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Abstract

This paper presents two kinds of division polynomials for twisted Edwards curves.
Their chief property is that they characterise the n-torsion points of a given twisted
Edwards curve. We also present results concerning the coefficients of these polynomials,
which may aid computation.

1 Introduction
The famous last entry in the diary of Gauss concerns the curve with equation
2?4+t a2yt =1 (1)

and its rational points over F,,. This curve is related to the elliptic curve y? = 4a% — 4z

The idea of division polynomials on a curve with a group law on its points, is that we
try to write down a formula for [n]P in terms of the coordinates of P, where [n]P denotes
P added to itself n times under the group law. In this paper we shall give two distinct
solutions to this problem, in the general context of twisted Edwards curves, of which ()
is a special case.

Edwards [5], generalising (I)), introduced an addition law on the curves z? + y? =
(1 + z%y?) for ¢ € k, where k is a field of characteristic not equal to 2. He showed that
every elliptic curve over k is birationally equivalent (over some extension of k) to a curve
of this form.
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In [3], Bernstein and Lange generalised this addition law to the curves 2+y? = 1+dx?y?
for d € k\ {0,1}. More generally, they consider ? + y? = (1 + dz?y?), however, any
such curve is isomorphic to one of the form z? 4 y? = 1 + d'z%y? for some d’ € k, so we
will assume ¢ = 1. These curves are referred to as Edwards curves. Bernstein and Lange
showed that if k is finite, a large class of elliptic curves over k (all those which have a point
of order 4) can be represented in Edwards form. The case d = —1 gives the curve ()
considered by Gauss.

In [2], Bernstein et al. introduced the twisted Edwards curves az? + y? = 1 + dz?y?
(where a, d € k are distinct and non-zero) and showed that every elliptic curve with a
representation in Montgomery form is birationally equivalent to a twisted Edwards curve.
Obviously, the case a = 1 of a twisted Edwards curve is an Edwards curve.

In this paper we describe a sequence of rational functions, and consequently a sequence
of polynomials, defined on the function field of a twisted Edwards curve which are analogous
to the division polynomials for elliptic curves in Weierstrass form. In particular, these
polynomials characterise the n-torsion points of the twisted Edwards curve for a positive
integer n (see Corollary[5.2land Corollary[.2]). These twisted Edwards division polynomials
are polynomials in y with coefficients in Z[a,d], and have degree in y less than n?/2.

This paper is laid out as follows. In Section 2 we recall division polynomials for elliptic
curves in Weierstrass form. Section 3 recalls the basic properties of twisted Edwards curves.
In Section 4, on the function field of an Edwards curve, Theorem 1] proves a uniqueness
form for elements of the function field of an Edwards curve, analagous to the known result
that elements of the function field of a Weierstrass curve can be written uniquely in the
form p(x) + yq(x). Our division polynomials (actually rational functions) are presented in
this unique form. Section [6] compares our results to those of Gauss for the curve (). In
Section [7 we isolate the important part of the Edwards division rational functions, which
are polynomials that could be called Edwards division polynomials. Furthermore, we show
in Section [§ that the coefficients of a given twisted Edwards division polynomial exhibit
a certain symmetry, which may reduce the amount of computation necessary for finding
that polynomial. In Section [@ we derive a different set of polynomials which also display
some properties we require from division polynomials. These have a different character to
the first set, since the nth polynomial is defined by a recursion on the n — 1th and n — 2th
polynomials, as opposed to polynomials of index ~ 3.

2 Division polynomials for Weierstrass Curves

We recall the division polynomials for Weierstrass curves here.

First we recall the definition of the function field of an (affine) algebraic variety. If
V/k is a variety in affine n-space, I(V') denotes the ideal generated by the polynomials in
k[xi,...,z,] that vanish on V. The affine coordinate ring of V' is the integral domain

kV]:=klz1,...,z,])/I(V).



The function field of V' over k, denoted by k(V), is defined to be the quotient field of k[V].

For example, if W is an elliptic curve with Weierstrass equation v?> = u® + Au + B, the
function field of W, k(W), is the quotient field of k[u,v]/(v? — u® — Au — B).

We use (u,v) as the coordinates for a curve in Weierstrass form and reserve (x,y) for
(twisted) Edwards curves.

If char(k) # 2 or 3, given an elliptic curve over k in short Weierstrass form

W:vP=u’+ Au+ B

with identity O , the division polynomials ¥,, are polynomials defined on the function field
of W for each n € N by the following recursion:

Vo (u,v) =0
Uy (u,v) =1
Uy (u,v) = 2v
U3(u,v) = 3u* + 6Au® + 12Bu — A?
Uy(u,v) = dv(u® 4+ 5Au* + 20Bu® — 5A4%u* — 4ABu — A® — 8B?)
Uomi1(u,v) = Wpnyo(u, 0) VD, (u,v) — Wppq (u, v) W2 (u, v) for m > 2
Yo (u,v) = % (\Ifm+2(u,v)\1ffn_1(u,v) - \I’m_2(u,v)\1’3n+1(u,v)) for m > 3.

The ¥, are polynomials in u and v with coefficients in Z[A, B]. The principal properties
of the division polynomials are that ¥, (u,v) = 0 precisely when (u,v) is an n-torsion
point of W (i.e. [n](u,v) = O), and that the multiplication-by-n map [n] : W — W is
characterised by the division polynomials as

<u\I/$L(u,fu) — W1 (0, 0) Wy iq (u, v) \Ilgn(u,v)>
W2 (u,v) 12Ul (u,v)

(] (u,v) =

(see e.g. [9], Chapters 3 , 9, [8], Chapter 3). If n is odd then V¥,, € Z[u, A, B], and ¥,, has
degree (n? —1)/2 in u. If n is even then ¥,, € vZ[u, A, B] with degree (n? —4)/2 in u. In
this paper we prove analagous results for twisted Edwards curves.

3 Twisted Edwards Curves

Let k be a field with characteristic # 2 or 3. Let K be an extension field of k. Let E(K)
be the twisted Edwards curve over K with coefficients a and d, where a and d are distinct

and non-zero:
E(K):ax® +y* = 1 + da’y?



Points on E(K) may be added by the rule

T1Y2 + Ty Y1Y2 — aT1T2 >
1+ dzizoyiye’ 1 — drizayiys

(x1,91) + (72,92) = <

and under this operation, the points on E(K) form an abelian group. The identity is
(0,1), and the additive inverse of a point (x,y) is (—z,y). The projective closure of E has
singularities at (1:0:0) and (0:1:0).
The twisted Edwards curve E(K) is birationally equivalent to the Weierstrass-form
elliptic curve
(a® + 14ad + d?) (a® — 33a%d — 33ad? + d°)

K):v? =4 — -
W(K):v"=u 8 b 864

under the transformation

_ (5a —d) + (a — 5d)y (a—-ad)1+y) .
= 209 ,v.—m if x(1 —y) #0,

otherwise
(z,y) = (0,1) = (u,v) = O

(z,9) = (0,—1) = (u,v) = (azdﬁ) .

The inverse transformation is given by

_6u—(a+d)  12u+d—5a

= ——— ifv(12 —bd 0
6v » ¥ 12u 4+ a — 5d if v(12u +a ) #

and
(u,v) = O = (z,y) = (0,1)

(u, v) = <“gd,o> ~ (2,y) = (0,~1).

There are 4 points on W (k) that are not mapped to any point on the twisted Edwards

curve. These are (u,v) = (‘E’ga,i@) and (u,v) = (%,0) where s,t € k

such that s> = d,t?> = ad. We note that (%, 0) are points of order 2 on W, and

(5%—5“, is(dfzav are points of order 4 on W. Had we defined the birational equivalence

between the projective closures of W and E, the points (5d —a : £3s(d — a) : 12) of W
would map to the singular point (0:1:0) of E, while the points (—(a +d) £ 6¢: 0:12) of
W would map to the singular point (1:0:0) of E.



4 The Function Field of a Twisted Edwards Curve

For Weierstrass curves W : v? = v + Au + B it is well known (see [§] for example) that
an element of the function field K (W) can be written uniquely in the form

p(u) +vq(u)

where p(u), ¢(u) are polynomials in w.

We will prove an analogous result for twisted Edwards curves E. Not surprisingly,
rational functions are needed in place of the polynomials. We use the notation ordp(f) to
denote the valuation of a function f € K(F) at a point P.

Theorem 4.1 Any function g € K(FE) can be written uniquely as

9(z,y) = p(y) + zq(y)

where p(y), q(y) are rational functions in y.
Proof: Let f(z,y) = 0 be the equation defining E, where
f(z,y) = az® + y?* — 1 — da*y°.

In K(F) we have
o 11—y
a— dy?
If g(x,y) € K(E), by replacing every occurence of 22 by this rational function in y it
follows that g(x,y) can be written in the form

Aly) +2B(y)
C(y) +xD(y)

where A, B,C, D are rational functions. Multiplying above and below by C(y) — xD(y),
and replacing each 22 by ;_;é’;g shows that g can be written in the stated form. This proves
existence.
Suppose for the sake of contradiction that this expression for ¢ is not unique. Then
A(y) + xB(y) = 0 for some nonzero rational functions A(y), B(y). So
A(y)

B(y)
which implies
ord(g,1yz = ord(g,1)A(y) — ord(o,1yB(y)- (2)

We obtain our contradiction by showing that the right-hand side of equation (2)) is even,
but the left-hand side is equal to 1.



We expand at (0,1) and we get
fla,y+1) = a2’ + (y+1)* = 1 - da®(y + 1)
= ax? +y? + 2y — da’y® — 2da’y — da®.

This shows that the line z = 0 is not a tangent at (0,1), so = is a local uniformizer there.
Then

f(2,0+1) = (a — d)a?
which implies ord g 1y(y — 1) = 2 ord(g1)(z) = 2.

=

When computing ord g 1)A(y), we translate (0, 1) to the origin, and write A(y+1) = %
for some polynomials a(y), b(y). Then

0Td(0,1)A(y) = Ord(o,o)a(y) - Ord(o,o)b(y)-

Of course, after translation we have ord g g)(y) = 2.

Let ng be the degree of the term of smallest degree in a(y), and similarly let mg be
the degree of the term of smallest degree in b(y). Then ord g gya(y) = (ord( 0)y) no = 2no,
and similarly, ord,0)b(y) = 2mo. Thus ord g 1)A(y) = 2(no — mo), which is even.

Similarly, ord g 1)B(y) is even. This proves that the right-hand side of (Z)) is even, and
we are done. O

Corollary 4.2 Any function g € K(E) can be written uniquely as

g(z,y) =p'(y) + iq’(y)

where p'(y), ¢'(y) are rational functions in y.

Proof: This follows from the Theorem [£.1] and the fact that

1 —y?
a — dy?

8
I
8|~

on the function field of E. In fact p'(y) is equal to p(y), using the notation of Theorem

41 and
1—y2
a — dy?

q(y) = q(y).



5 Division Rational Functions on Twisted Edwards Curves

We define the following rational functions ¥, (x,y) on the function field of E recursively
for n > 0:

Yo(z,y) =0
Py (z,y) =1

o (z,y) = %

it = R
o) = 2 df( (< . yy)>(>a7_ e

Vomt1(2,Y) = Yo (2, 9)U5, (2,Y) — Y1 (T, )01 (2,y)  for m > 2

o (2 fg DY) (s g0 () — Ymea(@, g )R 1 (2y))  for m > 3,

These functions are not defined at the points (0,1) and (0, —1). We point out that
these elements of the function field K (FE) are in the unique form given in Corollary
For n > 1, we also define

I+ y)p(ry)  Wn1(@,y)¢ns(2,y)
(1-y) (a—d)
27;Z)2n($7y)
(@ — d)n(z,y) '

Next we show that these rational functions arise in the multiplication-by-n map.

@bn(l'y y) =

and  wy(z,y) :=

Theorem 5.1 Let (x,%) be a point in E(k)\ {(0,1),(0,—1)} and n > 1 an integer. Then

_ ¢n(w,y)wn(x,y) ¢n(x7y)_1/}721(x7y)
nl(e.y) = < @) @) T ¢,%<x,y>> |

Proof: Compute the division polynomials for the Weierstrass elliptic curve from Section
B, W:v?=u?+ Au+ B, where

(a® + 14ad + d?) B _ (a® — 33a%d — 33ad? + d3)

A=- 48 ’ 864




Uo(u,v) =0
\Ifl(u,v) =1
Uy (u,v) = 2v
Us(u,v) = 3u* + 6Au? + 12Bu — A*
Uy (u,v) = 4v(u’® + 5Au* + 20Bu® — 5A%u? — 4ABu — A — 8B?)
\Il2m+1(u7 U) = \Ilm+2 (’LL, ’U)\Ijm(u7 U) - \Ijm—l(uv ’U)\Ijm+1 (’LL, U) for m > 2
Ui (u,
Uom(u,v) = Zm(u, ) (T2 (u, ) T2 (u,0) — Uppoa(u,v) V2, 4 (u,0))  for m > 3.
\IIZ(ua U)
Substituting
2 2 3_aa.27 2, 3
A:_(a +14ad+d), B:_(a 33a°d — 33ad” + d°) and
48 864
_ (5a —d) + (a—5d)y o (a—d)(1+y)
121-y) 7 T da(l-y)

for the cases 0, 1,2, 3,4 we see that ¥;(u,v) = ¥;(z,y) for i =0,1,2,3,4. Hence, as the
recursion relations for the two sets of functions ¥;(u,v) and ;(z,y) are identical for i > 5,
we have that ¥, (u,v) = ¢, (z,y) for all integers n > 0.

From here on we will use the abbreviated notations 1, for ¥, (z,y), ¢, for ¢,(z,y) and
wy, for wy(x,y). Let (2, yn) = [n](z,y), and (up,vy,) = [n]w (u,v).

From the properties of the division polynomials,

B U1 (u,0) W p (u, v) Uy (u,v)
Up = U — 3 y Un = oo
U2 (u,v) 202 (u,v)
i.e.,
w oy Pnm1Vnr o Yon
n ’l/)% 9 n 21/}117
and, applying the birational equivalence gives
6u, — (a +d) 12u, +d — 5a
In = ——F Yn = =
6v,, 12uy,, +a — 5d

1 <5a —d+(@=5d)y o1y a+t d>
" o 12(1 —y) Y2 6

P ((a—d) (1 4y}

= Yo < 21— y) - 2¢n—17/)n+1>




while

(bnwn _ (CL - d)lﬁ% <<1 + y> ¢2 o 4¢n—1¢n+1>
wn, 29n, 1—y/) " a—d
_ ((a— d)(1 + y)o2
Yon 2(1—-y)

=x,.

— 21/1n—1¢n+1>

Also,
~ 12uy +d—5a

In = 10w, +a—>5d

and

Sa —d+(a—5d)y 12¢n_1¢n+1
(1-y) V2
_6(a—d)y Yn—1¥nt1
=—1— " - 127¢%
6(a —d) Yp—1Vny1
=y T g2

12u,, +d — ba = +d—b5a

12up +a — bd =

SO

((1 B d)W% B 2(1 - y)wn—1¢n+1
(a - d)T/)% - 2(1 - y)wn—1¢n+1

Yn =
and

1+

<

R
Ont U () g Reiten g2
— (CL B d)yw% B 2(1 - y)wn—lwn—l—l
(a - d)¢% - 2(1 - y)wn—lwn—l—l
= Yn-

vz |

‘r—-»—t
< |

|

Hence

(bn(wvy)wn(x?y) (bn(x,y) — 1/}721('%7y)> )

[n](w,y)=< wn(z,y)  onl(x,y) + 2(z,y)

O

Corollary 5.2 Let P = (z,y) be in E(k) \ {(0,1),(0,—1)} and let n > 1. Then P is an
n-torsion point of E if and only if 1, (P) = 0.



Proof: Since the identity is (0, 1), the result is clear from Theorem [5.11 O

So the ¥, (z,y), though they are rational functions, can be seen as analogues of division
polynomials. Here are the first seven ¢, (z,y):

Yo =0

P =1

by = C= D+ 1)

z(2(1—y))

s = (a — d)3(—dy* — 2dy® + 2ay + a)
21 —y))*

s = 2(a — d)(—dyb — dy® + ay? + ay)
z((2(1—y))7

1/} - (a _ d)g(d3y12 _ 2d3y11 N 2a3y _ a3)

T (2(1—y)™
e = (a — d)3(—=d*y'" — d*y'® + (4ad® + 4d")y"® + --- + (4a3d + 4a*)y? — a’y — a?)

z((2(1 —y)'

As we said earlier, these elements of the function field K(F) are in the unique form
given in Corollary
The apparent patterns here are proved in theorem [7.1] below.

6 Gauss’s notes

We mention here how Gauss’s formulas (see Fig 1) are incorrect, although they are close
to being correct. Essentially the only errors are sign errors.

One can see that Gauss calls the point (s, ¢) and sin lemn ng denotes the = coordinate
of [n](s,c), and cos lemn ny denotes the y coordinate of [n](s,c).

We represent our formulas in the unique form given by Theorem .11

Our division polynomial formulas applied to the curve () give

(s, ¢) = 2sc(c? +1) —c*—2c2 +1
T A+1 T A —2e2-1

which we can see agree with Gauss’s formula for twice the point in terms of c¢. However,
there is an error in Gauss’s formula for cos lemn 2¢ in terms of s, which should be

1—2¢2 — gt
14252 — st

10



A sign error also occurs in the denominator of the sin lemn 5¢ formula (coefficient of
512 should be -12), and six times in the cos lemn 4¢ formula, which should read

1 —8s% — 125" — 855 + +385% + 85'0 — 12512 + 85'* + 510

I 4o =
COs lemnsy 14 852 — 1254 + 856 + 3858 — 8510 — 12512 — 8514 4 516

We note that these sign errors break the apparent “reverse symmetry” between the
coefficients of the numerator and denominator. This symmetry, proved by Abel [1], is
explained in greater detail in Chapter 15 of [4].

For the general case, Gauss gave some information on the x coordinate of [n](s,c), but
not the y coordinate.

7 Division Polynomials

The next theorem isolates the key polynomial in the numerator of v,,, which we call 1,Z~)(y)
These polynomials could also be called the division polynomials for twisted Edwards curves.

Theorem 7.1 We have

(a — d)*™, (y)/(2(1 —y)™™  if n is odd

¢n($y y) = R
a— n(y)/x(2(1 —y if n 1s even
d)k)q), m(n) gf
where ,
n 2_1 if n is odd
m(n) =
# if n is even
and )
3n
kn)=|—
o= | %]
and

= —dy* — 2dy® + 2ay + a
= —2y(y + 1)(dy* — a) = —2dy® — 2dy’ + 2ay” + 2ay,

11



and

A(a—d)(a=dy*Yr2PR W) _ T

(y+1) (y)¢r+1(y) Zf’f’ =0 (HlOd 4)7 r 2 4
~ 4(a—d r .
) — reay) i (y) — L= ’(ZH;@’ 20 fp =1 (mod4), r>5
2re1y) = Aa=dy®)*r 2 (W) () — G ()P3(y) ifr=2 (mod4), r>2
(y+1)2 r—1 Yy = ) =
~ ~ 4(a—d)(a—d — .
[ Drsaliy) - B R0 iy =5 (mod 4), 723
and
( ) > > > > .
L (D221 () P2 (W)V2a () #r=0 (mod4), r >4
i< ] (0= D 10) — s i) =1 mod 4, 25
2r\Y) = 7 ~ ~ ~ ~ .
L (a0, () — 2R () ifr =2 (mod 4), 726
2 (G221 () — (0= D202, (1)) T =3 (mod 4), >3
Proof:
First observe for all t € Z, t > 0,
16t2 — 2
m(4t) = ot =82 — 1
2 2
4+ 1) = (4t £1)°—1 1682 L8t p
2 2
2 2
m(4t +2) = Mtiz) 2_ 1ot i216t+2 =82 £ 8t +1
2 2
m(4tj:3):(4ti?;) _ 1ot i224t+8:8t2i12t+4
and
2
k(4t) = 3(48'5) J = |6t*] = 6t
) 2
(4t £1) = w - 6t2i3t+gJ — 62 + 3t
I AL
k(4t +2) = w = 6t2j:6t+%J =6t2+6t+1
I Aot
k(4t +3) = @ = 6t2i9t+2§J =6t + 9t + 3.

The proof is by induction. The claim is true for n =0..
.n—1

Assume true for 0. .

12

4.



Case 1: n =0 (mod 8) i.e. n = 8l for some [ € Z. Let r = 4l.
By definition,

Ur

hn = % (¢r+2¢%—1 - ¢r—27p2+1)
(CL _ d)k(r)—l,&r (a _ d)k(r+2)+2k(r—l)¢~%+21}z}2_1 (a _ d)k(r_2)+2k(r+l)72)r—272)2+1
- (y + 1)(2(1 — y))m-1 2(2(1 — y))mir+2)F2m(r—1) - 2(2(1 — y))mr—2)F2m(r+1)

Also,

m(4l) —1+m(4 +2) +2m(4l —1) =8> —1— 1+ 81> + 81 + 1+ 16[* — 81
=321 — 1 = m(81) = m(n)

mAl) —14+m(4l —2) +2m4l +1) =812 —1 -1+ 812 — 81 + 1+ 16/> + &I
= 321> — 1 = m(81) = m(n)

and
k(4l) — 1+ k(41 +2) + 2k(4l — 1) = 61> — 1 + 61> + 61 + 1 + 121> — 61
= 241% = k(8) = k(n)
k(4l) — 14 k(4] — 2) + 2k(4] + 1) = 61 — 1+ 6% — 61 + 1 + 121* + 61
= 241% = k(8) = k(n).
So

= (a — d)F™)

Toaly+ 10 - y)me

_ (a= M (y)
2@ — )"

(9 (Frs292s — dr2t?s))

Case 2: n =1 (mod 8) i.e. n =8l + 1 for some [ € Z. Let r = 4.
By definition

Y = Yre2¥y = Yr¥i
(a — d)k(r+2)+3k(r)1;r+21;§ B (a — d)k(r—1)+3k(r+1)1)z~}r_ﬂz§+l

T yA2(1 — 2))mr2)+3m() (2(1 — y))me—D+3m(r+1)

Using the curve equation
az? +y? =1+ day?

13



gives

SO

4(& _ d)k(r+2)+3k(r) (CL _ dy2)21[}r+21;§ (CL _ d)k(r—l)—i—?»k(r—i—l)i}r_ﬂzg_i_l

Y= (y+ 1)2(2(1 — y))n+2+3m+2 — —(9(1 — y))mlr—D+3m(r+1)
Again,
k(41 + 2) + 3k(4l) = 61% + 61 + 1 + 181 = 241> + 61 + 1
=k(n)+1
(4l — 1) 4 3k(4l + 1) = 61% — 31 + 181% 4 91 = 241% 4 61
= k(n)
and
m(4l 4 2) + 3m(4l) +2 =812 + 81 + 1+ 241 — 3+ 2 = 321> + 81
=m(n)
m(4l — 1) + 3m(4l + 1) = 812 — 41 4 241> + 121 = 321> + 8l
=m(n).
Hence

A(a — d)(a — dy*)*rra(y) 93 ()
(y +1)?
Cases 3,...8: n=2,...7 (mod 8). Similar.

WY, = — Y1 (W)Y (y) -

Corollary 7.2 Let P = (z,y) be in E(k)\ {(0,1)} and let n > 1. Then
P is an n-torsion point of E if and only if zﬁn(y) =0.

Proof: The result follows from Corollary and Theorem [7.1

14



8 Further Facts

Here are some more facts about the .
Theorem 8.1 ¥, (y) € Z[a,d,y] ¥Yn >0, and (y+ 1) divides 1, (y) if n is even

Proof: Proof is by induction. The statement is true for n = 0,1,2,3,4. Now suppose
it is true for 0,1,2,...,n — 1:
Case 1: n =0 (mod 8) i.e. n = 8l for some [ € Z. Let r = 4l.

Then G(y) = S8 (V2021 () = o2 )2, (9))

5 and };T(y)a 1;7“4-2(:%)7 'l;T—l(y% 7[’7*—2(?4)7 1/37’+1(y)~€ Z[CL, d7 y] AISO, (y + 1) divides
Ur(y), Yry2(y), and ¥,_o(y) by hypothesis. Hence 1, (y) € Z[a,d,y] and (y + 1) divides

Un(y)-
Case 2: n =1 (mod 8) i.e. n =28+ 1 for some [ € Z. Let r = 4l.

~ a—d)(a—du? 2~T 73 ~
Then (1)) = 4(a—d)( d(zfyllq)b? 2R () _ ¢T—1(y)¢§+1(y)

and ¥r42(y), ¥r(y), 1/7r—1(y), Ury1(y) € Zla,d,y]. Also, (y + 1) divides v,(y) and

tr42(y) by hypothesis. Hence 1), (y) € Z[a, d, y].
Cases 3,...8: n=2,...7 (mod 8). Similar. O

_ Theorem and Corollary B3] provide results for the degrees of these polynomials
¥n(y), and Theorem shows that the coefficients of the polynomials exhibit a large
amount of symmetry.

Theorem 8.2 If char(k) = 0 or 4 - char(k) 1 n, then ¥n(y) has leading term (term of
largest degree in y)

{ §(n)dm™ M=k ym) i n £ 0 (mod 4)

§(n)d™M kM) ymm) =1 ifp =0 (mod 4)

where
2 ifn=0 (mod38)
-5 ifn=4 (mod8)
d(n) =
1 ifn=1,2 or5 (mod38)
-1 ifn=3,6, or7 (mod 8)

and m(n), k(n) are as defined in Theorem[7.1
If char(k) # 0 and 4 - char(k) | n, then deg(vn(y)) < m(n) —1 .
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Proof: Proof is by induction. The statement is true for n = 0,1,2,3,4. Now suppose
it is true for 0,1,2,...,n — 1:
Case 1: n =0 (mod 8) i.e. n =8l for some | € Z. Let r = 4. Then

Un(y) = W )

2 (Bra2 P21 ) = 2024 )

:(5(r)dm(") ) ym()=2 4 )x
[(5(7‘ + 2)(5(7‘ o 1))2dm(r+2)+2m(r—1)—k(7’+2)—2k(r—1)ym(r+2)+2m(r—1) + ... )
. ((5(7’ _ 2)(5(7‘ + 1))2dm(r—2)+2m(r+1)—k(r—2)—2k(r+l)ym(r—2)+2m(r+l) 4. )]

So, computing the m’s and k’s as in previous proofs, and noting that
d(r) ==£20, 0(r +2) ==+1, 6(r—1) = -1,
d(r—2)=F1, é(r+1) =1,
the leading term is thus
0] @m () k() () =2 (g +2)+2m(r—1) L m(r=2)+2m(r+1))

n —k(n), m(n)—
_ gl —k(n) m(n) -1

The only exception being if char(k) # 0 and char(k) | r, (i.e. if char(k) | n) in which
case, deg(¥r(y)) < m(r) — 1 and deg(yn(y)) < m(n) — 1.
Case 2: n =1 (mod 8) i.e. n—8l+1forsomel€Z Let r = 4l.
I a—d)(a—d r 2
Then iy (y) = M=z WL _ G, ()53, ().
The degree (in y) of the first term above is m(r+2)+3(m(r) —1)+4—2 = 320> +8]— 3.

The degree (in y) of the second term is m(r — 1) + 3m(r + 1) = 32I%> + 8 Thus

4(a—d)(a—dy?)*Pry2(y)P3 ()
(y+1)?

does not contribute to the leading term which is
—(5(7’ _ 1)((5(7’ + 1))3dm(r—l)+3m(7’+l)—k(r—l)—3k(r+1)y32l2+81'
Now,
o(r—1)=-1, 6(r+1)=1, é(n) =
k(r —1) 4 3k(r + 1) = 241* + 6l
m(n) = m(8l + 1) = 321% + 81 — (241% + 61) = 8% + 2L.

So the leading term is d™(™ =k ym(n) — §(p)dm (M) =kn)ymn) a5 required.

The only exceptional case is if char(k) # 0 and char(k) | r, in which case deg (¢, (y)) <
m(r) — 1, but as 9, (y) does not contribute to the leading term, this does not affect the
result.

Cases 3,...8: n=2,...7 (mod 8). Similar. O
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Corollary 8.3 If41n, then deg(vy(y)) = m(n) where

n 2_1 if n is odd
m(n) =
== if n is even.

If 4| n and char(k) t n, deg(n(y)) = m(n) — 1.

Otherwise deg(¢n(y)) < m(n) — 1.

Proof: Immediate from Theorem . . O
The only case where the giegree of the polynomial 1, is not known precisely is when
n

4 - char(k) | n. In any case, % is an upper bound for deg(tn).

Lemma 8.4 If char(k) = 0 or 4 - char(k) t n, then 1, (y) has final term (term of least
degree in y)
e(n)a™™=km) ifn£0 (mod 4)

e(n)a™™=kMy  ifn=0 (mod 4)

where
p

ifn=0 (mod 8)

N3

N3

ifn=4 (mod 8)

1 ifn=1,2, or3 (mod8)

L -1 ifn=5,6, or7 (mod 8)

and m(n), k(n) are as defined in Theorem [7.1]
If char(k) # 0 and 4 - char(k) | n, then the term of least degree has degree greater than
1.

Proof: Similar to proof of Theorem O

Recall from Theorem [R.J] that zﬁn(y) = zﬁn(a, d,y) € Zla,d,y]. If we write ¥y, in the
form B
wn(a7 d, y) = am(n)ym(n) + O4m(n)—1ym(n)_l +o oyt o

where m(n) is as defined in Theorem [Z1] (so, in particular, if 4 [ n, a,,@) = @ = 0) and
«; € Zla,d], then we define

'l;;kz(aa d,y) == aoym(n) + O41ym(n)_1 Tt Q) -1y + Qmn)
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Lemma 8.5 v,(a,d,y), considered as a polynomial in a and d (with coefficients in Zla, d))
is homogeneous of degree m(n) — k(n).

Proof: Proof is by induction using Theorem [7.1] O

Theorem 8.6 Consider @n(a,d,y) € Zla,d,y|, as a polynomial in three variables. Then
wn(av d7 y) = 7/’;(—617 —a, y)

Proof: We can restate this theorem as: If
Un(a,d,y) = U (n) (@, d)y™™ + A (n)—1(a, d)y™™ 1 4+ o (a, d)y + ag(a, d)
then
Unl(a,d,y) = ag(—d, —a)y™™ +ay (—d, —a)y™ M1 .. + 0 (n)—1(—d; —a)y+amm) (—d, —a).
If F is as defined at the outset,
E:az® 4+ 9? =1+ da?y?
and we let E’ be the twisted Edwards curve
E':dx® +y? =1+ az?y?

then the birational equivalence (z,y) — (x, l) maps E to £/, and E’ to E.

Y
Now, ~
~ (a =AM (y)
where
(n) = 1 ifniseven
TW=N 0 ifnisodd
and ~

(2(1 — g)) a0

where 1 (x,y), ¥/, (y) are the relevant functions defined on E'.
Now,

1 e
U (2, 5) T 20— é))m(n)xv(n)
(a = O (= 1))k ymlny (1)
(2(1 = g))mm )

18



and by theorem B2 (—1)"(")=k(n)ym(n)q)y (%) € Zla,d,y|.
By the birational equivalence, for any (z,y) € E,

Un(z,y) =0 & 1, <:E é) =

SO

Jnly) = 0 & (—1ymm—kmymmg Ly g

<

which gives
) = (1RO ()
for some t. By comparing leading terms using theorems and [8.4], we get t =1, i.e.,
Ynly) = (=1)m Ry (
Now,
Un(a,d,y) = U (n) (@, d)y™™ + U (n)—1(a, d)y™™M =1 4+ oy (a, d)y + ag(a, d)
and
Ul (a,d,y) = () (d, a)y™m 4+ U (ny—1(d, a)y™ ™M1 4y oy (dya)y + ao(d, a).

Recall (lemma [85]) that each of the «; is homogeneous in a and d of degree m(n)—k(n),

(_1) )=k(m) ¢ (aa d, y) = O4m(n)(_d7 _a)ym(n) +am(n)—1(_d7 _a)ym(n)—l_i_' : '+041(_d7 _a)y+a0(_d7 —CL)

and
m(n)—k(n), m(n), 7. 1
( 1) (m)—H( )y ( )wé(g) = O4m(n)(_d7 —CL) + am(n)—l(_da _a)y + .
+ al(_dv _a)ym(n)—l + ao(—d, _a)ym(n)
= 'l;;(_da —a, y)
Henceu ,l/;n(aﬂ d7 y) = 'l;:z(_d7 —a, y) D
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9 Another Approach to Division Polynomials
9.1 Rephrasing the addition laws

Let (z4,y+) = (x1,91) + (22,92), (-, y-) = (x1,91) — (22,92)
Theorem 9.1

z1y2(1 — dz3) + zoy1 (1 — da?)
1-— adw%w%

Ty =

Proof:

(1y2 + 22y1) (1 — dw172Y192)
1 — d?x223y3y3
x1y2(1 — dady?) 4+ zoyr (1 — dafy3)
1= driadyiys

1— 2 1— 2
w1ya(1 — da3 1_32%) + 2y1(1 — daf l_zzé)

1—az? .\, 1—
1 — d?ziai( 1—32% ) 1—?12)

(1= d(z? + 23) + adziad) (z1y2(1 — dad) + zoyi (1 — da?))
(1 —dz?)(1 — da3) — d22222(1 — ax?)(1 — ax?)
_ (1= d(af +23) + adziz3)(z1y2(1 — da3) + xoyi (1 — da?))
(1 —d(z? + 23) + adx?23)(1 — adx?23)
_ 21ya(l — dad) + wayn (1 — daf)
1 — adz?xz3

Ty =

M

O
Notes: If ad is a nonsquare in K, it is immediate that the above addition law is complete
(in the sense of [3]). It is also straightforward to see that

~ye(l - dm%) —zoy1 (1 — dm%)

Y

1 — adz?x?
and thus the following theorem holds.

Theorem 9.2 ( 2)
_ 2m1y2(1 — dx3
T+ T = 1— adx%w%

Analogously:
(a — d)y1y2 — (a — dy%)(a — dy%)a:lazg
a—d(y} +v3) + dyiys

Y+ =
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Proof:

(y1y2 — ax122)(1 + dx122Y1Y2)

Y+ = 1 — d2x222y?y3

_ y1y2(1 — adx?23) — z122(a — dy?y3)

1 — d?z323y3y3

~ yia((a — dyi)(a — dy3) — ad(1 — y7)(1 — 3)) — T1@2(a — dyiy3)(a — dyi)(a — dy3)

a (a — dy?)(a — dy3) — dyiy3(1 — y3)(1 — y3)

(e —d)(a — dyiy3d)yriye — (a — dyi)(a — dy3)(a — dyiy3)z122

(a — dyty3)(a — d(y? + v3) + dyiy3)
(e = Dyryz — (a — dyi)(a — dy3)z172
a a—d(yf +v3) + dyiy3
O
Thus
Y = (a — dyyiyz + (a — dy?)(a — dy3)x12
a—d(y? +v3) + dyiy3

and
Theorem 9.3

2(a — d)y1y2
a—d(y? + y3) + dyy3

Y+ ty- =

9.2 Recursion formulae

Motivated by the polynomials studied by Abel in proving his theorem on the n-division
points of the lemniscate [I] (and see also Cox [4]), we use the above addition formulae to
derive a new set of polynomials defined by a recursion to specify the nth multiple of a
point. From here on we denote the z-coordinate of [n)(x,y) by z,, and the y-coordinate

by Yn-

Theorem 9.4
zy P (x2)

Qn(a?)

if n is even

%PT"((;C;)) if n is odd
where Pp(t), Qn(t) € Z[t] are defined by:

Pi(t) =1, Qi(t) =1, Py(t) =2(1 —dt), Qa(t) = 1 — adt?
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2(1 — at)(1 — dt)P,Qn_1Qn — Po_1((1 — dt)Q? — adt*(1 — at)P2) if n is even
Pn—i—l(t) =
2(1 — dt)PyQn-1Qn — Pr_1(Q% — adt®P?)  if n is odd

Qn-1((1 — dt)Q? — adt*(1 — at)P?) if n is even

Qny1(t) =
Qn_1(Q? — adt®P?) if n is odd

Note that (P11, Qn+1) is generated by a recursion on (P, @y,) and (P,—1, Qn-1), as

distinct from the recursions on various polynomials of index ~ 5 as in theorem [Z.1]

Proof: By induction on n. The claim is true for n = 1, and, by Theorem [0.1] for n = 2.
Assume the claim is true for n, n — 1. Then, by Theorem [(9.2]
_ 2z,y(1 — da?)

Case 1: n even

2xy2%(1 — dx?) 2P, 1
1— adm4y2§% Qn-1
B 22y° P Qn(1 — dz?) 2P,y
Q2 —ada™y?P Quo
22(1 — az?)(1 — dz?)P,Q xP,_q
(1 —d2z2)Q2 — adz*(1 — ax®)P2  Qn_
~ 2(2(1 — az?)(1 — dz?) PuQn-1Qn — Pp1((1 — d2?)Q?2 — adz*(1 — az?)P2))
a Qn-1((1 — dz?)Q3 — adz*(1 — ax?)Py)

proving the claim for the case of n being even.

Tp4+1 =

Case 2: n odd
. 233?4%(1 — dz?) ryP,_1(2?)
+1= -
" 1 — adx? g’% Qn—1(z?)
_ 2zyP,Qn(1 — de?)  xyP,_1
Q% — adz* P? Qn-1

. xy(2(1 - dx2)PnQn—1Qn - n—l(Q?’L - adw4P3))
B Qn-1(Q% — adz*P?)
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Proving the claim for the case of n being odd, and thus, by induction, the theorem. O
Equally, one could rephrase the previous theorem as a recursion of rational functions.

Theorem 9.5
ryan(2?)  if n is even

Ty =
ray(2?)  if nis odd
where ay(t) are defined by:

2(1 —dt
Oél(t) = 1, Oég(t) = ﬁ,

2(1—at)(1-dt)an,
(—d)—adiZ(1-at)aZ ~ dn—1

if n is even

any1(t) =
21(_1—&%2)%”} — 1 if n is odd
Proof: Similar O

We can also express x,, in terms of y, and ¥, in terms of y or z. For brevity’s sake, we
omit these formulae.

9.3 Recovering the y coordinate

The formulae above can be used to perform z-coordinate-only arithmetic (c¢f Montgomery
ladder, [7]). For this purpose, we manipulate Theorem and the analogous result for y,
to get

Theorem 9.6
_ 2p-1(1 — adz?al) + zpy(1 — da?)
o = xz(1 — dz2)
o Unmi(a—dy? +yp) + dy’yn) — (@ — d)yyn
" (a — dy?)(a — dy;)

Proof: Immediate from

z1y2(1 — dag) + xop1 (1 — dz?)
1 — adz?x3

Ty =

and ) )
(a — d)yry2 — (a — dyi)(a — dy3)z122
a—d(y? +y3) + dy3y3

Y+ =
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