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Abstract The focus of this paper is on the asymptotics of large-time numbers of customers in time-periodic
Markovian many-server queues with customer abandonment in heavy traffic. Limit theorems are obtained
for the periodic number-of-customers processes under the fluid and diffusion scalings. Other results concern
limits for general time-dependent queues and for time-homogeneous queues in steady state.

1 Introduction

Many-server queues with customer abandonment have been the subject of extensive research, the primary
motivation coming from modelling call centres, see, e.g., Garnett, Mandelbaum, and Reiman [4], Whitt
[I718], Zeltyn and Mandelbaum [19], and references therein. Those papers testify to the importance of
the asymptotics where both the arrival rate and the number of servers tend to infinity, their ratio being
maintained, whereas the service and abandonment rates are kept fixed. Most studied is the case of Poisson
arrival processes and exponential service and abandonment times where the arrival, service, and abandonment
rates, and the number of servers do not vary with time. Fleming, Simon, and Stolyar [3], assuming critical
loading, obtain diffusion-scale limit theorems for the stationary number of customers. Garnett, Mandelbaum,
and Reiman [4], also for the critical load, derive fluid- and diffusion-scale limits for the number-of-customers
and virtual-waiting-time processes, and for the stationary distributions of those processes. Their other results
are concerned with limits for the stationary fractions of abandoning customers and of customers who have to
wait in the queue, as well as with computing expectations of functions of the waiting time. Similar asymptotics
for the overloaded case are obtained in Whitt [I7], who assumes a finite waiting room, and Talreja and Whitt
[16]. In addition, Whitt [I7] provides insight into the case where the number of servers is much greater than
the abandonment rate. Talreja and Whitt [16] also give a proof of the virtual-waiting-time-process limit for
the critically loaded queue. The Markovian assumptions are relaxed in Zeltyn and Mandelbaum [I9] who
study steady-state waiting times. A general framework of Markovian stochastic processing systems with
time-varying rates is studied by Mandelbaum, Massey, and Reiman [I0] who obtain fluid- and diffusion-
scale limits for the number-of-customers processes. They do not require certain loading conditions to hold.
The application to many-server queues with abandonment is explored in a series of papers by Mandelbaum,
Massey, Reiman, and Stolyar who consider time-varying rates, allow the possibility of retrials, and incorporate
virtual-waiting-time processes, see, e.g., Mandelbaum, Massey, Reiman, Rider, and Stolyar [9] and references
therein.

The purpose of this paper is a study of Markovian many-server queues with customer abandonment in
heavy traffic for a time-periodic case where the arrival, abandonment, and service rates, and the number
of servers can be modelled as jointly periodic functions of time. Under those hypotheses, the large-time
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distributions of the numbers of customers are periodic. The main result of this paper states that the large-
time distributions of the properly scaled and normalised numbers of customers converge to the periodic
distribution of a limiting diffusion process which arises as a particular case of the results of Mandelbaum,
Massey, and Reiman [I0]. The convergence of the periodic one-dimensional distributions is further extended to
convergence of the periodic processes. The method of proof consists in establishing convergence of the number-
of-customers processes and in checking the tightness of the stationary distributions of embedded discrete-time
Markov chains. That makes the results of Mandelbaum, Massey, and Reiman [10] essential. Unfortunately,
the proofs there contain flaws, as specified in Remark [I] below. Therefore, before embarking on the analysis
of the large-time behaviour, I provide a separate proof of the heavy traffic convergence in distribution of the
number-of-customers processes in many-server queues with time-varying rates and abandonment. Unlike the
proof of Mandelbaum, Massey, and Reiman [I0], who invoke the strong approximation techniques, the proof
here relies on the martingale theory of weak convergence which seems to be more suitable for this sort of
result. An overview of the general approach and the related literature as well as a heavy-traffic analysis of the
time-homogeneous many-server queue with abandonment in critical loading can be found in Whitt, Pang,
and Talreja [12]. The part dealing with tightness relies on bounds on the first and second moments of the
numbers of customers which are uniform over time and may be of interest in their own right. The approach
used can be traced back to Liptser and Shiryayev [8, Theorem 8.3.2] and Smorodinskii [I5]. Along with the
application to the periodic case, I use the convergence of the processes and the moment bounds in order
to establish convergence of the stationary number of customers in the time-homogeneous case for all three
possible loads: supercritical, critical, and subcritical. On the one hand, this provides a unified treatment of
and a different perspective on the results of Fleming, Simon, and Stolyar [3], Garnett, Mandelbaum, and
Reiman [4], and Whitt [I7] on the limits of the stationary number of customers. On the other hand, not only
are the limits for the one-dimensional stationary distributions obtained, but also limits for the stationary
versions of the corresponding processes. In addition, it is shown that allowing the abandonment and service
rates to depend on the scaling parameter gives rise to extra terms in the limit distributions.

The rest of the paper is organised as follows. In Section 2] the results on the convergence of the number-
of-customers processes are stated and proved (Theorem [Il concerns the fluid scaling and Theorem [2] concerns
the diffusion scaling). Section B is concerned with the periodic case, the main results being presented in
Theorem [B] and Theorem [l In Section ] the time-homogeneous case is considered, see Theorem [E] and
Theorem [6l The moment bounds are relegated to the appendix, see Lemma [0l This paper is an expanded
and corrected version of Puhalskii [13].

Notation and conventions. The set of real numbers is denoted by R, the set of nonnegative reals is denoted
by R,, the set of natural numbers is denoted by N, and the set of whole numbers is denoted by Z. . For
real numbers x and y, Ay = min(z,y), z Vy = max(z,y), 27 = V0, and |z| denotes the integer part;
1,4 denotes the indicator function of set A. A real-valued function (f(t), ¢ € R4) is said to be strongly
majorised by a real-valued function (g(¢), t € Ry) if f(0) < g(0) and the function (g(t) — f(¢),t € Ry) is
nondecreasing. With a slight abuse of notation, this relationship is denoted by f(t) < g(¢) . I will say that a
function (f(¢t), t € Ry) is T-periodic, where T > 0, if f(t +T) = f(¢) for all ¢ and that a stochastic process
(X (t), t € Ry) is T-periodic if the distributions of (X (¢t +T), t € Ry) and of (X (¢), t € Ry) coincide.

The space of rightcontinuous R-valued functions on Ry with lefthand limits is denoted by D(R4,R)
and is endowed with Skorohod’s Ji-topology and the Borel o-algebra. For a function (z;, t € Ry) from
D(R4,R), x;— represents the lefthand limit at ¢ with the convention that zo— = 0 and Az; = z; — 24— .
All stochastic processes are assumed to have trajectories from and are considered as random elements of
D(R4,R). Convergence in distribution in D(R;,R) has a standard meaning. The predictable quadratic
variation process of a locally square integrable martingale (M, t € R;) is denoted by ((M)¢, t € Ry). (For
more background in weak convergence theory and martingale theory, the reader is referred to Jacod and
Shiryaev [7] and Liptser and Shiryayev [8].) The random entities encountered in the article are defined on a
complete probability space (£2, F,P).

2 Convergence of the number-of-customers processes

I will consider a sequence of M;/M;/K; + M; queues indexed by n € N. The nth queue is fed by a Poisson
process of customers of rate A} at time ¢. The customers are served by one of the K}* servers on a FCFS
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basis. They may abandon the queue after an exponentially distributed time with parameter 67 at time ¢.
More specifically, conditioned on the arrival time 7, the distribution function of the time until abandonment
is given by 1 — exp(— fot 07, ds), t € Ry . Similarly, the service times of the customers are exponential with
parameter py* at time ¢. A customer in service may be relegated to the head of the queue before her service
is complete if the server serving the customer becomes unavailable because K|* decreases. In that case, the
customer starts service from scratch the next time she enters service. (The specific policy used for choosing
the server to be removed is inconsequential for the results obtained below.)

The functions A}, p', and 67 are assumed to be R -valued locally integrable functions, i.e., fot Alds < o0,

fot utds < oo, and fot 0" ds < oo for all t € Ry . The functions K}* are R, -valued and Lebesgue measurable.
The number of customers present at time 0, the arrival process, the service times, and the abandonment
times are mutually independent.

Let A} denote the number of customer arrivals by time ¢. As mentioned, the process A" = (A}, t € Ry)
is a Poisson process with time-varying rate A}’ . Customer abandonment will be modelled via independent
Poisson processes R™* = (R;"", t € Ry), i € N, of rate 0" at time ¢ and customer service will be modelled
via independent Poisson processes B = (B;"', t € Ry), i € N, of rate u} at time t. Let Q} represent
the number of customers present at time ¢. The evolution of the customer population is modelled by the
following equation

Qy =Qp + A} — Z/ Ligr >kn iy AR — Z/ Ligr akn iy dBYY. (2.1)

=17 =17

For an explanation, the third term on the right represents the number of customers who have abandoned
the queue by time ¢ and the last term represents the number of service completions by time ¢ . Informally, all
customers in service are arranged in order and the ith customer is assigned Poisson process B™%. A jump of
B™ triggers a service completion. Once that occurs, the customers in service are reordered and are assigned
possibly different processes B™" so that there are no gaps in the sequence of the processes B™? being used.
Due to the memoryless property of the exponential distribution, this reassignment does not affect the service
time distributions. The indicator function in the fourth term equals one if agld only if a jump of B™* triggers
a service completion, so the jump of that term at time ¢ equals ZiQ:tl’AKt’ ABY " which is the number of
the processes B™* “being used” that jump at time #. (One may want to keep in mind that at most one
of these processes jumps at any given time a.s.) The processes R™* are associated with the abandonment
process in a similar fashion. (Equation (Z)) also applies to nonFCFS service disciplines so long as service is
performed when there are customers present. Besides, the customers whose service is interrupted due to a
lack of servers do not have to be put necessarily at the head of the queue. The purpose of those assumptions
is to make the set-up more specific.)

Equation ([21) has a unique strong solution whose trajectories belong to D(R, R, ) which can be shown
by applying an iterative argument on the jump times of the Poisson processes. Let me also note that the
infinite series, in fact, represent finite sums.

Let processes M™A = (M t € Ry), M™E = (M™% ¢t € R,), and M™B = (M5 t € R,) be
defined by the relations

t
MPA = A7 — /x; ds, (2.2a)
0
M= [ v s ar [ or@ - K" s (2.20)
=17 0
oo B
M{P = Z/ Lqn rkp >y B = /u? (QY AKY) ds. (2.2¢)
=17 0
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By m’ (ma m’ and M)7

t t t
Qr =Qn+ /AQ ds — /92(@; - K:)*ds - /Mg Q" AK)ds + MM — MM — M5 (2.3)
0 0 0

The following martingale characterisation plays a key role in subsequent developments. Let F7* denote the
completion with respect to P of the o-algebra generated by the random variables QF, A?, B™' and R™,
where s < t and ¢ € N. The associated filtration is denoted by F” so that F" = (FJ*, t € R} ). It may be
worth noting that Q7 is F/'-measurable.

Lemma 1 The processes M™4, M™% and M™5 are F"-locally square integrable martingales with respective
predictable quadratic variation processes

(M™M= [ A" ds, (2.4a)
(M™1, = [ 02(Q) — K1) ds, (2.4b)

(MP), = [ QA KT ds. (2.4¢)

I
S L O O —

In addition, these locally square integrable martingales are pairwise orthogonal, i.e., their mutual predictable
characteristics are equal to zero:

(M™A, M™R), = (M4 M™P), = (M7 M™P), = 0. (2.5)

Proof According to the definition, M™4 is an F"-martingale. Since E(M;"*)2 = fot Alds < oo, it is a
locally square integrable martingale. One easily checks that ((Mtn ’A)2 — fot Avds, t € R+) is a martingale.
Similarly, the processes (H;"™", t € R,) and (H/*?", t € Ry), where H"™" = R}"' — fot 07 ds and H;"P" =
B/ - fot (e ds, are pairwise orthogonal F"-locally square integrable martingales with predictable quadratic
variation processes (H™ %), = fot 0m ds and (H™B:), = fot u? ds ;respectively.

One can write by (2.2D) and ([2:2d) that

0o
n,R __ n,R,i
M = E M,
=1

and
n,B n,B,i
Mt = Z Mt )
i=1
where
t
My = / Ligr >kn +iy (dRY" =07 ds)
0
and

t

M = / on nie siy (ABM — i ds).
0
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As stochastic integrals with respect to locally square integrable martingales, the processes
MR = (MR e Ry) and M™BE = (MPPt e Ry) are Fr-locally square in-
tegrable martingales. Their mutual predictable characteristics are given by (M™% MRy, =
t . -/ . -/ t . -/
fO 1{Q272K;‘7+i\/i/} d(H"’R’l,H"’R’l >s, <Mn,B,z’Mn,B,z >t — fO 1{@27/\[(;:21_\/1_/} d<Hn,B,z,Hn,B,z >s, and
(MR NeBiy, = fot Lign >kn i} 1{or akn >i} d(H™Ri gvB) - Therefore, the locally square in-
tegrable martingales M™% and M™P5:? are pairwise orthogonal with respective predictable quadratic vari-
ation processes (fot 1grorniay 00 ds, t € Ry) and (f(f 1(gnakr>iy p5 ds, t € Ry). The stopping times
= inf{t € Ry : QF > k}, where k € N, are common localising times for these locally square integrable
martingales and Y-, E(MtnA’fIz’f)2 < ooand Yoo E(M&f}éz)2 < 00. It follows that, when stopped at 77,
the processes M™f and M™P? are square integrable martingales, so they are locally square integrable mar-
tingales with respective predictable quadratic variation processes (3 .o, fg Lign>knyiy 05 ds, t € R, ) and
pya fot 1¢gnakr>iy p% ds, t € Ry). The fact that the locally square integrable martingales M™A MR
and M™% are pairwise orthogonal follows since those processes have P-a.s. pairwise disjoint jumps.

The next theorem establishes a fluid-scale limit. In the rest of the paper, I will assume as fixed R, -valued
locally integrable functions (A, ¢ € Ry), (e, t € Ry), and (0, ¢t € Ry), and an Ry-valued Lebesgue
measurable function (k¢, t € Ry). Given an R -valued random variable go, let ¢; be defined by the equation

t t
qt —QO+/ /95 s — k)T ds — /,u5 gs N ks)d (2.7)
0 0

The Lipshitz continuity of (z — rs)T and of & A ks in x ensures that the equation has a unique solution.

Theorem 1 Suppose that, as n — oo, fot A /nds — fg Asds for all t, that puy — pe uniformly on bounded
intervals, that 07 — 0 uniformly on bounded intervals, and that K*/n — k¢ for all t. If the random variables
Qy /n converge in distribution to a random variable gy asn — oo, then the processes (QF /n, t € Ry) converge
in distribution in D(Ry,R) to the process (qi, t € Ry) . In particular, if qo is deterministic, then for all L > 0
and € > 0,

n

lim P( sup |— —q| >€)=0.
n—=oo yelo,L] M

Proof Let me first assume that go is deterministic so that the Q{/n converge to gy in probability. I prove
that

lim P(— sup |M"'| > ¢€) =0 (2.8)

n=oo T 4eo,L)]

fori= A, R, B, where L > 0 and € > 0 are otherwise arbitrary. The Lénglart-Rebolledo inequality, see, e.g.,
Liptser and Shiryayev [8, Theorem 1.9.3], implies that it suffices to prove that, for ¢t € R4,

lim P( (M™%, >¢)=0. (2.9)

n—00 n2

The validity of (Z9) for ¢ = A follows by (24a) and the hypothesis that fot (AZ/n = Xs)ds — 0. As a
consequence of ([2.8)) for i = A, I have that the A}"/n converge in probability to fot As ds as m — 0o uniformly
on bounded intervals. In order to establish (29) for ¢ = R, I note that by ZI) Q%/n < Q§/n + A} /n.
Since the latter quantities converge in probability uniformly on bounded intervals to gy + f(f Asds as n —
0o, it follows that limsup,,_,., P(supepo 4 Q5 /n > qo + f(f/\ ds + 1) < limsup,,_,., P(Q}/n + A} /n >
qo + fg Asds +1) = 0. If n is such that sup,c( /07 — 05| < 1, then by @4h), P((M™F);/n* > ¢) <
P (sup,eo,4(Q% /1) fOt(QS + 1) ds > ne), which implies (Z3)) for ¢« = R. The case ¢ = B is treated similarly.
The limits in (2.8) have been proved.
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By 23) and [27),

t t
n

EoR t|<|—*¢I0|+| —Sdsf/x ds|+/<9”+us>|——qs|ds
0 0
t t

Syt ds — /95((]5 — k)T ds|
n

KT B K"
+I/u?(quT)dsf/us(quns)dSIJrl/95((15*
0

0 0 0

By Gronwall’s inequality, see, e.g., p.498 in Ethier and Kurtz [1], for L > 0,

t
’n/ n )\'n/
sup |_*Qt| < (|—*qo|ﬁL sup | —sdsf/)\sds|
tefo,L] T t€[0,L] J n J
t K t
S)d87/,us(qs/\fis)d8|

0

+ sup | [ pl (g5 A
te[0,L] 5

t t

Kn 1 .
+ sup | 9?((]5——5)Jr dS*/@S(qsffis)Jr ds|+ — sup |M| ’A|
t€[0,L] ; n J T tefo,L)

1 1 n n
+ = sup [MPR| £ = sup [MB)eld @i tnidt
n telo,L] v tefo,L)

By (2.8)) and the hypotheses, the righthand side tends in probability to zero as n — oo.

Suppose now that ¢q is random. Let @7 denote the distribution on D(R, R) of (QF/n, t € Ry) provided
that Qp/n =z € X", where ™ = {0,1/n,2/n, ...}, let ™ represent the distribution of Qf/n, and let =
represent the distribution of gg. By the independence assumptions, it suffices to prove that, for a bounded
continuous function f on D(R4,R),

lim / f(2) ©;(dz) E"(dx) = /f((J(w))E(de), (2.10)

n—oo
D(R,R)x X7 Ry

where ¢(z) = (¢, t € Ry) is defined by @7) with g9 = =. By the part just proved, if 2" — z, where
2™ € X" and x € Ry, then the ®7. weakly converge to the Dirac measure at ¢(x), so

[ () O () = fla(w). (2.11)

n—oo
D(R4,R)

Given z € Ry, let g(z) = f(¢(x)) and g™ (z) = fD(R+ ®) f(2) ©,(dz), where r(x) represents the element of
Y™ which is closest to x on the left. By ZII), if 2™ — z, where 2™ € R4, then ¢"(2™) — g(x). The weak
convergence of the E” to 2 implies that

lim [ g"(z) 2" (dz) = / o(z) E(dz).

n—oo
]R+ ]R+

Since E™(X™) = 1, I have that fR z) E"(dr) = fD(Hh yx s (2) ©7(dz) E™(dx), so (ZI0) follows.

Corollary 1 Suppose that the hypotheses of Theorem [1l hold where qy is deterministic. Then the processes

MnﬁA/\/_ = (MZLA/\/Ev teRy), MnﬁR/\/ﬁ = (MZLR/\/ﬁa teRy), and Mn,B/\/_ = (MZLB/\/Ea teRy)
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jointly converge in distribution in D(R,,R) to the respective processes M4 =

R.), and MB = (MP, t e Ry), defined as follows:

t
Mfz/JA_deA

/ 0GR AWE,

= / Hs (QS A ’is)dWsB’

0

(MtA5 te R+)7 MR

= (ML te

where WA = (WA, t € Ry), W = (W[, t € Ry), and WB = (WP, t € Ry) are independent standard

Wiener processes.

Proof The processes M™4 /\/n, M™% /\/n, and M™B /\/n are F™-locally square integrable martingales. By
@4a), @2.4b), @4d), and (2F) they are mutually orthogonal and their respective predictable quadratic

variation processes are glven by

B%/ TheoremIII and the hypotheses the random variables on the right converge in probability to the functions
o As ds, 9 (gs—rs)T ds, and fo s (gs\kKs) ds, respectively. (Actually the first convergence is deterministic.)

T also have by (I?ZEI) @H) and (22d) that the jumps of the processes M™4/\/n, M™% /\/n, and M™B /\/n
are not greater than 1/+/n. The proof is finished by an application of Theorem 7.1.4 in Liptser and Shiryayev

8.

Let me introduce

)\n
Oé? = \/ﬁ(;t - )‘t)a
B = (g — ),
v =Vn(07 — 6y),

and

n

K,
6?: \/E(Tt —Ht).

Let processes X™ = (X', t € R;) be defined by

Xf:f(Q—t*%)-

(2.12a)

(2.12b)
(2.12¢)

(2.12d)

(2.13)
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By (23) and @27), I can write

t t
X=X+ /o/s’ ds — /9?((X;’ +v/ngs — (67 + vnks)) T = Vnlgs — HS)Jr) ds
0 0

t

—/u?((X§’+\/ﬁqs)/\(5?+\/ﬁﬁs)—\/ﬁ(quns /7 s —hs)tds

0

1 L1 r 1 5
— " (gs NKs)d — M - —= M - — M7 . (214
/ﬂs (q K ) 5+ \/ﬁ t \/ﬁ t \/ﬁ t ( )
In the rest of the paper, (a¢, t € Ry), (B, t € Ry), and (v, t € Ry) represent locally integrable functions
and (d, t € Ry) represents a locally bounded Lebesgue measurable function.
The following theorem yields a diffusion-scale limit.

Theorem 2 Let the hypotheses of Theorem [ hold where qo € Ry is deterministic. Suppose that fot ol ds —

fg asds, B — Bt, V& — v, and §7 — & uniformly on bounded intervals as n — oo, and that the random
variables X§ converge in distribution to a random variable Xo as n — oo. Then the processes X" converge
in distribution in D(Ry,R) to the process X = (X, ,t € Ry) that is the solution of the equation

t t

Xy = Xo+ /(as - ’YS(QS - ’is>+ - ﬂs(QS A Ks)) ds — /95(1{‘15>H3} (Xs - 55) + l{qs:fig} (Xs - 5s>+) ds

0 0
t

- /,US(l{qs<ns} X + lgg.=r.} (Xs A ds) + lig.>n.) 65) ds + / \/)‘s +0s(qs — Fs) T+ ps (s N ks) AW,
0

where W = (W, t € Ry) is a standard Wiener process and W and Xo are independent.

Proof The equation for X has a unique strong solution by the fact that the infinitesimal drift coefficients
are Lipshitz continuous, the functions (\s, s € Ry), (s, s € Ry), (05, s € Ry), (as, s € Ry), (Bs, s € Ry),
and (s, s € Ry) are locally integrable, and the function (ds, s € Ry) is locally bounded, see, e.g., Ikeda and
Watanabe [6].

Let me first consider the case of deterministic X', so Xg = 2™ € S™, where S™ represents the set of
numbers of the form /n(m/n — qo) for m € Z4, and 2™ — = € R as n — oo . By ([2.14),

t t

X1 < fo|+ | [ azdsl+ [(@2 +unIxzds + [ 02+ )io7]ds
0 0

t t
1 n,A 1 n,R 1 n,B
g d " gods + —= |[M™A| + — | MPF + — MM P
+ [htacds+ [1821acds + =10+ 22 M+ = 017
0 0

Gronwall’s inequality, the hypotheses of Theorem 2] and Corollary [l imply that for L > 0
lim lim sup P( sup |X"| >r)=0. (2.15)

T30 pn—oo telo,

Also, for s <'t,

t t

t
X7 - X7 < |/a3du| +/(9Z+MZ)IXZIdU+/(9Z+uZ)I5Z|du

S S

+/|v3|qudu+/|ﬂ3|qudu+—|M A= MPA ¢ —= MR - MR+ —= (M - MB

\/ﬁ t s \/ﬁ t s \/ﬁ
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Given L >0,n>0,and r >0,

P( sup X7 = XU >n) <P(sup [X['|>7)
s,t€[0,L]: [s—t|<é te[o L]

t ¢
+P( sup |/a dul| +T/(9"+uu)du+/(9” + p)| 0y | du
s,t€[0,L]: |s—t|<d /]

/|wu|qudu+/|6"|qudu+—|M"A A

LTV T = | M7 = MPP|) > )

Hence, by Corollary [[l and the hypotheses,

lim sup P( sup | X[ — X2 >n) <limsupP( sup |X{|>r)
n—00 s,t€[0,L]: |s—t|<d n—00 te[0,L]

t t

+P( sup |/audu|+r/(9 —l—uu)du—i—/(H + f)|0u| du
s,t€[0,L]: [s—t|<d ] )

n
v [ laud + / 8ul g+ (M — M+ [ME — MP| 4 |MP — MP]) > 0.

By the continuity of the processes M4, M B, and M*, and absolute continuity of the Lebesgue integral, the
limit of the second probability on the right, as § — 0, equals zero, so

lim sup lim sup P( sup | X — X2 >n) <limsupP( sup |X['|>r).
6—0 n—00 s,t€[0,L]: |s—t|<d n—o00 t€[0,L]

By (2I3), the righthand side can be made arbitrarily small by choosing r great enough. Therefore,

lim lim sup P( sup | X7 — X2 >n)=0.
=0 nooo s,t€[0,L]: |s—t|<d

It follows that the sequence X™ is C-tight, i.e., it is tight for convergence in distribution in D(R,R), and
all limit points are continuous-path processes. Let X = (Xt, t € R.) represent a subsequential limit of the
X"

Let me note that if a sequence of functions (27, ¢t € Ry) from D(Ry,R) converges for Skorohod’s Ji-
topology to a continuous function (z:, t € Ry) as n — oo, then

t t
/9?((55? + \/E‘Is - (52 + \/ﬁ"%))—i_ - \/ﬁ(QS - "ﬁs)+) ds — /98(1{q5>n5} (ms - 55) + 1{q5:l~cs} (ms - 58)+) ds
0 0

(2.16)
and

t t
/N?((x?"'\/ﬁqS)/\((sg"'\/ﬁ’is)_\/ﬁ(qS/\Hs)) ds — /,us(l{qs<ns} Ts+ 1{qs:i<s} (xs/\(SS)"’ 1{qs>l~cs} 55) ds
0

’ (2.17)

To see (ZI0), one could first note that 7 ((z7 + /ngs — (67 + \/ﬁns))Jr —Vn(gs—rs)T) = 0s(Lig5ny (w5 —
0s) + 1{g.=r.} (xs — 85)T) for each s, for if g > ks, then (27 + /ngs — (67 + \/ﬁns))Jr —Vn(gs — ks)t) =
(27 +/ngs — (67 ++/nks)) —/nl(qs —ks)) = a7 — 6% for all n great enough, if ¢ = K, then (2% ++/ngs — (07 +
\/ﬁns))Jrf\/ﬁ(qsfns)*) = (2" —0™)*, and if g5 < ks, then (z?+\/ﬁqsf(5?+\/ﬁns))+f\/ﬁ(qsfns)Jr) =0
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for all n great enough. Since 07 (27 4 v/ngs — (67 4 /nrs)) T Vn(gs—ks)T)| < 07|27 — 67, the convergence
in ([2I6]) follows by Lebesgue’s dominated convergence theorem. The argument for (ZI7T) is similar.

On recalling Corollary [, T conclude from (2.I4]) and the continuous mapping principle that X must
satisfy the equation

t

t t
X, =+ /as ds — /95(1{q5>53} (XS —0s) + 1ig=r.} (XS — 5S)+) ds — /’ys(qS — re) T ds
0 0 0
t

t
- /Hs(l{qs<ns} XS + l{qs:ns} (Xs Ads) + 1{q.;>f‘is} 55) ds — /ﬂs(% A Ks)ds
0 0

t
+ / \/As + 95(Qs - KS)JF + ,us (QS /\ Hs) dWs 3
0

where (Wt, t € R,) is a standard Wiener process. Since the latter equation has a unique solution, X coincides
in law with X, so the X™ converge in distribution to X .

I will now consider the case of general X . The argument is similar to the one used in the proof of
Theorem [Il Let ®7 denote the distribution on D(R4,R) of X™ provided that X§ = x € S™, let ®, denote
the distribution on D(R4,R) of X provided that Xo = z € R, let ™ denote the distribution of X, and let
W denote the distribution of X . By the independence assumptions, it suffices to prove that, for a bounded
continuous function f on D(R4, R),

Jim / £(2) B (dz) B (dz) = / £(2) ®,(d2) B(da) . (2.18)

n—oo
D(R; ,R)x S™ D(R4,R) xR

By the part just proved, if ™ — x, where z" € S™ and x € R, then the ®7,. weakly converge to ®, , so

lim / | £(2) B (d2) = / F(2) B (d=) (2.19)

n—oo
D(E4 R D(ER)

Given z € R, let g(z) = fD(R+ ry f(2) ®a(dz) and g"(x) = fD(]R+ r) [ (2) ®}(,)(dz), where r(z) represents
the element of S™ which is closest to x on the left. By [2I9), if ™ — x, where 2™ € R and € R, then
g"(x™) = g(x). The weak convergence of the " to ¥ implies that

lim / g™ (z) O™ (dz) = / o(z) W(da).

n—00
R R

Since ¥"(S™) = 1, I have that [, g"(z) ®"(dx) = f]D)(]R+ E)x Sn f(z) @7 (dz) ¥"(dx), so (ZI8) follows.

Remark 1 The assertions of Theorem [I] and Theorem [2] are contained in Theorem 2.2 and Theorem 2.3,
respectively, in Mandelbaum, Massey, and Reiman [I0], albeit under slightly stronger hypotheses. However,
the proof of Lemma 9.3 there depends on the erroneous claim that if a sequence of nonnegative random

variables defined on the same probability space is tight, then it has a finite limit superior a.s. There are also
problems with establishing the martingale property in the proof of Lemma 9.1.

3 Convergence of the periodic queue lengths

In this section, I will assume that the functions A}, uy, 07, K, At, ue, 0+, and k; are T-periodic, where
T > 0.1 will also assume that

T
/)\sds>0 (3.1)
0
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and

T
/ué/\H )ds > 0. (3.2)
0

In the long term, one expects a periodic pattern to emerge for the number of customers. The next lemma
confirms that to be the case. Let Q™ = (Q¥,,, t € Ry), where £ € Zy . The sequence {Q™*, { € Zy} is a
discrete-time homogeneous Markov process with values in D(R, R).

Lemma 2 Suppose that fOT(uZ ANOT)ds > 0. As £ — oo, given an arbitrarily distributed Q, the sequence
of the distributions of the processes Q™° converges in the distance of total variation in D(Ry,R) to the
distribution of a process Q" = (Q?, t € Ry), which is a unique T-periodic Markov process with the same
transition probability function as Q" . The distribution of (Q?, t € Ry) is a stationary initial distribution

for {Q™, L € Z..}.

Remark 2 For the definition of the distance of total variation, see, e.g., p.274 in Jacod and Shiryaev [7].

Proof If fOT Alds = 0, then A} = 0 for all t € Ry, so 0 is an absorbing state for @™ and Q} — 0 in the
distance of total variation as t — co, s0 Q7 = 0.

Suppose that fOT AT ds > 0. Then the sequence {Q}r, £ € Z4+} is a time-homogeneous, irreducible and
aperiodic discrete-time Markov chain. One can show as follows that it converges in the distance of total
variation to a unique stationary distribution as ¢ — oo. It suffices to prove that the chain is positive
recurrent, which, by Foster’s criterion, will follow if, for some N € Z,

E,Qp <x—1lforallz e {(N+1,N+2,...}, (3.3)

where E, denotes expectation with respect to the probability measure P, such that P,(Qf = z) = 1, see,
e.g., Theorem 11.3.4 on p.265 and Proposition 13.2.4 on p.319 in Meyn and Tweedie [I1], or Theorem 2.2.3
on p.29 in Fayolle, Malyshev, and Men’shikov [2]. Since QF < Qp + A} by 1), E.QF < = + fo A ds.

By Lemma [I the processes M™4, M™% and M™P are F™- locally square mteg‘rable martingales under
P, with respective predictable quadramc variation processes fo Ads,t € Ry), fo 0m(Qr — KT ds, t €

R.), and ( fo u (Q™ A K™)ds, t € Ry). Since the latter processes are of finite expectation, E(M;"” A) <
00, E(M]"")? < oo, and E(M;"")? < co. In particular, the processes M™%, M™E and M™5 are F"-
martingales, so by (23),

t
BLQF < ot [0V i)ELQ ds,
0

which implies by Lemma [ that
inf E,Q} > xze” Jo (uivor) ds.
t<T -

By @3),
T T T T
EIQ%Ser/)\?ds—/(u’;/\@?)EzQ’;dsS:ch/X;ds—ze_fOT(”?veg)dS/u?/\@?ds.
0 0 0 0

Therefore, (B3] holds if
T

AL ds
N > elo (nivelds 0
= T

/u?/\@?ds

0
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Thus, the distributions of Q. converge in the distance of total variation to a limit distribution as £ — oo.
Since the transition probability function of Q™ is periodic, the finite-dimensional distributions of Q™
converge in the distance of total variation to limit distributions as ¢ — co. Since the Borel and cylindrical
o-algebras on D(R,,R) coincide, it follows that the distributions of the Markov processes Q™* converge in
the distance of total variation to the distribution of a process Q" = (Q?, t € Ry), which is a T-periodic
Markov process with the same transition probability function as Q™. Since the limiting distribution of the
QY is specified uniquely, the distribution of Q" is specified uniquely. Since the sequence {Q?T,E € Z+}
is stationary and the processes (Q;‘T RS R, ) are Markov processes with the same transition probability

function, it follows that the sequence {(Q?T it €RY), L€ Z} is stationary.

Remark 8 Note that the sequence {Q™, ¢ € Z,} is deterministic once the initial condition (Q7,t € R})
has been chosen.

My next step is to consider periodic regimes for the deterministic approximation.

Lemma 3 1. There exists a unique qo € Ry such that the function (g, t € Ry) defined by equation (2.7)
is T-periodic. An arbitrary solution converges to this periodic solution as t — oo.

2. If qo is a random variable such that the process (qi, t € Ry) is T-periodic, then qo is deterministic and
has the value specified in part 1.

Proof By uniqueness, no two solutions have a point in common. In particular, if g > qo, then for the
corresponding solutions, g; > ¢; for all t € R;. Given qo, there are three possibilities: either gr = qo, or
qr > qo, or qgr < qo. If gr = qo, then the solution starting at qg is a periodic solution. Suppose that
qr > qo - Then on taking qr as a new initial condition, by periodicity, g+ > ¢; for all ¢t € R4, so gar > qr.
Continuing on, I obtain an increasing sequence of solutions (ger4+, t € R4), where £ = 0,1,2,.... By part
1(a) of Lemma [6] found in the appendix, Sup;cg, q¢ < 00, so there exists a limit of ger4y as £ — oo. 1
denote this limit by ¢ . Since gor — §o and qer+7 — Gr, (Gt, t € R4) is a T-periodic function. By bounded
convergence, it is also a solution. If ¢r < qo, then (ger++, t € Ry) is a monotonically decreasing sequence of
functions converging to a T-periodic solution.

To show the uniqueness of a T-periodic solution, note that if (¢, ¢ € Ry) is a T-periodic solution, then
do = g, SO fOT Asds = fOT 0s(Gs — ks)T ds—l—fOT s (Gs N ks) ds . Now, if (q;, t € Ry) is a solution with ¢ > o,
then ¢; > ¢, for all ¢, so on recalling (3.2)),

T

T T T T
/Hs(q;—/ﬁs)+ds+/,us(q;/\/ﬁs)ds>/95 —/€5+d8+/,u5 Gs N\ Ks) s:/)\sds,
0 0 0

0

0
which implies that ¢/ < gg. Similarly, if ¢ < ¢o, then ¢/ > g . Thus, (¢}, t € Ry) is not T-periodic. Part 1
is proved.
Let (g, t € Ry) represent a T-periodic process. The reasoning used to show the uniqueness of a T-
periodic solution shows that |gr — go| < |go — go| when go # {o . Since the distributions of |gr — ¢o| and
lgo — qo| are the same, go = go a.s.

In what follows, (g, t € R4 ) represents the T-periodic solution of Lemma Bl

Theorem 3 Suppose that, as n — oo, fg A /nds — fot Asds for all t, that pup — pe uniformly on bounded
intervals, that 6 — 0y uniformly on bounded intervals, and that KJ*/n — k¢ for all t. Then, for all e >0
and L > 0,

lim P( sup |— — G| >¢€)=0.

n—=oo yefo,L] M

Proof Since QU is a limit in distribution of the Q7 as t — oo, by part 1(b) of Lemma [ (with Q7 = 0),

the sequence {Q%/n, n € N} is tight. (Note that by 32), liminf, fOT(uS A 0%)ds > 0.) By Theorem [Tl

and Prohorov’s theorem, the sequence of processes {(Q7/n, t € Ry), n € N} is tight and any limit point
(g, t € Ry) is the solution of (Z7)) for a suitable go . Since the processes (QF /n, t € R;) are T-periodic, so
is the process (g¢, t € R;). By Lemmal3l ¢; = ¢; a.s., which concludes the proof.
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Let

o
n

o QY .
X = \/ﬁ(# — ) - (3.4)
The process ()V(Z’, t € Ry) is a T-periodic Markov process.

Theorem 4 Suppose that fg atds — fg asds, B — B, v — Y, and 0 — 0 uniformly on bounded

intervals as n — oo. Then the processes (Xf,t € Ry) converge in distribution as n — oo to process
(X, t € Ry), which is a unique T-periodic Markov process satisfying the equation

t t

Xt:XO+/(QS775(qjsfﬁs>+7ﬂs(qs/\’is>) ds*/es(]-{(jsyqs}(v 5 >+ l{q _Hs}( 5 ) )
0 0
t

- /Hs(l{ds<m} XS + l{ds:ns} (Xs A 55) + l{és>ns} 55) ds + / \//\s + 95(55 - ’QS)Jr + s (‘is A ’fs) dWSa
0

where (Wy, t € Ry is a standard Wiener process and Xo and (Wi, t € Ry) are independent.

Proof By Lemma 2] and Lemma [3 the processes (Xj,,, t € Ry), where Qf = qo = 0, converge in distri-
bution in D(R4,R) to (X7, t € Ry) as £ — oo and the sequence {()V(?TH, t € Ry), ¢ € Z,} is stationary.
By part 1(c) of Lemma [, limy_,o limsup,,, . limsup, ,.  P(|X;*| > V) = 0. Therefore, the sequence
{Xg,n € N} is tight. By Theorem [ and Prohorov’s theorem, the sequence {(X/",t € Ry),n € N} is tight.
Let (Xt,t € R, ) represent a limit point of that sequence for convergence in distribution in D(R4,R) as
n — oo. As follows by Theorem [2] it satisfies the equation in the statement and is a Markov process. In
addition, { (X1, t € Ry), £ € Z, } is a limit point of {()V(?T+t, teRy), £ €Zy} asn — oo for convergence
in distribution in D(R,R)%+ . Since the sequence {()u(g‘Tth, t € Ry), £ € Z,} is stationary, so is the sequence
{(Xerie, t € Ry), £ € Z }. Hence, (X,,t € Ry) is a T-periodic Markov process.

The following coupling argument shows that the distribution of (Xt, teRy)is specified uniquely and is
the limit of the distributions of processes (X¢ris, t € Ry), as £ — 0o, where the process X = (X;, t € Ry)
is defined by the equation

t t
+ /(as - 'Ys(‘?s - ’is)Jr - ﬂs(ds A HS)) ds — /95(1{ds>m} (Xs - 55) + l{ds:m} (Xs - 5S)+) ds
0 0

t
- /us( Ligoensy Xo+ Ligomn) (Xs AG) + Lig,50,y 65) ds + / Vs +04(ds — 5s) T + s (4s A s) AW,
0

where z € R and (W;, t € R, ) is a standard Wiener process. Let me consider a process X' = (X}, teRy)
which starts at y € R and is driven by the negative of the Wiener process (W, t € Ry ) so that

t t
X; =Y+ /(as - 'Ys(qu - ’is)+ - ﬁs((js A Hs /95 1{qs>l€5} — s ) + 1{q5—n5} ( —0s ) )
0 0

t t
_ /Ms(l{qs%} X+ Lgomnsy (XLAGS) + 1igsnay 0s) ds — / Vs F 05(Gs — fs)T + prs (Gs A kig) AW .
0

Obviously, the distribution of ):( " is the same as the distribution of X if the latter were started at y . Assuming
that = > y, I have that until X and X’ meet,

Xt—j(;ngerQ/\/)\5+95((}S7H5)++/L5(tfs/\fis)dV~VS.
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For 7, , = inf{¢: X, = X{},

P(rpy >1t) <P(2 mOf]/\/)\ + 04( 7ms)++ﬂs((js/\ns)dV~VSZy—z).
u€[0,t

Let I'(u) = inf{v : fov ()\s +0s(ds — £s)T + s (Gs A HS)) ds = u}, which is finite by BI]). Since the processes
fou \/>\ —+ 9 (q/s — K,S)+ 4+ MS (q/s AN HZS) dWS, (RS R+) and (WIJL(AS+98(Q/S_KS)++MS (§sAks)) ds> (RS R+) have the
same distribution, I"~ fo (As+0s(gs —ks) T 4ps (§s Aks)) ds, the random variables (— infy,co, p—1(¢)) Wa)

and |Wp71(t)| have the same distribution, and the random variables W[’*l(t) and /T —1(t)W; have the same
distribution, I conclude that

P(2 inf /\/)\ + 05( —lié)++,ué(qs/\ms)dW >y—1z)=P(2 inf WUZy—x)
uelo. wel0,r-1(1)]

:P(2|WF—1(t)| <z—y)=P2Wi| < (z—y)/V/T1(t) = 0ast — oo,

It follows that P (7, > t) — 0 as t — oo . Furthermore, the latter convergence is uniform over z and y from
bounded sets. Therefore, the T-periodic version of X is unique in distribution and one has convergence in
the distance of total variation to the distribution of that process from an arbitrary initial distribution. (For
a sample argument, let v denote the distribution of XO, let 7 denote a probability distribution on R, and let
Vg.¢ denote the distribution of ()N(gTJrs, s € Ry) with X = x, where ¢ € Z,. Then, for a bounded measur-
able function f on D(Ry,R) and U € Ry, | [, fD(R%R) f(2)vae(dz)(dz) — [4 fD(R+7R) f(2)vg0(dz)v(de)] <
25D i< g, ) SIV(d2) = fim sy F(2)00(d2)| + 25D, F@)] (9(a : [e] > U) + via s fo] > 1)) <
2sup,cglf (@) (sup |, <p P (12,0 > €T) + 1/(|:c| > U)+v(|z| > U)) . The latter expression converges to zero as
{—ooand U — 00.)

Remark 4 If the functions (¢, ¢t € Ry) and (u, ¢ € R4) are bounded, then the existence of the periodic
version of X can be deduced from Theorem 5.2 on p.90 of Has’minskii [5] (with V (¢, ) = #2). I haven’t found
other results in the literature which directly apply, the sticking point being that the equation coeflicients are
not differentiable functions of time and space.

4 Convergence of stationary distributions

In this section I will assume constant arrival, service, and abandonment rates, so A} = A" > 0, 6 = 0" > 0,
pur=p">0,=Xx>0,0,=0>0, yy =p >0, ¢ =, B =, and v, = . The number of servers K
is also assumed to be constant which I will take as the scaling parameter n, so k; = 1. Accordingly, d; = 0.
The equations for the fluid- and diffusion-scale limits which appear in Theorem [Il and Theorem [l assume
the following form:

t t
q zqo—i-)\t—/e(qs—1)+ds—/,u(qs/\1)ds, (4.1)
0

0
t t

X =Xo+ /(a —v(gs — 1)+ — B(gs N 1)) ds — /9(1{q5>1} X+ le.=1y X:) ds
0 0
t t

- /,u( lgo<1y Xs + Lg =13 Xs A 0) ds + / \/)‘ +0(gs — 1)+ p(gs A1) dWs. (4.2)
0 0

First, I investigate stationary solutions of (.II).

Lemma 4 If A > pu, then limyoo gt = (A — p)/0 + 1. If X < p, then limy_,oo gt = A/p. For all t, ¢ # 1
except when qo = 1 and A = p in which case gz =1 for all t.
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Proof Suppose that A > . Then by (@1,

d A—p A—p

5(%—7—1)222(%—7—1)()\—9(qze—1)+—u(qw1))-

If g —(A=p)/0 —1 > efore >0, then N\ —0(q, — )" —p(@ A1) = X=0(q — 1) — p < —fe. If
@ —A—p)/0—1< —eforee (0,(AN—pu)/0), then A\ —0(qs — 1) —pu (g A1) > X—0(qs — 1) — > be.
Hence, ¢ > (A —p)/0+1ast — co.

If A < p, then a similar reasoning applied to the function (g;—\/u)? shows that ¢; — \/u. Suppose A = .
Then ¢ = fo(1—ge)* —0(q:—1)" . Hence, (d/dt)(q:—1)* = 2(qr—1) (n(1-q) " =0(ge—1)*) < —2(uA0)(q:—1)*.
Consequently, ¢: — 1.

The Markov chain Q™ is a birth-and-death process on Z, with birth rates A™ and death rates p"(i A n) +
0™ (i —n)* . Since >_po (AM)*/ Hle (1" (i An)+0"(i—n)*) < oo, it admits a unique stationary distribution
which is a limit in the distance of total variation of the transient distributions for any initial condition. Let
o = (Q?, t € Ry) represent the stationary version of Q™ and let do = lim;— o0 gy -
Theorem 5 Suppose that A" /n — X, that u™ — u, and that 6™ — 0 as n — oo . Then, for all € > 0 and
L >0, A

lim P QF _

im P( sup | do| >€)=0.

n—oo  yelo,L] M
Proof By part 2(b) of Lemma [6 sup,,cy EQg/n < 00, so the sequence Qg/n is tight. By Theorem [I] the
sequence of processes (Q? /m, t € Ry) is tight and any limit point (g, t € Ry ) for convergence in distribution
is a solution to (@I for a suitable R -valued random variable gy where, by Fatou’s lemma, Eqp < co. Since
(Q?/n, t € Ry) is stationary, so is (g¢, t € Ry). By the proof of Lemma |¢: — go| decreases in ¢t and tends
to zero as t — 00, so by dominated convergence E|q; — §o| — 0. By stationarity, E|g: — do| = 0.

Let process X™ = (X™(t), t € R..) represent the stationary version of X™ ji.e., X"(t) = /n(Q"/n — Go) .

Theorem 6 Suppose that \/n(A"/n — X) = «, v/n(p™ — p) — B8, and /n(0™ —0) — v as n — oo. Then
the processes Xn converge in distribution in D(Ry,R) as n — oo to a stationary continuous-path Markov
process X = (X;, t € Ry).

If X < 1, then the process X is Gaussian with EX; = o/p — BN/ p2 and Cov (X, X,) = ()\/,u)e_“'“_”'.
If X > p, then the process X is Gaussian with EXy = /0 — y(A — p)/6% — 8/6 and Cov (X,, X,) =
(N/0)e=0lu=vl Tf X = p, then

t t
Xt:XOJr(a—ﬂ)t—@/des+u/(sz)+ds+w/2th,
0 0

where the distribution of X, has density Cexp(((a—B)z — (22/2)(0 1(zs0y + 1 1lz<oy))/1t) (W, t e Ry)
is a standard Wiener process, and Xo and (Wt, t € Ry) are independent.

Proof The distributions of the random variables X;* with Qf = go = 0 converge in the distance of total
variation as ¢t — oo to the distribution of X' . By part 2(c) of Lemmal[@and Fatou’s lemma, sup,, .y E(X{)? <

00, so the sequence of the distributions of the X{} is tight. By Theorem [2, the sequence of the distributions
of the X™ is tight and any limit point in distribution (X;, ¢t € R;) satisfies the equation

t
Xt = Xo =+ (Oé — ’y((jo — 1)+ — ﬂ((jo A 1)) t— /9(1{40>1} XS =+ 1{@0:1} X;_) ds

0
t

a /“( L(go<1y X+ Lggom1y (Xa A0)) ds + /X +0(do — 1) + (o A1) Wi,
0

where (W;, t € R}) is a standard Wiener process and Xo and (W;, t € Ry) are independent. Since the X"
are stationary, so is X . Stationary distributions of one-dimensional diffusions are available in the literature,
see, e.g., Skorokhod [14].
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Remark 5 Fleming, Simon, and Stolyar [3] obtain the distribution of X, provided A = pu starting with an
explicit formula for the stationary distribution of Q™.

Remark 6 If X\ < p, then the condition that \/n(6™ — 6) — v can be disposed of and one can merely require
that ™ — 6, as in Theorem 2 in Garnett, Mandelbaum, and Reiman [4].

Remark 7 The limits obtained in Theorems 2.1 and 2.3 in Whitt [I7] correspond to the case where A" = n),
pur=p, 0" =0, and A > pu,soa=p4=v=0.

A Appendix

Lemma 5 Let (F(t),t € Ry) be a function of locally bounded variation and (f(t), t € Ry) be a locally bounded Lebesgue
measurable function. If a locally integrable function (y(t), t € R4) is such that y(t) < F(t) — fg f(s)y(s)ds, then

t
y(t) < e Jo FDdspg) 4 = Jo F(o)ds /efos Fw)du gp(s)
0

Proof Let g(t) = fO s)ds — y(t) . The function (g(t)) is nondecreasing, g(0) > 0, and

t
y(t) = F(t) — g(t) - / F(8)y(s) ds
0

Hence,

t

y(t) = e 16 I 45 (F(0) — g(0)) + e Jo F()ds / eld T du g(p(s) — g(s))
0
t

<e” Jo F)ds () 4 e~ Jo £ ds/efos fw)du gp(s).,
0

The next lemma provides the bounds that have been used for the analysis of large-time behaviour. Let 7' > 0 and o} =
lam — 4% (qs — ks)t — B7(gs A ks)| + (07 — u?)87| . Let me recall that q; is defined by @7).

Lemma 6 1. (a) If the functions (A\¢, t € Ry), (ue, t € Ry), and (0, t € Ry) are T-periodic and fOT(uS ABs)ds > 0, then,
for allt € Ry,
eJo (nsnbs) ds

—L1t/T) T (s n0s) ds
g <e ] qo+1,e—f0T(us/\03)ds/>\sd8'
0

(b) If the functions (A}, t € Ry), (up, t € Ry), and (07, t € Ry) are T-periodic and fOT(,u? A02)ds > 0, then, for all
teRy andV >0,

n L¢/T] [T (u2AOT) ds fayn efo (g n63) de n
EQ n <e~ s MWs EQ n .
t l{Qo <vy se 0 0 I{QO <V} + | f(;T(,,L?/\Q?) - 0/)\5 ds

(c) If the functions (A}, t € Ry), (up, t € Ry), (07, t € Ry), (A, t € Ry), (e, t € Ry), and (¢, t € Ry) are T-periodic,
fOT(,us A0s)ds > 0, and, for some € > 0, fOT (2(p2 AOT) —eo? — (u? V 07)/(2¢/n)) ds > 0, then, for all t € Ry and
V>0,

E(X7)? 1¢xp1<v}

< o W/TI IS (20T A00) e ol —(uTVOL)/(2ym)) dst [T 12(hT AOY ) =€ o T = (W] VOL)/ (V)] ds gy xny2 1(xa1<vy

€2 S 12(u7 ABY) e o —(uTVOT) /(2/m) | ds /(
1 e ST 2z rom) —con—(unvor)/(2vm)) ds

(2 v O2) sup qu+

1 n
— Vo)) ds.
u€ER 2\/6(“8 S)) 3
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2. (a) If SUPyeR, At < oo and infrer (e AN 6) > 0, then, for allt € Ry,

A
qt < e~ fJ(usA%) dsq() + Sups€R+ s .

iI‘lfSe]R+ (65 AN MS)
(b) If Supyeg, Af < o0 and infieg (g NOY) > 0, then, for allt e Ry and V >0,

n
SUPger, A%

BEO™ 1;1n < e— J§wine)ds mon 1, _ seR™H TS
QF Ligg<vy <e Q6 Lag<vy + o A )

(c) IfsuPte]]Lr At < oo, infrer, (pe NBe) > 0, SUPseR, AP < oo, SUpseR, 07 < oo, SUPseR, py < oo, SUPseR, o < oo, and
infrer (2(uP AOR) —eo — (uP vV O2)/(24/n)) > 0 for some e > 0, then, for allt € Ry and V >0,

_rt n Ny _e g™ (" n n
BXP) L avy < e 8 CUEnoeot=Gavon/@vm) g2 1 <y
sup,ep, (00 /€ +AZ/n+ (W3 V 07 )as + (uf vV 07)/(2v/n))
infser, (2(u2 A O7) — ol — (u2 v O2)/(2/n))

Proof Let me start with part 1(b). Since QF < Qf + AP by (@&I), I have that EQY I{QSSV} <V + fg Ads. By
Lemma [I the processes (Mt"’A ligrevy,t € Ry), (Mtn’R lign<vy,t € R4), and (Mtn’B ligrevy,t € Ry) are F”-
locally square integrable martingales with respective predictable quadratic variation processes (I{QS <V} fot Alds,t € Ry),
(Ligp<vy Jlom(Qr — Kt ds, t € Ry), and (Ligp<vy JEun (QrAK?)ds, t € Ry). Since the latter processes are of finite
expectation, I obtain that E(M,ZL’A)2 Ligp<vy < o0, E(Mt"’R)2 Ligp<vy < oo, and E(Mt"’B)2 1{gn<vy < oco.In particular,
(Mtn’A ligp<vy,t €Ry), (M lign<vy,t €Ry), and (MmE 1{gp<vy,t € Ry) are martingales. By @3),

t t
EQY 1igr<vy < EQG 1igp<vy +/>\? ds — /(M? NS EQY 1igr<vy ds. (A1)
0 0
By Lemma [B]
t
EQ} Ligp<vy < e WA BEQ 1 gpavy +e” f‘f(“?“;:)ds/6f05“‘“93)d“/\? ds. (A2)
0

If vT <t < (v+ 1)T, where v € Z4, then by T-periodicity,

T

t
v+1 .
e—fJ(H?AB?)ds/efos(uZ/\G;L)du)\? ds < e_f(}!T(M:/\Gg)dsZefST(MZ/\G;L)du / A" ds
0 i=1 (i—1)T

vtl r WD) ST WA du
7e—vfoTw:A6:)dsZeifoTwsz)du/AgdS:e—w—l)f(?(u?w:)dse” Jo (e : l/A?ds
0 0

= eJa (o) du _ g

2 T (A du
<—F———— /)\? ds .
er (pAgn) du _ 1

In addition, e~ Jo (g nog) ds < e~ /7] Jo g ne)ds  parg 1(b) has been proved.
Part 1(a) follows by a similar argument if one observes that by (27)),

t t
qt ‘<QO+/>\sd5_/(gs/\Ms)q.sd5
0 0

so that, by Lemma [5]
¢

qr < e Jo Osnme) ds gy 4 o= Jg (Os Apss) ds /efos(‘g“”“) N ds. (A-3)
0
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In order to prove part 1(c), let me note that by (Z14),

t
(X2 = (X§)? +2/X dXI+ > (AXD)? = (X§)? +2/a’;xg ds
0<s<t 0

t

t
2/9 X (X"75”+f( —ks)) T = Vnlgs — ks) )ds72/'y? s — rs) T X ds
0

0

t
- 2/#2X;L((Xsn + \/ﬁqS) A (52 + \/ﬁ"’vs) - \/E(QS A "’vs ds - 2/6n((Is A HS)X;L ds
0

t t t
2
+ = /X;L dM™A — / dMME — / dMm™B
n
\/7 0 0 0
Ll Ll

L AMIR ST AMPRR 4 ST (AMP)

0<s<t 0<s<t n/0<s§t

3|
3|

On noting that

00X (X2 = 80+ /s — 1)) T = v/las — o) ®) + 2 XD (XD Vings) A (67 + Vi) = Vit (as A )
> (Ul AOD)(XT)? — (07 — um)SXT,

I obtain that, for € > 0,

t t t t

2 2

(X2 < (X2)2 + 2/0”|X”|ds - 2/(;4 NP s+ — /X;L_ anz - /Xs”_ dM™R
0 (0] 0

1 1 1
- = /X” dMPP +— N (AMPA? + = D (AMPRY? + = ST (AMPP)?

0<s<t 0<s<t n 0<s<t
2 1 n
< (X5 + - asd
€

(2(p2 A O2) — eaT)(XD) 2 ds + — /xn dMmMA — — /X” dM™E
0

0\“

t
1 1
i Xn dﬂ4n B - A&Afn’A 2 - AﬁAfn’R 2 - 43A4W”B 2
- [amanr e S @AM ST AMPRR ST A
0

0<s<t 0<s<t 0<s<t
Hence, for V> 0,

t
1
(XP)? 1xpi<vy < (X§) 1xpi<vy + 2/0? 1(xpi<vy ds—/(Q(M? ANOT) — el ) (XD 1y xpi<vy ds
0 0

t t
2 av_ 2 RV
+%/X§Lde’ 7 —%/Xgide’ v_Z
0 0

1
> (AMpAY)? 4 (AMPEVY 42 3 (AMPBYY? - (A4)
0<s<t 0<s<t 0<s<t

X dmpBV

§ o
o

where M{"%Y = M 1(|xn|<vy, fori= A, R, B.

By Lemma [0 the processes M™%V = (Mtn’i’v, t € Ry) are F™-locally square integrable martingales with predictable
quadratic variation processes (M™HV) = (M™?) 1gxnpi<vy - Since Q7 < Q¥ + AP by @I) and E(A})? fO AL ds +
(fot AT d8)2 < oo, I have that E(Q})? 14 xp|<v} < oo. Hence, by @4Za), @4h), @4d), E(M™»Y); < oo, which implies
that E(sups<t(Msn’i’V)2) < oo, that the M™%V are F™-martingales, and that E(Mt"’i’v)2 = E(M™%V),. Consequently, the
processes (fO?X;L dMyg' i’V, te ]R.,_) are F”-martingales. Since the M™%V are purely discontinuous locally square integrable
martingales by being of locally bounded variation, EX:O<S<t(AMSn’i’V)2 =EM™HY),;.
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On taking expectations in (A4),

t
1 1
E(th)2 1{\X6‘\§V} < E(ng)2 1{\X6L\§V} + ; /0’2 ds + ; (E<Mn’A>t 1{‘X6L‘§V}

t

+E<Mn’R>t 1{\X6L\§V} +E<Mn’B>t 1{‘X6L‘§V}) —/(2(”?/\9?) —602)E(X?)2 1{\X6L\§V} ds.
0

By GED7 (m)v mv and (m)7

1
~ (B ) Lxp <vy + E(M™ )1 xpicvy +BM™ )1 xp1<vy )

t

t t t

A" EQ” 1 Xn|<y A" EXT™1 n|<

</idst/(‘u?vgg)wds</ids+/(ﬂgv92)(w+qs)ds
n n n vn

0 0 0 0

t t t
ALY 1 1
</%d8+/(ugveg)(qs + m)ds-f— ﬁ/(ug VG?)E(X;L)2 1{‘X6L|§V} ds.
0 0 0

Thus, for t € Ry,

t

t t
1 Az 1
E(X])’ 1yxpi<vy < B(XE)? 1(xn1<vy +;/ogds+/?Sder/(ug\/Gg)(qurﬁ)ds
0 0 0

(1T VO E(X])? i xpi<vy ds.

t
1
- [t no) —cop - o
0

By Lemma [
ot n Y _e g™ (" n n s n
E(X)? 1(jxp cvy < e J3 (OEA00—col (Vo) [ V) de g (xp)2 1 (v vy

t
+e—fg(2w:w:)—eo:—w;‘ve:)/uﬁ))ds/ef;(QWWZ:)—eaz—wzvez)/uﬁ))du(ﬁ 8

€ n
0
1
+ (1 v 07) (as + ﬁ)) ds. (A.5)
In analogy with the earlier argument, if vT" <t < (v + 1)T, where v € Z, recalling that SUPyeR, qu < 00 by part 1(a),
¢ n n
o= S (2B A0 ) —e o —(uvOT) /(2v/m)) ds /ef; (2(un 67 ) —c ol —(unver)/(2vn)) du(Ts AS
2 € n
+ (u v 07 (gs + L)) ds < e~V Jo (2(nz A0 —e T —(uIVOr) /(2v/m)) ds+2 [T 12(u2 AOT ) —e o = (uTVOT) /(24/m)] ds
o <
v T 1
. T n n n n n
S et (2(6nA0m) = ol —(uVOR) /(2v/7)) du/ o+ 25 4 VO ( sup qut — =) ds
i=0 ) u€R 2¢/n
2 ST 120 AT —e ol — (Vo) /(v du v omy( Vi
< + — + pye Vo sup ¢q
1—67f0 (2 (BN ) —econ —(unvon)/( 2\/_) du/ s u€ERY “ 2\/_)

0

where the last inequality uses the fact that fOT (2(p2 AOT) — el — (U V 07)/(2¢/n)) du > 0. The latter expression furnishes
the required bound. Part 1 has been proved.

The assertions of part 2 also follow from the respective inequalities (A2), (A3), and (AF) . For instance part 2(b) is
obtained by applying the bound

t
)\n
/ef;w::mz) dunn gy < —PUERE L ([0 ART)ds _p)
J = infrer, (07 A pp)
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