
A 
exible approach to location problemsAntonio M. Rodriguez-Chia � Stefan Nickel y Justo Puerto zFrancisco R. FernandezzNovember 25, 1997AbstractIn continuous location problems we are given a set of existing facilities andwe are looking for the location of one or several new facilities. In the classicalapproaches weights are assigned to existing facilities expressing the importanceof the new facilities for the existing ones.In this paper, we consider a pointwise de�ned objective function where theweights are assigned to the existing facilities depending on the location of thenew facility. This approach is shown to be a generalization of the median, centerand centdian objective functions. In addition, this approach allows to formulatecompletely new location models. E�cient algorithms as well as structural resultsfor this algebraic approach for location problems are presented. A complexityanalysis and extensions to the multifacility and restricted case are also considered.Keywords:Location Theory, Global optimization, Algebraic optimization,Convexity.1 IntroductionIn the last three decades a lot of research has been done in the �eld of continuous loca-tion theory and very much di�erent models have been developed. For a comprehensiveoverview the reader is referred to Plastria's chapter in the book of Drezner [18].In the following we will introduce a diferent model for location problems. Thismodel provides a common framework for the classical continuous location problemsand allows an algebraic approach to these problems. Moreover, this 
exible apporachalso leads to completely new objective functions for location problems.We are given a gauge 
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1 INTRODUCTION 2sets of non negative scalars W = fw1; : : : ; wMg and � = f�1; : : : ; �Mg. The elementwi 2 W is the weight of importance given to the existing facility ai and the elementsof � allows to choose between di�erent kinds of objective functions.Given a permutation � of the set f1; : : : ;Mg verifyingw�1
(x� a�1) � w�2
(x� a�2) � : : : � w�M
(x� a�M )we denote 
(x� A)(i) = w�i
(x� a�i).The ordered Weber problem is then given by:minx2IRn F (x) = MXi=1 �i
(x� A)(i): (1)Note that the problem is well-de�ned even if ties occur. In that case any order of thetied positions gives the same value.Theoretical properties of (1) have been studied in a di�erent setting in [19]. In thefollowing we will refer to this problem as 1=IR n= � =
B=Pord according to the classi-�cation scheme introduced by [16] and [12]. To describe the di�erent types of locationproblems we use a 5-position classi�cation scheme Pos1/Pos2/Pos3/Pos4/Pos5, whichallows us to indicate the number of new facilities (Pos1), the type of the problem asplanar, network-based, discrete, etc. (Pos2), any assumption and restriction such aswm = 1 for all m 2 M, etc. (Pos3), the type of distance function such as lp, generaldistance function d, etc. (Pos4), and the type of objective function (Pos5) (see [16] forfurther details).The reader may note that problem 1=IR n= � =
B=Pord is somehow similar to thewell-known Weber Problem, but it is more general because it includes as particularinstances the Weber problem (�1 = �2 = : : : = �n = 1), the �-cent-dian problem(�1 = : : : �n�1 = 1� � and �n = 1) and the center problem (�1 = : : : = �n�1 = 0 and�n = 1) among others.Example 1.1 Consider three demand points a1 = (1; 2), a2 = (3; 5) and a3 = (2; 2)with weights w1 = w2 = w3 = 1. Now choose �1 = �2 = �3 = 1 then we get F (x) =P3i=1 kx � aik, i.e. the Weber problem. For the second case choose �1 = �2 = 1=2and �3 = 1 then we get: F (x) = 1=2P3i=1 kx � aik + 1=2max1�i�3 kx � aik, i.e. the1/2-centdian problem. Finally choose �1 = �2 = 0 and �3 = 1 and we get: F (x) =max1�i�3 kx� aik, i.e. the center problem.Also note that the objective function of this problem is region-wise de�ned and ingeneral non convex if no additional hypotheses are assumed on the set � (see [6] forfurther details).Example 1.2 Consider two demand points a1 = (0; 0) and a2 = (10; 5), �1 = 100and �2 = 1 with l1-norm and w1 = w2 = 1. We obtain only two optimal solutionsto Problem (1), lying in each demand point. Therefore the objective function is notconvex since we have a nonconvex optimal solution set.F (a1) = 100� 0 + 1� 15 = 15F (a2) = 100� 0 + 1� 15 = 15F (12(a1 + a2)) = 100� 7:5 + 1� 7:5 = 757:5



2 GEOMETRICAL PROPERTIES 3See Figure 1.
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Figure 1: Illustration to Example 1.2These two characteristics allow to model many di�erent problems as we will showin the following.The aforementioned paper by Puerto and Fern�andez [19] focuses only on developingthe theoretical properties of this problem. Neither algorithms have been presented norcomplexity aspects have been addressed. Exactly this will be the aim of this paper.The outline of the paper is as follows: �rst the geometrical properties of (1) withpolyhedral gauges are exploited. Then an e�cient algorithm for the single facility caseis given. The next section is devoted to extensions of Problem (1) to the multifacilitycase. After that the cases of restricted problems and general gauges are investigatedand an approximation result is given. The paper ends with some conclusions and anout-view on future research.2 Geometrical PropertiesWe are mainly interested in problems with polyhedral gauges. For this reason we willassume in the rest of the paper that B � IR n is a bounded polytope whose interiorcontains the zero and we denote the set of extreme points of B by Ext(B) = feg : g =1; : : : ; Gg.The polar set Bo of B is given byBo = fx 2 IR n : hx; pi � 1 8p 2 BgIn the polyhedral case, Bo is also a polytope, whose extreme points are feog : g =1; 2; : : : ; Gg, in IR 2, see [21] and [8].



2 GEOMETRICAL PROPERTIES 4The normal cone to B at x is given byN(B; x) := fp 2 IR n : hp; y � xi � 0 8 y 2 Bg (2)and the boundary of B is denoted by bd(B) .In this section we address some geometrical properties of the planar formulationof Problem (1) (denoted by 1=IR 2= � =
B=Pord) which give us speci�c insights in theconsidered model. In this case we de�ne fundamental directions d1; : : : ; dG as thehal
ines de�ned by 0 and e1; : : : ; eG. Further, we de�ne �g as the cone generated by dgand dg+1 (fundamental directions of B) where dG+1 := d1. Let � = (pi)i2M be a familyof elements of IR 2 such that pi 2 Bo for each i 2 M and let C� = Ti2M(ai+N(Bo; pi)).A nonempty convex set C is called an elementary convex set if there exists a family �such that C� = C.It should be noted that if the unit balls are polytopes we can obtain the elementaryconvex sets as intersection of cones generated by fundamental directions of these ballspointed at each demand point. Therefore each elementary convex set is a polyhedronwhose vertices are called intersection points ( see Figure 2 ). Finally, in the case ofIR 2 there exists an upper bound of the number of elementary convex sets which isO(M2G2) . For further details see Durier and Michelot [8].First of all, it should be noted that in Problem (1) although the objective functionlooks like the one of the Weber problem we do not have a uni�ed linear representationof such a function in the whole space.From the de�nition of the objective function, it is easy to see, that the representationmay change every time 
(x � ai) � 
(x � aj) becomes 0 for some i; j 2 f1; : : : ;Mgwith i 6= j. We will develop in this section a geometrical description of the sets wherethe representation of the objective function as a weighted sum stays unchanged.De�nition 2.1 The set B
(ai; aj) consisting of points fx : wi
(x � ai) = wj
(x �aj); i 6= jg is called bisector of ai and aj with respect to 
.As an illustration of De�nition 2.1 one can see in Figure 2 the bisector line for thepoints (1,4) and (5,1) with the rectangular norm.Once these structures have been introduced, we can characterize their behavior. Inorder to do that, we use the concept of elementary convex sets introduced by Durierand Michelot [8], which in IR 2 can be seen as the subdivision of the plane made o� thefundamental directions of the unit balls of all the existing facilities.Proposition 2.1 The bisector of ai and aj is a set of points verifying a linear equationwithin each elementary convex set.Proof:In an elementary convex set 
(x � ai) and 
(x � aj) can be written as li(x � ai)and lj(x� aj) respectively, where li and lj are linear functions. Therefore, 
(x� ai) =
(x� aj) is equivalent to li(x� ai) = lj(x� aj) and the result follows. 2We will now give a more exact description of the complexity of a bisector when werestrict ourselves to the two dimensional space IR 2.
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Figure 2: BisectorProposition 2.2 The bisector of ai and aj with respect to a polyhedral gauge 
 with Gextreme points has at most O(G) di�erent subsets de�ned by di�erent linear equations.Proof:By Proposition 2.1 bisectors are set of points given by linear equations within e.c.s..Therefore, the unique possible breakpoints may occur at the fundamental directions.Let us denote by Lgai the fundamental direction starting at ai with direction eg. Onthis hal
ine the function 
(x�ai) is linear with constant slope and 
(x�aj) is piecewiselinear and convex. Therefore, the maximum number of zeros of 
(x � ai)� 
(x � aj)when x 2 Lgai is two. Hence, there are at most two breakpoints of the bisector of aiand aj on Lgai .Repeating this argument for any fundamental direction we obtain that an upperbound for the number of breakpoints is 4G. 2This result implies that the number of di�erent linear expressions de�ning anybisector is also linear inG, the number of fundamental directions. Remark that on someoccasions bisector sets may have non empty interior, see for instance Figure 3, wherewe show the bisector set de�ned by the points (0,0) and (4,0) with the Tchebychevnorm.When at least two points are considered simultaneously the set of bisectors buildsa subdivision of the plane (very similar to the well-known k�order Voronoi diagrams,see the book of Okabe et al. [17]). The cells of this subdivision will be called from nowon ordered regions. We formally introduce this concept.De�nition 2.2 Given a permutation � on the set f1; 2; : : : ;Mg the ordered region O�
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Figure 3: An example for a degenerated bisectorconsists of the following set of pointsO� = fx 2 IR 2 : 
(x� a�1) � : : : � 
(x� a�M )gNotice that these regions need not be convex sets, see Figure 4.The importance of these regions is that in their intersection with e.c.s. the problem1=IR n= � =
B=Pord behaves like a Weber problem, i.e the objective function has aunique linear representation. The intersections between ordered regions and e.c.s. arecalled following Puerto and Fern�andez [19] generalized elementary convex sets (g.e.c.s.).The ordered regions play a very important role in the algorithmic approach developedfor solving the problem. In terms of bisectors, these regions are cells de�ned by at mostM � 1 bisectors of the set A.However, the main disadvantage of dealing with these regions is their complexity.A naive analysis could lead to conclude that their number is M ! which would make theproblem intractable. Fortunately, we can obtain a polynomial bound which allows usto develop in the next section an e�cient algorithm for solving Problem (1).Theorem 2.1 An upper bound on the number of ordered regions is O(M4G2).Proof:Given two bisectors with O(G) linear pieces the maximum number of intersectionsis O(G2). The whole number of bisector of M points is �M2 �, then, the maximumnumber of intersections between them is O(G2�(M2 )2 �). By Euler formula the numberof intersections has the same complexity that the number of regions. Hence, an upperbound for the number of ordered regions is O(M4G2). 2A detailed analysis of this theorem shows that this bound is not too bad. Although,it is of orderM4G2, it should be noted that the number of bisectors among the points in
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� a1 �a3O(3;1;2)
Unit ball of the norm

O(3;1;2) = fx : 
(x� a3) � 
(x� a1) � 
(x� a2)gFigure 4: Ordered RegionsA is �M2 � which is orderM2. Therefore, even in the most favorable case of straight linesthe number of regions in worst case analysis gives O(�M2 �2) which is, in fact O(M4).Since our bisectors are polygonal with G pieces this bound is rather tight.Example 2.1 Figure 4 shows the ordered regions between the points a1 = (0; 11),a2 = (3; 0) and a3 = (16; 8) with the hexagonal norm whose set of extreme pointsis Ext(B) = f(2; 0); (1; 2); (�1; 2); (�2; 0); (�1;�2); (1;�2)g. For instance, the regionO(3;2;1) is the set of pointsfx 2 IR 2 : 
(x� a3) � 
(x� a2) � 
(x� a1)gFinally, we quote for the sake of completeness a result stated in [19] which geometricallycharacterizes the solution set of the ordered Weber location problem: \The whole setof optimal solutions of Problem (1) always coincides with some generalized elementaryconvex sets". This is to say, the solution set coincides with the intersection of orderedregions with elementary convex sets [8].3 Single Facility ModelOnce we have introduced the main geometrical properties of this new model, we want todevelop an algorithmic approach for solving the single facility ordered Weber problem.



3 SINGLE FACILITY MODEL 8It should be noted that for the Weber's problem with polyhedral norms severalalgorithms have been proposed, see e.g. [5, 20, 21].First of all, we state a well-known reformulation for F (x) the proof of which can befound for example in Theorem 368 in [13].Lemma 3.1 If the scalars in the set � satisfy �1 � : : : � �M thenF (x) = MXi=1 �i
(x� A)(i) = max�2P (M) MXi=1 �i
(x� a�i)being P (M) the set of permutations of f1; : : : ;Mg.Remark. This formulation can be interpreted as a worst-case approach with respectto all the possible weight arguments. From now on, we will consider that the lambdassatisfy �1 � : : : � �M .Lemma 3.2 F is a convex function.Proof:By the previous lemma, F (x) is the maximum of convex functions and is thereforeconvex. 2Moreover, Puerto and Fern�andez [19] proved that the set of optimal solutions ofProblem (1) always coincides with some generalized elementary convex sets. However,the large number of generalized elementary convex sets requires some kind of goodenumeration scheme to derive an algorithm.Since we restrict ourselves to polyhedral gauges a simple approach can be given.Within an ordered region O�, consider the following linear program:min PMi=1 �iz�is:t heog; x� aii � zi eog 2 Bo; i = 1; 2; : : : ;Mz�i � z�i+1 i = 1; 2; : : : ;M � 1 (P�)where eog are the fundamental directions of Bo.Lemma 3.3 If an optimal solution X� of P� is in O� then X� is also an optimalsolution to the ordered Weber problem constrained to O�.Proof:At an optimal point X� in O� we haveheog; X� � aii = zi ; i = 1; 2; : : : ;M ; for some g;which means that zi = 
(X� � ai) and the result follows. 2Lemma 3.4 If an optimal solution X� of P� is in O�0 6= O� then the optimal solutionof the ordered Weber problem constrained to O�0 is better than the optimal solution ofthe ordered Weber problem constrained to O�.



3 SINGLE FACILITY MODEL 9Proof:At an optimal point X� of P� in O�0 we haveheog; X� � aii < zi for all gfor at least one i. This means that we can decrease the objective function by movingfrom O� to O�0 and the result follows. 2Based on Lemma 3.4 and the fact that the objective function is globally convexwe develop a descent algorithm for this problem. For each ordered region we solvethe problem as a linear program which geometrically means either �nding the locallybest solution in this ordered region or �nding out that this region does not contain theglobal optimum by Lemma 3.4. In the former case two situations may occur. First, ifthe solution lies in the interior of the considered region (in IR n) then by convexity thisis the global optimum and secondly, if the solution is on the boundary we have to doa local search in the neighbourhood regions where this point belongs to.ALGORITHM 3.1 :Step 1 Choose xo as an appropriate starting point. Initialize L := ;, y� = xo.Step 2 Look for the ordered region, O�o which y� belong to, where �o determines theorder.Step 3 Solve the linear program P�0 . Let u0 = (x01; x02; z0�) be an optimal solution. Ifx0 = (x01; x02) 62 O�o then determine a new ordered region O�o, where x0 belongsto and go to Step 3.Step 4 Let yo = (x01; x02).Step 5 If yo belongs to the interior of O�o then set y� = y0 and go to Step 8.Step 6 If F (yo) 6= F (y�) then L := f�0gStep 7 If there exist i and j verifying
(yo� a�oi ) = 
(yo� a�oj ) i < j such that (�o1; : : : ; �oj ; : : : ; �oi ; : : : ; �on) 62 Lthen doa) y� := yo, �o := (�o1; �o2; : : : ; �oj ; : : : ; �oi ; : : : ; �oM)b) L := L [ f�ogc) GO TO Step 3else Go to Step 8 (Optimum found)Step 8 Output y�
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Figure 5: Illustration for Example 3.1The above algorithm is e�cient in the sense that it is polynomially bounded. Oncethe dimension of the problem is �xed, its complexity is dominated by the complexity ofsolving a linear program for each ordered region. Since the number of ordered regionsis polynomially bounded and Megiddo's algorithm, [15], solves linear programs in �xeddimension in linear time, Algorithm 3.1 is linear in the number of cells.Example 3.1 Consider the problemminx2IR 2 
(x� A)(1) + 2
(x� A)(2) + 3
(x� A)(3)where A = f(3; 0); (0; 11); (16; 8)g and 
B is the hexagonal polyhedral norm withExt(B) = f(2; 0); (1; 2); (�1; 2); (�2; 0); (�1;�2); (1;�2)g.We show in Figure 5 the generalized elementary convex sets for this problem. Noticethat the thick lines represent the bisectors for the points in A, while the thin ones arethe fundamental directions of the norm. We solve the problem using Algorithm 3.1.Starting with xo = (0; 11) we get the optimal solution in two iterations. In the �rstone, we get the point x1 = (6:5; 8) with objective value 26.25. In the second iteration,we obtain x2 = (7; 8) with objective value 26. This point can not be improved in itsneighbourhood, therefore it is the optimal solution.The iterations given by the algorithm for this example are depicted in Figure 6.4 Extension to the Multifacility CaseA natural extension of the single facility model consists of considering the location ofN new facilities rather than only one. In this formulation the new facilities are chosento provide service to all the existing facilities minimizing an ordered objective function.It should be noted that these ordered problems are of course harder to handle than the



4 EXTENSION TO THE MULTIFACILITY CASE 11classical ones not considering ordered distances. Therefore, as no complexity results areknown for the ordinary multifacility problem nothing can be said about the complexityof the ordered Weber problem. Needless to say that its resolution is even much moredi�cult than for single facility models.Before formalizing the above problem, we should distinguish two di�erent ap-proaches that come from two di�erent interpretations of the new facilities to be located.The �rst one assumes that the new facilities are not interchangeable, which means thatthey are of di�erent importance for the existing facilities. The second one assigns thesame importance to all new facilities. Here, we are only interested in the size of thedistances, which means that we do not consider order among the new facilities andlook for equity in the service, minimizing the largest distances.
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Figure 6: Optimal Solution4.1 The Non-Interchangeable Multifacility ModelLet us consider a set of demand points A = fa1; a2; : : : ; aMg. We want to locate Nnew facilities X = fx1; x2; : : : ; xNg which minimize the following expression:FI(x1; x2; : : : ; xN) = NXi=1 MXj=1 �ij
(xi � A)(j) + NXk=1 NXl=1 �kl
(xk � xl) (3)where�11 � �12 � : : : � �1M � �21 � �22 � : : : � �2M � : : : � �N1 � �N2 � : : : � �NM ;



4 EXTENSION TO THE MULTIFACILITY CASE 12�kl � 0 for any k = 1; : : : ; N , l = 1; : : : ; N and 
(xi � A)(j) is the expression, whichappears at the j � th position in the ordered listMi = fwp
(xi � ap); p = 1; 2; : : : ;Mg for i = 1; 2; : : : ; N: (4)Remark that in this formulation we assign importance in increasing order of the indexof the new facilities, i.e., xj is considered to be more important than xi whenever i < j.For this reason we say that this model has no-interchangeable facilities. With the sameclassi�cation scheme [16] used for the single facility model, we will refer to this problemas N=IR n=�ord=
B=Pord.In order to illustrate this approach we show an example which will serve as motiv-ation for the following:We consider a set of little towns and we want to locate one hospital and two emer-gency services (orthopedic surgery and cardiology). Our objective is to place the hos-pital and the emergency services such that the largest distance from the hospital toany town, the distances from any town to the emergency services and the distancesfrom emergency services to the hospital are small. With these hypotheses we have touse a 3-facility model, where the hospital has the greatest weight because it is the mostimportant service and the two emergency services may have equal weights.As in the single facility model we can prove that the objective function (3) is convex,which eases the analysis of the problem and the development of an e�cient algorithm.Proposition 4.1 The objective function FI is convexProof:We know thatNXi=1 MXj=1 �ij
(xi � A)(j) = NXi=1 max�i NXj=1 �ijw�ij
(xi � a�ij )where �i is a permutation of the set f1; 2; : : : ;Mg. Therefore, the �rst part of theobjective function is a sum of maxima of convex functions analogous to Lemma 3.1.Hence, it is a convex function. On the other hand, the second term of the objectivefunction FI is convex. Thus, FI is a convex function as a sum of convex functions. 2The problem N=IR n=�ord=
B=Pord can be transformed within the new orderedregions in the same way that we did for 1=IR n=�ord=
B=Pord. It should be notedthat in IR n the subdivisions induced by the ordered regions of this problem are givenas intersection of N subdivisions. Each one of these N subdivisions determines theordered regions of each new facility.Let �k = (�k1 ; : : : ; �kM) k = 1; : : : ; N be the permutations which give the order ofthe lists Mk introduced in (4). Consider the following linear program (P I� ):min NXk=1 MXl=1 �klzk�kl + NXi=1 NXj=1 �ijyij



4 EXTENSION TO THE MULTIFACILITY CASE 13s.t. wlheog; xk � ali � zkl eog 2 Bo; k = 1; 2; : : : ; N; l = 1; 2; : : : ;Mheog; xi � xji � yij i = 1; 2; : : : ; N; j = i+ 1; : : : ;Mzk�kl � zk�kl+1 k = 1; 2; : : : ; N; l = 1; 2; : : : ;M � 1Then, Algorithm 3.1 can easily be adapted to accommodate the multifacility case. Notethan in contrary to that algorithm where we look for one point in IR n we now lookfor N points in IR n or equivalently for one point in IR nN . To do that, we only haveto modify Step 1 by choosing N starting points instead of one. In addition, we alsohave to consider that now the ordered regions are de�ned by di�erent permutations,one from each listMi. Therefore, we have to replace the linear program P� by P I� andto adapt its set of optimal solutions.Since this algorithm is essentially the same that the one proposed for the singlefacility model, we can conclude that it is also polynomial bounded, hence applicable.Example 4.1 Consider the two-facility problem.minx1;x22IR 2 2:5
B(x1 � A)(4) + 2
B(x1 � A)(3) + 1:5
B(x1 � A)(2) + 
B(x1 � A)(1) ++0:75
B(x2 � A)(4) + 0:1
B(x2 � A)(3) + 0:1
B(x2 � A)(2) + 0:1
B(x2 � A)(1) ++0:5
B(x1 � x2)where A = f(3; 0); (0; 11); (16; 8); (�4;�7)g, and 
B is the hexagonal polyhedral norm,which we used in Example 3.1.We obtain in the second iteration the optimal solution, with starting points xo1 =(0; 11) and xo2 = (16; 8). The optimal solution is (2.75, 5.5) and (3.125,5.875). Theelementary convex set and the optimal solution can be seen in Figure 7.4.2 The Indistinguishable Multifacility ModelThe multifacility model that we are considering now di�ers from the previous one inthe sense that the new facilities are similar from the users point of view. Therefore,the new facilities have no di�erent importance with respect to the existing ones. Onthe contrary, the weight given to each one of these new facilities depends only on thesize of the distances.Using the same notation as in Section 4.1, the objective function of this model is:FII(x1; x2; : : : ; xN) = NMXj=1 �j
(x� A)(j) + NXi=1 NXj=1 �ij
(xi � xj)where �1 � �2 � : : : � �NMand 
(x�A)(j) is the expression which appears at the j � th position in the followingordered list MII = fwp
(xk � ap); k = 1; 2; : : : ; N; p = 1; 2; : : : ;Mg:
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Figure 7: Illustration for Example 4.1.According to the classi�cation scheme this problem is written asN=IR n=�=
B=Pord.Also this model is motivated by a hypothetical real situation:Consider a University, with 10 departments and 3 assistant services to be located (com-puter center, library and lecture hall). Any department need to have access to all 3services. In addition, it is also assumed that the computer center, the library and thelecture hall have to communicate.Our objective is to minimize the sum of all distances. Besides, we want to prevent ser-vices from being too far away from each others. With these hypotheses this situationcan be formulated as a 3-facility indistinguishable model where we want to locate threefacilities depending only on the size of the distances.Proposition 4.2 The objective function FII is convexThe proof is analogous to the one given for Proposition 4.1. 2Using again the same strategy that we have already used for the non-interchangeablemultifacility model, the problemN=IR n=�=
B=Pord can be solved using an adaptationof Algorithm 3.1.Let � be a permutation of f1; : : : ;MNg where �(k�1)M+j gives the position ofwj
(xk � aj) in MII.Consider the following linear programming problem (P II� ):min NXk=1 MXl=1 ��klz�(k�1)M+l + NXp=1 NXq=1 �pqypq



5 EXTENSIONS 15s.t. wlheg; xk � ali � z(k�1)M+l eg 2 Bo k = 1; 2; : : : ; N l = 1; 2; : : : ;Mheg; xp � xqi � ypq p = 1; 2; : : : ; N q = 1; : : : ; Nz�(k�1)M+l � z�(k�1)+l+1 k = 1; 2; : : : ; N l = 1; 2; : : : ;M � 1Once we replace P I� by P II� we can easily adapt the algorithmic approach showed forthe previous model in Section 4.1. Hence, the same conclusions that we obtained forN=IR n=�ord=
B=Pord are applicable to N=IR n= � =
B=Pord.5 Extensions5.1 Restricted CaseIn the last years an area within location theory which has attained considerable atten-tion is the restricted facility location problems, see for instance, Brady and Rosenthal[3], Drezner [7], Karkazis [14], Aneja and Palar [1]. Also the work of Francis et al. [9]in which a contour line approach is given is related to this topic and Hamacher andNickel [10] and Nickel [16], describe a concept for solving restricted location problem,besides they gave a combinatorial algorithm to restricted Weber problem.In this section we study the problems considered in the previous sections whenforbidden regions are allowed to exist.It should be noted that the unrestricted single and multifacility case that we havestudied before can be extended easily to the restricted case. We will assume that there isa forbidden region R containing all the optimal solutions of the unrestricted problem.This hypothesis is necessary because otherwise we can get the optimal solution bysolving the unrestricted problem. Besides, if the number of forbidden regions is greaterthan one, to obtain the optimal solution of the restricted problem, we have only toconsider the region which contains the optimal solution of the unrestricted problem.First, we extend these results to the case where the forbidden region is a generalconvex set. In order to locate the new facilities, we use the following resultTheorem 5.1 For 1=IR 2=R=
B=Pord with polyhedral gauges there is always an op-timal solution on the 0-dimensional intersections between the boundary of R, the fun-damental directions and the bisector lines.Proof:Using the same arguments as in Theorem 2.4.5 in [16], it follows that the optimalsolutions of the restricted ordered facility location problem is on the boundary of theforbidden region. Moreover, the objective function is linear in each generalized ele-mentary convex set, see Lemma 3.4, and the proof follows analogous to [16]. 2As an immediate consequence of the Theorem 5.1 we state the following algorithmfor solving the single facility problems with a forbidden region, R.ALGORITHM 5.1 :



5 EXTENSIONS 16Step 1 Compute the fundamental directions and bisector lines for all existing facilities.Step 2 Determine fy1; y2; : : : ; ykg the intersection points between fundamental directionsor bisector lines and the boundary of the forbidden region, R.Step 3 Compute x�R 2 argminff(y1); f(y2); : : : ; f(yk)g (x�R is an optimal solution to therestricted location problem).Step 4 The set of optimal solutions is fx : f(x) = f(x�R)g intersected with the boundaryof R.For the particular case of polyhedral forbidden regions we can get better results.Let R be a polyhedral forbidden region, fs1; s2; : : : ; skg the set of facets of R andA = fa1; : : : ; aMg the set of existing facilities.ALGORITHM 5.2 :Step 1 Let p := 1, L := ; and let y� be an arbitrary feasible solution.Step 2 Consider the hyperplane Tp de�ned by the facet sp of R and choose xo belongingto the relative interior of sp. Let T �p be the halfplane which does not contain Rand let x� = xo.Step 3 Determine the ordered region O�o where xo belongs to, and the permutation �owhich determines this region. region on Solve the following linear programmin PMi=1 �iz�ois:t hbg; x� aii � zi eg 2 Bo; i = 1; 2; : : : ; Nz�oi � z�oi+1 i = 1; 2; : : : ; N � 1x 2 T �p (PT �)Step 5 Let uo = (xo; zo�) be an optimal solution of PT �p. If xo 62 O�o then go to Step 3.Step 6 If x0 belongs to the interior of O�o then let x� = xo and go to Step 9Step 7 If F (xo) 6= F (x�) then L := ;Step 8 If there exist i and j verifying
(xo � a�oj ) = 
(xo � a�oi ) i < j such that (�o1; : : : ; �oj ; : : : ; �oi ; : : : ; �on) 62 LThen doa) x� := xo, �o := (�o1; �o2; : : : ; �oj ; : : : ; �oi ; : : : ; �on)b) L := L [ f�ogc) GO TO Step 4.Step 9 Do



5 EXTENSIONS 17a) If F (x�) < F (y�) then y� := x�b) p := p+ 1.d) If p < k GO TO Step 2, otherwise the optimal solution is y�.Notice that this algorithm can be used to solve problems with convex forbidden regionsnot necessarily polyhedral. In order to do so we only have to approximate these regionsby polyhedral ones. Since this approximation can be done with arbitrary precisionusing for instance the sandwich approximation of Burkard et al. in [4], we can getgood approximations to the optimal solutions of the original problems.5.2 Non polyhedral caseIn the previous sections we only have considered polyhedral norms. We will use theseresults to develop a general scheme for solving the considered problems under generalgauges (non necessarily polyhedral).We show that the optimal solutions of these problems can be arbitrarily approxim-ated by sequence of optimal solutions of problems with polyhedral gauges convergingunder the Haussdorf metric to the considered non-polyhedral one.Although in this section, we only consider the objective function of the single facilitycase, F(x), all the results can be extended in an easy way to the multifacility cases.Let B be a unit ball of the gauge 
B(�), fBngn2IN an increasing sequence of poly-hedra included in B and fBngn2IN a decreasing sequence of polyhedra including B,that is, Bn � Bn+1 � B � Bn+1 � Bn for all n = 1; 2; : : :Let 
Bn(�) and 
Bn(�) be the gauges whose unit balls are Bn and Bn respectively.Proposition 5.1 If Bn � B � Bn we have that
Bn(x) � 
B(x) � 
Bn(x) 8x;2 IR nThe proof follows directly from the de�nition of gauges.Recall that given two compact sets A;B the Haussdorf distance between A and Bis dH(A;B) = max(maxx2A d2(x;B);maxy2B d2(A; y))where d2(x;B) = miny2B d2(x; y) being d2 the Euclidean distance.Proposition 5.2 Let K be a compact set. If Bn converges to B and Bn converges toB under the Haussdorf metric then for all " > 0 there exists n0 such that for all n � n0maxx2K jFn(x)� F (x)j < "maxx2K jF n(x)� F (x)j < "being Fn(x) :=PMi=1 �i
Bn(x� A)(i) and F n(x) :=PMi=1 �i
Bn(x� A)(i).



5 EXTENSIONS 18Proof:We only prove the �rst inequality. The second one follows analogously.Since Bn converges to B under the Haussdorf metric verifying Bn � Bn+1 for alln, and K is a compact set then given " > 0 there exists na for all a 2 A such that ifn > nA := maxa2A na then ���
B(x� a)� 
Bn(x� a)��� < "PMi=1 wiPMi=1 �i 8x 2 K.By continuity we have that for any i; j and any x 2 K verifying that wi
B(x�ai) <wj
B(x� aj) there exists n0 such that for all n > n0wi
Bn(x� ai) < wj
Bn(x� aj)On the other hand, if there exists k; l and x 2 K such that wk
B(x � ak) =wl
B(x�al) then there also exists n0 and a permutation �n0 such that for all n > n0 itholds: 1) w�n0k 
Bn(x� a�n0k ) = 
Bn(x�A)(k), and 2) w�n0k 
B(x� a�n0k ) = 
B(x�A)(k).Hence, we have for any x 2 K and n > maxfnA; n0g that
B(x� A)(k) = w�n0k 
B(x� a�n0k )
Bn(x� A)(k) = w�n0k 
Bn(x� a�n0k ):Therefore for any x 2 K and n > maxfnA; n0g we obtain thatjFn(x)�F (x)j = MXi=1 �ij
B(x�A)(i)�
Bn(x�A)(i)j = MXi=1 �iw�n0i j
B(x�a�n0i )�
Bn(x�a�n0i )j < "2Corollary 5.1 i) If Bn converges to B under the Haussdorf metric, then Fn(x)converges to F (x), besides the sequence fFn(x)gn2IN is decreasing.ii) If Bn converges to B under the Haussdorf metric, then F n(x) converges to F (x),besides the sequence fF n(x)gn2IN is increasing.In the following, we use another kind of convergence, called epi-convergence seeDe�nition 1.9 in the book of Attouch [2]. Let fg; g�; � = 1; :::g be a collection ofextended-values functions. We say that g� epi-converges to g if for all x,infx�!x lim inf�!1 g�(x�) � g(x)infx�!x lim sup�!1 g�(x�) � g(x)where the in�ma are with respect to all subsequences converging to x. The epi-convergence is very important because it establishes a relationship between the con-vergence of functionals and the convergence of the sequence of their minima. Furtherdetails can be found in the book of Attouch [2].Our next result states the theoretical convergence of the proposed scheme.Theorem 5.2 i) Let fxngn2IN be a sequence such that xn 2 argminFn(x) then anyaccumulation point of fxngn2IN belongs to argminF .
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