoms of the same kind, i.e., FSF g SF.

Proof Let x be a fuzzy strictly fair allocation and assume to the contrary that x is not
strictly envy-free. Thanks to Lemma 2.4, an agent ¢ envies a crisp coalition S at x if
it is possible to redistribute among members of S the aggregate bundle |, gx (@) du(t)
in such a way that ¢ prefers the bundle of almost every member of S to her own. This
means that for any envious agent ¢ there exist an allocation y and a crisp coalition
S € X such that

1) ur(y(s)) > us(x(¢)) foralmostalls € S, and

(i) fsy(S)d/L(S) =/SX(S)dM(S)-

Then, ¢ envies the fuzzy coalition (1, S), which is impossibile being x € F'SF. Hence,
FSF C SF.In order to prove that the inclusion is strict, consider a mixed market
whose consumption set is Ri . and the total initial endowmentis e = (1, 1) > 0. Let

T =Ty U Ty where Ty = [0, %] and T1 = (A1, ..., A} with u(A;) = % for every
i =1, ..., n. Furthermore, let agents’ utility function be given by
_Jxy ifteTp
ur(x, y) = {xzy ifr e,

and consider the feasible allocation (x, y) defined by (x(2), y(t)) = (a, b) x1, + 2 —

_ _ (n=Da+2 _ 3n—24+vm2+16n+8
a,2 —b)xr,, where b = A=D1 and a = P

It can be shown that this allocation is strictly fair (see Proposition 3.3 in Donnini
and Pesce 2020 for details”) but, as proved below, it is not fuzzy strictly fair. To this
end, consider the allocation (c, d) assigning to each agent ¢ in 7 the following bundle

n—+1 n+1
(c(),d(t)) = (Em(a— 1)~|—2—a,2m(b— 1)+2—b>,

1
and the generalized coalition (y, T) defined as y (t) = 1 x7, + P XxT,- With alge-
n
braic compgtation, we can write d = 2(';#2)2 e ;:i’) o+ (3?2'; 2?)121” and prove that
any agent ¢ in Ty envies the fuzzy coalition (y, T') at (x, y). Indeed, for every ¢ in Ty

and for every s in T,

ur(x(1), y(0)) = ab < cd = u;(c(s), d(s))

n+2
= 1-a +1)’—n+Dn+2)2n+ D) +n(n+2)’1<0 < —1<0.

2
e a((n—1a+2) < (Zni;(a—l)—l—Z—a) (2("+1) (l—a)+(3n+l)a—2n)
n

9 Donnini and Pesce (2020) describe the same economy for a different purpose.
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Moreover,

1
/ y($)((c,d) — (x, y)dp(s) = f (c—a,d —b)du(s)+ / (c—24a,d -2+ Db)du(s)
T To

Tll’l-‘rl

-1 ~1 1 1
= (m(a e 1)) + (m(a e 1))
= (0,0).

Thus, (x, y) € SF\FSF. o

3 The equivalence theorem

Our main goal is to prove the equivalence W,; = FSF. We first show that equal-
income Walrasian allocations, and hence Aubin core allocations, are fuzzy strictly
fair.

Proposition 3.1 Any equal-income Walrasian allocation x is fuzzy strictly fair, i.e.
Wi C FSF.

Proof Let x be an equal-income Walrasian allocation supported by the equilibrium
price p and assume to the contrary that x is not fuzzy strictly fair. Since, by the first
welfare theorem, x is efficient it means that the set of agents envying a fuzzy coalition
at x has positive measure. Then, for each envious agent ¢ there exist a fuzzy coalition
(v, S) and an allocation y satisfying the conditions of Definition 2.1. From (1) of
Definition 2.1, we have that for almost every s in S, p - y(s) > p-e > p - x(s), and
then p - [¢y()y(s)du(s) > p - [y (s)x(s)du(s), which contradicts condition (2)
of Definition 2.1. O

Corollary 3.2 Any Aubin-core allocation x is fuzzy strictly fair, i.e. C4 € FSF.

Proof 1t follows from Proposition 3.1 and the equivalence W,; = Cy4 proved by
Florenzano (1990), Noguchi (2000) and Liu and Liu (2014) among others. O

Corollary 3.2 can be further extended to the notion of bargaining set due to Hervés-
Estévez and Moreno-Garcia (2018a) (see also Hervés-Estévez and Moreno-Garcia
2018b; Hervés-Beloso et al. 2018), since it coincides with the sets W,; and C4 as
shown by Theorem 1 in Graziano et al. (2020). Our framework ensures the existence
of Walrasian equilibrium and Aubin-core allocation in mixed markets, from which,
together with Proposition 3.1 and Corollary 3.2, we deduce that FSF # (J. We refer
to Theorem 2 of Hildenbrand (1974), page 151, for the existence of Walrasian equi-
librium, whereas see, for instance, Florenzano (1990) and Allouch and Predtetchinski
(2008) for C4 # 0.

In order to prove the reverse inclusion FSF C W,; we need the following lemma,
which can be viewed as an extension to mixed markets of Lemma 3.3 of Zhou (1992)
(see also Thomson and Zhou 1993; Basile et al. 2018 for infinite-dimensional separable
commodity space).

Lemma 3.3 Given an allocation x,
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(1) the set X = {y € Rﬁ Ty = fS y()x(t)du(t) for some(y,S) € .7-'} is convex,
and
(1) x(t) € cl(X) for almost all t € T, where cl(X) denotes the closure of X.

Proof (i) We know that T = ToU T7, where Ty is the atomless part and 77 is the union
of at most countably many disjoint atoms. Define the sets

Xo := {/ y(@)x()du(t): (S,y) € .7-'} and
SNTy

X, = {/ y(O)x@)du(t): (S,y) € f},
SNT

and notice that X = Xy + X, where X is convex thanks to Lyapunov—Richter’s
theorem. It is then enough to show that X is convex too. Let ay; + (1 — ) y> be
a convex combination of two elements y; and y, of X;. Then, there exist two fuzzy
coalitions (81, 1), (S2, y2) € F such that

% =/ yi(H)x(t)du(t) and y; =/ 2 (t)x(t)du(t).
S1NTy $2NTy

Define now the fuzzy coalition (y, S| U $2) € F as y = (ay; + (1 — a)y2) x5,U8,5
and notice that

ayr+ (1 —a)y: = / y@®)yt)du(t) € X;.
(S1US)NT

Then, the set X; is convex and so is X.

(ii) If y ¢ cl(X), there exists a ball Oy, around y such that Oy N X = @. Therefore,
the set of agents ¢ for which x(7) € O, has null measure, otherwise the integral over
such a set of x is in Oy and by definition it is also in X, contradicting the fact that
Oy N X = (. Therefore,

p(ft € T x(1) € O,}) =0. (1

Since Rﬂ_ \cl(X) is separable, there are countably many O, satisfying (1) whose union
covers Rﬁr\cl(X). This implies that u({t € T : x(¢) € Ri\cl(X)}) = 0 and hence
x(t) € cl(X) for almost allr € T. O

Lemma 3.3 consists into two statements: the former does not follow from the
Lyapunov-Richter’s theorem because the space of agents (7', X, 1) is not atomless.
Nevertheless, the set X is convex thanks to the fuzzy coalitions (y, S) € F that have
this convexification effect. The second statement follows from the separability of the
commodity space and it will be crucial in the proof of the equivalence Theorem 3.4.

Theorem 3.4 [f u; is differentiable for allt € T, then W,; = FSF.
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1042 C. Donnini, M. Pesce

Proof The inclusion W,; € FSF is proved in Proposition 3.1. For the converse,
let x be a fuzzy strictly fair allocation, i.e. x € FSF. In particular, x is efficient
then, by the second welfare theorem, there exists a price vector p > 0 supporting
x, that is u;(y) > u;(x(¢t)) = p-y > p - x(t). This means that for almost all
teT,x@) e argmaxye{yeReH:p_ysp.x(t)}ut(y). To conclude the proof we need to
show that p - x(t) = p - e for almost all t € T. Denote by C; the set of agents ¢ for
which x () ¢ argmax,.,cgt . p,yip_x(t)}u,(y) and by C3 the set of agents envying
a fuzzy coalition at x. Since x € FSF, both sets have null measure. Then, we show
that p - x(t) = p-eforallt € C, where C = T\(Cy U C3). Fom the feasibility of x
it follows that e € X, where X is defined as the set

X = {y eRi,:y= / y(O)x(t)du(t) forsome (y, S) € J—"}
S

which is convex because of Lemma 3.3 (7).

Assume now to the contrary that the set B = {t € C : p-x(t) < p - e} has
positive measure. By applying Lemma 3.3 (ii) to B we know that for almost all
t € B, x(t) € cl(Y), where!?

Y = {y € R/iJr y = /Sy(t)x(t)du(t) for some (S, y) € .73}

and clearly ¥ C X.

Forasmuch as B € C = T\(C; U Cy), x(¢) € argmaxye{yeRiJr:p,ysp.x(t)}ut(y)
and p-x(t) < p-eforanyt € B. Since u, is differentiable and strictly monotone, by
the first order condition, Vu,(x(¢)) is a positive multiple of p, i.e. Vu;(x(t)) = Ap
with A > 0, and hence Vu;(x(2)) - (e — x(t)) = Ap - (e — x(¢)) > 0. Consider now
the differentiable one-variable function F(a) = u;((1 — a)x(t) + ae) — u;(x(1))
where a € R. By Taylor expansion of F' around o = 0, there exists R(«) such that
limg—o 2 — 0 and

o

F(a) = F(0) + o F'(0) + R(x), thatis

ur (I —o)x(t) + ae) —us (x(1)) = aVu (x(1)) - (e — x(1)) + R(a).

Furthermore, since Vu, (x(t)) - (e —x(1)) > 0 and £

that R(@) > —aVu;(x(t)) - (e — x(t)), and then

— 0, thereisa € (0, 1) such

ur (I = a)x(t) + ae) > u; (x(1)). 2

Now since x(¢) € cl(Y), it follows that there exists a sequence x, € X converging
to x(¢) and (1 — @)x, + @e € X, because e € X and X is convex. Furthermore, by
continuity of u; and (2), it follows that

10 -7:|B denotes the set of fuzzy coalitions (y, S) with y : B — [0, 1] and then S C B.
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ur (I — a)xy +ae) > u (x(1)) 3

for n big enough. Fix some 7 for which (3) holds and, being (1 — @)x; + ae € X,
there exists (y, ) € F such that

(1 = &)z + e = /S y (O (D). 4
(1 —a)x; + ae L
Define for each s € S the bundle y(s) = ———————— which is well-defined
y (s)n(S)

because y is simple, y (s) > O for any s € S and u(S) > 0. Furthermore, since both
y(s) < 1 and u(S) < 1, by monotonicity and (3) it follows that u, (y(s)) > u,((1 —
a)xptae) > uz(x(t)) foralls € S.Finally, from (4), wehavethat[s y(@)yt)du(t) =
(1 —a)x; +ae = fs y (t)x(¢)du(t). This means that almost every member ¢ of B
envies a fuzzy coalition, which is impossible because B € C = T\(C; U C2) and ¢
cannot be envious being not in Cy. Hence, i (B) = 0 and since x is feasible, we have
that p - x(f) = p - e foralmost all r € T. O

In atomless economies, Theorem 3.4 follows from Proposition 3.4 of Zhou (1992),
whereas in the presence of non-negligible agents, in the light of Proposition 2.5, we
have that W,; = FSF ;Cé SF.!1 As observed by Zhou (1992) we cannot dispense with
the differentiability of the agents’ utility functions but, at the same time, no assumption
on the measure space of agents is required.

Corollary 3.5 If u; is differentiable for allt € T, then

(1) We; =C4 =FSF ; SF.
(2) 1If, in addition, the economy & is atomless, then Wo; = C4 = C = FSF = SF.

Actually from Theorem 1 of Graziano et al. (2020) it follows that Corollary 3.5(1) can
be extended to the bargaining set as defined by Hervés-Estévez and Moreno-Garcia
(2018a) (see also Hervés-Estévez and Moreno-Garcia 2018b; Hervés-Beloso et al.
2018) and Corollary 3.5(2) also to the bargaining set defined by Mas-Colell (1989)
(see Liu and Zhang 2016 for the equivalence in coalition production economies).

4 Properties of envied fuzzy coalitions

In this section, we analyse some properties of envied fuzzy coalitions and we pro-
vide further characterizations of equal-income Walrasian equilibria and Aubin-core
allocations.

Thanks to Lyapunov-Richter’s theorem we show that if negligible agents are members
of a fuzzy envied coalition, they employ the totality of their endowment. This means
that the possibility of partial participation is relevant only for non-negligible agents.
Similar considerations have been done by Basile et al. (2018) for coalitional fair
allocations and by Graziano et al. (2020) for the bargaining set.

n Recently Donnini and Pesce (2020) prove the equivalence W,; = SF in mixed economies under stronger
assumptions, not needed for the fuzzy strict fairness notion.
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Proposition 4.1 Ifnegligible agents belong to a fuzzy envied coalition, they join it with
their whole endowment.

Proof Let (y,S) be a fuzzy envied coalition by a certain agent 7 at x via an
allocation y. This means that u,(y(s)) > u,(x(¢)) for almost all s € S and
fS y($)y(s)du(s) = fS y(s)x(s)du(s). Since y is simple, let yy, ..., yx be the val-
ues it takes and define, for eachi = 1,...,k, theset S; = {s € S : y(s) = y;}.
By Lyapunov-Richter’s theorem, for each S; N Ty there exists B; € S; N T such

that [ (x(s) — y(s)Ddu(s) = vi [g,qp, (x(s) = y())du(s). Let (7, B) be a fuzzy

coalition where B = Uf-‘zl B;U(SNTy) and y = 1x|n1, + ¥ xsnt,- Notice that,
being B C S, u;(y(s)) > u;(x(¢)) for almost every s in B and

k
/ PO () = y()dp(s) = Z{ / (x(s) = y()dp(s) + i / (x(S)y(S))du(S)}
B LB S;NT;

i

k
-y, e
i§1:|:y /Si%(x(s) YENdus) Vf

= /S)/(S)(X(S) —y()du(s) = 0.

(x(s) — y(‘v))du(‘v)}
T

inN

This means that (y, B) is a fuzzy envied coalition for which, since y|7, € {0, 1},
negligible agents participate with their whole endowment. O

Therefore, from the proposition above, being y|r, € {0, 1} for any fuzzy envied
coalition (y, S) € F, in atomless economies the equivalence F'SF = SF is deduced
by dispensing with the differentiability condition on the utility functions.

Corollary 4.2 In atomless exchange economies, an allocation is fuzzy strictly envy-free
if and only if it is strictly envy-free. Thus, FSF = SF.

In the light of Corollary 4.2, the equivalence W,; = SF due to Zhou (1992) follows
from our Theorem 3.4.

We now show that an allocation is competitive, and hence in the Aubin-core, if and
only if almost every agent does not envy any fuzzy coalition with full support. In
the literature a similar result is provided for the Aubin core (see Hervés-Beloso and
Moreno-Garcia 2001, 2008). In other words, let F denote the collection of fuzzy coali-
tions with full support and F SF the corresponding set of fuzzy strictly fair allocations
at which there is no envy towards coalitions in F. Then, being F C F, one expects
FSF C F SF. Actually, the next theorem shows that FSF = F SF and hence, by
Theorem 3.4 and Corollary 3.5, W,; = C4 = FSF = FSF.

Theorem 4.3 Let x be an allocation not fuzzy strictly envy-free, then any envious agent
envies a fuzzy coalition with full support. Hence, FSF = FSF.

Proof Let t be an arbitrary envious agent and let (y, S) be a fuzzy coalition envied by
t at x. Then, there exists an alternative allocation y such that

(D) u;(y(s)) > us(x(¢)) almost everywherein S,

(2) /SJ/(S)y(S)dM(S)=fSV(S)x(S)du(S)-
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We now show that condition (2) can be written with <, that is
() /S y($)y(s)du(s) K /S y($)x(s)du(s).

Indeed, first notice that since the commodity space is Rﬁ 1 x as well as the alternative
allocation y is strictly positive. Now, for any ¢ € QN (0, 1), where Q indicates the set
of rational numbers, define the set S; = {s € S : u;(ey(s)) > u;(x(z))} € S. Since
u; is continuous, for any s € S there exists some e(s) € QN (0, 1) such thats € Sg(y).
Hence, S is in the countable union of all the S, with ¢ € Q N (0, 1). Since u(S) > 0,
there exists a certain ¢ € Q N (0, 1) such that u(Sg) > 0.

Define the allocation z = €y xs, +y xs\s, +ex7\s and notice that, by (1), u,(z(s)) >
us(x(t)) for almost all s € S. Furthermore, being y (s)y(s) > 0 for almost all s € S,
by (2) we have that

/SV(S)Z(S)du(S) =/S J/(S)y(S)du(S)JrSfS y($)y(s)du(s)

B

<</SV(S)y(S)du(S) = /SV(S)x(S)du(S).

Let d >» 0 and ¢« € (0,1) be respectively such that fSy(s)z(s)du(s)
fsy(s)x(s)du(s) — d and ax(r)u(T\S) < d, and consider the allocation 7/ =
zxs + (x + x()) xr\s and the fuzzy coalition (y, T) where y = y xs + axr\s.
Then, by monotonicity, u;(z'(s)) > u;(x(t)) for almost all s € T and

/f(‘v)z’(S)du(S) =/V(S)Z(S)du(S)+/ a(x(s) + x(1))du(s)
T s T\S

= / y(©)x()duls) —d + / ax($)dpu(s) + ax(Ou(T\S) < / 7($)x(5)dpas).
N T\S T

To conclude the proof, let K = fT 7 [x(s) — 2 (s)ldu(s) > 0and Z(s) = Z'(s) +

K
T for almost all s € T'. Then, by monotonicity, u;(z(s)) > u,(x(t)) for almost all
y(s

s € T and

/T?(S)Z(S)dM(S)=/T77(S)X(S)dM(S)-

m}

In the light of Theorem 4.3, as stated in the next corollary, an agent can belong
simultaneously to the set of envious agents and to the envied coalition. This is because
she is allowed to employ only a piece of her resources to join a coalition. Clearly, this
possibility is excluded by the notion of strict fairness (Definition 2.3) for which an
envious agent ¢ can not belong to the (crisp) envied coalition S, i.e. t ¢ S.

Corollary 4.4 An agent can belong simultaneously to the set of envious agents and to
the envied fuzzy coalition.
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5 A further relation between fuzzy strict fairness and strict fairness

In this section, we provide an interpretation of fuzzy coalitions and fuzzy strictly
fair allocations based on associating to each mixed market an atomless economy.
We employ the construction due to Greenberg and Shitovitz (1986) that assigns
to a mixed market £ = {(T, &, w); RQJF, e, (uy)rer} an atomless economy £* =
{(T*, Z*, u™); Rﬁ_+, e, (u;)er*} obtained by splitting each atom A of £ into an
atomless coalition A* with the same measure of A and which is composed by a
continuum of negligible agents of the same type of the atom A.'? The coalition A*
is also called split atom A, and it is consistent with the interpretation of an atom as
representative of a group of negligible agents (see Sect. 2). T} is the disjoint union
of the split atoms A*, whereas (T*, *, u*) is the direct sum of (7, E|To’ M\To)
and 7|" endowed with the Lebesgue measure. We can construct a one-to-one corre-
spondence between £ and £* by means of two maps ® and W. Precisely, denoted
by X and X* respectively the set of allocations of the economies £ and £*, the
map ® : X — X* assigns to each allocation x € X of £ the unique allocation
d(x) € X* of £* given by & (x) = xx7, + ZAeTl x(A) xa*. Conversely, the map
¥ : X* — X assigns to each allocation x* of £* the unique allocation W (x*) € X
of £ given by W(x*) = x*x7, + ZAET] ﬁ fA* x*()du*(t) x4. It can be proved
that W (®(x)) = x for all x € X. Moreover, if x is efficient for £, then @ (x) is effi-
cient for £* and vice versa, if x* is efficient for £*, then W (x*) is efficient for £. The
same one-to-one correspondence holds between the set of competitive allocations of
the economies £ and £*. A similar result is proved by Hiisseinov (1994), and further
generalized by Hiisseinov and Pascoa (1997) to production economies, between the
Aubin core of a finite economy and the core of the associated atomless economy. In
what follows we prove that any fuzzy strictly fair allocation of £ corresponds to a
strictly fair allocation in £* and vice versa. This allows us to interpret fuzzy coalitions
and fuzzy strictly fair allocations of a mixed market respectively as standard coalitions
and strictly fair allocations of the associated atomless economy £*. For this, we need
that any strictly fair allocation in the atomless economy £* satisfies the equal treat-
ment property, meaning that agents with the same utility function receive, at a strictly
fair allocation, indifferent bundles (see Lemma 3.5 in Donnini and Pesce (2020) for
a stronger version of the equal treatment property of SF in mixed markets). This
property has its value as it states that identical agents are treated equally.

Lemma 5.1 Let £* be an atomless economy, x* be a strictly fair allocation and C
be a coalition containing agents with the same utility function u. Then, u(x*(t)) =
u(x*(C)) for almost all t € C, where x*(C) = % fC x*()du*(t).

Proof Since x* is strictly fair the set {t € C : u(x*(C)) > u(x*(¢))} has null-
measure. Then, u(x*(C)) < u(x*(t)) foralmostallz € C.Definetheset D = {t € C :
u(x*(C)) < u(x*(t))}, and assume to the contrary that u*(D) > 0. Let ¢ = ’:;Elc);
and notice that @ < 1, that is u*(C\D) > 0, otherwise Lemma 2.4 would induce
a contradiction. By the continuity of the utility function, there exist ¢ € (0, 1) and

12 Notice that the consumption set Rﬁ . and the total initial endowment e are unchanged.
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a subset E of D with positive measure such that u(ex*(¢)) > u(x*(C)) for almost
every t in E. Hence, u(ex*(E)) > u(x*(C)) and u(x*(C\E)) > u(x*(C)).

Now, let 8 = Z:(g € (0, 1) and notice that x*(C) = Bx*(E) + (1 — B)x*(C\E).
Then,

u(x*(C) = u (B(1 — &)I*(E) + Bex*(E) + (1 = p)*(C\E)) >
> u (Bex*(E) + (1 = B)X*(C\E)) > u™(%(C)),

which is a contradiction. Hence, u(x*(¢)) = u(x*(C)) for almost all ¢ € C. O

Theorem 5.2 Let £ be a mixed market and E* be the associated atomless economy.

(1) If x is fuzzy strictly fair for £, then ®(x) is a strictly fair allocation for £*, i.e.
x € FSF = ®(x) € SF.
(ii) If x* is a strictly fair allocation for £*, then U (x*) is fuzzy strictly fair for £, i.e.
x*eSF = W(ix*) e FSF.

Proof (i) Let x be a fuzzy strictly fair allocation for £. We already know that
the corresponding allocation ®(x) is efficient for £*. Assume to the contrary that
d(x) is not strictly envy-free for £*. Then, by Lemma 2.4, given an arbitrary
envious agent ¢ in £*, there exist a crisp coalition $* and an allocation y* such
that u,(y*(s)) > u;(®(x)(¢)) for almost every s in S*, and fs* y*(s)du*(s) =
fs* ®(x)(s)du*(s). Denote by J = {i : u*(S* N Af) > 0}, and consider
for the economy &, the coalition S = (§* N Tp) UUl.E ;A; and the allocation
Y = Y + Yies wostman Jsnar Y Odu* (0xa; + exrys. By Lemma 24,
ur(y(s)) > us(x(¢)) for almost every s in S. Define the fuzzy coalition (y, S) as

#(S*NAY)
Yy = lxsam + Xiey MM(—A,-)IXA_;’ 13 and note that

/ Y (©)y()ds) = / Y©Od(s) + 3y (ADy(Au(A)
N SNTy ic)
S LACHALHTIGD

* *
= ($)dp*(s) + o
/s*mroy w(Anu*(5* N A5 Jsan

YH)dut(s)

i

ieJ

= /S y*(S)dM*(S)=/S*®(x)(s)du*(s)

= / Q) ()dp* () + Y [ @ (x)(s)dp*(s)
§*NTo iey /STNAY

=/ V(S)x(S)dM(S)+ZV(Ai)x(Ai)M(Ai)=/V(s)x(S)du(S)-
S0To iel s

13 Without loss of generality we may assume that y is simple because, as observed in Donnini and Pesce
(2020), an envied coalition contains at most a finite number of atoms.
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Hence, t envies (y, S) at x, meaning that any envious agent of £* corresponds to an
agent in £ who envies a fuzzy coalition at x. Hence, x is not fuzzy strictly envy-free,
which is a contradiction.

(ii) Let x* be a strictly fair allocation for £*, then the associated allocation W (x™*) is
efficient for £. Assume to the contrary that W (x™*) is not fuzzy strictly envy-free for
£, meaning that for every envious agent ¢ in £, there exist a fuzzy coalition (y, S) and
an allocation y such that

u;(y(s)) > u,(Y(x*)(¢)) for almost all s € S, and 5)
/SV(S)y(S)dM(S) = /SV(S)‘I’(X*)(S)dM(S)- (6)

Note that if r € Ty, ¥ (x*(t)) = x*(¢), whereas if t = A € Ty, by Lemma 5.1, for
almost all r € A*

1
u (W (x*(1)) = uy <—/ x*(t)du*(t)> = u, (x™(1)).
W (A*) Jas

Hence,
u; (W (x*())) = u, (x*(¢)), for almost all r € T*. @)

Define J = {j : A; C S}, and consider the fuzzy coalition (y*, $*) in the atomless
economy £* given by §* = (SN Tp) U (Aj)jej, where each A; is the split atom A ;,
and y* =y xsnrp + ey V(Aj)XA;f-

Note that by construction u(S) = w*(S*) and, given an envious agent ¢ in &, by (5),
(7) and by definition of ®(y) we have that u,;(®(y)(s)) > u;(x*(¢)) for almost all
s € §*. Furthermore, by (6)

/s* yEO)PO)()du(s) = / Y PG ()dp*(s)

SNTy

D3] IEACLISIOTAL

jeJ J

=/ )/(S)y(s)dli(s)-i-Z/ Y(A)y(Aj)du(s)
SNTy Aj

jeJ

=/SV(S)y(S)dM(S) =/SV(S)‘I/(X*)(S)d/L(S)

= f Y (W) ($)du(s)
SNTy

1 *k
+2 /A/_ y(A)) (TA,) /A X (s)dp (s)) dpu(s)

jeJ
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2/ y*(s)x*(s)du*(s)—}—Z/ y*($)x*(s)du*(s)
STy Az

jelJ

= /S* Y*()x*(s)d " (s).

Then x* is not fuzzy strictly fair which, by Corollary 4.2, contradicts the fact that x*
is strictly fair. O

Corollary 5.3 Let £ be a mixed market and E* be the associated atomless economy.
An allocation x is fuzzy strictly fair in € if and only if ®(x) is strictly fair in E*.

Proof In Theorem 5.2 the implication x € FSF = ®(x) € SF has been already
proved. For the converse, let x be an allocation of the mixed economy £ such that
the corresponding allocation ®(x) in the atomless economy £* is strictly fair, i.e.
®(x) € SF. By (ii) of Theorem 5.2 W (P (x)) € FSF and, being x = ¥ (P (x)),
x € FSF. O

Theorem 5.2(i) and Proposition 3.4 in Zhou (1992) allow us to provide an alternative
proof of Theorem 3.4, obtaining the equivalence W,; = F S F as acorollary of Theorem
5.2.

Corollary 5.4 If u, is differentiable for every t in T, then W,; = FSF.

Proof Let x be a fuzzy strictly fair allocation of the mixed market £. By Theorem
5.2 (i), ®(x) € SF, which, in turn, by Proposition 3.4 in Zhou (1992), is an equal-
income competitive allocation for the atomless economy £*. Finally, coming back to
the economy &, the allocation W (P (x)) is competitive and hence, being ¥ (P (x)) = x,
we have that x € W,;, thatis FSF C W,;. Lemma 3.1 concludes the proof. O

6 Concluding remarks

We have introduced a notion of fairness based on the fuzzy approach, which fully
characterizes the set of equal-income competitive allocations in the general framework
of mixed markets with no restriction on the measure space of agents. In what follows
we conclude with some remarks and potential extensions of the fuzzy strict fairness
notion.

Remark 6.1 In Donnini and Pesce (2020) we noted that in mixed markets an agent can
envy only a finite number of non-negligible agents. This ensures that the fuzzy coalition
(4) in the proof of Theorem 5.2 (i) is well defined being simple. The requirement that
fuzzy coalitions are identified by means of simple functions is not restrictive for the
characterizations of competitive equilibria and the Aubin-core. Indeed, defining fuzzy
coalitions as non-null p-integrable functions y : T — [0, 1], we get a subset FSF,
because there are more coalitions to be potentially envied, and hence the equivalence
in Theorem 3.4 a fortiori holds.
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Remark 6.2 Corollary 3.5 points out a fairness property of the Aubin-core, contrary to
the (standard) core allocations which are neither fair in the sense of Foley (1967) (see
Feldman and Kirman 1974).'% Actually, it is not clear if the core and the set FSF are
comparable in mixed markets. In atomless economies they both coincide with the set
of equal-income competitive allocations but, in general, they may differ. Indeed, on the
one hand, in economies that fulfil the assumptions of Theorem B of Shitovitz (1973),
that is with at least two identical atoms, and in which agents’ utility functions are not
differentiable, it might be that W,; = C g FSF. On the other hand, in economies
with a single atom or several different atoms, and in which agents’ utility functions
are differentiable, it might be that W,; = FSF ; C.

Remark 6.3 Definition 2.1 can be extended to asymmetric information economies in
which agents’ private information is represented by a partition of the probability space
describing the uncertainty, with the usual interpretation that agents are not able to
distinguish states in the same event of their private information partition, and they
are required to consume the same bundle in those indistinguishable states. A possible
extension of fuzzy strict fairness in this context consists in imposing that an agent ¢ can
envy afuzzy coalition (y, S) only if members of S receive the same private information
signal of 7 (see Basile et al. 2014; Donnini and Pesce 2020 for details). Proposition 3.1,
Corollary 4.2 and Theorem 4.3 can be extended to asymmetric information economies,
whereas the equivalence W,; = F SF of Theorem 3.4 fails even in atomless economies,
because there might be fuzzy strictly fair allocations not supported by an equilibrium
price (see Example 2.5 of Donnini and Pesce 2020).

Remark 6.4 A further generalization of F'SF consists in allowing agents to envy only
their neighbours and get a local notion of fuzzy strict fairness. Formally, we can
consider a covering of the set of agents T, that is a family R = {C;};¢s of coalitions
whose union equals 7" and allow an agent ¢ of a certain class C; of R to envy a fuzzy
coalition (y, S) only if § is included in the same C; of R. Each set C; of R can be
indeed interpreted as the set of neighbours of ¢ or simply as the class of agents to whom
t directs her potential envy. In Donnini and Pesce (2021) we define two elements C;
and C; of R to be connected if i (C; N C;) > 0 and a covering R to be connected
if for every pair of its elements there is a path linking up them, where a path is a
sequence of elements of R connected to each other. With similar arguments used in
Donnini and Pesce (2021), it can be proved that if R is connected, absence of envy
among members of the same class C; of R is enough to ensure fairness in the whole
economy &, and thereby this local notion of fuzzy strict fairness coincides with F'SF'.
It is worthwhile noting that, thanks to the fuzzy approach, this equivalence holds in
mixed markets with no assumption on the space of agents as differently needed in
Donnini and Pesce (2021).

Funding Open access funding provided by Universita degli Studi di Napoli Federico II within the CRUI-
CARE Agreement.

14 Feldman and Kirman (1974) present a three-agent economy in which the total initial endowment is
equally divided among traders and the core allocation is not envy-free (see also Thomson 2011 and references
cited therein).
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