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Abstract. For cooperative games with transferable utility, convexity has turned
out to be an important and widely applicable concept. Convexity can be de-
fined in a number of ways, each having its own specific attractions. Basically,
these definitions fall into two categories, namely those based on a supermod-
ular interpretation and those based on a marginalistic interpretation. For
games with nontransferable utility, however, the literature mainly focuses on
two kinds of convexity, ordinal and cardinal convexity, which both extend the
supermodular interpretation. In this paper, we analyse three types of convexity
for NTU games that generalise the marginalistic interpretation of convexity.
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1. Introduction

The notion of convexity for cooperative games with transferable utility (TU
games) was introduced by Shapley (1971) and is one of the most analysed
properties in cooperative game theory. Many economic and combinatorial
situations give rise to convex (or concave) cooperative games, such as airport
games (cf. Littlechild and Owen (1973)), bankruptcy games (cf. Aumann and
Maschler (1985)) and sequencing games (cf. Curiel et al. (1989)).

Convexity for TU games can be defined in a number of equivalent ways.
One of these is by means of the supermodularity property, which has its origins
outside the field of game theory. Vilkov (1977) and Sharkey (1981) have ex-
tended this property towards cooperative games with nontransferable utility
(NTU games) to define ordinal and cardinal convexity, respectively. The su-
permodular interpretation of convexity also plays an important role in the
context of effectivity functions (cf. Abdou and Keiding (1991)).
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Economically more appealing than this supermodular interpretation of
convexity are the definitions of convexity that are based on the concept of
marginal contributions. In cooperative games with stochastic payoffs, this mar-
ginalistic interpretation of convexity has already been successfully applied (cf.
Timmer et al. (2000) and Suijs (2000)). In this paper, we build on the work
originated by Ichiishi (1993) and consider three types of convexity for NTU
games, which are based on three corresponding marginalistic convexity prop-
erties for TU games.

Although all five convexity properties for NTU games coincide within the
subclass of TU games, this is not the case in general. In this paper we analyse
the relations between these convexity concepts.

This paper is organised as follows. In Section 2, we introduce some nota-
tion and basic definitions. In Section 3, the three marginalistic types of
convexity for NTU games are defined. In Section 4, we investigate how the
various types of convexity are related.

2. Notation and basic definitions

The set of all real numbers is denoted by IR, the set of nonnegative reals by
IR, and the set of nonpositive reals by R_. For a finite set N, we denote its
power set by 2V = {S|S = N} and its number of elements by |[N|. By RY we
denote the set of all real-valued functions on N. An element of R" is denoted
by a vector x = (x;);en. For S @ N, S # (J, we denote the restriction of x
on S by xs = (x;);es. For x,y e RY, y > x denotes y; > x; for all i € N and
y > x denotes y; > x; forallie N.

A cooperative game with transferable utility, or TU game, is described by a
pair (N,v), where N = {1,...,n} denotes the set of players and v : 2" — R
is the characteristic function, assigning to every coalition S — N of players a
value v(S), representing the total payoff to this group of players when they
cooperate. By convention, v(J) = 0.

An allocation of v(S) is a vector x € RS such that 3°,_¢x; < v(S), with x;
representing the payoff to player i € S. An allocation x of v(S) is called Pareto
efficient if Y ;¢ x; = v(S). The core C(v) is the set of Pareto efficient alloca-
tions of v(N) for which it holds that no coalition S = N has an incentive to
split off:

C(v) = {xe]RNVSC/V : Zx,- > U(S),in = v(N)}.

ieS ieN

A TU game (N,v) is called superadditive if for all coalitions S,7 = N such
that S~ T = ¢ we have

v(S)+o(T) <v(SuT).

An ordering of the players in N is a bijection o : {1,...,n} — N, where (i)
denotes which player in N is at position i. The set of all n! orderings of N
is denoted by II(N). The marginal vector of a TU game (N, v) corresponding
to the ordering o € IT(N) is defined by
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mZu () = v({a(1),...,0(k)}) —v({a(1),...,a(k —1)})

forall ke {1,...,n}.

A cooperative game with nontransferable utility, or NTU game, is described
by a pair (N, V), where N = {1, ..., n} is the set of players and Vis the payoff
map assigning to each coalition S = N, S # (F a subset V(S) of RS such that,
forallie N,

V({{i}) = (=0,0]
and for all S = N, S # J we have

V(S) is nonempty and closed,
V(S) is comprehensive, ie, x € V(S) and y < x imply y € V(S),

V(S) nRS is bounded.

We make the assumption of 0-normalisation for the sake of convenience;
Sharkey (1981) also defined cardinal convexity only for 0-normalised NTU
games. In addition, we assume that (N, V') is monotonic: for all S< T = N,
S # & and for all x € V(S) there exists a y € V(T) such that yg > x. Note
that we do not define V(). For all S= N, S # & we define V°(S) =
V(S) x 0" and V°() = 0V. The class of NTU games with player set N
is denoted by NTU". For ease of notation, we sometimes use V rather than
(N, V) to denote an NTU game.

NTU games generalise TU games. Every TU game (N, v) gives rise to
an NTU game (N, V) by defining V(S) = {xe R¥| 3, _¢x; < v(S)} for all
ScN,S#J.

The set of Pareto efficient allocations for coalition S = N, S # ¢, denoted
by Par(S), is defined by

Par(S) ={xe V(S)| Ayer(s) 1 ¥ = X,y # x},
its set of weak Pareto efficient allocations W Par(S) is defined by
W Par(S) = {xe V(S)| Ayers) : ¥y > x}
and its set of individually rational allocations is defined by
IR(S) = {x e V(S)|Vies : x;i = 0}.
The imputation set of an NTU game (N, V'), denoted by I(V'), is defined by

I1(V) = IR(N) n W Par(N).
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The core of an NTU game (N, V') consists of those elements of V(N) for
which it holds that no coalition S = N, S # (J has an incentive to split off:

C(V) = {XG V(N) |chN,S¢®/E‘er(S) Ly > XS}.

An NTU game (N, V) is called superadditive if for all coalitions S, 7 = N
suchthat S # &, T # &, SN T = & we have

V(S) x V(T) = V(SUT).

This definition of superadditivity is a straightforward generalisation of the
concept of superadditivity for TU games. In addition, we define a weaker
property concerning only the merger between individual players and coali-
tions rather than between two arbitrary coalitions. An NTU game (N, V) is
called individually superadditive if for all i € N and for all S =« N\{i}, S # &
we have

V(S) x V({{i}) =« V(Su{i}).

Note that individual superadditivity is stronger than monotonicity. We define
the marginal vector M? corresponding to the ordering o € IT(N) by

M”(k)(V) = max{x, | x e V({a(l),...,a(k)}),

a

Vie(1,..k-1} t Xo(i) = M7, (V)}

for all k € {1,...,n}. We use the assumption of monotonicity to ensure that
the sets over which the maximums are taken are nonempty. By construction,
M(V) e W Par(N). If a game is individually superadditive, then all marginal
vectors belong to IR(N).

3. Convexity

A TU game (N, v) is called convex if it satisfies the following four equivalent
conditions (cf. Shapley (1971) and Ichiishi (1981)):

Vs.ren 1 v(S) +o(T) <v(SnT)+v(SuT), (3.1)
YuenYseremu 1 0(SLU) = o(S) < o(T v U) —o(T), (3:2)
VienVscremyy : (S {i}) —u(S) <o(T u{i}) —o(T), (3:3)
Voenn) :m”(v) € C(v). (34)

Condition (3.1), which is called the supermodularity property, was originally
stated in Shapley (1971) as the definition of convexity for TU games. Sub-
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sequently, Vilkov (1977) and Sharkey (1981) generalised this property to or-
dinal and cardinal convexity for NTU games, respectively. An NTU game
(N, V) is called ordinally convex if for all coalitions S, 7 < N such that
S+# @, T # @ and for all xe RY such that xg e V(S) and x7 € V(T) we
have

xsnT €V(SNT) or xsoreV(SuT). (3.5)

A game is called cardinally convex if for all coalitions S,7 < N such that
S # &, T # J we have

Vo(S)+ V(T) = Vo(SAT) + V°(SUT).

In contrast to these supermodular definitions of convexity by Vilkov (1977)
and Sharkey (1981), Ichiishi (1993) considers the marginalistic interpretation
of convexity. We analyse three types of convexity for NTU games, based on
the marginalistic properties (3.2)—(3.4). First of all, we have coalition merge
convexity*, which generalises property (3.2). For U= & and S =T, (3.2) is
trivial and these cases can therefore be ignored when defining an analogous
property for NTU games. If S = ¢, (3.2) is equivalent to superadditivity.
Because we do not define V' (F) for NTU games, we require superadditivity as
a separate condition. For S # &, (3.2) states that for any coalition U, the
marginal contribution to the larger coalition T is larger than the marginal
contribution to the smaller coalition S. In terms of allocations, this can be in-
terpreted as follows: given the situation in which coalitions S and 7 have
agreed upon a weak Pareto efficient and individually rational allocation of
v(S) and v(T) (say, p and g, resp.), if coalition U joins the smaller coalition S,
then for any allocation r of v(S U U) such that the players in S get at least
their previous amount (rg > p), it is possible for U to join the larger coalition
T using allocation s of v(7T u U), which gives the players in T at least their
previous amount (sy > ¢) and makes all players in U better off than in case
they join S (sy > ry). Using this interpretation of (3.2), we can now define
an analogous property for NTU games.

An NTU game (N, V) is called coalition merge convex, if it is superadditive
and it satisfies the coalition merge property, ie, for all U = N such that U # ¢J
and all S £ T = N\U such that S # ¢J the following statement is true: for all
p € W Par(S) nIR(S), all ge V(T) and all re V(S u U) such that rg > p,
there exists an s € V(T v U) such that

{VieTISi = (i
ViEU:Si > ri.

Note that it makes no differences whether we require the coalition merge
property for all g € V(T) or only for g € W Par(T) n IR(T). The extension

! This notion is introduced for stochastic cooperative games in Suijs and Borm (1999). The name
coalition merge convexity and the subsequent names individual merge and marginal convexity are
from Timmer et al. (2000).
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of (3.3) towards NTU games goes in a similar manner: an NTU game (N, V)
is called individual merge convex if it is individually superadditive and it sat-
isfies the individual merge property, ie, for all k e N and all S < T = N\{k}
such that S # ¥, the following statement is true: for all p € W Par(S) n IR(S),
all ge V(T) and all re V(Su{k}) such that rg > p there exists an se
V(T u {k}) such that

Vier : 8i = g
Sk = T

And finally, an NTU game (N, V) is called marginal convex if for all o € IT1(N)
we have

Mo(V)eC(V).

One important aspect of the five convexity properties defined in this section is
that within the class of NTU games that correspond to TU games, they are all
equivalent and coincide with TU convexity.

Another property of these concepts is the following: if an NTU game
(N, V) satisfies some form of convexity, then all its subgames do, where the
subgame of (N, V) with respect to coalition S = N, S # ¢ is defined as the
NTU game (S, VS) with VS(T) = V(T) forall T = S, T # .

4. Relations between the five types of convexity

In this section we investigate the relations between the five types of convexity
for NTU games that were presented in the previous section. For 2-player NTU
games, all five types are equivalent to (individual) superadditivity. For general
n-player NTU games, equivalence between the five types of convexity does not
hold. The remainder of this section shows which relations do exist between
these properties.

It follows immediately from the definitions that coalition merge convexity
implies individual merge convexity. In the following theorem, we show that
individual merge convexity implies marginal convexity.

Theorem 4.1. Let (N, V) e NTUN . If (N, V) is individual merge convex, then it
is marginal convex.

Proof: Assume (N, V) is individual merge convex and let ¢ € II(N). To sim-
plify notation, assume without loss of generality that o(i) = i for all i € N. We
prove that M?(V) e C(V) by induction on the player set. For this, we define
for k e {1,...,n} the subgame (N*, V'¥) where N¥ = {1,... k} and V¥(S) =
V(S) for all S<N* S#@. M*¥(Vk) denotes the marginal vector in
(Nk, V¥) that corresponds to the ordering o restricted to the first k positions.
For k =1, M%*(V*) e C(V*) by construction. Next, let k € {2,...,n} and
assume M7k 1(Vk=1) e C(V*-1). We show that M** (V) e C(V'F), ie, no
coalition has an incentive to leave the “grand” coalition N*. Define T =
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{1,...,k—1}and let S < T, S # . Then it is sufficient to show that coali-
tions S, T, {k}, T u {k} and S U {k} have no incentive to split off:

« Because M7k=1(V*=1y e C(V* 1), by definition there does not exist an
yeV(S) such that y> MZ*'(¥*1). By construction, MZ*(V*) =
MZ* 1 (Vk=1), 50 there does not exist an y € V(S) such that y > MZ*(VF).
Hence, coalition S has no incentive to leave N* when the payoffis M % (V'¥).
The same argument holds for coalition 7.

+ Player k& will not deviate on his own, because individual merge convexity
implies individual superadditivity and hence, M %% (V) e IR(V'F).

- Because M7k (Vk) e W Par(N¥), there exists no y € V*(N¥) such that y >
M?k(V*) and hence, the “grand” coalition 7 U {k} has no incentive to
deviate.

- Finally, we show that coalition S U {k} has no incentive to split off.
Define R={re V(Su{k})|rs > M;*k(V")} to be the set of allocations in
V(S u{k}) according to which the players in S get at least the amount they
get according to the marginal vector M 7*(V¥). If R = (¥, then S U {k} will
be satisfied with the allocation M7*(V*). Because M7*(V*) e IR(N*), it
follows from the basic assumptions of an NTU game that R is closed and
bounded, so if R # &, we can compute max{ri |r = (rs,rx) € R}. Let r € R
be a point in which this maximum is reached. Because M%*~1(V*-1)¢
C(V*1), we must have MZ* (V) ¢ V(S) or MZ*(V¥) € W Par(S). Let p
be the intersection point of the line segment between 0 and M gk( V) and
the set W Par(S) nIR(S). By construction, re V(S u{k}) is such that
rs = p.

Next, take ¢ = M>k=1(Vk=1) e V(T). As a result of individual individ-
ual merge convexity and comprehensiveness, there exists an s € V(T u {k})
such that s7 = ¢ and s; > rx. Because s7 = M7 =1 (Vk=1) it follows from
the construction of M™% (V%) that MZ*(V*) > s;. But then, M7 (VF) >
r.. We constructed r; as the maximum amount player k£ can obtain by co-
operating with coalition S, while giving each player i € S at least M,-""k (Vh.
We conclude that there does not exist a y € V(S u{k}) such that y; >
MR (V) forall i e S {k}.

From these four cases we conclude M%*(V*¥) e C(V*) and by induction on
k, we obtain M°(V) e C(V). O

In the following example, we prove that ordinal convexity does not imply any
of the other four types of convexity. Note that this example disproves Theo-

rem 2.2.3 in Ichiishi (1993), which states that in an ordinally convex NTU
game, all marginal vectors are in the core.

Example 4.1. Consider the following NTU game with player set N = {1,2,3}:
V({{i}) = (—00,0] forallieN,
V({1,2}) = {xe R | x; <0,x, <2},

V({1,3}) = {xe R} x) +x3 < 11,
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V({2,3}) = {xe R?»3} | x, <0,x3 <0},

V(N) = {erRN| Zx,- SZ}.

ieN

This game (N, V) is ordinally convex: let S, 7 < N such that S # &, T # I
and let x e RY such that x5 € V(S) and x7 € V(T). We distinguish between
four cases: if S = T or T < S, (3.5) is trivially satisfied. If SN T = &, (3.5) is
equivalent to superadditivity, which is satisfied by this game. If S = {1,2} and
T = {1,3}, then x; < 0 and hence, xs~7 € V(S " T). Otherwise, >,y X; < 2
and hence, xs,7 € V(S U T). From these four cases we conclude that (3.5) is
satisfied and (N, V) is ordinally convex. However, this game is not marginal
convex, because the marginal vector corresponding to ¢ = (1,2,3), M?(V) =
(0,2,0), does not belong to the core, because player 1 and 3 have an incentive
to leave the grand coalition. Using Theorem 4.1, we conclude that (N, V) is
neither coalition merge nor individual merge convex. Furthermore, this game
is not cardinally convex: (0,2,0) € °({1,2}) and (0,0,1) € V°({1,3}), but
(0,2,0) + (0,0,1) = (0,2, 1) & ¥*({1}) + V*(N). <

The five types of convexity for NTU games are related as is depicted in Dia-
gram 1. An arrow from one type of convexity to another indicates that the
first one implies the second one. Where an arrow is absent, such an implication
does not hold in general (cf. Sharkey (1981) and Ichiishi (1993)).

cm-convex ord-convex
card-convex l
im-convex ——— m-convex

Diagram 1

The results in Diagram 1 hold for general n-player NTU games. The rela-
tions between the five types of convexity for 3-player NTU games are depicted
in Diagram 2 (without proof). To keep the picture clear, the arrows from car-
dinal convexity to ordinal and marginal convexity have been omitted.?

cm-convex ——— ord-convex

/
card-convex\ I ><

im-convex ——— m-convex

Diagram 2

2 The proofs relating to Diagram 2 can be found in Hendrickx et al. (2000).
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