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Summary. The approximate inverse is a powerful tool for solving first kind
operator equations in a stable way. Its abstract convergence and stability the-
ory developed in our articles [SIAM J. Numer. Anal.,37,1909-1929,2000] and
[Math. Comp., 72, 1399-1415, 2003] is applied to the reconstruction problem
of 3D-vector field tomography resulting in a reconstruction algorithm of fil-
tered backprojection type. For an analytically computed reconstruction filter
(reconstruction kernel) convergence with rates as well as the regularization
property are established.

Mathematics Subject Classification (1991): 65J10, 65R10

1 Introduction

The approximate inverse is a numerical scheme to solve first kind operator
equations in a stable way. In our papers [15,16] we developed a conver-
gence and regularization theory for the approximate inverse in a general
setting. We further applied our abstract results to the reconstruction prob-
lem in 2D-tomography where we obtained convergence rates for the filtered
backprojection algorithm.

In the present paper we demonstrate the power of the approximate inverse
for reconstructing 3D-vector fields from projection data, that is, we apply the
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approximate inverse to the reconstruction problem in 3D-Doppler tomogra-
phy.

We organized the paper as follows. In the next section we recall briefly our
definition of the (fully discrete) approximate inverse and give an account on
our findings in the former articles [15, 16]. Then, we put life into the abstract
concepts within the framework of vector field tomography. Especially, we
compute analytically reconstruction kernels for the 3D-Doppler transform.
As aresult we gain convergence with rates for a filtered backprojection type
reconstruction algorithm in 3D-Doppler tomography.

The approximate inverse was originally introduced by Louis and Maaf} [7]
as a continuous regularization technique. For further information in that direc-
tion see, e.g., [3,5,6,8] by Louis and collaborators.

2 Approximate inverse

Suppose that we want to solve the operator equation

2.1 Af =g

where A : X — Y is a continuous linear operator between the real or com-
plex infinite dimensional Hilbert spaces X and Y. From a practical point of
view the complete right hand side is not at our disposal: we can only observe
finitely many moments W, g € K"! of g. Here, W, : Y — K" is the linear
observation operator which models the measuring or recording device. Let
us assume — for the time being — that ¥,, : ¥ — K" is bounded.

Instead of (2.1) we therefore have to consider the semi-discrete problem:
find an f, € X such that

(2.2) Apfn = &n

where A, = V,A and g, = WV, g fora g € Y. The above problem is under-
determined and we only can search for its minimum-norm solution f; in
N(A,)*, the orthogonal complement of the null space of A,.2 In princi-
pal we can obtain f, by solving the normal equation of (2.2). However, if
the range of A is non-closed in Y, that is, the generalized inverse of A is
unbounded, instabilities are likely to appear in computing £, directly from
the normal equation, especially under erroneous data g,,.

We stabilize the reconstruction by trying to compute moments of f':
(f,f, ei)x,i =1,...,d,with suitable mollifiers e; € X.Incase X = L*(Q),

! The field K denotes either R or C depending whether X and Y are real or complex
spaces.

2 The minimum-norm solution f,j of (2.2) exist for any g, € K" as the range of A, is
finite dimensional and hence closed.
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2 a domain in R™, one can think of the e;’s as smooth approximations to
8-distributions located at points x; € 2. To the mollifiers {e;} we associate
some set {b;} C X and approximate f, by

d

23) Eqf) =) (fl e)x bi.

i=1

Of course, we like to have E, f, converge to f, as d — oo. Accordingly,
we require that E; : X — X satisfies the mollifier property

24 dlim |Eqw —w|x =0 forany we X
— 00

which establishes the interplay of {e;} and {b;}.

The computations of the moments is achieved by approximating e; in the
range of Ay. To any e; we associate a reconstruction kernel v;' € K" by
minimizing the defect [|A} v — e;||x, that is, v} solves the normal equation

(2.5) A ARV = Ager.

The above equation for v is independent of the data g,,, therefore, the kernels
can be computed in advance without affection of noise from measurement
errors. We call (e;, v}') a mollifier/reconstruction kernel pair for A, because
the following lemma holds true.

Lemma 2.1 Assume that A € L(X,Y) and A, € L(X,K"). Further, let
either g be in R(A), the range of A, or v}, a solution of (2.5), be in N(AH)L.
Then,

n

(fnT’ ei)X = (gn, v; )K”'
Proof. The reconstruction kernel satisfies A,v;" = Py An)iei? Hence,

n

(ff edx = (f], Pnayre)x = (Anf) s v ke = (PR(A,) &ns> VI VK-

In case g € R(A) we have g, = ¥,g = V,Au for an u € X, so that
Pran&n = & If V] € N(A:)J- = R(A,) then Pr(4, v’ = v’. In both
instances we obtain (Pr(a,)&n, U/ )k» = (&n, U/ )Kr. o

Finally we define the approximate inverse Avn,d : K" - X of A, by

(2.6) Apaw =Y (w, v)xr by

3 Let M be a closed subspace of the Hilbert space Z. By Py € £(Z) we denote the
orthogonal projector onto M.
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Please note that the computation of Av”,dw reduces to an evaluation of d inner
products of length n. By Lemma 2.1 and (2.4),

Avn,dgn = EdfnT e, fnT = Pyt f
which justifies the notation approximate inverse (the equality on the right
hand side holds true if g, = A, f).

For several reasons we wish to avoid solving the normal equation (2.5):
A,A; may be a high dimensional, densely populated, and ill-conditioned
matrix; increasing n calls for complete new computation of the kernels; in-
variances of A and A*, which are used by Louis [5] to improve the efficiency
of the continuous approximate inverse (more details below in Lemma 2.3),
are in general not transmitted to A, or A}, respectively. Furthermore, it may
even happen, for instance, if A is the Radon or Doppler transform, that A, :
D(A,) ¢ X — K" is unbounded and A} does not exist. Then, the recon-
struction kernels are not meaningfully defined by (2.5).

To overcome the problems with the above described approach we go back
to the continuous situation. First, we define precisely the observation oper-
ator covering the situation where A, becomes unbounded. To this end A is
assumed to have the following mapping property

2.7) A : X; — Y is continuous

where X and Y; are Banach spaces such that the embeddings X; < X as
well as Y| < Y are continuous, injective, and dense. One can consider X
and Y; subspaces of X and Y, respectively, which contain “smooth” elements.
For instance, if X and Y are L2-spaces, X and Y, could be Sobolev spaces.

Now we define the observation operator WV, : Y} — K”". Given n func-
tionals {y, x}1<k<n in Y|, the dual to Yy, let

(2.8) (W0l = (Vnks Vlyjxy,, k=1,....n,

where (-, -) Y] x¥) is the duality pairing on Y| x Y.

The semi-discrete operator A,, := W, A : D(A,) C X — K" withdomain
of definition D(A,) = X might be bounded or unbounded. The former is
the case if X = X (topologically). Here A’ exists, hence, the reconstruction
kernels are well defined by (2.5). Typical examples are integral operators
with smooth (integral) kernels.

Since R(A*) is dense in N(A)* we find, to any ¢; > 0,an v; € Y; (Y; is
dense in Y') such that

(2.9) ||PN(A)J_61' — A*U,'“X <e¢g, i=1,...,d.

In[15, Sect. 3.2] we demonstrated how to obtain v; numerically from e; know-
ing a singular value decomposition of A. For A being the Radon transform,
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pairs (e;, v;) are explicitely known satisfying (2.9) with g; = 0, see, e.g., [12,
14]. Later in this paper (Sect. 4) we analytically compute pairs (e;, v;) for
the 3D-Doppler transform where also &; = 0.

With the v;’s we define approximate reconstruction kernels by

(2.10) vl = Gy, i=1,...,d.
The n x n-matrix G, is the Gramian relative to a family {¢y }1<x<, in Y which

is closely connected to W, by the operator [T, : Y| — Y,

n

(2.11) Mov = Y (Y@ = Y Yk V)yixy, G-
k=1

k=1

The operator I, is required to satisfy the approximation property (2.12): let
there be a sequence {p,} C [0, 1] converging monotonically to zero such that

(2.12) lv—T,vlly < pnllvlly, forallveY;asn — oo.

Our notation A < B indicates the existence of a generic constant ¢ > 0 such

that A < ¢ B. The constant ¢ will not depend on the arguments of A and B.

This means that the constant involved in (2.12) does not depend on 7 and v.
Furthermore, IT,, is assumed to be uniformly bounded in n,

(2.13) M lly,—y S 1 as n— oo,

Now we have all ingredients to formulate the convergence result. For the
stability result see [16, Sect. 4.2].

Theorem 2.2 Let A, E;, V,, and I1, be as specified in this section. Addi-
tionally, let the families {b; }1<i<q C X and {¢i}1<k<n C Y be Riesz systems.*
Let the triplets {(e;, vi, bi)}1<i<a C X X Y1 x X satisfy (2.4) and (2.9). If
f € X then

|AnaAnf — Puyt flix S I — Eg) Py fllix
d

1 1/2
(o S il + )l

i—
Provided d™' Y"*_ €2 — 0 asd — oo and p2d~" Y lvill§, — 0 as

n,d — 0o, we have convergence:

,11er<>10 ”Kn,dAnf — Py fllx = 0.

d— o0

4 A family {z j}1<j<m of a Hilbert space Z is called Riesz system iff

m

m wlgn < H ij ZjH <m M lwlk,  forall we K™,
j=1

~

2
V4
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Proof. In[16] we proved a less general version of Theorem 2.2: we restricted
ourselves to injective operators, that is, Py4) . = I. However, the proof of
Theorem 4.1 from [16] carries over to the present situation because

[{(Pnays foeidx — (s A"vid x| = I(f, Pnayrer — A%ui)x| <& I fllx
which is all we need. O

Louis [5] observed that invariances of A and A* can be used to generate
a new mollifier/reconstruction kernel pair from another one. In Lemma 2.3
below we present such a technique well suited for our version of the approx-
imate inverse. Moreover, we only require an invariance of A*. In this respect
Lemma 2.3 is an abstract modification of Theorem 3.1 from [11]. As a prac-
tical consequence we only need to find one single pair (e,v) € X x Y
fulfilling (2.9), see Sect. 3.2.

Lemma 2.3 Let A€ L(X,Y), T € L(X), and S € L(Y) satisfying TA* =
A*S. Further, let S have a dense range and let T be a multiple of an isometry:
thereis at > 0 such that |Tullx = t ||ullx for allu € X.

If | Pyayre — A*v|x < ¢ for a pair (e, v) € X x Y then also

| PyayeTe — A*Svullx < te.

Proof. We claim that Pya). T = T Pya).. Having verified our claim we are
done since

I PneayrTe — A*Svu|x = 17 (PncayLe — A*v)|lx <te.

Now we will establish the inclusions TN(A)t < N(A)' and TN(A) C
N(A).

To any w € N(A)* = R(A*) there exist a sequence {z;} in ¥ with
w = lim;_, o, A*z;. By the invariance we have A*Sz; = T A*z; which gives
lim;_, oo A*Sz; = Tw. Hence, Tw € R(A*) = N(A)' and the first inclusion
is shown.

To prove the second inclusion we note that 72A = S*AT which follows
from T A* = A*S when considering T*T = t? Ix (the latter relation holds
true since 7'/t is an isometry, see, e.g., Weidmann [19, Theorem 4.34]). By
assumption S* possesses a trivial null space, thus, we have TN(A) C N(A).

Finally, for any u € X,

PN(A)LTM = PN(A)L TPN(A)LM +PN(A)L TPN(A)M = TPN(A)LM
——— — —_——
eN(A)+ eN(A)

and our claim from the beginning is true. m|
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3 Convergence of filtered backprojection type algorithm for 3D vector
tomography

Vector tomography entails the reconstruction of a vector field from line
integrals over certain components of the field. There exists a wide area of
applications for vector tomography ranging from medical imaging (cancer
diagnosis from blood flow), structural mechanics, oceanography, photoelas-
ticity to plasma physics, see Sparr and Strahlén [18] for an overview.

In the present section we apply our abstract convergence results from the
former sections to the reconstruction problem in 3D vector tomography.

3.1 Doppler transform: definition and smoothing property

The mathematical model for vector tomography is the Doppler transform.
Here we present a convenient parameterization of this mapping and recall
some of its properties which we will need later. The material is taken from [10]
and [11].

We start with providing some notation. First we introduce the unit vectors
wy; = (0,0, 1)",w, = (1,0, 0), and w3 = (0, 1, 0)" permuting the canonical
unit vectors. With each of these vectors we associate embeddings P; : R? —
ij,]' =1,2,3,by Pi(x1, x2) = (x1,x2,0)", Pa(x1, x2) = (0, x1, x2)", and
P3(x1, x2) = (x1, 0, x2)".

In the sequel we will only consider lines being parallel to one of the three
planes ij, Jj =1,2,3. Aline L; parallel to ij is determined uniquely by
three parameters: a direction (angle) w () = (cos ¥, sin ¥)’, the distance
s € R to the w;-axis, and the distance a € R to the origin. Hence,

L; =L s,a) = {x e R? | (x,Pio(®)) =s, (x,w;) = a}.

Let Q be the open unit ball in R? centered about the origin. The 3D Doppler
transform

D= (D;,D,,D3) : L*(Q)’ - L*(Q)’, Q:=1[0,27] x [-1,1]%,
is defined by

D, f(®,s,a) = / (w; x Pjo®), f(x)do@), j=1,23.

Lj(@®,5,a)NQ

Observe that D, and D3 are not obtained from D; by a mere cyclic shift of
{1, 2, 3}: While P; and P, can be obtained from each other by a cyclic shift,
P3 is not a cyclic shift, neither form P; nor from P,. Thus, D; integrates
two different components of the vector field f over lines located in different
planes. Our definition of the D;’s corresponds exactly to the measurement
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geometry suggested by JUHLIN [4], see also NORTON [13]. Since we intend to
invert approximately a semi-discrete version of D, see Section 3.2 below, we
cannot confine to D; only but have to use a setting involving all components
of D.

The Doppler transform satisfies a smoothing property which we formu-
late in Theorem 3.1 below. To this end we need further notation. We define
anisotropic Sobolev spaces qu’ﬁ , o, B > 0, to be the closure of Cj°(£2), the
space of C*°-functions compactly supported in €2, with respect to the norm

172

1Vl s = ( /R I+ E2 4D 1+ 8D [0(Pi(E, &) + & w))| dé) ,

j = 1,2, 3. Above, v denotes the Fourier transform of v. Please observe that
Pi(&1, &) + & w; is only a permutation of the entries of § = (&, &, &3)".
For example,

1/2
10l s = (/Rs(l+s%+s§>“ (1+£)F |3(s)|2ds) :

Further, we introduce H*(G), the L?-Sobolev space of order « > 0 over
a domain G C R”, and its subspace Hy (G) containing all elements of
H%(G) which vanish at the boundary of G. For a detailed definition see,
e.g., Wloka [20].

Theorem 3.1 The Doppler transform D is a bounded linear mapping from
the Cartesian product space (Xft’ﬁﬂ/\f;’ﬁ) X (X{x’ﬁﬂé\,’za’ﬁ) X (X;’ﬁﬂX;’ﬁ) to
the tensor product space (H““/Z(Z) ® Hf(—l, 1))3 where Z =10,2n[
x]—1, 1L

More precisely, we have the continuity estimates

(313) “Djf||H°‘+l/2(Z)®H§(—l,l) < ”f]“)(‘]"‘ﬂ + ||fj+1||)(j‘_"»ﬁv .]= 1525

GIb) IDs fll o a1y S il + 13l yer
Proof. The proof of Theorem 2.10 from [10] actually verifies (3.1). O

Basically, the above theorem tells us that D f is smoother in its first two
arguments than f by 1/2 measured in an appropriate Sobolev scale.

Please note that the components of the Doppler transform D : L?(Q)? —
L%(Q)* will play the role of the operator A : X — Y from our abstract
setting. Hence, (3.1) corresponds to the mapping property (2.7) with X; and
Y| being the spaces

XP = (AP NP x (X 0Py x P o agl



The approximate inverse in action III: 3D-Doppler tomography 361

(note that X*° = L2(Q)3) and
Yob = HVHZ) @ HY (-1, 1),

respectively.

3.2 Approximate inverse for the Doppler transform

In this subsection we provide all ingredients necessary to apply the approxi-
mate inverse to the reconstruction of vector fields from discrete Doppler data.
These ingredients are mollifiers and reconstruction kernels, the observation
operator WV, see (2.8), the interpolation-like operator I1,,, see (2.11), and the
mollifier operator E;, see (2.3).

First we introduce observation operators. Let £ € {1, 2} (with ¢ we dis-
tinguish two different scenarios) and define

(323) ﬁ] =jh19’ hl?=2n/p5 j=09---sp€a
(3.2b) s; = 1 hy, hy = 1/q, i =—q,...,q,
(3.2¢) a, = khg, hy, = 1/r, k= —r ...,r

where (p, g, r € N)

p1=p—1, g =q-1, r=r-1,
P2 = D, q = ¢, r, =r.

If @ > 1/2 then point evaluations are stable operations on H*+1/2(Z) as well
as Hy (—1, 1). Therefore, we define the bounded operators

\IJ[(f)q s HOMY2(7) - R% by (\Ill(fgy)i’j = y(¥), 8i),
de=(pe+ 1D(g+ge+1),and (8 > 1/2)
U HY (=1, 1) > R™ by (W) = y(a),

mg = r + r¢ + 1. The tensor product of both latter point evaluations acts
continuously on VB with range R where ny = d; - my:

) g @) . yoB d me __ Ton
Vo, =V, eu"7 Y — R @R™ =R"™
is bounded for o, 8 > 1/2.

We have

n=4pgr and n, = (p+1)R2qg+1) Q2r+1).
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By ‘IJ,(BND we understand (\Ilff)q’rDl, \If;%rDz, \Il;%rD3)t which is well
defined since D; (X“) C V%P see Theorem 3.1. The reconstruction problem
in 3D vector tomography now reads (o, 8 > 1/2):

given g, ., € R¥ find f € X*F such that W) Df = g, ..

For applying the approximate inverse to the reconstruction problem we con-
sider \Ifffiz],rD in the natural L2-topology in which D is bounded. Unfortu-

nately the L2-boundedness of D does not carry over to the semi-discrete
Doppler transform.

Lemma 3.2 The semi-discrete Doppler transform
) . B 2 3 3
VDX CLA(Q) — R™
is unbounded for any o, B > 1/2. Here, X** is considered as the domain of

definition of \D;f)q D in the L*-topology.

In other words: The semi-discrete Doppler transform \IJI(,QND has no
bounded extension onto L*(2).

Proof. The proof of Theorem 5.1 in [15] can be adapted to the present situ-

ation. O
We construct the operator l'[(e) , related to \Ifl(fzj . by the help of the tensor
product spline spaces VISQI ;= Sée) ® S ® S c L*(Q). The univariate

spaces S5, S©, and SO are the piecewise constant (£ = 1) or linear (£ = 2)
spline spaces with respect to the knot sequences {1}, {s;}, and {a;}, respec-

tively. We equip VIS‘Z}I , with the tensor product B-spline basis

(3.3) (BY, ® BY) @ BY | j.i.k asin (3.2)}.
For instance we have that
an ?) . 1 t=k
By = Xy and By(a) = {0 otherwise

where x; is the indicator function of the interval /. The other basis functions
are defined accordingly. The interpolation operator 1", | : Y*f — V.,
a, B >1/2,

Pe qe re

5 fé (Z) (9] ]

j=0i=—q k_—r

satisfies the uniform boundedness

(3.4) ||Hpqr)’||L2(Q) 5 ||)’||ya=ﬁ
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as well as the approximation property

(3.5 Iy = yllzzy S o Iyllyes
where
p=p, a, B, hy, hs, hy) = max{hy, hy)mnetl/20 4 pminis.0

For both latter estimates see Appendix A.
We define the mollifier operator E; : L*(Q)° — L?(Q)3 by, j =1,2,3,

(3.6) (Eq)j f(x) =Y _(fir €} )12 Bdx —k)
keZ?
= Y (f.e)8))12qp Bldx —k)
keZ?
where B is the tensor product linear B-spline: B = b ® b ® b with b being
the convolution of the indicator function of [—1/2, 1/2] with itself and §; is

the j-th canonical unit vector in R3. The mollifiers used in defining E; are
scaled and translated versions of the mollifiers e/ = ¢] ,:

(3.7) e) (x) = THel = d* e/ (dx — k).

We work with e/ ’s being tensor products of bivariate and univariate mollifiers.
With (v € N)

vl fa=s2=r) ¢ P42 <]
(3.8)  p(s, 1) =puls, 1) == T { 0 otherwise
and
B QDN =5 o s <1
(3.9 q(s) = Qu(s) := T ) { 0 . otherwise’

we define mollifiers adapted to the tensor product structure of the Doppler
transform by

(3.10a) e'(x) := p(x1, x2) q(x3),
(3.10b) e (x) == p(xQ, X3) q(xl),
(3.10¢) &> (x) = p(x1, x3) q(x2).

Please note that the mollifiers are normalized, f e/(x)dx =1, and they are
compactly supported but not in 2. Their supports are cylinders slightly larger
than 2. With the simple rescaling e/ (-) := 23/%¢/ (v/2) (ora rescaling of p
and q) we could achieve e/ € X j“ for any A < v + 1/2. However, for the
reader’s convenience we prefer a lean notation and therefore dispense with

S Qv+ DN=3.5-..Qv+1)
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a rescaling. Nevertheless, we will consider the e/’s as elements of X /.“ for
any A < v 4 1/2. This minor inaccuracy does not hurt as the mollifiers get
scaled anyway, see (3.7).

In Appendix B we prove the mollifier property

(3.11) Jim |[Esf — fll2@p = 0 forall fe L} ()
— 00
as well as the estimate

(3.12) B f — fillizg S (4 mn2el 4 g-mini2.A) £

The kernels v/ belonging to the mollifier fields e/ §; and D;, j = 1,2, 3 will
be explicitely calculated in Section 4. They satisfy the normal equation

(3.13) D;Dv/ =D;(e’ §))
which is equivalent to Djuj = Pyp,)t (€’ 8;), see (2.9). Finally we have

to introduce the reconstruction kernel Ué’k belonging to the mollifier field

e‘éy i 0. With the explicit formula for D} given in [11, Formula (2.3)] we
easily derive the invariance property

x od.k __ d,k vk
D; & =1, D;
where the translation-dilation operator Sjl’k is defined by
SHe.s,a) :=d’ g9, ds — (Pik,0(®)), da — (k, w))).

Define vj’k = 87’kvj. In applying Lemma 2.3 withA =D, § = Sj.i’k, T =
T, X = Ly(RY) = (f € L*(®%) [suppf C @), ¥ = L(0, 27] x R?),
we obtain

D'vj, = Pup, (e}, 8;) ford>1andk € Z* with |[k|| <d —1.°

After these preparations we are able to define the approximate inverse D'

joned
R™ — L*(Q) of W() Dj, see (2.6) and (2.10):
112 . {4 {4 d.k j
DY) jw) = Y (w GY W SHI). Bdx—k. xeQ,
keZ?
lkll<d—1

where G;ﬁ)q,r € R is the Gramian matrix with respect to the spline basis
(3.3) (G\))

.. 18 a multiple of the identity matrix). Please note that the inner

6 The restrictions on d and k guarantee that Tjd’k € E(L?z(]l@)) which is needed for
applying Lemma 2.3.
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products can be evaluated by an algorithm of filtered backprojection type,
see [11, Chap. 5] for details and numerical experiments.

Relying on our approximate inverses of the ¥(") D;’s we find an approx-

imate inverse D, : R¥" — L2(Q)* for &) Dby

(ﬁif;)’dw)j(x) = ﬁl(ffu,dwj(x) where w = (wy, wp, w3)' and w; € R™.

In the remainder of this section we will formulate Theorem 2.2 for ﬁ;l)

,n

,.qand
for ]3,(1? 4» See Theorem 3.5 and Corollary 3.6 below. Since D; is not injective
we are only able to prove convergence of ﬁﬁz JYS D fto (Pyp,y f))

We will need a Sobolev norm estimate for v[i x Which we will establish

by a continuity result of S/”.l’k.

Lemma 3.3 Let Z =]0,2n[x | — 1 1[, Z{* = {(9, ds — (Pik. 0(®))) |
(@, 5) € Z}, andlj”.l’k ={da— (k,w;)|a €] —1,1[}. If |k|| < d then

K+A+2
H"(Z)@H)‘(—],]) 5 d ”g”H"(Zj‘k)&gH}‘([./q’k)

(3.14) |55
whenever the right hand side is defined for k, .. > 0.
Proof. We rewrite S;-l’k as a tensor product: 8;.1”‘ = T;l’k ® S;.l’k where
T w@,s) = d* w(v, ds — (Pk, w(®))) and
St u(a) == du(da — (k, w;)).
Now, Lemma 5.3 from [16] applies to Tjd’k yielding

< dl{+3/2

” Tjd’kwi H<(Z) ~ [lw ”H'((Zj.l’k)‘
Further,
(3.15) ” S?’k” ||HA(—1,1) S dr+ie ”w”HA(I}“‘)
can be validated along the lines of the proof of Lemma 5.3 from [16]. O

Corollary 3.4 Let the mollifiers ¢/, j = 1,2, 3, be defined as in (3.10). If
v>max{a +1/2,8 —1/2}and d > 1 then

U] llyen S P32

for j =1, 2,3. The bound is uniform in k with ||k|| <d — 1.

7 The null space of the Doppler transform is explicitely characterized, see [11, For-
mula (3.15)].
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Proof. The computation of the reconstruction kernels is outlined in Section 4
below. We will see that every kernel v/ corresponding to a mollifier e/ from
(3.10) has a decomposition like v/ (8, s, @) = v{ (9, s, a) + v; (¥, a) with
vl € HYM12((0,27) x R)Y®HP(R) and vj € H*'/2(0, 2m)@HP(R), see
Lemma 4.1 below. By (3.4), (3.14), and (3.15) we have

j dk_ j d.k_ j
0] llyes < UST 0] llyes + 18750 [lyus
5/2 j
5 deths! ||Uf ”H““/z((o,Zn)xR)@Hﬁ(R)

5/2 11,.J
+dPts/ ||Ué | ge+120,2m) @ HE (R)
< JotB+5/2

which finishes the proof of Corollary 3.4. O

Theorem 3.5 Leta, B > 1/2andlet f bein X*P withsupp f € Q. The mol-
lifiers el, J =1,2,3, are defined in (3.10) with v > max{a +1/2, g — 1/2}.
Letd = d( 1)) be the smallest positive integer such that supp f is contained
in By_,,7(0), the ball about the origin with radius 1 — l/d

Ifd > d then, for j = 1,2, 3,

4
G16) DY) ¥ D f — (Puwye Hille
. < d- min{2,o} +d7min{2,ﬂ} _}_pd(x+f3+5/2'

Proof. Ford > d and k|| = d the inner products (f, ed ©9) 12> vanish.
Thus,

E)jf) =Y (fre)8)12@p Bldx —k).
keZ?
lkll<d—1
Therefore, applying Theorem 2.2 together with Corollary 3.4 we obtain

4
||D§ il d‘I’,(f)q D f = (Puwjt Hillze
S pdPER | Fllges 4+ | (I = Eg) Pypj 1), |20

Since f € X*P we have either Pyojr f € X%P or Pnoj) f € XP (f
both components of f would be less smooth, f would be less smooth). If the
former is the case, (3.16) follows immediately from (3.12). In case the latter
holds true we proceed with

H((I - Ed)PN(Dj)Lf)j“LZ(Q) = ||((I —E)U — PN(D,-)l)f)j ||L2(Q)

and the triangle inequality together with (3.12) implies (3.16). O
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Following we investigate which relations between the data, determined by
the parameters ¢, p, and r, and the number of reconstruction points, deter-
mined by the scaling factor d, yield convergence and convergence rates.
To formulate the convergence result for D ,.a We introduce the projection
P:L%(Q)° — L*(Q)°,

®fj=ECFPnopf)j, J=123.

Corollary 3.6 Adopt the assumptions of Theorem 3.5. Let {qy }reN, { Pk }keN,
{ri}ren be sequences in N and let {d}}ren be a positive sequence. If all four
sequences diverge to infinity and satisfy

hm da+ﬂ+5/2 }min{a+1/2,/é _ hm doz+ﬁ+5/2/ ;mn{ﬂ,ﬂ} -0

/ min{qy, pi
then, for j = 1,2, 3,
lim DY w00 D5 f — (Puw)y il =0

Jone.di  PrsqksTk
as wells as

Jlim DY, WO Df —Pfll2qp =0.

ne,dk ™ Pk.qk:Tk

min{o+1/2,¢}/ min{B,£}

Further, relate q, p, v, and d by p >~ q, r = q and

d ~ q” 8 where
minf{a + 1/2, ¢}
o+ B +5/2+ min{2, o, B}

(3.17) A=A, B) =

Then, for j =1,2,3,

no {4 —A min{2,a,
DS, Y5 Dif = (Pnopt Hillg S g7 meed
as well as

1D, 52 D = Pfllzey S g7+ >

as g — oo.

Proof. First we prove the convergence statements for DE ,)1 .- The plain con-

vergence follows directly from (3.16) and the assumptions on the sequences
{gk ke, {Prtken, {rictken, and {di}ken.
Now we validate the convergence rate. By assumption we have that p >~

g min{a+1/2,¢} yielding

130 ¢
IDS,, V5 DS = (Puwy il
S q —X min{2,a} + q—k min{2, 8} +q—min{a+l/2,£}+x (a+ﬂ+5/2).

8 By A ~ B we abbreviate the two-sided inequality A < B < A.
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Since —minf{ae +1/2, £} + A (¢ + B+ 5/2) = —X min{2, «, B} the conver-
gence rate is established.
The corresponding results for D(e) 4 are readily obtained by the first

parts of the proof using that the norm on L*(Q)? is given by || f||? 12@p =

Z/ 1||fj||L2(Q) O

We end this section by a discussion of the regularization power of ]35(,)“z a
Corollary 3.7 below is based on the abstract result from [16, Section 4.2].

By \Ill(fizi’,‘s, : Y*P — R™ we denote a perturbed (noisy) realization of the

observation operator with a relative noise level § > 0:
) ¢
(3.18) (W50 ) ik = (oo ¥)i il = 8 1llyes

Corollary 3.7 Adopt the assumptions of Theorem 3.5. Suppose that p > q,
r oo gminletl/2.6/mindB.8 - and d ~ g* with A from (3.17). Further, assume
(3.18) holds true. If g ~ 8§~/ mintet1/2.8 thon for j =1,2,3,

=) 0.8 min{2,o, B}
D%, d\p[(’ 11 Djif — (Pnojt Nillze S S erATS2minzaf]
as well as

min{2,o, 8}

13182 0),8 GBS rmin (T a BT
ID,,, 1(7 2] Df —Pfll2qp S STsrmnzan

as§ — 0.

Proof. We follow a standard procedure from regularization theory and split
the reconstruction error in the approximation error and the data error:

no 0),8
ID; 5, dq’;y)q D f = (Puwjr Hjllze
no (4
< DY), W) D f = Py, Nillze

NG 0),8 {4
+||Dj ne, d(qu(h)q r \p; )q r)Djf”LZ(Q)-

According to the proof of Theorem 4.3 from [16] the data error is bounded
by a multiple of § d*+#+3/2 = § g*@+F+5/2) The approximation error has
already be bounded in Corollary 3.6 by a multiple of g —* ™28} that is,
4 —A min
DY), J¥8D; f — (Pupye il S g7t 2Pl 4§ gt eths/),

Balancing the terms on the right verifies Corollary 3.7. m|
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4 Computing the reconstruction kernel

We analytically solve the normal equation (3.13) for e/ defined in (3.10).
Schuster [10, Corollary 3.4] discovered that the solution v/ of (3.13) can be
determined by

4.1) R*®I)dv) =w; -V x (¢! §))
where R* is the adjoint operator of the 2D-Radon transform R : L*(Q2,) —

L?(Z) given by (£, is the unit disk in R?)

RF(D,s) = / £(x) do ()

L(9,5)N%

mapping a function to its integrals over the lines L(¥3,s) = {t 0 (8) +
sw@®@)|t € R} where s € R, w(®) = (cos®,sin®)’, and o' () =
(= sin ¥, cos ¥)’ for ¥ €10, 27 [.

Since the three reconstruction kernels v/, j = 1,2, 3 are easily related
we restrict our attention to the case j = 1 in which (4.1) reduces to

4.2) R*® 1) dv' = —d,,e'.

We extend the ideas from [14] for calculating reconstruction kernels for the
2D-Radon transform to the Doppler transform. Starting point is the well
known inversion formula

4.3) f=@nr)"'R*ARSf

fﬁ){ f e L*(,), see, e. g., Natterer [12]. Here, A denotes the Riesz potential:
Au(o) = |o|u(o) and acts only on the second variable of R f. By (4.3) we
can solve (4.2) for d,v!. Indeed,

dv'=—@m) " (AR®I) 0y, ¢! = —(47)"" (ARD,,P) ®Qq.

For evaluating ARJ,, p we rely on the projection slice theorem [12, Chap. 1.1,
Th. 1.1]:

Rf(9,0) =27 flow®).

By the inverse 1D-Fourier transform and the radial symmetry of p we find
that

% On the left we have a 1D-Fourier transform and on the right we have a 2D-Fourier
transform.
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AR, p(D, 5)

/R|o'| dup(0 w(®)) %7 do
=1 sin® /R|a|o—ﬁ(aw(0)) e’ do
(4.4) = —2 sin® /0 ” o2 P(o, 0) sin(s o) do.
Thus,
vl (¥, s, a) = % sin 9 q(a) /Oooazﬁ(a, 0) sin(s o) do.

From [14, Example 3.2] we know that

R n /2\""
4.5) B(0,0) = (”jﬂ) (;) T (@)

where J,, is the Bessel function of the first kind of order n. Finally, we obtain

aSvl(ﬂ7 s? a)

4.6) = % v+ D!2"7! sing q(a) /0 ol J,4+1(0) sin(s o) do

1

[ O N
z_zsinﬂq(a){2v(v+l)sF(2,l Vi3t oo Isl <1

—% 73 F(2,%;v+2; s‘z) sl =1

T
where we used Formula (6.699.1) from [2] for evaluating the integral. Here,
F = ,F; denotes the hypergeometric series. Hence, the searched-for recon-

struction kernel v'! has a representation

4.7) v, s,a) =10, s, a) + h(D, a).

where

(4.8) (9, s, a) :=/ vl (9, 1,a) dt
-1

and £ is an integration constant which does not depend on s. We are now
heading for explicit expressions for I and A.
We first look at /. The proof of Theorem 3.9 in [10] gives that

(4.9) M := {sink®, coskd |k e NU{0}, k # 1} L R(D)).

Since v! is the unique solution of the normal equation (3.13) in R(D,), the
orthogonality (4.9) implies

2 2
/ v (9, s, a) sink ) do = f v (9, s, a) cos(k®)d® =0
0 0

for k € NU {0}, k # 1. Moreover, in view of (4.6),
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2 2
/ 1(¥, s, a) sin(k ) d¥ = / I(¢, s,a) cos(k¥)dy =0
0 0

for k € NU {0}, k # 1. Both latter displayed formulas together with (4.7)
lead to

21 21
/ h(¥, a) sin(kv) dd = / h(, a) cos(k¥)dy =0
0 0
for k € NU {0}, k # 1. Further, we claim that

2
(4.10) / h(9,a) cos® dv = 0.
0

Once we have computed the Fourier coefficient fozn h(p,a) sinpde the
function / obviously reads

1 2
h(9,a) = g / h(p, a) sing de sin(?)
0

because MU{cos ¢ , sin ¢} forms acomplete orthogonal systemin L2(0, 277).
To verify (4.10) we rely on the normal equation (3.13) setting j = 1,
?=0,and s = 0:

(4.11) D D72(0,0,a) = D (¢! $1)(0,0,a) — D, D710, 0, a).

It is easily checked that D (e' §;)(0, 0, a) = 0. Therefore, (4.11) reduces to
2 2 1
4.12) 2/ h(9,a) cosv d = —f / I(, t sin ¥, a) cos ¥ dr dv.
0 0 J-i

Observing that (-9, —¢ sin ¥, a) = —I(¥, ¢ sin ¥, a) the latter integral van-
ishes. Thus, (4.10) is established.

To calculate the Fourier coefficient of 4 with respect to sin() we set
j=1,9 =mn/2and s = 01in (3.13). A little bit of analysis shows that

. 1 5 v+1 v
Di(e 81)(7/2,0,a) = —q(a) /_1(1 —t7)'dt = S q(a)
and
2w 1
D, DI( /2,0, a) :f / I1(¥, t cos ¥, a) sin?d drdd.
0 -1
Further,

2
D\ Dih(r/2,0,a) = 2/ h(¥, a) sinv do
0
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and we finally found the following representation of the integration con-
stant h:

1 2v+l
h(®,a) = 5 sinﬂ(m (a)

2 1
—i—/ / 1(9, t cos ¥, a) dt sin dﬂ).
0o J-i

To calculate the integrals in (4.13) we first determine I explicitly. We distin-
guish the three cases |s| < 1,s > 1,and s < —1.
In case of |s| < 1 we have

(4.13)

S
I(z?,s,a):/ v (9,1, a) dt
(4.14) 5‘ Rk 3
=——v@w+1) sin® q(a)/ tFQ2,1—v; ;1% dr.
w2 —1 2

Using the series representation

@) (B *
F(a, B; 6;
(o, B5 8:2) = 2(; Ok

with the Pochhammer symbols () = o - (¢ +1)-...- (¢ +k—1)ifk >0
and («)x = 1, otherwise, we get from (4.14)

(¥, 5,a) = 12 v(v+1) sind q(a)
a4 2 3
s?F(1,1 —v; =;s%) —F(1, 1 — Y 1)> for |s| < 1.

Note that in this case I is a polynomial in s since 1 — v < 0. A similar
calculation for s > 1 leads to

|
1(9,s,a) = ——— sin?¥ q(a)
472
4.15) 3 ;
x(F(l, V2 ) =R Siv 28 )).

In case of s < —1 the symmetry
/‘ asvl(ﬁ,t,a)dt:/ 8,0 (9, 1, a) dt
-1 1
yields the same representation for I as in (4.15). With F(1, 1 — v; 2, 1) =

1/2v — 1) and F(l, 2 v +2;1) = (2v +2)/2v — 1) the integral I is
explicitely represented by
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1(9, s,a) = iz sin ¥ q(a)
T

v+ 1) (PF(L,1—v; 35 —1/Qv=1) :|s| <1
(4.16) 2 PP ) .
T(TPFL 30 +2is7) — Qv +2)/Qv—D):s| = 1
Since
P 3 _V_lufzzkﬂ
/OtF(l,l v’2’t)dt_k22(;(3/2)k Ot dr
ZVZ_E (I —v) L2K+3
— (3/2)x (2k +3)

we derive from (4.16)

1 2 _ — (d—w)
Jroressou= e o ae( X ity

x(cos )2 = Qv —1)7").
With an integration by parts and Formula (3.631.17) from [2] we get

o7 2k +4
/ sin? ¥ (cos )2 dy = T +
; Ok +3)2%5 k42

which finally gives
27 1
/ / I(9, ¢ cos®, a) dr sin® do
0 J-
4.17) 2 v(v+1)qa) VZ_I (I —v) (215:24) |
= — a ) |
T q = G/ 2k + 3)22%13 2y |

By (4.7), (4.13), (4.16), and (4.17) we find the following representation of
the solution v! of (3.13) in R(D)):

1
v (9,5, a) = — sin® q(a)
T

2
v+ (PF(L,1—v; 21 —55) —e i lsl < 1
(4.18) x
(TR Hv+2s ) -3 ) e sl =1
where
v—1 2k+4
1—v 1 2"y
o =vW+1) (Z ( )k(k-g2)2k3_ )+7T—U
= (3/2) 2k +3)22%+3 - 20 — | Qv+ D!

Analogously we obtain v?> = v'. The third kernel v* emerges from v' by

replacing sin © by cos . See Figures 1 and 2 for graphical displays of v'.
In our convergence analysis of the approximate inverse for the Doppler
transform in Sect. 3.2 we used the following kernel splitting.
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-2 -1

2

Fig. 1. 1D-Cross sections of the reconstruction kernel (4.18): v!(/2,-,0) for v = 2

(solid line), v = 3 (dashed line), and v = 4 (dashed-dotted line)

W
7
s

850

Fig. 2. 2D-Cross section of the reconstruction kernel (4.18): v! (-, -, 0) for v = 4

Lemma 4.1 Let v/ be the reconstruction kernel belonging to e/ as in (3.10).

Then, v/ can be split according to

where

and

Uj(z?, s,a) = Ulj(ﬁ, s,a) + v{(z?, a)

v € H'((0,27) x R)Y®H,(—1, 1),

r<v, t<v+1/2,
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vy € H' (0, 2m)®H(—=1,1), r=>0,t<v+1/2.

Proof. Without loss of generality we restrict ourselves to j = 1. The stated
splitting follows from rearranging (4.7). To see this we write

1(9, s,a) =k sin® q(a) W(s)
where « is a constant and

W(s) := /1 w(r) dt  with w(r) = /OOO o7 J11(0) sin(t o) do,

see (4.8) and (4.6). Further, by (4.4) and (4.5),

w(s) sin? = p ARI,,p(V, s)

for a suitable constant p. Both, R : HJ(Q2) — L?*(0,27)®H"+!/2(R) and
A : H (R) — H'"~'(R) are bounded operators for any r > 0, see Louis and
Natterer [9, Theorem 3.1]. Since p is in Hég(Qz) forany B < v+ 1/2 we
have that

we HR) forany r < v — 1.

Moreover,
1 2v + 2
4 2y

as 1nspect1ng (4.16) shows. Now, 9, W=we H (R), r < v —1, together
with W € L2(R) yields W € H'(R) for any r < v. Setting

1 . ~ 2U+2
v; =k sin® q(a) W(s) and Uz—h(ﬂ )—Zz .

and recalling that £(3, a) = ¢ sin ¢ q(a) with a constant ¢ we finally found
the kernel splitting with the stated smoothness properties. O

W) =W + isin L2(R)

sin ¥ q(a)

A Appendix: proof of uniform boundedness (3.4) and approximation
property (3.5)

Observe that TI'Y, = M) ® M where 11" : H*"(Z) — s @ 8O
and I'I(e) H"“/z( 1,1) —» S“) with k¥ > 0 are defined by

Pt q e
[ 0) ) 0 0. [4 ()
oo y=>" > (wfy ), /By ®B,; and My:= > (¥), B,
j=0i=—q k=—r

see Sect. 3.2 for the notation. For « > 1 and 8 > 1/2 we have

AN

¢ ¢
(A.1) ||H() lhe sz S 1 and TP ps1 s 21

as well as
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(A.2a) I — H;%”Ha(zpm(z) < max{hy, hs}min{a,l}
and
(A.2b) 1T = TU N s 1ty 1211y S ATRA

whenever the right hand sides are finite. The constants involved do not depend
on p, q, and r. All four estimates in (A.1) and (A.2) are standard results from
spline approximation theory, see, e.g., Schumaker [17, Chap. 12].

The norm of a tensor product operator is dominated by the product of the
norms of its factors, see, e.g., Aubin [1, Prop. 12.4.1]. Hence,

I H?ﬁ)q,r ”y“’ﬂ—>L2(Q) < H;ﬁ)q ||Ha+1/2(Z)—>L2(Z) | HE“ ||H/9(—1,1)—>L2(—1,1)
and the boundedness (3.4) follows immediately from (A.1). The approxima-
tion property (3.5) is implied by

4
IS, — Tlyes— 200y

{4

=0, = 1 ® Illyes_ 120
{4 {4 {4

<0, ® (M = Dllyes_ 120y + 1LY, = D) @ Illyes_ 120

S =T N gs1yo 210 + 1 = T | gerinz)-12z)

when applying (A.2).

B Appendix: mollifier property — proof of (3.11) and (3.12)

Here we will also exploit the tensor product structure of (E,) ;. Therefore, we
introduce the auxiliary operators E[(l’) :L*(RY) — L*(R),i=1,2,d > 0,
by

EPu =Y {(u.paidr2me b ®bd - —k)
keZ?
and

Ew = "(w,Qui)r2w bd - 1)
leZ

where b is the univariate linear B-spline supported in [—1, 1]. Further,
Pai(s,t) =d>p(ds —k) and Qq(s) =d q(ds —1).

The functions p and q are those from (3.8) and (3.9), respectively. In [16,
Appendix B] we proved the convergence estimates

B.1)  NEY — Hpe@orp@) S d ™29 >0, i=1,2.
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Note that
B.2 E)if = EP?QEV(f,0Q), j=1,273
() (d)jf_d®d(fjo j)’ J =124,
with the permutations Q; (x1, x2, x3) 1= P;(x1, x2) + x3 w;. Arguing as in
the end of Appendix A we find by (B.1) that
2 1
||E[(1 '® Eg(z ) — 1| ge(R2) S HE (R)— L2(R3)
2
(B.3) SNEY — Hpe@y-2@) + 1ES — Hims@-12m@

< dfmin{2,a}+d7min{2,ﬂ}‘

Let f be in Cgo(Q)3. Then, for j = 1,2, 3,
IED; f— fillizy < 1ED;f — fillLaws)

= (Ep);foQ;— fjoQjll2ms
I(Ea); f = fjoQjll2ms

(B.2) 2 1

= NEP @ EJ(fj0Q)) = f0Qjll 2

(B.3) . .

< (dfmm{loz} + dfmm{lﬂ}) I f; o Qj”H“(R%@H#"(R)

= [[fill per
J

which is (3.12) since C;°(2) is dense in Xj‘.x’ﬁ . Finally, (3.12) yields (3.11)
by a density argument.
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